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The effect of non-coulombic short-range (SR) interactions on the double-layer capacitance in
concentrated ionic systems is studied on a general level within mesoscopic density—functional theory.
We improve the formula for the capacitance obtained in our previous work by adding a factor representing
the charge of the electrode consistent with the formalism of the mesoscopic theory. Perfect agreement with
the Debye capacitance for dilute electrolytes, and a fair agreement with simulations for concentrated electro-
lytes is obtained for the restricted primitive model (RPM). Explicit formulas for the potential of zero charge
(PZC) and the capacitance at the PZC are obtained for the RPM with additional attractive SR interactions
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Accepted 16th January 2026 at the PZC has the form of the original Helmholtz capacitance, with the distance of the virtual monolayer of
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decay of the charge density as in the RPM. These lengths, however, depend significantly on the SR
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|. Introduction

The structure of a double layer in concentrated ionic systems is
significantly different from that in dilute electrolytes. In dilute
electrolytes, the charge-density decays with the distance z from
the electrode as ¢(z) oc exp(—z/Ap), where the Debye screening
length, /p, is inversely proportional to ,/p, with p denoting the
density of ions."” The charge of the electrode is neutralized by
the charge of the double layer, and the Debye capacitance
concerning a small voltage at the electrode is Cp = ¢/(4nlp),
where ¢ is the dielectric constant.

In concentrated ionic systems, however, the double layer
consists of alternating oppositely charged layers, and the
charge density decays as c(z) oc exp(—u2)sin(eyz + 0).>” The
decay length «, " increases with increasing p, i.e. it depends on
p in a completely different way than A does.””® Hence, the
Debye length Ap, is no longer associated with the double-layer
thickness. The charge of the electrode is compensated by the
integral of ¢(z) that depends on the two inverse length scales o,
and o4. Because Ap does not describe the complex distribution
of ions in this case, the capacitance must differ from Cp.

Rather surprisingly, it was observed in ref. 10 and 11 that the
very first formula for the double-layer capacitance proposed by
Helmholtz, C =¢/(4nL), where L is the distance from the
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electrode of a fixed layer of counterions, quite well describes
the capacitance of concentrated electrolytes. In ref. 11 it was
shown that alternating layers of counterions and coions can be
replaced by a virtual monolayer of counterions placed at the
distance L from the electrode that depends on ay, o;. In ref. 11
the formula

C— e(ocoz + O(]z) 1

N 4na ()

was obtained for the restricted primitive model (RPM) of
oppositely charged hard spheres with diameter a in structure-
less solvent. In (1), oy and o, are dimensionless (in 1/a units).
However, comparison with simulations for the RPM"? showed
that C given by (1) was overestimated by a factor ~3. The
discrepancy between the theoretical and simulation results was
attributed to the microscopic structure at the electrode that on
the mesoscopic level is not described with sufficient precision,
and it was postulated that the right hand side in eqn (1) should
be multiplied by a factor f ~ 1/3.

In this work, we propose a very simple definition for the
factor f within our mesoscopic theory, and obtain fair quanti-
tative agreement with simulations. Next, we use this definition
in determining the effect of short-range (SR) interactions on the
capacitance at the potential of zero charge (PZC), which is our
main goal in this work.

The effect of the SR interactions was studied in particular in
ref. 13-22, but in the majority of theoretical studies on the
capacitance, the specific SR interactions are neglected. The
theoretical results obtained for the potential ¥ are compared
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with the experimental results obtained for ¥ — ¥Ypyc. ¥Ppzc is
the potential at the uncharged electrode in contact with the
ionic solution. It is induced by a selectivity of the electrode that
attracts more strongly one type of ion by the SR forces. PZC is a
signature that the SR anion-electrode and cation-electrode
interactions are different. The van der Waals interactions
between the ions in IL and metallic electrodes can be strong,
as measured for the gold electrode and fluorine-free phosphonium-
based ionic liquids in ref. 23. A signature of the SR ion-ion
interactions in the bulk is the phase transition between ion-rich
and ion-poor phases, i.e. the miscibility gap, with the critical
density of ions similar to the critical density of the gas-liquid
phase separation in neutral fluids.>**® The strength of these
interactions is proportional to the critical temperature of this
transition. The SR interactions include direct van der Waals
interactions between the ions, H-bond formation, as well as
effective solvent-mediated interactions in the approach with
implicit solvent.

