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Journal Name

Shape and composition effects on the Debye tempera-
ture and breathing frequency of metal nanoparticles†

William Rigauta,b and Florent Calvoa

The vibrational properties of metal nanoparticles with dimensions 1–10 nm are computationally
explored at the atomistic level of details, without resorting to lattice dynamics in the harmonic
approximation. Using molecular dynamics simulations, power spectra of the atomic velocities and a
measure of the particle volume are obtained, providing estimates for the vibrational density of states
(VDOS) and the breathing frequency, respectively. The Debye temperature is inferred directly from
the heat capacity resulting from the VDOS. For monometallic particles made of pure gold or iron,
the influence of the shape around the cube reference is scrutinized either by varying the sharpness
of their edges, or by varying their anisotropy from flat to elongated particles, keeping the number of
atoms as approximately constant. The surface fraction of atoms is found as a leading driving force
for the breathing frequency, although it cannot explain alone the more subtle variations of the Debye
temperature that rely on the entire VDOS. Bimetallic silver-gold particles are also revisited, focusing
on the role of chemical ordering (core-shell versus alloy), composition, and size. While the Debye
temperature exhibits relatively modest variations throughout all cases investigated, the breathing
frequency shows marked differences upon changes in the shape anisotropy or the chemical ordering,
especially in core-shell nanoparticles with 20% composition in the core. Competing breathing modes
are often found to arise, especially in weakly deformed iron nanoparticles.

1 Introduction
Metal nanoparticles (NPs) play a key role in nanoscience, ow-
ing to their many applications ranging from plasmonics, energy
materials, to catalysis and biosciences. Among the various funda-
mental properties that characterize the behavior of nanoparticles,
and besides their structure itself, the vibrations play a particular
role as they primarily affect their mechanical stability,1 dynamics
and heat transport,2 and more generally the response to external
(electronic or nuclear) excitations. Inelastic light scattering3–5

and ultrafast pump-probe spectroscopic6 techniques are the most
direct methods to measure experimentally the vibrational proper-
ties of nanoparticles. These methods are often complementary to
each other, because they can be sensitive to different vibrational
modes. The radial breathing motion, for example, is not expected
to be infrared active, while it is one of the main targets of time-
resolved or Raman experiments.

The Debye temperature ΘD is another feature of materials

a Université Grenoble Alpes, CNRS, LiPhy, 38000 Grenoble, France
b Institut Néel, CNRS, Université Grenoble Alpes, F-38042 Grenoble, France Université
Grenoble Alpes, CNRS, LiPhy, 38000 Grenoble, France

† Electronic Supplementary Information (ESI) available: [Number of atoms and pro-
lateness parameters for each set of nanoparticles (Tables S1-S5), as well as detailed
geometries of the pure particles as separate files.]. See DOI: 00.0000/00000000.

that is intimately tied to their vibrations, through their density
of states and the heat capacity derived from it. Besides Ra-
man measurements,7,8 other techniques based on X-ray spec-
troscopy such as extended X-ray absorption fine structure9,10 or
nuclear resonant inelastic X-ray scattering,11 as well as Möss-
bauer spectroscopy12,13 have been used to determine the mean-
square atomic displacement, which after applying the Debye-
Waller formula leads to an estimate of the Debye temperature.

As with any physical or chemical property, it is their size
variations caused by the large surface/volume ratio that makes
nanoparticles in general, and their vibrational properties in par-
ticular, interesting to study. The highly quantized and discrete
nature of the vibrations in very small clusters make the use of the
continuous models disputable in the first place, an issue which
has been specifically discussed for the Debye temperature based
on first-principle simulation methods.14–16 For purely thermody-
namic properties, attempts to bridge the gap between small clus-
ters and bulk properties have been suggested,17 but they contain
empirical ingredients and cannot be straightforwardly applied to
arbitrary physical or chemical properties.

The convergence of the Debye temperature to the bulk limit is
found to be usually monotonic and from below for many met-
als7,8,11–13,18 as well as bimetallic NPs,19 with corrections that
scale with the number atoms N (or the radius R for approximately
spherical 3D nanoparticles) as N−1/3 (or 1/R). In a few cases,
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more complex variations in ΘD with increasing particle size were
reported, either converging to the bulk limit from above9,10 or re-
maining below the bulk limit.11 Such puzzling results were rein-
vestigated20 and shown to be possibly caused by the presence
of the environment of the nanoparticles, and partly be artifacts.
From the theoretical perspective, monotonic size effects with cor-
rections scaling as the inverse radius are often assumed to hold in
thermodynamical models,21–25 but have also been supported by
simulations directly at the atomistic level, at least in the case of
iron NPs.26

For large enough isotropic particles, the size variations of the
radial breathing frequency ωb generally follow Lamb’s theory of
continuous media, which predicts a simple scaling law ωb(N) ∝
N−1/3. This result is supported by experiments27 and has been
confirmed at the atomistic level.28,29 Beyond scaling trends, sev-
eral groups have questioned the validity of continuous elasticity
theory for finite metal nanoclusters28–31 as well as other nanos-
tructures such as fullerenes.32

Nanoparticles that are structurally or chemically heteroge-
neous, exhibitting e.g. deformed shapes or multiple elements,
naturally pose a greater challenge to continuous media theories.
This issue has been specifically addressed in the past, either by ex-
tending such approaches to nonspherical shapes33,34 or core-shell
bimetallic spheres,4 or by applying harmonic approximations to
the radial motion of nanoalloys with various types of chemical or-
derings.29 The effects of shape on the breathing modes of metal
nanoparticles were addressed by Sauceda and coworkers,28 who
found little differences between decahedral (oblate) particles and
more isotropic particles. The acoustic vibrations of strongly elon-
gated (prolate) nanowires have also been experimentally investi-
gated.35,36

In the present work, we consider separately the effects of shape,
composition, chemical ordering, and size on the Debye tempera-
ture and the radial breathing frequency of metal nanoparticles
ranging from 150 to 15,000 atoms, that is reaching up to about
7 nm equivalent diameter. Such sizes are larger than previ-
ously considered nanostructures in the present context, making
explicit electronic structure methods and more generally static
approaches based on harmonic approximations very unpractical.
Instead we fully account for anharmonicities at finite tempera-
ture through molecular dynamics (MD) simulations, and exploit
appropriate power spectra of atomic velocities or a geometrical
measure of the volume to determine the vibrational density of
states and the breathing frequency,31 respectively.

