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Generalised level anticrossings explain improved
19F SABRE hyperpolarisation under oscillating
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Signal amplification by reversible exchange (SABRE) is a parahydrogen-based hyperpolarisation
technique that significantly enhances nuclear magnetic resonance signals without the use of expensive
hardware. While conventional SABRE relies on a static polarisation transfer field set near the level
anticrossing (LAC) condition, recent work has shown that oscillating fields can substantially boost the
hyperpolarisation levels. Here, we develop a new theoretical model that generalises the LAC condition
to account for the oscillating polarisation transfer fields, thereby explaining the spin dynamics of SABRE
under such conditions. We use the generalised LAC condition to optimise the oscillating fields for

Received 9th December 2025, maximum polarisation transfer to 9F and show that the scalar relaxation of the second kind can be

Accepted 2nd February 2026 simultaneously suppressed. Large-scale spin dynamics simulations and experiments show that this leads
DOI: 10.1039/d5¢cp04781a to enhanced *°F hyperpolarisation compared to conventional SABRE, with a 79% improvement observed
experimentally. This work demonstrates a generalisable strategy for improving the efficiency of SABRE,

rsc.li/pccp advancing its potential for various applications, such as in biomedicine.
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1 Introduction

Nuclear magnetic resonance (NMR) spectroscopy and imaging
provide chemical, structural, and dynamical information at the
molecular level. The NMR signal is usually recorded at a high
static magnetic field B,, where the dominant energy contribu-
tion is from the nuclear spin Zeeman interaction. For a spin-1/2
nucleus with a gyromagnetic ratio of y, the energy splitting
between the “spin-up” and “spin-down” states, |«) and |f),
respectively, is equal to %yB,, where % is the reduced Planck
constant. This energy is, at room temperature, much lower than
the thermal energy kgT given by the Boltzmann constant kg and
temperature 7, which, according to the Boltzmann distribution,
leads to a small population difference n, — n; between the |a)
and |f) states. The resulting spin polarisation

Ny — Np

P =
Ny + ng

— tann  17Bo
x 100% = tanh (szT) x 100% 1

is very small near ambient temperatures even in high-field
NMR instruments, e.g,, P ~ 3.3 x 10 %% for protons at
By = 9.4 T and T = 293 K, and even smaller in benchtop
spectrometers, where the operating fields are on the order of
1 T, highlighting the sensitivity problem of NMR.
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The low sensitivity of NMR can be addressed using hyperpo-
larisation methods," by which the spin polarisation can be
increased by several orders of magnitude. This is of particular
interest in benchtop NMR, where the thermal spin polarisation is
small. Four prominent methods are widely used: dynamic nuclear
polarisation (DNP),>* photochemically-induced dynamic nuclear
polarisation (photo-CIDNP),%* spin-exchange optical pumping
(SEOP),® and parahydrogen-induced polarisation (PHIP).”®
DNP transfers spin order from unpaired electrons to a target
nucleus using microwave irradiation. In photo-CIDNP, light
excitation is used to trigger a chemical reaction producing a
radical pair, which can be further converted into nuclear spin
hyperpolarisation of the molecule of interest. SEOP is used to
hyperpolarise noble gases by transferring spin order from
optically pumped alkali-metal electrons to the noble-gas nuclei
in spin-exchange collisions. Hydrogenative PHIP methods
make use of parahydrogen (pH,)—the singlet nuclear spin
isomer of molecular hydrogen—through the hydrogenation of
a target molecule and the subsequent conversion of the singlet
spin order into observable magnetisation.

Signal amplification by reversible exchange (SABRE)*'” is a
more recent parahydrogen-based hyperpolarisation technique that
addresses the main limitation of PHIP by not requiring unsatu-
rated chemical bonds that can be hydrogenated. In SABRE, pH,
and the target molecule reversibly bind with an iridium-based
complex, enabling conversion of the singlet spin order from pH,
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Fig. 1 Overview of the SABRE process. (A) Schematic representation of the chemical kinetics in SABRE. The pH, and the target molecule exchange
reversibly with the hexacoordinated Ir-complex, which is represented by a three-spin system consisting of two hydride protons (H) and the target nucleus
from one of the equatorial ligands (S), with the numbering of the nuclei indicated in the figure. This study examines the *°F nucleus from a 3-fluoropyridine
ligand. J-couplings between the nuclei, labelled in the picture, enable the conversion of the singlet spin order from pH, to observable magnetisation of the
target nucleus. (B) Experimental procedure in SABRE. Hyperpolarisation is performed by flushing pH, through a sample placed in a 5-mm NMR tube.
Subsequently, the gas flow is stopped, and the sample is transferred to the spectrometer for signal acquisition. (C) Variations of SABRE. SF-SABRE utilises a
static polarisation transfer field Bg set at or near the LAC-condition to provide optimum coherent dynamics that transfer the polarisation from the hydrides
to the ligand. OF-SABRE employs an oscillating polarisation transfer field that provides more flexibility in tuning the coherent dynamics.

into observable magnetisation of a target nucleus. The SABRE
process is shown schematically in Fig. 1A.