The strength and range of the SR interactions strongly depend
on the type of the system. In the case of organic ions dissolved in
water, the solvent-induced effective interactions are stronger
than the van der Waals interactions. These forces having rather
complex origins are called hydrophobic attraction®® and are
responsible for aggregation of hydrophobic particles (or ions)
in water. In particular, in systems such as aqueous solutions of
1-butyl-3-pentylimidazolium bistriflimide, 1-butyl-3-isopentyl-
imidazolium bistriflimide, and 1-butyl-3-cyclopentylimid-
azolium bistriflimide, hydrophobic attraction leads to phase
separation, with the critical temperature around 400 K.

In general, the SR interactions may significantly influence
the distribution of the ions, as observed for the so-called anta-
gonistic salts,"””*° or for water in salt systems.?** In particular,
the inverse lengths o, and oy may depend on the SR interac-
tions, thus leading to the dependence of C on the SR interac-
tions as well. A notable example is the concentrated lithium
bis(trifluoromethylsulfonyl)-imide (LiTFSI) in water, where the
hydrophobic attraction between organic anions is strong
enough to induce their aggregation and separation from
hydrated Li", by which alternating oppositely charged regions
of mesoscopic size are formed.?°">*

In order to answer the question of how the SR interactions
influence the capacitance on a general qualitative level, we
consider in this work the RPM with additional SR interactions
of a simple mathematical form but with various strengths.
We do not try to model any particular system, but rather to
obtain a general qualitative picture for mixtures of ions with
neutral solvents that can phase separate into ion-poor and ion-
rich phases. More complex systems, such as binary solvents, are
not considered here. We calculate the charge profile and
determine the capacitance at the PZC within our mesoscopic
version of the density functional theory.”

In Section II A, we introduce the interaction potentials and
estimate the physical range of the parameters in the SR
interaction potential. In Section II B, we apply the formalism
of the mesoscopic DFT to the RPM+SR model and describe the
approximations that we use for determination of the structure
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in the bulk. The methods and approximations used in studies
of the effect of the electrode in this model are described in
Section II C. Results for the bulk are presented in Section III A.
Capacitance in the pure RPM with the new definition of the
charge at the electrode within our mesoscopic theory is
obtained for dilute and concentrated electrolytes in Section III B.
The results for the charge profile, PZC and capacitance in the
RPM+SR model are shown in Section IIT C. The last section contains
concluding remarks.

II. Model and theory
A. Model

In our simplified model, the solvent is characterized by the
dielectric constant ¢. In addition, it may induce effective inter-
actions between the ions. We assume that in the effectively two-
component system, the pair interaction potentials between
two ions with hard spheres of diameter a, for r > a can be
presented in the form:

Vy(r) = Vg(r) + Vzl;(r)éfj(rv lr] =41, — (2)

Here, V§(r) are the truncated Coulomb potentials between the
ions with the signs i and j in the system where the overlap of the
hard cores is forbidden. As a length unit we choose the ion
diameter a. The truncated Coulomb potentials are

. AgO0(rf — 1
prsen =it =L, ®)
where * = 1/a,
1 e’
Iy = = BEc, Fe=", @

and f = 1/kgT with kg and T denoting the Boltzmann constant
and temperature, respectively. Iz is the Bjerrum length in a
units, Ec is the electrostatic potential of the pair of ions at
contact, and the reduced temperature 7* is in units of Ec. The
unit step function 0(x) = 1 for x > 0 and 0(x) = 0 for x < 0
prevents contributions to the electrostatic energy of the pair of
ions that would come from forbidden overlap of the hard cores.
We introduce the notation V¢, = v¢_ = v¢ = —1¢ |

We limit ourselves to systems with anions and cations with
different chemical natures, where the SR cross-interactions are
significantly weaker than the SR interactions between ions of
the same sign. Based on this assumption, in our approximate
theory the SR interactions between the anions and the cations
are neglected. For Vi(r) we assume a short-range attractive
potential. The form of the sum of the direct (van der Waals
type) and solvent-induced interactions is unknown, but we
assume that its detailed shape is not necessary for studies of
the collective phenomena such as the long-distance correla-
tions. For simplicity of calculations, we assume the attractive
Yukawa potentials,

BVA(F) = —lgel———
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Fig. 1 The interaction potentials Vj(r) for the model with ¢* = 0, 0.5, 1, and 1.5 in real space (a) and in Fourier representation (b). Vj; are in units of Ec. r and

k are in a and a~* units, respectively.

where o} has units of a~ ', and we assume that o” = o* = o = 1.8
to assure fast decay of these interactions. ¢} = ¢;/Ec measures
the strength of the effective non-Coulomb interactions in units of
Ec and we assume &, =&’ _ = ¢". Then, Ve = VA_ = VA The
interaction potentials V...(r) = V__(r) and V._(r), and their Fourier
transforms are shown in Fig. 1 for 0 < ¢* < 1.5, where the explicit
expressions for V°(k) and (k) are

- cosk
BV (k) = dnly— (6)
and
- Lcosk +asink/k

Note that f7°(k) and fV*(k) take the minimum at k = 2.46” and at k
= 0, respectively.