Two types of shape deformations were considered, using the so-
called supercube as the reference motif and interpolating it from
cubes to spheres and, beyond spheres, into convex shapes, or by
stretching it either way along one main axis to produce prolate
or oblate nanostructures. Supercubes have been a popular mo-
tif for nanoscale objects, especially regarding how their rounding
affects their propensity for self-assembly,37 and the sharpness of
the edges is known to affect the stability of metal nanoparticles
to a significant extent.38 By addressing both face-centered cubic
(gold) and body-centered cubic (iron) metals and keeping the
nanoparticle size as approximately constant, the specific effects
of shape on both ΘD and ωb could be determined. Anisotropic

deformations into oblate or prolate nanostructures are a more
challenging case for the breathing mode, because the assignment
of the breathing motion based on volumic variations can be more
ambiguous .citelansun Finally, bimetallic nanoparticles of misci-
ble metals (silver and gold) were also investigated, focusing here
on the effects of chemical ordering as in our previous work29 but
without relying on the uniform radial and harmonic approxima-
tion.

As a general outcome, our simulations predict that shape ef-
fects on the Debye temperature amount to about 10% variation
and are thus relatively minor for homogeneous nanoparticles,
but are more significant on the breathing frequency, especially
for anisotropic deformations, and apart from possible compet-
ing modes found for iron NPs. The main conclusions from our
earlier study on bimetallic nanoalloys29 are qualitatively recov-
ered for the breathing frequency of core/shell versus alloyed gold-
silver particles, with the interface between the two metals and the
relative thicknesses of the core and the shell playing important
roles. Furthermore, the Debye temperature for these bimetallic
nanoparticles exhibits nontrivial variations with composition that
point at the limits of applicability of the simple Debye model to
represent heat capacity curves.

2 Methods
2.1 Debye temperature and breathing frequency

The Debye temperature ΘD was determined from the temperature
variations of the heat capacity Cv(T ). For a metallic system, Cv

includes contributions from the phonons and the electrons, the
latter being much smaller and varying as T 3 at low temperature.
Neglecting it allows rewriting the heat capacity as a function of
the vibrational densities of states (VDOS) g(ω) only as

Cv(T ) = 3kB

∫ ωmax

0

(
h̄ω
kBT

)2 eh̄ω/kBT

(eh̄ω/kBT −1)2
g(ω)dω, (1)

where h̄ and ωmax denote the reduced Planck constant and the
maximum physical frequency of the system, respectively. To eval-
uate the VDOS, the velocity time autocorrelation function was
employed, yielding39

g(ω) ∝
∫ ⟨v(t) ·v(0)⟩

⟨v(0)2⟩
eiωtdt, (2)

in which ⟨·⟩ denotes an average over initial conditions, and v the
velocity vector over all atomic coordinates. The proportionality
coefficient, absent from the previous equation, is determined a
posteriori by requiring that the VDOS normalizes to the total num-
ber of vibrational degrees of freedom of the system,∫

g(ω)dω = 3N −6. (3)

In the Debye model, the VDOS is assumed to have a quadratic
form,

gDebye(ω) = γω2Θ(ωc −ω), (4)

where γ is a positive constant that depends on the element only,
Θ(x) the Heaviside step function, and ωc a positive cut-off fre-
quency. This leads to the following expression of the specific heat
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in the Debye approximation,

CDebye
v (T ) = 9kB

(
T

ΘD

)3 ∫ ΘD/T

0

x4ex

(ex −1)2 dx, (5)

In this equation, ΘD = h̄ωc/kB defines the Debye temperature.
In practice, given a density of vibrational states g(ω) deter-

mined by molecular dynamics simulations, the temperature varia-
tions of the heat capacity are numerically obtained by application
of Eq. (1). A Debye temperature ΘD is then inferred by minimiz-
ing the least-square error between these variations and those of
the corresponding Debye model of Eq. (5).

The breathing frequency ωb is a particular vibrational mode
which directly affects the volume of the material. Following Lan
and Sun,31 we identify ωb from its signature of a maximum peak
in the power spectrum associated to the volume V of the nanos-
tructure, which acts as its conjugate variable. Several definitions
for the volume of nanoparticles described at the atomistic level of
details have been proposed in the past.31,40 Here we follow the
work by Sun and Gong,41 in which a simple additive expression
for V that takes into account the different local environments of
individual atoms, thus the existence of surface versus bulk atoms,
was proposed:

V = ∑
i

vi (6)

vi = γi
4π
3 ∑

j∈n.n.

( ri j

2

)3
. (7)

In the above equations, vi stands as the volume associated with
atom i in its environment with nearest-neighbor (n.n.) atoms j,
ri j the distance between them, and γi a scaling factor taken here
as 1 for all atom types. Nearest neighbors are here defined based
on a simple distance criterion, ri j < 3 Å.