In SABRE experiments, the hyperpolarisation is often per-
formed by flushing pH, for a few seconds through a sample
that is placed in an NMR tube, as demonstrated in Fig. 1B. The
experiments typically employ a static polarisation transfer field
B, adjusted to maximise the coupling between the states
involved in the coherent polarisation transfer. This is known
as the energy level anticrossing (LAC) condition, which enables
efficient SABRE hyperpolarisation."*'* For protons, the optimal
field strength is typically in the range of a few mT,">>° while
heteronuclei require fields on the order of pT—a technique that
has been named SABRE-SHEATH (SABRE in shield enables
alignment transfer to heteronuclei).?’”®® Alternatively, radio-
frequency (RF) magnetic fields can be applied to drive the
polarisation transfer. Several such RF-based SABRE techniques
have been developed to improve the versatility of SABRE or to
boost the attainable signal enhancements: LIGHT-SABRE>®
enables coherent polarisation transfer inside the high field of
an NMR spectrometer with low-power continuous-wave pulses,
SLIC-SABRE®® induces LAC conditions by using continuous-
wave irradiation at low magnetic fields, and QUASR-SABRE®" is
a form of SLIC-SABRE employing interleaved, shaped RF pulses
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to induce polarisation transfer. While these methods have their
own practical applications, they often exhibit lower polarisation
transfer compared to the standard static-field approach.

Recent work®*® has demonstrated that applying a simple
oscillating magnetic field during the polarisation transfer (illu-
strated in Fig. 1C) allows fine-tuning the coherent spin dynamics
to better match the timescale of the ligand exchange. Conse-
quently, the oscillating-field SABRE approach has been used to
generate increased hyperpolarisation levels compared to the
static-field SABRE. The static- and oscillating-field SABRE are
abbreviated as SF- and OF-SABRE from now on. To date, this
technique has been explored on °N through the hyperpolarisation
of N-enriched benzonitrile,®* acetonitrile,**® and metroni-
dazole,*® yielding also substantial hyperpolarisation in nuclear
sites that are several bonds away through spin-relay.*® In addi-
tion, hyperpolarisation of *C-enriched pyruvate, an important
metabolic agent, has been demonstrated.®”

This work shows, for the first time, the application of
oscillating polarisation transfer fields to the SABRE hyperpolar-
isation of °F nuclei using 3-fluoropyridine as the target molecule.
Hyperpolarisation of '°F is valuable for biomedical applications,
as its high natural abundance, large gyromagnetic ratio, and
absence of background signals enable highly sensitive detection
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of exogenous fluorinated compounds. We establish a robust
theoretical framework for understanding the underlying spin
physics of the SABRE process under oscillating fields. By applying
suitable interaction frame transformations, Floquet theory,?*"*°
and average Hamiltonian theory (AHT),"" we derive an effective
time-independent Hamiltonian that drives the OF-SABRE spin
dynamics. The analysis reveals a generalised LAC condition
that must be fulfilled by the time average of the oscillating field
to optimise the polarisation transfer. It is shown that, by tuning
the frequency and amplitude of the field, it is possible to adjust
the effective coupling between spin states and to suppress
scalar relaxation of the second kind (SR2K), a relaxation
mechanism that can cause fast relaxation of nuclei that are
coupled to a fastrelaxing quadrupolar (nuclear spin > 1)
nucleus, especially at low magnetic fields.*> This theoretical
model is validated through comprehensive spin dynamics
simulations and SABRE experiments using benchtop NMR,
providing a detailed picture of the polarisation transfer process.
Notably, an improvement of 79% to the '°F hyperpolarisation
levels compared to the SF-SABRE is experimentally obtained,
showcasing the potential of the OF-SABRE method, especially
for benchtop NMR.

2 Theory

2.1 Static polarisation transfer fields
The theory of the coherent spin order transfer in SABRE under the
static polarisation transfer field B, is well-established.'®**'*** The
nuclear spin Hamiltonian governing the coherent dynamics of a
SABRE spin system is given by
I:I = Za),—iﬂ- + ZTCZJ,]il . i/,
i

i<j

2)

where w; = wof1 + 9,) is the resonance frequency of the ith spin,
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between spins 7 and j, with magnitude J; in Hz. The spin operators
I,; (zcomponent for the ith spin) and I = (fxi, fyi, fZ,-) act on the
Hilbert-space (#) state vectors of the spin system.

The spin dynamics of SABRE can be understood qualitatively
by analysing the coherent evolution of a simple three-spin model,
even though the incoherent processes, namely relaxation and
chemical exchange, as well as other spins of the SABRE-complex,
must be included in a quantitative model.** The simple model
includes the two hydride protons originating from the pH, and a
target nucleus from one of the equatorial ligands. A graphical
illustration of the SABRE complex and the three-spin system is
presented in Fig. 1A. For theoretical analysis, it is useful to write
the Hamiltonian in a basis where the hydride protons are
expressed using the singlet-triplet states

1

1) = —5(18) —162)
IT2) = |oo)

1 ©)
To) = (1) + 1)
IT-) = I8)

and the target nucleus using the Zeeman states {|x),|$)}. The
eight possible composite states can be grouped by the magnetic
quantum number M of the total spin

M = +1/2: {1890, [T B)[ To)}
M = —1)2: {|SB). [T_5)[Tof)}
M = +3/2: {|T,a)}
M = =32 {[T_f)}.

In this basis, the Hamiltonian in eqn (2) becomes block diagonal

including the Larmor frequency wy; = —7yB, and the isotropic with two (M = £1/2) 3 x 3 and two (M = +3/2) 1 x 1 blocks. The
chemical shift ¢,. The second term represents the scalar J-coupling 3 x 3 blocks for M = +1/2 and M = —1/2 are
|Ser) T, B) ITost)
(Sq| |32t s (U —Ji3) (s — o) + 01 — 5 |
2 V2 2
(T, B « n(Ji2 —Ji3 — Jo3) + 01 + 02 — w3 n(J13 + Jx)
2 V2
(Tox| % % 12 + w3
L — |
(5)
ISA) T o) ITop)
sp| [ 22— o (/13 = Jx) (U — Ji3) + @ — ]
2 V2
(T_qf * n(Ji2 —Ji3 —Jn3) — o1 — o + o3 (/13 + Jx)
2 V2
(Tof| . . nlez_ o
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respectively, whereas the 1 x 1 blocks for M = £+3/2 do not
introduce population transfer between states and can be
neglected in the SABRE context. The matrix elements denoted
by the asterisks should be filled such that the Hamiltonian is
Hermitian.