According to ref. 27-29, the strength of the van der Waals
interactions in various systems is in the range 0-10kg7. Based
on the literature data,> we expect that the physically relevant
strength of the SR interactions in our E¢ units is 0 < &¢* < 1.

B. Approximate theory for the structure in the absence of
boundaries

In this section, we briefly summarize the mesoscopic density
functional theory,” fix the notation, and present results for the
structure in the bulk for the model presented in Section II A.
The theory is based on the assumption that the density and
charge of each ion are both uniformly distributed over the hard
core. Local volume fractions np(r)/6 in regions of linear size a
around r are equal to the fraction of the volume of the
considered region that is occupied by the cores of the i-th type
ions. p/(r) denotes the corresponding dimensionless density.
By this construction, continuous functions are obtained for
each microscopic configuration. Because of the symmetry of
the assumed interaction potentials, it is convenient to change
the variables to the dimensionless charge and number density
of ions,

c(r) = pulr) — p_(x), p(x) = pu(x) +p_(x).

4956 | Phys. Chem. Chem. Phys., 2026, 28, 4954-4966

For the electrostatic properties such as the capacitance, the
local charge density ¢(r) plays the key role.

The average charge in a region of the linear size ~a vanishes
in the absence of boundaries or external fields because the
probability that the considered region is occupied by a posi-
tively or negatively charged ion is the same. In dilute electro-
Iytes, the considered region is most probably occupied by the
solvent and the most probable and average local charge are
both equal to zero. In contrast, in concentrated ionic systems
such as ionic liquids, the most probable and average charge in
the region of the linear size ~a is significantly different,
because for a very small density of the solvent this region
is most probably occupied by either an anion or a cation.
Moreover, in the most probable configurations the nearest
neighbors are oppositely charged, because in this case the
electrostatic energy is minimized. Thus, the dominant fluctua-
tions of the local charge, ¢(r), have a form of charge waves and
should be taken into account. Since (¢(r)) = 0, the appropriate
measure of such fluctuations is the variance {¢(r)*) of the local
charge in a region of the linear size ~a. In the bulk this
variance is independent of the position. To highlight the
significance of the charge fluctuations in concentrated ionic
systems, we illustrate schematically the qualitative shape of the
probability of the local deviation of the charge from the average
value (zero in the bulk) in Fig. 2.

In the theory developed in ref. 7 and 9, the grand potential
functional of ¢(r) and p(r) is split in two parts, one with frozen
mesoscopic fluctuations, i.e. of the mean-field (MF) type and
denoted by Q.,, and the other one containing the fluctuation
contribution and denoted by Qy,

BQlc, p] = fQco[c, p] + Palc, pl, 8

where ¢(r) and p(r) play the role of constraints imposed
on microscopic states. We study electrostatic properties in the
ion-rich phase under thermodynamic conditions far from the
critical region; therefore in the present theory we neglect fluctua-
tions of p playing an important role only close to the critical point.
We take into account the dominant charge-density fluctuations

This journal is © the Owner Societies 2026
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Fig. 2 Schematic illustration of the type of the probability p(¢) of the
deviation ¢ of the charge from the average value in regions of the linear
size ~a for dilute electrolytes (dashed blue line) and for ionic liquids
(continuous red line). The average charge vanishes in the two cases, but in
the case of concentrated ionic systems, fluctuations of the charge in
regions of the linear size ~a are large and should be taken into account.

with the period ~2a and make the approximation consistent with
statistical-mechanical definition of the grand thermodynamic
potential,

Ble,p] = —In qus expl— (BQulc + 6. 9] — fQuole.p])]. (9)

The functional integral in the above equation is over the devia-
tions ¢(r) of the local charge from the field c(r).