For small enough nanoparticles, a full harmonic approximation
can be conducted to yield not only the vibrational frequencies
{ωk,k = 1 . . .3N − 6}, but also the related eigenvectors which we
denote as {⃗ui,k, i = 1 . . .N} for any k = 1 . . .3N − 6. The contribu-
tion of each of these modes to the radial breathing mode can be
quantified by projecting them radially, that is introducing

Pk = ∑
i

r⃗i · u⃗i,k (8)

for each mode k, and defining arbitrarily the radial breathing fre-
quency ωb as the frequency ωk for which the magnitude of Pk is
maximum. In the Supplementary Material, we show that this def-
inition compares well with the anharmonic spectra inferred from
MD simulations for small gold and iron nanoparticles, including
in the rather common cases of multiple competing peaks and up
to expected redshift effects in the anharmonic case.

The full harmonic calculation being unpractical for most sys-
tem sizes considered in the present work, a simpler approxima-
tion was also occasionally considered, in which the breathing fre-
quency is assumed to describe the vibrational response of the
system to a uniform radial deformation.29 This approximation
may appear particularly stringent for anisotropic nanoparticles,
for which the deformation is multiaxial. Within this approach,

the breathing frequency reads

ωb ≈
√

W/I (9)

I = ∑
i

miq2
i (10)

W = ∑
i, j

qiq j
∂ 2V

∂qi∂q j

∣∣∣∣
0
, (11)

where {qi} denotes the 3N Cartesian coordinates of the system, mi

the corresponding atomic mass, and with the second derivative of
the potential in Eq. (11) being taken at the equilibrium geometry.
With respect to conventional harmonic approaches, in which the
breathing frequency is obtained as the normal mode frequency
maximizing the radial component of its individual eigenmode,
the above simplified approach does not require the full diagonal-
ization of the mass-weighted Hessian matrix, which for particles
exceeding 10,000 atoms is a limiting step.

The value of ωb obtained using this radial uniform harmonic
approximation falls close to a strongly radial harmonic frequency
of the system, and is even quantitative in the case of iron nanopar-
ticles (also see the Supplementary Material).

2.2 Structures of Nanoparticles

The nanoparticles are described at the atomistic level of details,
assuming prescribed outer shapes and the most natural crystallo-
graphic ordering, namely face-centered cubic for gold and body-
centered cubic for iron NPs. Two varieties of shapes were consid-
ered depending on the system, based on supercubes for both iron
and gold NPs.

Supercubes are generally defined by a rounding exponent m,
atoms with Cartesian positions x, y, and z being part of the NP if
their positions satisfy∣∣∣ x

a

∣∣∣m +
∣∣∣ y
b

∣∣∣m +
∣∣∣ z
c

∣∣∣m ≤ 1, (12)

where a, b, and c are the dimensions along the x, y, and z di-
rections, respectively. While a rounding exponent m = 2 de-
fines ellipsoidal NPs, large values m → ∞ describe increasingly
sharp edges, whereas m = 1 describes octahedra, lower values
m < 1 being ascribed to convex shapes. A first series of isotropic
nanoparticles were constructed by fixing m, then truncating a
large enough cristallographic sample, keeping only those atoms
that fulfill Eq. (12) above, varying a= b= c in such a way to reach
approximately 10,000–10,500 atoms. The main geometrical fea-
tures of the resulting nanoparticles (outer dimensions, numbers
of atoms) are given in the Supplementary Material as a function
of the rounding exponent m in Tables S2 and S3 for gold and iron
nanoparticles, respectively.

To investigate specifically the role of anisotropic deformations,
a similar strategy of truncating a large crystallographic sample
was pursued. The boundary definition was adjusted to include
a central rectangular cuboid with flat facets along the x, y, and
z directions, scaling either the z dimension alone to yield elon-
gated (prolate) NPs, or both x and y to yield flattened (oblate)
NPs. Outer layers were then added with rounded edges m = 3,
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as defined above, acting over a thickness of 5 Å. Here again, the
dimensions along the three Cartesian axes were varied in order
to reach a total number of atoms of approximately 10,000. The
resulting deformation was characterized using the dimensionless
prolateness parameter P defined from the principal momenta of
inertia Ix, Iy and Iz as

P =
Ix − Iz

Ix + Iy + Iz
, (13)

in which, by construction and symmetry, Ix = Iy. Elongated parti-
cles are such that Ix > Iz, hence P > 0, whereas flattened particles
have P< 0 and only the isotropic cube has P= 0. Tables S4 and S5
in the Supplementary Material provide the main geometrical fea-
tures of the resulting nanoparticles (outer dimensions along the x,
y, and z axes, numbers of atoms) as a function of the prolateness
parameter for gold and iron nanoparticles, respectively.

For the bimetallic Ag-Au nanoparticles, multilayer icosahedral
shapes were considered, as they are the relevant motif at least
for silver NPs42 and naturally support core-shell arrangements.
The size of these NPs is exactly dictated by the number of layers,
which varies between 3 and 16, or between 55 and 14,993 atoms,
respectively. Perfect core-shell geometries were first constructed
by imposing that the inner n layers and outer p layers only con-
tain atoms of a prescribed type, Ag or Au. Due to the increasingly
large number of atoms in the successive layers, the relative com-
position in gold and silver varies stepwise and irregularly with
increasing number of layers. The numbers of atoms and outer
radii of the pure gold and silver nanoparticles are listed in Table
S5 of the Supplementary Material. Besides core-shell geometries,
alloyed NPs were also produced, by randomly mixing the silver
and gold atoms inside the icosahedral lattice, assuming a fixed
Ag-Au composition varying from 0 to 100% by steps of 10%.