The initial state in a SABRE experiment is approximately an
equal combination of |Su) and |Sf), as the pH, used in the
experiments may be assumed to have a purity of 100%, and the
polarisation of the target nucleus at thermal equilibrium is very
close to zero at the low magnetic-field strengths used during
the hyperpolarisation in SABRE. The block diagonal form of the
Hamiltonian indicates that either the transition |Sx) — |T.f)
or the transition |Sf) — |T_«) is responsible for the polarisa-
tion transfer, as these involve the two possible initial states and
change the state of the target nucleus. The states |Sa) and |T.f)
(or |SB) and |T_o)) become maximally coupled when their
corresponding diagonal matrix elements in the Hamiltonian
given by eqn (5) become equal. This results in a coherent
oscillation between the states, with a frequency determined by
the off-diagonal element connecting the two states. Setting the
diagonal elements equal and solving for the magnetic field
leads to the LAC condition for SF-SABRE

(412 — Ji13 — Jo3)
711+ 01) +72(1+62) — 295(1 +53)‘

(6)

Bsp-Lac = £

The two solutions indicated by the + symbol correspond to the
|So) — |T.f) and |SB) — |T_o) transitions within the M = +1/2
and M = —1/2 subspaces, respectively.

Let us consider an example three-spin system consisting of
the two hydride protons (spins 1 and 2) and the '°F nucleus
(spin 3) from the equatorial 3-fluoropyridine ligand of the
standard Ir-IMes complex used in SABRE experiments (see
Fig. 1A). In the lowest-energy conformation of the complex, the
J-couplings obtained from a quantum-chemical calculation are
Ji» = —7.67 Hz, J;; = —0.05 Hz, and J,; = 2.08 Hz."> The
experimentally determined chemical shifts are 6, = d, =
—23.1 ppm and J; = —124.2 ppm. Using these parameters,
the LAC condition in eqn (6) for the |Sf) — |T_«) transition
gives B, = 3.26 uT. Fig. 2A shows results from a spin dynamics
simulation of this three-spin model performed at B, = 3.26 pT.
A nearly perfect oscillation between the |Sf) and |T_o) states is
observed, whereas the populations of the other states remain
practically constant, rendering the polarisation transfer to '°F
highly efficient. Indeed, our previous work®® shows that the
highest '°F polarisation is obtained at 5 uT, relatively close to
the 3.26 uT value predicted by the simple three-spin model.

2.2 Sinusoidal polarisation transfer fields

Below, we extend the analytical SF-SABRE theory to the periodic
polarisation transfer fields, building upon the pioneering
work by Dagys et al,*® Eriksson et al,*® and Li et al>® We
begin by considering a magnetic field that varies sinusoidally
in time:

By(t) = By + Bicos(wpt). (7)
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Here, B, is the offset, B, is the amplitude, and w, = 2n/T is the
angular frequency corresponding to the period 7. General
periodic fields are discussed later.

We start from the M = £1/2 blocks of the Hamiltonian given
in eqn (5) with the time dependence now introduced to the
resonance frequencies on account of the fluctuating field: w; —
/(t). As we saw earlier, the two transitions responsible for the
polarisation transfer are |S¢) — |T.f) or |Sf) — |T_a). There-
fore, we perform an approximation by considering only the
corresponding two-level subspaces, reducing the Hamiltonian
in eqn (5) into the 2 x 2 blocks

|Ser) IT.B)
<SO€| =31y + w3 TC(J23 — J13)
2 7
n(Js —J13) w(Ji2 —Jiz —J23) + o1 + 02 — w3
(T4l V2 2
(8)
ISB) T o)
<S/}| 73TEJ]2 — w3 713(]|3 7]23)
2 V3
n(Ji3 —J23) w(Ji2 —Ji3 — J23) — 01 — w1 + 03
(T_of V2 2

Any Hermitian 2 x 2 matrix can be decomposed in
terms of the Cartesian spin operators I.,. and the unit
operator E:

H = aOE + axIAX + ayIA), + azfz

1 1 .
ap + 34 z(ax — iay)

1
ap — zd:

1 .
=(ay +iay) 5

2

Note that this particular decomposition is done for mathe-
matical convenience; these spin operators do not represent
the physical spin of the three-spin system. In our case,
coefficients a; become

o = —(2J12 + J13 + J23) £ (01 + @)
4

ay = i\/ETE(JB — J13)

(10)
a, =0
. —TC(4J12 —Jiz — J23) + (—(1)1 — o + 2(1)3)

a; = I

- 2

where the two solutions indicated by the £ symbol corre-
spond to the M = £1/2 blocks, respectively. The identity term
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http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d5cp04781a

Open Access Article. Published on 03 February 2026. Downloaded on 4/12/2026 5:26:47 AM.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

(cc)