On the level of the self-consistent Gaussian approximation,
we assume that in eqn (9)

Pu - p] = Pulep) 3 Ak Call)B(),  (10)

where 1/C..(k) is the charge-charge correlation function in
Fourier representation and

~ 52ﬂQ[C, p]
(%dk)"giiﬁifzij‘ (11)
e*=0
- = -e*=0.5
o — 8*=1
—--—g¥*=1.5
-4 T T T
1 2 3
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In the self-consistent Gaussian approximation (effectively one-
loop approximation in the field theory) eqn (8)-(11) should
be solved self-consistently. Note that for Q given in (8), the
inverse correlation function contains a fluctuation contribution
coming from fQp. The development of the theory and further
technical details can be found in ref. 7.

For the model discussed in Section II A, the grand thermo-
dynamic potential functional in the presence of the mesoscopic
constraints (frozen mesoscopic fluctuations) can be written in
the form

BQuole,p] = BUS ] + UL [p] + Jdrﬂfh<c, p) - ﬁujdrpm,

where yu is the chemical potential of the ions, and the contribu-
tions to the internal energy are given by

U [c] = %JdrlJdrc(rl)ﬁVcc(r)c(rl +r)

(. - -
= EJdkC(k)ﬁ Vcc (k)c(ik)
and

pULIo) = 5 Jan [aep(e )8V, (r)oter + 1)

- %Jdkf)(k)ﬁ Voo (k)p(—K),

with V..(k) and V,,(k) having the form:

Vielk) = PE(R) + 577 (6),

[;PP (k) = ll;A (k),

; (12)

where 7°(k) and V*(k) are given in (6) and (7). For simplicity of
notation, we omit the asterisks and from now on r and k are in
a and 1/a units, respectively. The Fourier transforms V..(k) and
V,,(k) are presented in Fig. 3. Because the hard cores of the
ions cannot overlap, in our theory the largest wavenumber of
the charge wave in @™ units is kmpa = 7, since the smallest
wavelength of the charge wave corresponds to a pair of oppo-
sitely charged ions at contact. Note the minima of V.. (k) and
V,o(k) at k = ko > 0 and k = 0, respectively.

0 -7 =T
- -/‘/
- s,
e T
PR
—_ -2 - - A7
- *
5/ L -~ ,.’ , =0
S S - - g0
4 ’ /
> 4 ‘/' I.' = 8*:1
i ¥
.- / —---=g=15
-6 g
-"
;"
84..7
T T T
0 1 2 3

Fig. 3 The Fourier transforms V.(k) and V/,,(k) for the model with ¢* = 0, 0.5, 1, and 1.5.
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Julc(r), p(r)) is the free-energy density of the hard-core reference
system,

Bfo = p+Inps+p_Inp_ + ffiglp], (13)

where the first two terms come from the entropy of mixing, and
fus[p] is the contribution to the free energy density associated
with packing of hard spheres with diameter a. The form of f; is
independent of the charge density c(r), and the ion-poor-ion-
rich phase transition is induced by long-wavelength fluctua-
tions, p(k) for k — 0. For the above reasons, for determination
of the electrostatic properties and the phase separation
between ion-poor and ion-rich phases, the local-density
approximation can be applied, and we assume for fis(p) the
Carnahan-Starling approximation.*®

The theory summarized above allows calculation of the
correlation functions. The second functional derivative of Q
with respect to ¢ is”

éCC(k) = ﬁVCC(k) + i

PR )

where V. (k) takes a negative minimum for k = k, > 0
(see Fig. 3), and
2
ERINCY) .
PR PP

The last term in (15) is the fluctuation contribution. The
dominant fluctuations are the charge waves with the wavenum-
ber k, that can be interpreted as the formation of chains of
alternating anions and cations. As a result of these fluctuations
(formation of charge-neutral aggregates), pr < p can be inter-
preted as the density of free ions. Note that in our approach, the
smaller effective density of ions plays a role analogous to the
smaller effective charge of ‘dressed ion’ in the Kjellander
theory,*"*> since both lead to a decrease of the effective charge
in small regions. This also establishes some link with the
theories applying the concept of ion association.**” According
to this concept, an electrolyte solution is considered as a
mixture of free ions and ionic clusters in chemical equilibrium,
whereas in our theory the reduction of free ions arises as a
result of accounting for charge-charge correlations.