2.3 Computational details

Well-established many-body potentials were chosen to model the
interactions in the iron, gold, and gold-silver nanoparticles con-
taining up to almost 15,000 atoms. For iron, the Mendelev po-
tential43 was chosen owing to its good performance for ener-
getic, structural, and vibrational properties of bulk iron in the
BCC phase.

For gold, silver, and their mixtures, we resorted to the same
second-moment approximation (SMA) model as pioneered by
Cleri and Rosato44 and reparametrized for these elements at the
nanoscale by Rossi and coworkers.45 The very same potential was
employed in our earlier study of gold-silver nanoalloys,29 allow-
ing a direct comparison and assessment of the harmonic uniform
radial approximation for the breathing frequency.

For each nanoparticle, the geometry was initially locally mini-
mized using conjugate gradient optimization. Molecular dynam-
ics trajectories were then carried out in the microcanonical en-
semble, starting from the minimized geometry and after distribut-
ing randomly the velocities and scaling them in order to reach an
approximate kinetic temperature of 300 K: this is achieved by giv-
ing an initial kinetic energy of 600 K, which after relaxation and
energy equipartition amounts to populate the vibrational modes

at the requested temperature. This initial velocity distribution
was also constrained not to carry any global linear or angular ve-
locity for the entire nanoparticles, keeping the total number of
independent degrees of freedom to be 3N − 6, with N being the
number of atoms.

The velocity Verlet algorithm was employed to propagate the
classical equations of motion under the many-body potential ap-
propriately chosen for each nanoparticle. All trajectories were
integrated for 1 ns, using a time step of 1 fs. The time correla-
tion functions for alloyed silver-gold particles were averaged over
10 independent realizations of random chemical disorder. For all
pure and core-shell nanoparticles, 10 trajectories were also per-
formed, differing in the assignment of initial velocity vectors, all
under the constraint of vanishing linear and angular momenta.

During a simulation, the velocity and volume autocorrelation
functions were accumulated over 8192 successions of 4 fs (four
time steps) time lapses. After Fourier transformation, this yields
a spectral resolution of about 1 cm−1, and a maximum accessible
frequency exceeding 4000 cm−1, much above the range of physi-
cal frequencies that largely cover the densities of states obtained
for all NPs (ω < 500 cm−1).

In larger nanoparticles, the resolution of 1 cm−1 appears some-
what too coarse, and to alleviate this numerical issue without re-
sorting to excessively long simulation times, a simple Gaussian
broadening of 1 cm−1 was applied to the raw spectrum but on a
finer grid of 0.1 cm−1. The breathing frequency was numerically
determined from the maximum of this convoluted spectrum.

Except for highly convex particles with low rounding expo-
nents, all particles were found to be stable at 300 K. At this
temperature, the protruding nature of the particles with m < 0.5
(gold) and m < 0.75 (iron) made them rearrange into more com-
pact shapes, with m increasing significantly closer to 1, thereby
putting lower limits for the range of the rounding exponent con-
sidered for the two metals.

3 Shape effects: monometallic particles
Monometallic nanoparticles were constructed by retrieving from
a large cristallographic sample the atoms inside a generic three-
dimensional surface defined by Cartesian coordinates along the
three x, y, and z orthogonal dimensions. Isotropic shapes be-
longing to the family of supercubes and covering convex, spheri-
cal, and concave nanoparticles with increasingly sharp edges are
defined from the single parameter m that is referred to as the
rounding exponent. For any value of m, appropriate scaling of
the boundary of this outer surface is achieved in order to reach a
nanoparticle size of approximately 10,000–10,500 atoms. In ad-
dition, elongated and flattened particles were constructed around
the cubic motif with rounded edges by stretching the boundary
along either a single dimension (z), or the other two dimensions
(x and y), scaling the outer surface by an appropriate factor and
adding rounded extra layers of 5 Å thickness to produce nanopar-
ticles of about 10,000 atoms. More details can be founds in the
Methods section, together with the many-body potentials chosen
to describe the atomic interactions.
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3.1 Gold nanoparticles

The effects of deforming isotropically the nanoparticles from con-
vex to spherical, then to cubic shapes is considered first in the case
of gold, for which the cristallographic template is face-centered
cubic. Fig. 1(a) shows the variations of the Debye temperature in-
ferred from the vibrational density of states, itself determined by
molecular dynamics simulations at room temperature, as a func-
tion of increasing rounding parameter m between 0.5 and 10. The
most remarkable result here is that ΘD is almost maximum for the
spherical shape, reaching its lowest values for the extrema of the
rounding exponent. However, the range of these variations re-
mains relatively moderate and amounts to a few percents only.

Typical densities, represented as an inset for selected values of
m = 0.5, 2, and 10, display very similar behavior, with one main
broad bump peaked near 70 cm−1 and a narrower band centered
above 100 cm−1. Upon transforming the particle from its most
convex shape to the sphere, then to cubes with increasingly sharp
edges, it is the intensity of the higher energy peak that varies the
most and in a non-monotonic way. This explains why the result-
ing Debye temperature reaches its maximum near the spherical
shapes, but is also consistent with the rather weak amplitude of
these overall variations due to the shape, under fixed nanoparticle
size.

The corresponding variations of the breathing frequency with
increasing rounding exponent are shown in Fig. 1(b). Here the
variations in ωb due to the shape are stronger in magnitude than
for the Debye temperature and reach about 20%, but only for
strongly convex particles: when m varies between 1 and 10, or for
particles evolving from the octahedral to the perfect cubic shapes,
the breathing frequency exhibits a rather constant value. This
feature is visible on the three power spectra of the volume, for
m = 0.75, 3, and 10, shown as an inset in Fig. 1(b), although
other spurious lower intensity peaks are clearly visible on these
spectra.