View Article Online

PCCP Paper
0(—m™™———m—— — -
A Sa B 800
—T.p 600 4
251 T —
~ —Tox @ 400- /\
S g
\C/ 0 T = 77I;7 T T Iri = = T b 200 )
2 00 02 04 06 08 10 B ]
o 0]
> - c
50 —3SB 2-200
a 7 8
25 Y T(; 8 —-400 0
% { -600 D & © O €
0 e e L e _800 T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 100 200 300 400 500
Time (s) Field offset B, (uT)
c 504 sa D 4 —— Sinusoidal
—T.p ~3- —— Square
,\25- — Ty B 24 m=0
e =1
~ (o))
S E 0 T T T T T
5 é‘ 0 100 200 300 400
a (&
o
g 2 2 m=1
]
51
0 e | E— T — T 0 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0 0 100 200 300 400
Time (s) Field amplitude B, (uT)

Fig. 2 Spin dynamics simulations of a three-spin SABRE system involving two hydride protons and a *°F nucleus from an equatorial 3-fluoropyridine ligand. (A)
Time evolution of the state populations in a SF-SABRE experiment at By = 3.26 uT, starting from equal populations of [Sx) and |Sp). (B) Quasienergies of the SABRE
system as a function of field offset By when subjected to a sinusoidal magnetic field Bg + Bycos[(2n/T)t] with B; = 100 uT and T = 10 ms. The quasienergies are
obtained from the numerical diagonalisation of the Floguet matrix that is constructed in a reduced basis including |k| < 5 Fourier harmonics. The LACs occurring
between Floquet modes, separated by integer multiples m of the frequency wy, are highlighted, with the m = 1 case magnified in the inset. (C) Time evolution of the
state populations in an OF-SABRE experiment using a sinusoidal magnetic field By + Bicosl(2n/T)] with Bg = 43.1 uT, B; = 73.2 uT, and T = 10 ms, starting from equal
populations of [Sx) and |SB). (D) Effective coupling strength as a function of the field amplitude B; at the m = 0 and m = 1 LACs. The numerically exact values are
given for the following effective Hamiltonians: sinusoidal (orange solid) and square-modulated (blue solid) (see Fig. 1C). The analytically calculated values are
represented by the black dashes. The period is set to T = 10 ms, for which case m = 0 gives By = 3.26 uT and case m = 1 gives By = 43.1 uT.

aoF can be discarded, as it only shifts the diagonal elements  Using this notation, the Hamiltonian becomes
uniformly and, hence, does not affect the transition prob-

H =aJd,+ [aq+a. 01,
abilities. Since the polarisation transfer field follows the els [a_o + a1 cos(wy )} ;

time dependence of eqn (7), the component a, also becomes 1 [ @0 + a1 cos(w,t) ay (13)
a sum of the static and sinusoidal components )
ay —a.0 — a1 cos(wpt)
a; = az + Az cos(wpyt), (11)

The ultimate goal is to derive a time-independent effective
Hamiltonian using the AHT expansion. The convergence of the
with the coefficients a,, and a,; given by expansion can be improved by choosing an interaction frame
that removes the large time-dependent part.*' Thus, we use the
time-dependent term azlcos(wpt)fZ to determine the interaction

@y = — m(#/1 _ZJ” —Jn) frame,*® and the corresponding unitary operator is
t
i Bo[yi(1401) +75(1 4 62) — 2y3(1 + 63)] (12) Ui = exp {ia_.lfzj cos(w,,t’)dz/]
0
’ (14)
gy s Bl (00 + V2(12+ 62) = 231 +83)] — exp {%1 Sin(wpt)] .
p
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The Hamiltonian that drives the spin dynamics in such an
interaction frame is given by

~ i@sin(u;,,t)
oot AU 1|4 ae
H =UHU| +i—-U =~
R TR
* —daz
. (15)
1] a0 ax Z Jn (i) einwpt
= _ oo w, ,
2
* —d;)

where we have used the Jacobi-Anger expansion®® in the last
equality, and J,, are the Bessel functions of the first kind.

In the previous work on oscillating polarisation transfer
fields,>**>* the effective time-independent Hamiltonian was
obtained by applying the AHT to eqn (15). Up to second order,
the AHT expansion is given by*!

Her = lJTISIdz + LJTF [H(1), H(t)]dedt' + -+ -,

16
T), 2iT ), Jo (16)

where T is the period of the Hamiltonian. To the first order,
only the term n = 0 in the Jacobi-Anger expansion remains non-
zero, leading to

B 1 21/ wp ~d
Hep ~—— Hdt
eff zn/ijo

a:o axJO (aZl)
1 @p

(17)

s (a_,l)
)

This is a good approximation when a,, ~ 0, i.e.,, when the
average field B, is set at or near the LAC condition given by
eqn (6), rendering the norm of the Hamiltonian H in eqn (15) to
be small. When the norm of the Hamiltonian satisfies ||H||T «
1, the AHT expansion converges rapidly.*' However, it has been
shown that the average field does not have to be near the LAC
condition to transfer polarisation efficiently.>*** In this case,
a0 # 0, and the polarisation transfer cannot be explained by
the first-order effective Hamiltonian in eqn (17). Thus, it is
evident that the higher-order terms become significant when
the average field is not near the LAC condition, requiring a
more general theory of OF-SABRE.