For k ~ ko eqn (14) takes the approximate form’

Cee(k) m Ca(k) = PVec(ko) + pv(Kk* — k02)2+i, (16)

where we take into account that C..(k) is an even function of £.
In this approximation, the variance of the local charge density
is given by ref. 7 and 9

dk - ko

2 ~ —C, -
<¢) > ~ J(2E)3C 4n\/m

and the self-consistent solution of (14)-(17) can be obtained
analytically. Eqn (16) is a reasonably good approximation for
C..(k) when Igp > 1, as already discussed in ref. 7 for the pure
RPM. For small /zp, the approximation (16) is valid for too small
regions of k, and the inverse Fourier transform of C,(k) " to the
real space gives the wrong results.”"" In this work, however, we

(k) = (17)
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limit ourselves to a large density of ions at relatively low T*,
ie. to the ionrich phase, where the approximation
Cee(k) ~ C,(k) is valid on a semiquantitative level as will be
shown in Section III.

The SR interactions may induce macroscopic phase separa-
tion into ion-poor-ion-rich phases. As we are interested in the
double-layer capacitance in the ion-rich phase, we should make
sure that the considered thermodynamic parameters do not
correspond to a two-phase region. To estimate the range of T*
and p corresponding to the one-phase region, we determine the
instability with respect to the gas-liquid type of phase separa-
tion in the MF approximation. The MF spinodal is given by
€Yy (0) = 0, where

éMF(k) _ 82ﬁQCO [C,p}

_ dzﬁfh(ﬂ)
w O = 550955k '

= ﬁﬂpp(k) + dp2

(18)

C. Approximate theory for a semi-infinite system

In this section we derive the Euler-Lagrange (EL) equation for
the charge density near the electrode for the RPM+SR model
introduced in Section II A, using the mesoscopic theory pre-
sented in Section II B. Following ref. 11, we assume that the
charge of the electrode belongs to the system. We also assume
that ¢ and p depend only on the distance from the electrode.
In the case of lateral inhomogeneity, one should consider ¢ and
p averaged over the planes parallel to the electrode, as done in
ref. 38. The system as a whole is charge neutral, and contains
the whole charge of the electrode and of the ionic solution,
meaning that ¢(z) = 0 for z < 0. As in ref. 11, we assume that the
charge of the electrode is accumulated on its flat surface. In our
theory, np,(2)/6 is the fraction of the volume of the layer with the
mid-plane at z and a thickness a that is covered by the i-th type
ions. Because of that, we chose z = 0 inside the electrode, at the
distance a/2 from its surface. For this choice of z = 0, we ensure
that a layer with a center at z < 0 contains contributions
neither from the charge localized at the surface of the electrode
nor from the charge of the ions in the liquid. As a result,
the charge neutrality condition takes the simple form
[ ¢(z)dz = 0. The system is illustrated in Fig. 4.

In the presence of the electrode, the equilibrium distribu-
tion of the ions is determined by the minimum of the excess
grand potential

Aﬂg[ﬁ7 () Ap] = ﬂQ[C, ﬁ + Ap] - ﬂQ[Oy ﬁ] + ﬁUwally

where p and ¢ = 0 are the dimensionless density and charge of
the ions in the bulk, respectively, and Ap(z) and c(z) are the
dimensionless excess density and charge at the distance z from
the system boundary. Uy, is the contribution to the grand
potential associated with direct SR interactions between the
ions and the electrode, and has the form

BUsan/ A = J:Odz [P (2)hi(z) + p_(2)h_(2)]

= J?dzc(z)h(z) +-
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Fig. 4 Top: Cartoon with a particular distribution of ions with positive
(blue) and negative (red) charges near an electrode. The yellow region is
the part of the electrode included in the considered system with z > 0.
The surface of the electrode is indicated by the dashed line. Bottom:
An example of the dimensionless charge density c(z) = p(2) — p_(2), with z
in units of the ion diameter a. In the mesoscopic theory, mpi(zo)/6 is the
fraction of the volume between the surfaces indicated by the dotted lines
in the cartoon above the plot that is covered by the i-th type ions. Note
that pi(zo) depends on the distribution of the i-th type ions in the vicinity of
the plane at z = zo. The dimensionless charge of the electrode in this
mesoscopic theory is Q. = J'(])/zc(z)dz.

where A is the electrode surface, h.(z) and & _(z) describe
interactions with the uncharged electrode of the cations and
the anions, respectively, h(z) = (h.(z) — h_(2))/2, and the dots
refer to the contribution depending on Ap that is not relevant
for the electrostatic properties. The form of %.(z) strongly
depends on the chemical nature of the ions and the
electrode,”””*®*° but in general both h.(z) and h_(z) are of a
short range. In systems where preferential adsorption of either
the anions or the cations at the uncharged electrode takes
place, the ranges and amplitudes of 4.(z) and &_(z) are not the
same. Since the plane with z = 0 is located inside the electrode,
in our model #,(z) —» 0 forz — 0.