The predictions from the simple harmonic approximation as-
suming uniform radial motion, superimposed in Fig. 1(b), appear
rather poor from a pure quantitative footing, even though the
relative variations are well reproduced, up to a 8 cm−1 shift, if
the convex region is omitted from the analysis. Such a similar-
ity is supported by comparable residual size effects that can be
perceived on the local extrema found for m = 1.5 and m = 3.5,
and that we interpret as being due to the slightly larger or lower
numbers of atoms in these nanoparticles (see Table S2 in the Sup-
plementary Material). These results are consistent with the re-
cent study by Saviot34 based on continuous elasticity theory, who
found that the effects of edge rounding were stronger on the con-
vex side of the structural diagram.

The Debye temperature and breathing frequency of prolate
or oblate gold nanoparticles containing approximately 10,000
atoms are depicted in Figs. 2(a) and 2(b) as increasing func-
tions of the prolateness parameter P. Such deformations only
marginally impact the Debye temperature and vibrational densi-
ties of states (not shown), the intrinsic fluctuations due to size
variations across the P series being of comparable magnitude (a
fraction of Kelvin) as those due to the shape itself. A trend was
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Fig. 1 (a) Debye temperature ΘD of gold nanoparticles as a function
of the rounding exponent m. The inset shows the vibrational densities
of states obtained at three values of m; (b) Corresponding variations of
the breathing frequency ωb inferred from molecular dynamics trajectories
(solid circles), or the harmonic approximation assuming a uniform radial
deformation (empty squares). The inset shows the power spectra of the
volume at three values of the rounding exponent. The shapes of the
nanoparticles for m =0.5, 1, 1.5, 2, 3, 5, and 10 are depicted between
the two panels.
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numerically extracted by fitting the data to a cubic polynomial,
suggesting that both prolate and oblate deformations tend to de-
crease ΘD. In contrast, the effects on the breathing frequency are
more significant, especially considering that ωb reaches its lowest
value in the isotropic cubic limit P = 0. As the nanoparticle flat-
tens, ωb increases up to almost 70%, and even doubles in the most
extreme elongated case. Here again, the harmonic approximation
on the uniform radial motion fails quite spectacularly, predicting
opposite trends for the breathing frequency with respect to the
fully anharmonic calculation based on molecular dynamics.

These results are consistent with the earlier conclusions
by Sauceda and coworkers,28 in which moderately deformed
nanoparticles (decahedral with P ≃ −0.05) were considered, but
indicate that much stronger effects are to be anticipated in ex-
tremely deformed nanoparticles.

To some extent, the variations found for the breathing fre-
quency correlate with the surface fractions of atoms, shown as
Supplementary Material in Fig. S2 for both types of deformations,
thus confirming the greater importance of surface atoms for this
property. However, such a conclusion does not immediately ex-
tend to the Debye temperature, this property being sensitive to
the entire set of vibrational modes.

3.2 Iron nanoparticles

Iron nanoparticles of 10,000–10,500 atoms were constructed fol-
lowing the same computational procedure as with gold NPs, but
using the body-centered cubic crystal as the underlying template.
The variations of ΘD and ωb with increasing rounding exponent
m are represented in Fig. 3(a) and 3(b), respectively. Varying
the shape of the iron nanoparticles from convex to octahedral,
spherical, and cubic shape with increasingly sharp edges leads to
a Debye temperature that also varies only by relatively moder-
ate amounts of less than 2%, with a maximum near m = 1.5 and
an essentially flat behavior once the concave regime is reached.
Typical vibrational densities of states superimposed in the inset
of Fig. 3(a) show that it is a redshift of the high-frequency peak
near 260 cm−1 that is causing the drop in ΘD in convex particles
m< 1, the overall VDOS remaining almost constant in the concave
region m ≥ 2.

As was the case with gold nanoparticles, the breathing fre-
quency shows a more sensitive dependence on the rounding pa-
rameter, also non-monotonic but with values in the most convex
system (m = 0.75) and in the sharpest cubic particles (m > 6) that
deviate from the generic behavior in the intermediate regime.
Note that, for this metal, it was not possible to produce sta-
ble nanoparticles containing about 10,000 atoms based on the
bcc lattice and with even more convex shapes having m = 0.5.
Three power spectra from which these values of ωb were deter-
mined are depicted in the inset of Fig. 3(b). They all exhibit two
peaks, which for m > 2 are close to one another near 25 cm−1

and 30 cm−1, and the abrupt change in ωb when m reaches 7 re-
sults from the variations in the relative intensities of these two
peaks. For these iron nanoparticles, the disagreement between
the harmonic and anharmonic breathing frequencies cannot be
explained by a mere global shift, although it is noteworthy that
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Fig. 2 (a) Debye temperature ΘD of anisotropic gold nanoparticles, as
a function of their prolateness P (black circles), adjusted using a cubic
polynomial (solid line); (b) Corresponding variations of the breathing
frequency ωb inferred from molecular dynamics trajectories (black circles)
or the harmonic approximation assuming a uniform radial deformation
(empty squares). Schematized pictures of the deformed particles for
selected values of the prolateness parameter P = −0.2, -0.1, 0, 0.2, and
0.4 are depicted between the two panels.
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Fig. 3 (a) Debye temperature ΘD of iron nanoparticles as a function
of the rounding exponent m. The inset shows the vibrational densities
of states obtained at three values of m; (b) Corresponding variations of
the breathing frequency ωb inferred from molecular dynamics trajectories
(solid circles), or the harmonic approximation assuming a uniform radial
deformation (empty squares). The inset shows the power spectra of the
volume at three values of the rounding exponent. The shapes of the
nanoparticles for m =0.75, 1, 1.5, 2, 3, 5, and 10 are depicted between
the two panels.

the harmonic approximation performs almost quantitatively for
sharp cubes.