Here, we use the Floquet theory to explain the polarisa-
tion transfer when the offset B, is far from the LAC condition.
In this formalism, the time-dependent Schrodinger equation is
written in the time-independent form

I:IF|¢> = 8¢|¢>r (18)

where Hy is the Floquet Hamiltonian, |¢) the Floquet modes,
and ¢ their quasienergies. We use the Fourier expansion of the
time-dependent Hamiltonian

—dx

39,40

0
FI: Z Fl(n)eina),,r

n=—00

(19)
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to construct the Floquet Hamiltonian in an infinite-dimensional
product Hilbert space # ® . Here, & is another Hilbert
space that consists of all possible periodic functions with a basis
defined by the infinite set of functions {¢*“*’}, where k is an
integer. Thus, the basis set of the product space # ® Z is a set
of all the possible Kronecker product pairs {|y;) ® e} where
the state vectors |i/;) are given in eqn (4). The matrix form of Hx
in this basis is given by

HO _ o, HED H2
Hy = HD H©O HED , (20)
H® g HO) 4 w,

where H" are the Fourier components of the time-dependent
Hamiltonian. It is evident that the Hamiltonian in eqn (15) can
be decomposed into a Fourier series with the components

given by
5710 a:o axJn (Z);-l)
- 1 4
H" = , (21)

2
aXJ—n <@) _5n0a20
@p

where 0,0 is the Kronecker delta. The Floquet matrix Hy is
obtained by substituting the Fourier components H™ to
eqn (20), and is given in eqn (S1) of the SI

In principle, the quasienergies ¢, can be obtained exactly by
constructing and diagonalising the inifinite-dimensional Flo-
quet matrix. In practice, this is not feasible for the SABRE
system under study, as the Floquet matrix does not have a
block-diagonal decomposition. However, it is trivial to arrive at
an approximation numerically. We can reduce the basis set
{e»"} of the # space to only include the harmonics |k| < kmax,
which renders the combined space # ® 7 finite-dimensional
and, thus, enables the construction and diagonalisation of Hy
numerically. Using the simple 3-fluoropyridine example system
with the basis set reduction k., = 5 and the field amplitude B,
= 100 puT, the Floquet matrix is constructed for the M = —1/2
subspace that contains the states |Sf) and |T_o). The quasie-
nergies, obtained by the numerical diagonalisation of the
Floquet matrix, are expressed as a function of the static offset
B, in Fig. 2B. The appearance of periodic LACs is observed.

Similar to SF-SABRE, the polarisation transfer becomes
efficient at the LACs. The LACs emerge when two of the
diagonal elements in the Floquet matrix (eqn (S1) in the SI)
become equal. This happens when, for some integer m,

az + mw, = 0, (22)

where a,, was given in eqn (12). Inspired by this observation, we
define yet another interaction frame with respect to mw, to
embed the condition in eqn (22) into the interaction-frame
Hamiltonian. In addition, m is chosen such that |a,, + mw),| is
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minimised to improve the convergence of AHT in the inter-
action frame. The transformation operator is defined as

U, = exp(—il,mw,t), (23)
and the Hamiltonian of eqn (15) in this new interaction
frame reads

s .o~ dU, -
H:UZHULHd—tzU;

(24)

. a:1 i(n—m)wpt
1| a0 +mw, ac > Jy e »

= e \Op

\S]

* —a-0 — mw,

Finally, we apply the AHT expansion given in eqn (16) up to the
first order. This yields the following effective time-independent
Hamiltonian:

;Ieff ~ Hdt

- 2n/wp) o

a:|
axo +mw,  ayJy (—)
Wp

1 ‘~21t Jwp -

1

2 a:|
axJm| — —d:0 — may,
®p

The Hamiltonian in eqn (25) gives critical insights into the
polarisation transfer dynamics in OF-SABRE. For efficient
polarisation transfer, the diagonal elements must be equal,
which, by construction, corresponds to eqn (22). Substituting in
the coefficient a,, from eqn (12) and solving for B, gives the
main theoretical result of the present work: the generalised LAC
condition for OF-SABRE, as

TE(4J12 — J13 - J23) — 2mwp
P11+ 61) +92(1 +62) = 293(1 + 63)

Bop-Lac =
(26)
—2maw),
1+61) +7,(1+62) — 295(1 + 83)

Bsp-LAc £+
7 (

The symbol + corresponds to the transitions |Sz) — |T.f) and
|Sp) — |T_o), respectively. Comparing to the LAC condition for
SF-SABRE, Bgp.1ac given in eqn (6), a new mw,-dependent term
arises. The new LAC condition explains the appearance of
periodic LACs in Fig. 2B and, more importantly, why the
polarisation transfer may become efficient in OF-SABRE even
when the offset B, is far from Bgpisc. Another important
outcome is the introduction of the effective coupling; the off-
diagonal term in eqn (25) is now modulated by the mth order
Bessel function J,(a;:/®,), which effectively adjusts the cou-
pling between the spin states. We recall from eqn (12) that the
coefficient a,; depends on the field amplitude B;. Conse-
quently, by adjusting B; and the field oscillation frequency
wp, it is possible to tune the effective coupling such that the
resulting coherent polarisation transfer matches the dissocia-
tion rate of the ligand in the SABRE complex. However, it must
be noted that the effective coupling can only be decreased
because |J,(ax/wp)| < 1.
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Using the simple 3-fluoropyridine example system discussed
earlier, let us calculate the parameters for m = 1 when the
period of the sinusoidal field is set to 7= 10 ms. The general-
ised LAC condition in eqn (26) between states |Sf) and |T_o)
gives By = 43.1 uT. Suppose we want to maximise the effective
coupling in eqn (25). The Bessel function J;(a,:/w,) reaches its
maximum absolute value equal to 0.58 when the argument is
equal to +1.84, leading to the amplitude B; = ¥73.2 pT. The
results of a numerical simulation of the three-spin system with
these parameters are shown in Fig. 2C. Comparison to the SF-
SABRE in Fig. 2A shows that, in OF-SABRE, the interchange
between |Sff) and |T_«) populations takes place at a frequency
reduced by a factor of roughly 0.58, as predicted by the decrease
of the effective coupling in eqn (25).