For small voltage and weak surface selectivity, c(z) and Ap(z)
are small, and we can Taylor expand $Q[c,p + Ap] — fQ[0,p] in
terms of ¢(z) and Ap(z). For p and ¢ = 0 corresponding to the
equilibrium in the bulk, the first functional derivatives vanish,
and the lowest-order term in the Taylor expansion is of second
order in the fields ¢(z) and Ap(z). In Fourier representation, the
second functional derivatives are given by C..(k) and C,,(k) (see
Section II B). For concentrated ionic solutions, we chose the
approximation C..(k) ~ C,(k) (see eqn (16)), as previously done
for the RPM in ref. 38. Returning from the Fourier to the real-
space representation and performing the standard minimiza-
tion procedure, we obtain the following EL equation for the
equilibrium charge distribution

d2 4
(A() + Az@ + A4@) (,(Z) + h(Z) =0, (19)
where
Ao = Co(ko) + PV (20)
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Ay = 2Pvky> (21)
Ay =Py (22)

refer to the expansion of C.(k) about k = ko, ie. to C,(k)
(see (16)). For more details concerning derivation of (19) in
the case of pure RPM see ref. 11 and 38. In our model &y, C4(ko)
and v depend on both the Coulomb and the SR interactions (see
(6), (7) and (12)), and on I = 1/T*. C,(k,) depends in addition on pg.

I1l. Results and discussion

In this section, we first focus on the phase separation and the
structure of the ion-rich phase. Next, we redefine the capaci-
tance in the present mesoscopic formalism using an alternative
definition of the charge of the electrode, and show that the new
definition gives much better results for the RPM than the one
used in ref. 11. We use this new definition of the charge in the
present model, and obtain formulas for the PZC and the
capacitance in the presence of the specific interactions.

A. Bulk properties of the RPM+SR model

For the model (2)-(5), the resulting equation for the MF gas-

liquid type spinodal, C}5(0) = 0, has the explicit form:

. 2me* (14 o)
T :f7
OBt

Op?

(23)

o2

and the spinodal line is shown in Fig. 5 for o = 1.8 and &¢* = 0.5,
1, 1.5. Since the region unstable with respect to the phase
separation is overestimated in MF, we can safely choose p = 0.8
and T* = 0.5 for further consideration.

The critical temperature (maximum of T* at the spinodal)
increases linearly with the strength ¢* of the SR interactions.
We compared our result with the experimentally obtained
critical temperature for an aqueous system of imidazolium-
based ionic liquids,?® and verified that the physically relevant
strength of the SR interactions in E¢ units is ¢ ~ 1. For the
estimation of the order of magnitude of ¢* for an aqueous
system of imidazolium-based ionic liquids see the Appendix.

The structure factor of the charge-charge correlations, S(k) =
Cec(k) */p, is shown in Fig. 5 for p = 0.8, T* = 0.5 and ¢* = 1. The
agreement between C..(k) (eqn (14)) and the approximation
C.(k) (eqn (16)) is satisfactory on the semiquantitative level, and
we shall use the approximate analytical theory based on C,(k) in
studies of the capacitance.

The SR interactions in Fourier representation, V4(k), take the
minimum for k = 0, therefore with increasing amplitude ¢* of
these interactions, the minimum of V..(k) = V¢(k) + Va(k)/2
moves to smaller k. The period, 2n/o; =~ 2m/k,, and the
range o, of the oscillatory decay of the charge-charge correla-
tions both increase monotonically with increasing strength of
the SR attraction between ions with the same charge. V..(k,) is a
nonmonotonic function of ¢* as a result of competition
between Vc(k) and V,(k) for k between the minimum of
Vc(k) and the minimum of Va(k). In Fig. 6, the energy
gain V..(ko) associated with the dominating charge waves, the
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‘free’ ions, are shown for C..(k) approximated by C,(k) (see (16)).
o is given by an analytic expression (see the Appendix).

corresponding wavenumber k,, the correlation length of the
charge-charge correlations, 1/o,, as well as the density pr of