The effects of an oblate-to-prolate deformation around the cu-
bic reference on the vibrational properties are illustrated in Fig. 4.
Similar to gold, the Debye temperature depicted in Fig. 4(a) ex-
hibits a maximum near the isotropic shape, with relatively smooth
variations that are well captured by the cubic polynomial and
residual particle size effects. The magnitude of these variations
remains moderate, and again below 2% in the entire range of
the prolateness parameter. The breathing frequency was more
difficult to determine, due to the competition between multiple
peaks in the volume power spectrum, as previously discussed in
relation with Fig. 3(b) and also illustrated in Fig. S1(a) of the
Supplementary Material for the small Au147 icosahedral nanopar-
ticle. This competition is clearly evidenced on the three power
spectra obtained for P = 0.043, 0, and 0.103, shown in the inset
of Fig. 4(b). For fairness, two values for ωb are thus provided in
Fig. 4(b) in the prolateness range where this competition is most
prominent, namely −0.104≤P≤ 0.136. The upper branch is more
closely connected to the single peak found away from the compet-
ing range, and shows overall variations with increasing prolate-
ness that are comparable to the corresponding results found for
similarly deformed gold NPs in Fig. 2(b). The same conclusion is
reached for the harmonic prediction based on the assumption of
uniform radial breathing motion, which again qualitatively fails
in reproducing the variations in ωb due to shape deformations.

The existence of multiple peaks associated with the power spec-
tra of volume indicators, which was discussed at length by Lan
and Sun,31 is a manifestation of anisotropic nanostructures hav-
ing their volume varying upon the activation of several vibrational
modes. Comparison between the two types of metallic particles
further indicates that the most intense peak, i.e. the one lead-
ing to the largest volume variations, may be appropriate for some
metals, but more ambiguous for others.

Finally, it is interesting to note that, as was the case for gold
NPs, there is some correlation between the surface ratio and the
breathing frequency, at least for moderate values of the rounding
exponent (see Fig. S2 of the Supplementary Material) and, albeit
to a lower extent with the Debye temperature as well.

4 Compositional and size effects: silver-gold
nanoalloys

The Debye temperature and breathing frequency of silver-gold
nanoalloys is next considered, examining first the effects of
varying their composition. Here we have selected icosahedral
nanoparticles with 14 layers and amounting to approximately
10,000 atoms (see Table S5 in the Supplementary Material).
Figs. 5(a) and 5(b) show the variations of ΘD and ωb for in-
creasing concentration in silver, for core-shell particles of the
AgcoreAushell (Ag@Au) and AucoreAgshell (Au@Ag) types, as well
as randomly alloyed Ag-Au particles. The choice of the 14-layer
icosahedron was also made as it allows almost perfect equicom-
position to be reached for the core-shell systems with 11 inner
shells of one metal (5083 atoms) and the three outer shells of
the other metal (5096 atoms). Nonlinear effects are surprisingly
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Fig. 4 (a) Debye temperature ΘD of anisotropic iron nanoparticles, as a
function of their prolateness parameter P (black circles), adjusted using a
cubic polynomial (solid line); (b) Corresponding variations of the breath-
ing frequency ωb inferred from molecular dynamics trajectories (black and
empty circles) or the harmonic approximation assuming a uniform radial
deformation (empty squares). The inset shows three power spectra of
the volume at selected values of P, highlighting the presence of two com-
peting vibrational modes involved in the breathing motion. Schematized
pictures of the deformed particles for selected values of the prolateness
parameter P = −0.2, -0.1, 0, 0.2, and 0.4 are depicted between the two
panels.
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Fig. 5 (a) Debye temperature ΘD of icosahedral 10179-atom Ag-Au
nanoparticles, as an increasing fraction of the silver content and for
core/shell particles with either metal in the core, or for randomly al-
loyed particles. The inset shows the vibrational densities of states of
the AgcoreAushell (Ag@Au), AucoreAgshell (Au@Ag), and randomly alloyed
Au-Ag particles at 50% composition; (b) Corresponding variations of the
breathing frequency ωb inferred from molecular dynamics trajectories.
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strong for the alloyed system, with a clear enhancement in the
Debye temperature at intermediate compositions. This effect is
even stronger in the Ag@Au NPs, where ΘD exceeds that of pure
silver NPs when doped with 10% gold. Only does the Au@Ag sys-
tem exhibit mostly linear variations as the silver concentration is
increased.

To interpret these rather puzzling results, some vibrational den-
sities of states are shown in the inset of Fig. 5(a) near equicon-
centration in the two metals. While the Au@Ag and Ag@Au sys-
tems share one main peak near 100 cm−1, they are respectively
associated with additional broad bands at lower (80 cm−1 for
Au@Ag) or higher (120 cm−1 for Ag@Au) frequencies. In con-
trast, the alloyed NPs only display one broad band near 120 cm−1

and a shoulder at 80 cm−1. Despite being qualitatively different,
the VDOS functions for the alloyed and Ag@Au core-shell NPs
give rise to very similar anharmonic heat capacities, hence al-
most identical Debye temperatures. The lower value of ΘD in the
Au@Ag particle is consistent with the low-frequency peak near
80 cm−1 and the absence of any particular feature at higher fre-
quencies.