Even though the above theory has been derived in the
framework of the three-spin system, it applies to a broader
range of spin systems including those where multiple hetero-
nuclei of the same type co-exist in the ligand. Further discus-
sion of this issue is presented in the SI.

2.3 General periodic polarisation transfer fields

All periodic functions can be decomposed into Fourier series.
This means that also other waveforms of B,(¢) than the sinu-
soidal one can be treated using the same procedure as above:
the first interaction frame is defined by the time-dependent
term of the Hamiltonian and the second by mw,. Hence, the
diagonal elements of the approximate time-independent form
of the Hamiltonian, displayed in eqn (25), remain the same.
Therefore, the generalised LAC condition given in eqn (26)
holds for arbitrary B,(t) waveforms. The same does not hold in
the off-diagonal elements—their analytical treatment becomes
challenging, and it is easier to depend on numerical calcula-
tions. Further discussion on other waveforms and an analytical
expression for square-modulated fields are presented in the SI.
The absolute values of the off-diagonal elements that drive the
|Sp) — |T_a) transition in the m = 0 and m = 1 cases, obtained
both analytically and numerically for cosine and square waves,
are given in Fig. 2D. We see that the effective coupling is very
different for the two waveforms. In addition, a remarkable
agreement between the presently derived analytical model
and the numerical calculations is achieved.

There are two good reasons to opt for other waveforms than
sinusoidal. The first reason is the aforementioned different
modulation of the off-diagonal elements. Indeed, Li et al.>°
have demonstrated that less symmetric waves, such as the saw
wave, show better resilience to experimental imperfections due
to their more gradual decrease in the coupling strength as a
function of the wave amplitude. The second reason comes from
the fact that coherent dynamics do not alone determine the
maximum achievable polarisation; relaxation plays a major role
in the process and can greatly limit the achievable polarisation
level. For example, the SR2K mechanism is a major source of
relaxation at ultralow fields,** the condition at which coherent
polarisation transfer to heteronuclei is optimal. This is the case
in the present 3-fluoropyridine system, as the '°F is scalar-
coupled to the quadrupolar **N nucleus.
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3 Results and discussion
3.1 Periodic LACs on large spin systems

The above discussion focused on the simple three-spin model
without taking into account relaxation and chemical exchange.
To verify the existence of the periodic LACs in a more realistic
SABRE setting involving 3-fluoropyridine, we performed experi-
ments and large-scale numerical spin dynamics simulations.
The simulations incorporated a chemically exchanging system
consisting of the SABRE complex (8 spins), free ligand (6 spins),
and parahydrogen (2 spins), as well as full Redfield-theory®”~*°
relaxation. Details of the experiments and simulations are
available in the SI. Various rectangular-shaped polarisation
transfer fields (see Fig. 1C), characterised by Bhigh, Biows Thigh,
and 7oy, Were used.

Fig. 3A shows the experimental and simulated '°F polarisa-
tion levels as a function of By, with the other parameters
fixed to Bjow = 3 uT (close to the LAC condition for SF-SABRE)
and Thigh = Tiow = 5 MS OF Thigh = Tiow = 10 Ms. Maximum "°F
polarisation level of 0.55% was obtained at Byjgr, = 8 UT. This
result is as expected, since the average field of roughly 5 uT is

A 1 1 1 1 1 1
~ 044 10
c [
2 S
E IS
g 0.2- 05 3
3 %)
< 004 L00 &
T a
0.2+ --0.5
100
C
L4
€ c
© S
£ 3%
1 L2 &
a L1 0
-0

Tiows Thigh (MS)

Fig. 3 Experimental and simulated 19F spin polarisation in OF-SABRE. Square-modulated polarisation transfer field, characterised by Bhigh. Biow. and
Thigh = Tlow (s€€ Fig. 1C), is used. Results from experiments (left vertical axis) are shown as symbols and from simulations (right vertical axis) as solid lines.
The maximum polarisation obtained in SF-SABRE is denoted by a dashed horizontal line. (A) Polarisation as a function of Bygn. The other parameters are
Biow = 3 uT and thigh = Tiow = 5 Ms (orange squares) or Thigh = Tiow = 10 ms (blue circles). (B) Polarisation as a function of By,,,. The other parameters are
Bhigh = 100 pT and thigh = Tiow= 2 mMs. (C) Polarisation as a function of tpigh = Tiow, With Bhign = 100 uT and Biew, = — 90 pT. (D) Polarisation as a function of
the field amplitude defined by Bpigh and Biow, With Thigh = Tiow = 1 mMs.
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near the LAC condition for SF-SABRE and this particular field
value has been experimentally shown to generate the highest
polarisation levels.*> When Bhign is increased further, more local
maxima (and minima) are observed both experimentally and
computationally, in agreement with the obtained generalised
LAC condition in eqn (26). With Thign = Tiow = 5 ms, we find a
local (negative) maximum at Byg, = 68 UT with a '°F polarisation of
—0.26%. This corresponds to the generalised LAC condition with
—1 between the |Sz) and |T.f) states. In turn, a local
maximum with a *°F polarisation of 0.28% is observed at Bigh =
88 T, corresponding to the generalised LAC condition between
|SF) and |T_a) with m = 1. With the longer field duration of tpig, =
Tlow = 10 ms, we observe local maxima and minima of the
polarisation level twice as frequently, showcasing the LACs with
m =0, m=+1and m = £2 (see eqn (26)) within the studied
magnetic field range. Experiments on 'H under the same field
conditions did not produce substantial hyperpolarisation levels, as
shown in Fig. S3 of the SI.