08
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/ - .
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Fig. 5 Left: The spinodal line of the phase separation into ion-poor—ion-rich phases for the model with ¢* = 0.5, 1, and 1.5. Charge fluctuations are taken
into account in the self-consistent Gaussian approximation, and the fluctuations of p are neglected (see Section Il B), so that the presented spinodal lines
are on the MF level with respect to p. Right: Structure factor S(k) = Cc(k)~*/p for the charge—charge correlations for p = 0.8, T* = 0.5 and &* = 1 in the self-
consistent Gaussian approximation. Solid and dashed lines denote the structure factor for C..(k) given in eqn (14), and for the approximation C,(k) given in
eqn (16), respectively. k is in a~* units. T* = kgT/Ec and &* is the SR interaction between like ions in units of Ec = 62/((16).

25
-1.56-
241
-1.58-
231
5 160 -
3 ~ 22
>
-1.62-
2.1
-1.64-
2.0
-1.66- (@) 9 (b)
0.0 02 04 0.6 0.8 1.0 0.0 02 0.4 06 0.8 1.0
* *
€ g
6.0
5.5 0.3001 T'=0.5, p=0.8
5.0 0.2951
- 454
! 24
s N
40 0.290 -
351
0.2851
3.0
d
25 : : : —© 0.280 . : : @
0.0 0.2 04 0.6 08 1.0 0.0 0.2 0.4 06 08 1.0
* *
g g

Fig. 6 (a) The minimum of the interaction potential V. (k) (see (12)), (b) the wavenumber of the most probable charge waves ko & a1, (c) the charge—
charge correlation length oo " and (d) the renormalized dimensionless density of ions pg (eqn (15)) related to ‘free’ ions in the self-consistent Gaussian
approximation, for T* = 0.5and p = 0.8. V. and the strength of the SR interactions between ions of the same sign, ¢*, are in Ec units, ko and ag are in 1/a
units, and pg is dimensionless.
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The variance of the local charge, (¢*) (related to the ampli-
tude of the charge wave) takes a minimum for ¢* =~ 0.7
corresponding to k, &~ 2.1 for which the average thickness
of the alternating charged layers, mn/k,, is very close to 1.5
(in @ units). It corresponds to a crossover from alternating
charged monolayers to alternating charged bilayers, ie. to
weaker charge ordering in instantaneous states. The minimum
of (¢?) corresponds to the maximum of the renormalized
density of ions, pg (see eqn (15)), related to the density of ‘free’
ions in the concentrated system. This means that when the
ordering into charge waves (charge-neutral aggregates in real
space) becomes weaker and (¢>) takes a minimum, then more
‘free’ ions are present in the system.

B. Capacitance in the pure RPM with the new definition of the
charge at the electrode

The linear eqn (19) can be solved rather easily for fixed ¢(0) and
under the charge-neutrality condition [ ¢(z)dz = 0. When c(2)
is known, we can obtain the electrostatic potential from the
formula

Y (z)

—| dZ(z-2)e(d),

_ 4me [ 0 (24)

and the capacitance is given by

B eQe/a2

S TOR

where e is the elementary charge and eQ./a> is the charge of the
electrode per unit area. We limit ourselves to small voltages, so
that the linearized EL eqn (19) is a fair approximation in the
ion-rich phase.

In ref. 11 limited to pure RPM, the solution of the more
general linearized EL equation (based on C..(k) rather than on
C,(k)) was obtained and the charge at the electrode per unit
area was identified with ec, = ec(0)/a®. For small and large p, a
monotonic and an oscillatory asymptotic decay of ¢(z) for
z — oo was obtained, respectively. The two cases are separated
by the Kirkwood line**° on the (p, T) plane. The obtained
capacitance was overestimated in both cases, and we specu-
lated that the missing factor f ~ 1/3 was associated with the
microscopic structure near the electrode that is not accurately
determined in the mesoscopic theory.

Let us return to the question of the charge at the electrode.
Within our mesoscopic theory, the dimensionless charge inside
a layer between z = z, and z = z; is given by O = ]‘;‘)c(z)dz.
Consistent with the construction of the theory, where the
surface of the electrode is at z = 1/2 (in a units), the dimension-
less charge of the electrode should be given by

0. = J]/2c(z)dz.