The breathing frequency of the alloyed particles exhibits rather
smooth and weakly nonlinear behavior with varying composi-
tion, in agreement with our earlier conclusions based on the har-
monic approximation for uniform radial motion.29 However, the
Ag@Au and Au@Ag core-shell particles both undergo strong non-
monotonic variations, with absolute minimum and maximum, re-
spectively, occuring when the core concentration approaches 20%
in both cases. The deviation to the average value associated with
the alloyed particles reference was also noted in the harmonic ap-
proach29 but is found here to be significantly magnified with the
present, anharmonic definition of ωb.

Except in the limit of single metals, all core-shell particles of
a given type have the same surface structure and the same size,
but differ in the interactions between the different metals. It is
instructive to consider the fraction of heterobonds as a possible
descriptor of chemical mixing in the system, and Fig. S3 in the
Supplementary Material shows the variations of this quantity with
increasing silver composition for the three types of chemical or-
dering. Naturally this fraction is the highest in the alloyed par-
ticles at 50% silver. In core-shell particles, it is maximum when
the outer shell is made of a single layer. However, these extrema
do not correlate with extrema in the breathing frequency, nor can
they explain, alone, the counterintuitive variations of the Debye
temperature.

Finally, we consider scaling size effects on both vibrational
properties in Fig. 6, restricting our discussion to pure nanopar-
ticles of either gold or silver metals, as well as the fully alloyed
particles near equicomposition. The case of core-shell particles
was not treated any further, owing to the frequent impossibility
to reach equicomposition from perfect shell filling combinations
(except, and as aforementioned, for the 14-shell system). Both
ΘD and ωb show variations with increasing number of atoms N
that can be approximately represented as linear functions of the
inverse radius, A(N)≈ A(∞)−α/N1/3. Ignoring the values for the
two smallest nanoparticles (N ≤ 147) leads to the extrapolated
values for the Debye temperature that deviate from the experi-
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Fig. 6 (a) Debye temperature ΘD of icosahedral Ag-Au nanoparticles
of the core/shell or randomly alloyed types, as a function of their in-
verse radius 1/N1/3. The experimentally measured temperatures for the
bulk metals are indicated by arrows; (b) Corresponding variations of the
breathing frequency ωb inferred from molecular dynamics trajectories.
Dashed lines emphasize the extrapolation, from all nanoparticles but the
two smallest ones, to the bulk limiting values N → ∞.
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mental data from above for silver (by 8 K) and from below for
gold (by 8 K as well). It is noteworthy that, for iron particles,
this extrapolation procedure works quantitatively well,26 which
points at intrinsic deficiencies in the potentials used for the no-
ble metals. However, it should also be kept in mind here that
the icosahedral lattices on which the properties were calculated
are not periodic and do not extrapolate to the true face-centered
cubic lattice of the corresponding bulk metals, unlike other clus-
ter shapes based e.g. on the truncated octahedral motif. Yet, the
overestimation of ΘD in finite nanoparticles and relative to the
bulk limit is at variance with measurements of this property in
thin gold films,46 and in this respect it would be worth repeating
the present simulations under such periodic conditions.

The Ag-Au alloy NPs at equicomposition show Debye tempera-
tures that are significantly closer to those of the pure silver NPs.
This result was already noticed in Fig. 5(a) for the specific 10179-
atom system, and can be interpreted as the consequence of the
strongly nonlinear behavior found for the Debye temperature of
alloyed nanoparticles with increasing silver composition. Inter-
estingly, such effects are also much stronger in magnitude than
the deviation of the crystal lattice parameter to Vegard’s heuristic
law for this alloy.47

The breathing frequencies naturally scale with the number of
atoms as 1/N1/3, in accordance with Lamb theory for perfect
spheres: ωb(N → ∞) = 0. This behavior is well reproduced for
nanoparticles containing more than 500 atoms, and the scal-
ing factor α depends only marginally on composition: we find
α = 298 cm−1 for pure gold NPs, α = 347 cm−1 for pure silver NPs,
and α = 316 cm−1 for randomly mixed Ag-Au NPs. These values
compare satisfactorily with the predictions from Lamb theory for
the pure metals, based on the knowledge of the experimental lon-
gitudinal sound velocities and Wigner-Seitz radii,48 which predict
α(Au) = 319 cm−1 and α(Ag) = 340 cm−1, given once again the
structural deviation between the present icosahedral NPs and the
ideal spherical shape.

From Fig. 1 it is tempting to conclude that introducing edges
and vertices to the gold nanoparticles (either by transforming
them into a cube or into an octahedron) only increases their
breathing frequency by a small fraction. Extending this idea to
the highly symmetric case of icosahedral particles suggests that
the extrapolated scaling factors are upper limits to the ideal spher-
ical case, improving the agreement for silver, but deteriorating it
for gold. It seems instead safer to assume that the residual dis-
agreement obtained between the extrapolated scaling factor and
the predictions of the Lamb model for perfectly spherical particles
based on experimental inputs mainly originates from the intrinsic
inaccuracies of the many-body potential used to model the metal
nanoparticles. This conclusion is supported by the similar de-
viations between the Debye temperatures extrapolated from the
finite nanoparticles and the bulk experimental limits, which ac-
cording to Fig. 6(a) indicate a small overestimation for silver, but
an equally small underestimation for gold.

5 Conclusion
The influence of the shape of metal nanoparticles on their vibra-
tional properties has long been recognized from spectroscopic ex-

periments,35,36 as well as dedicated calculations.31,33,34 Here we
have pursued an atomistic approach in which gold and iron par-
ticles are modeled by truncating large bulk samples so their outer
shape match appropriate supercubes with desired rounding expo-
nents, or elongated or flattened rectangular shapes with varying
prolateness. For both gold and iron metals, the Debye tempera-
ture ΘD approaches a maximum for spherical particles, decreas-
ing smoothly as the particle develop edges towards the sharp cu-
bic limit, and more strong strongly as it transforms towards octa-
hedra, then convex supercubes, although the magnitude of such
shape effects remains limited to a few percents.