The present spin dynamics simulations, which qualitatively
reproduce the experimental magnetic-field dependence, are
seen to overestimate the achieved polarisation levels. This

m =
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trend is present in all the simulation results. However, the
results are remarkably accurate considering that the simula-
tions use the isotropic rotational diffusion of a rigid molecule
as the dynamical model within the Redfield theory. Other
major approximations responsible for the discrepancies
between the simulations and experiments are including only
8 spins in the SABRE complex model, and not incorporating all
the reaction intermediates®® in the exchange process.

With the 3-fluoropyridine ligand at room temperature, we
find lower polarisation levels at the |m| > 1 LACs with OF-SABRE
as compared to the SF-SABRE, which resulted in polarisation of
0.61% at the optimum field of 5 pT. This result differs from the
data obtained previously on 'N-acetonitrile, where higher '°N
polarisation levels were obtained using OF-SABRE.*>*® The most
important difference between the N and "°F systems is the order-
of-magnitude difference in the J-coupling between the hydride
protons and the target nucleus. In the >N system, the J-coupling is
Jau = 25.41 Hz,*® whereas in the 3-fluoropyridine system, the
quantum-chemically obtained j-coupling only amounts to Jiy =
2.08 Hz. This is important, because the use of oscillating polarisa-
tion transfer fields that satisfy the |m| > 1 LACs reduces the
effective coupling, as demonstrated in Fig. 2D. In the case of the
very large J-coupling of the "’N-system, it is useful to reduce the
effective coupling, such that the coherent dynamics are optimal
with respect to the ligand dissociation rate, which results in better
polarisation levels. In contrast, the J-coupling in the present °F
system is already small, and reducing it further leads to smaller
polarisation levels.

3.2 Improving polarisation levels using oscillating fields

The above theoretical analysis suggests that rectangular
polarisation-transfer field profiles may be used to improve
the "F polarisation levels by incorporating the two concepts:
first, the offset By = (Bhjgh + Biow)/2 is tuned to match the m = 0
LAC given by eqn (26) to maximise the effective coupling.
Second, a sufficiently large amplitude By = (Bhigh — Biow)/2 is
applied such that the total magnetic field stays away from the
regime where the SR2K leads to increased relaxation rates.
Consequently, we next choose to apply Bpigh = 100 uT and
systematically adjust Bjow. With Thign = Tiow = 2 ms, this yields
better polarisation levels than SF-SABRE, as seen in Fig. 3B.
Again, a maximum and a minimum (negative maximum) are
observed, corresponding to the + LACs with m = 0 given by
eqn (26). The maximum negative '°F polarisation of —0.81% is
found at Bjo = —110 puT and the maximum positive polarisation
of 0.87% at Bjow = —88 UT. The result is interesting, as neither
Bhign OF By is close to the optimum static field of 5 uT. In fact,
the use of either Bpigp, OF By, alone as the polarisation transfer
field produces nearly zero polarisation transfer to '°F.** Again,
the time average of the field at these optimum conditions is
approximately 5 pT, which coincides with the optimum static
field for '°F. Hyperpolarisation of 'H remains inefficient under
such field conditions, as shown in Fig. S4 of the SI.

The efficiency of '°F SABRE can be further improved by
optimising the field durations Thien = Tiow at the polarisation
transfer fields of Bpign, = 100 pT and Bjow = —90 uT, as shown in

This journal is © the Owner Societies 2026

View Article Online

Paper

Fig. 3C. The optimum field duration is approximately 0.8 ms,
with the maximum polarisation level of 1.09%. This improves
the maximum achievable '°F hyperpolarisation by 79% over SF-
SABRE. Shorter field durations are less effective both in experi-
ments and simulations. This observation is expected, because
the oscillating-field component effectively vanishes in the limit
w, — oo, at which the system experiences only the static
average field. On the other hand, increasing the field duration
past the optimum also decreases the polarisation transfer, e.g.,
giving near zero polarisation at 4 ms. This outcome aligns with
the theoretical model; the effective coupling for the square
wave (eqn (S10) in the SI), modulated by the frequency w,,
vanishes at Thjgn = Tiow = 4 ms, which means that no polarisation
can be transferred. Increasing the field duration further again
shows a local maximum at 6 ms, corresponding to a local
maximum in the effective coupling.

The final parameter that can be optimised is the field
amplitude. Fig. 3D shows results where the amplitude is
increased by simultaneously varying By, and B,y, while the
time average of the magnetic field is maintained at 5 pT. With
the amplitude of approximately 100 pT, the maximum polarisa-
tion of 1.09% is achieved. When the amplitude is smaller, a
smaller polarisation is observed, which can be understood from
the field dependence of relaxation. At very small magnetic
fields, '°F relaxation is enhanced by the presence of the quad-
rupolar "N nucleus via the SR2K mechanism.*” On the other
hand, increasing the magnetic field past the optimum leads to
a lower level of hyperpolarisation. This effect is essentially the
same as when modifying the field duration—the effective
coupling is reduced, which results in a lower polarisation level.

All the above experiments used a square-modulated polar-
isation transfer field. However, significant '°F hyperpolarisa-
tion can be obtained even with an asymmetric rectangular
wave, as long as the time average of the field remains near
the optimum static field of 5 pT. To showcase this, experiments
and simulations were performed with field durations of thjg, =
2 ms and 7o, = 1 ms while fixing By;gn = 50 uT and varying Bjow
from —150 pT to —50 pT. The results of these experiments and
the corresponding simulations are shown in Fig. S5 of the SI.
The highest enhancements are observed with the By, values of
—116 pT or —84 uT, resulting in polarisation levels of —0.92%
and 0.98%, respectively. Again, these values coincide with the
time average of the field being roughly equal to 5 pT.

3.3 Relaxation under oscillating fields

Relaxation times at varying field conditions were studied to
elucidate the underlying reasons for the efficacy of OF-SABRE.
Three different fields were used: one oscillating between Bgp, =
100 uT and Bjow = — 90 puT with the field durations of thign =
Tiow = 2 MS, a static 5 puT field, and a static 100 uT field. The
resulting experimental relaxation times for '°F are shown in
Fig. 4A. It is found that the longitudinal relaxation time
increases from 7; = 5.4 s to T; = 10.1 s when changing from
the static magnetic field of 5 uT to the oscillating field. This
increase in T; is the key reason for the enhanced polarisation
levels achieved with OF-SABRE compared to SF-SABRE; the use
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Fig. 4 Experimental relaxation and build-up dynamics of °F spin polarisation at selected magnetic fields. Square-modulated field with Bhigh = 100 uT,
Biow = =90 uT, and thigh = Tow = 2 mMs (orange squares); static 5 pT field (blue circles); and static 100 uT field (pink triangles). The solid lines show an
exponential fit, from which the indicated (A) T; relaxation times and (B) polarisation build-up times T, are extracted.

of a field that oscillates between Byjg, = 100 pT and Bjgy, =
—90 pT maximises the coherent dynamics similarly to a static
5 uT field, while simultaneously diminishing the relaxation
rate. The reference measurement at the static 100 uT field
shows a slightly longer relaxation time of T, = 12.4 s, as
compared to the oscillating field. The difference could be
explained by the coherent dynamics, which are very different
in the two field conditions, but a detailed explanation would
require further investigation. In addition, experimental imper-
fections in the oscillating field might induce faster relaxation.

The experimentally observed differences in the relaxation
times were reproduced qualitatively by the spin dynamics
simulations, resulting in 7; = 9.4 s with the oscillating field,
T;=1.5sat5uT, and T; = 27.7 s at 100 pT, as shown in Fig. S6
of the SI. The lack of quantitative agreement between the
simulated and experimental relaxation times is again likely to
be caused by using the simple isotropic rotational diffusion as
the dynamical model, as well as not including all the spins of
the SABRE complex.

The T, relaxation time of 'H was also studied under the
three field conditions. Both the experimental results in Fig. S7
as well as the simulation results in Fig. S8 of the SI show the
shortest relaxation times at the static 5 pT field, followed by the
values obtained using the oscillating field and the static 100 pT
field, in this order, with the T, times comparable to those of *°F.

3.4 Polarisation build-up under oscillating fields

Build-up times of 'F polarisation were studied to further
understand the efficiency of OF-SABRE. The build-up curve
was experimentally and computationally determined using a
square-modulated field with Bpgp, = 100 UT, Biow = —90 uT, and
Thigh = Tlow = 2 s, as well as with the static field of 5 uT. The
experimental results are shown in Fig. 4B. The build-up time T},
under the oscillating field is 9.4 s whereas a faster build-up of
T, = 4.7 s is recorded at the static 5 puT field. Both values are in
agreement with the relaxation times shown in Fig. 4A. This is
expected, as relaxation determines the upper limit for the build-
up time. The simulated build-up times shown in Fig. S9 of the
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SI display a comparable result. In conclusion, the suppression
of SR2K by using an oscillating transfer field leads to increased
relaxation times, allowing a longer effective build-up time,
which improves the '°F polarisation level.

4 Conclusions

In this work, using a combination of suitable interaction frame
transformations, Floquet theory, and average Hamiltonian
theory, we have derived a new theoretical model for oscillating
polarisation transfer fields in SABRE. The theory unveils that
efficient polarisation transfer under oscillating fields boils
down to two important principles: First, the generalised LAC
condition for some integer multiple m of the frequency w,,
given by eqn (26), must be fulfilled by the static offset field B,,
causing the states involved in the polarisation transfer to
become maximally coupled. Second, the field amplitude B,
and the frequency w, must be chosen such that the effective
coupling is optimised with respect to the dissociation rate of
the ligand in the SABRE complex. For example, in the sinusoi-
dal oscillating field case, the effective coupling is modulated by
the m:th order Bessel function J,,(a,:/w,) where the parameter
a,; depends on B;.

We have validated the theoretically predicted effects via
large-scale spin dynamics simulations and SABRE experiments
by demonstrating the hyperpolarisation of F on a 3-
fluoropyridine system using benchtop NMR. Suggested by the
theory, we have shown that choosing a rectangular field pattern
with the static offset of 5 pT and an amplitude of approximately
100 uT, with short field duration of 0.8 ms, enables optimal
coherent dynamics while suppressing the fast '°F relaxation
induced by scalar relaxation of the second kind. Such condi-
tions lead into an improvement of 79% in the *°F polarisation
over the static-field SABRE. A similar approach is directly
applicable to the hyperpolarisation of any heteronucleus in
spin systems that suffer from fast relaxation at ultralow fields.

We expect that the established principles enable a more
systematic optimisation of future SABRE experiments, bridging
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the gap between laboratory studies and real-world applications
through the improvement of signal enhancement.
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