The breathing frequency also remains rather poorly sensitive to
shape deformations, except in the limit of strongly convex par-
ticles, as well as sharp cubes in the case of iron NPs. However,
shape effects are more pronounced and easily exceed 10% rela-
tive to the spherical reference, for both gold and iron NPs.

Flattening or elongating the particles around the isotropic cubic
shape has a very limited influence on their Debye temperature,
which is comparable in magnitude to the intrinsic fluctuations
due to size variations, and only shows a weak maximum near
the isotropic limit. However, their breathing frequency displays a
clear dependence with increasing prolateness that mirrors that of
the Debye temperature, but with a much larger magnitude, with
ωb increasing by more than 50% in flat NPs or in long nanowires
in the case of gold. A similar behavior is found for iron NPs,
although two breathing modes are found to compete with distinct
spectral signatures in the case of moderate deformations around
the isotropic cube. These variations were found to correlate with
the surface atomic fraction.

The case of gold-silver bimetallic nanoparticles was also con-
sidered, focusing separately on the effects of chemical ordering,
composition and size. A nontrivial enhancement of ΘD in alloyed
particles was found, together with a clearly assymetric role played
by the two metals under core/shell configurations, as the result of
varying patterns in the underlying densities of vibrational states.
In contrast, and while alloyed NPs essentially display a breath-
ing frequency that scales almost linearly with composition, strong
nonlinear effects are found in the core/shell configuration, the
deviation to the alloy reference being the highest for 20% gold
in the core and the lowest near 20% silver in the core. It would
definitely be valuable to assess the robustness of these “magic”
compositions on other bimetallic systems and shapes other than
the icosahedron.

Extrapolating the results obtained for various nanoparticles in
the range between 150 and 15,000 atoms, both Debye tempera-
ture and breathing frequency vary linearly with inverse particle
radius. Such scaling relations confirm the validity of phenomeno-
logical macroscopic theories,21–24 but residual discrepancies with
the known experimental limits point at the approximate character
of the many-body potentials used to model the bimetallic nanoal-
loys, but also the pure metals in the first place.

Improving these semi-empirical potentials thus appears as a
priority for the present methods to deliver a more quantitative
description of vibrational behavior of the noble metal nanoparti-
cles. Most of the current development in interaction potentials for
metals relies on machine learning approaches, and usually aims
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at developing surrogate models for reference data (energies and
forces) obtained with explicit electronic structure methods such
as density-functional theory (DFT). The drawback of this strategy
is that the vibrational properties are not directly included in the
fitting process, except, at best, the elastic constants, and DFT it-
self is not guaranteed to reproduce experimental data accurately,
owing to the known dependence to the details of such calcula-
tions, namely functional and basis set. While DFT is obviously
preferable to any parametrized method and effectively relevant
for small systems,14–16 it is not suitable for particles approaching
the continuum limit and at finite temperatures. In this respect,
traditional many-body potentials with their far fewer parameters
to be optimized but a fully explicit functional form can more eas-
ily aim at reproducing a greater variety of properties, including
those such as elastic constants that are the key to vibrational
structure. The much better performance of the potential used for
bcc iron in reproducing the bulk limit of the Debye temperature
by extrapolating nanoparticle data26 nicely illustrates why this
traditional approach remains useful for the present applications,
although of course this does not guarantee that the potential re-
mains accurate at the nanoscale, especially given that, ultimately,
it is always up to experimental measurements to qualify the com-
putational methodology.

Besides the quality of the underlying potential, the methodol-
ogy for determining both ΘD and ωb based on the power spectra
of appropriate properties has its own practical limitations, espe-
cially for large nanoparticles. Not only does the computational
cost of handling N-atom systems scale at least linearly with N,
the scaling of the breathing frequency roughly as 1/N1/3 requires
in principle that the MD simulations should become increasingly
long and themselve scale as N1/3, in order to keep a spectral res-
olution approximately constant when applying the Fourier trans-
form. This issue, which is even worse for the acoustic gap (or
lowest vibrational frequency), would make it difficult to reliably
treat systems exceeding about 10 nanometers in all three dimen-
sions.

Finally, and as already discussed by Lan and Sun,31 the possible
presence of multiple spectral signatures of the breathing motion
that was reported here notably for cubic iron particles may re-
quire monitoring other, alternative observables that are sensitive
to the volume. The convex hull, for instance, provides a natural
connection with the notion of embedding surface that makes it
also more related to continuum approaches.40

Once these aspects are clarified, it could be useful to extend
the methodology further to address more realistic nanoparticles
not necessarily in the gas phase. Environmental effects, either
surfactants and a liquid for chemically synthesized colloidal par-
ticles or a matrix or a solid substrate for physically synthesized
particles, are essential in all practical applications of nanoscience
and of course change their vibrational properties. Moreover, al-
tering the shape of nanoparticles is precisely achieved by varying
the surfactants themselves, among other experimental conditions.
Although they require dedicated modeling, environmental effects
can be straightforwardly taken into account, still using appropri-
ate power spectra in molecular dynamics simulations.
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The data supporting this article have been included as part of the

Supplementary Information. The basic features (numbers of atoms,

rounding and prolateness paramters) of deformed nanoparticles, as well

as Cartesian coordinates of the initial configurations, are provided

as a pdf and a zip file, respectively.
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