0

(25)

In the following, we verify if with this definition of Q., a better
agreement with the Debye capacitance for dilute electrolytes
and with simulation results for concentrated electrolytes is
obtained for the pure RPM.
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The charge density on the small-density side of the Kirk-
wood line in this theory has the form"*

ay ~
0 —a|z __ —dayz
¢(0) <e ale )

ay )
1—-=
aj

c(z) =

where a; > a,. From the above and (25) we obtain
c(0)(1 =9)
a )
ai (1 — —2)
ai
where 6 =1 — e +e 2 Foray > 3, a, <« 1, which is

the case for dilute electrolytes,*! § ~ a,/2 + e ™? « 1.
The capacitance takes the form

Q. =

—az/2

_e0./d (1 -9) R

O gaf1-2)

where the first approximate equality holds for a,/a; « 1,6 « 1,
and the last one follows from a, ~ a//p, as shown in ref. 11 for
p — 0. We should note that in the DH theory, a; = c0, and only
a single exponential term remains. With the present definition
of the charge at the electrode, our theory reduces precisely to
the DH theory for dilute electrolytes.

On the large-density side of the Kirkwood line, ¢(z) decays in
an oscillatory way,

C

4na ~ 4nip’

(z) = Sfrs(()(g) sin(az + 0) exp(—aoz)

and after inserting the above into eqn (25) and (24), we obtain

Qe = ¢(0) fand

e(o” + o)
C= Tﬂ (26)

where the factor resulting from the mesoscopic charge distri-
bution at the electrode is

- sin(a; /2) exp(—ao/2)
o

. (27)

1 1
Since 0 < oy < 7, we have —exp(—o9/2) <f < Eexp(—a0/2).
T

For the parameters «; &~ 2.45, 0p = 0.118 corresponding to the
conditions assumed in the simulations of ref. 12, we obtain
neglecting fin (26) C ~ 0.5,"' whereas in the simulations the
result was Cgi, & 0.15. Eqn (27) gives for oy ~ 2.45, 0y &~ 0.118
the result f ~ 0.36, and from (26) we obtain C ~ 0.18, which
agrees much better with the simulations.

The above results for dilute and concentrated electrolytes
confirm that if in our mesoscopic theory the charge at the
electrode is given by the formula (25), then much more accurate
expression for the capacitance is obtained. We shall use (25) for
the capacitance and the PZC in the RPM+SR system.
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C Capacitance at the PZC in the presence of short-range
specific interactions - the case of the ion-rich phase

Here we first consider a selective electrode with the specific
electrode-ion interactions that are of a short range, but other-
wise are of an arbitrary form. Next, we illustrate our results on a
particular example of the potential A(z).

The solution of eqn (19) for the RPM+SR model in the
presence of the selective electrode has the form

c(2) = co(2) + Ac(2) (28)

where

_ A %0z gj
co(z) = T sin(ayz 4 0) (29)
satisfies the EL eqn (19) for A(z) = 0, and Ac(z) is the solution
that has a short range determined by the form of h(z). We

assume that the functions I; defined by

Ii(z) — [;(0) = J 2D Ae(Z)dZ!
0

and relevant for ¥(0) and Q., satisfy lLHolc Ii(z)=0fori=1,2.

The amplitude and phase in [293 are determined by the
charge-neutrality condition, [ ¢o(z)dz = ,(0), and by the value
Q. of the charge at the electrode (see (25)), and depend on the
form of Ac through I;(0) and I,(1/2). The corresponding equa-
tions for 0 and A are given in the Appendix.

The electrostatic potential at z = 0 for the considered form of
¢(z) can be obtained from (24). Using (24) and (29) and the
expressions for cot and A given in the Appendix, we obtain

_dne Q.

‘I’(O) = -+ ¥Ypzc

ea (o? + o?)f
where fis given in (27), and where

]1(0)Pe*3<0/2 —1,(1/2)
(0> + oi?)f

Ypze = —|1(0) +
€a
with
P =cos(a;/2) — Z—Osin(a1/2)
1

which is identified with the PZC.
The capacitance at the PZC,

eQe/a2

C=— =l
Y(0) — Ypzc

is given by eqn (26), i.e. by the same formula as in the RPM, and
depends only on, g, oy and a;. The inverse lengths «o and o; =
ko characterize the bulk structure and depend on ¢*, as shown
in Fig. 6. Thus, C is independent of the specific electrode-ion
interactions, and as a function of &¢* is shown in Fig. 7.
We obtain almost linear decrease of C/Cy with increasing &*.
The attractive SR interactions between the ions with the same
charge compete with the repulsive Coulomb potential, and lead
to a larger period and larger decay length of the oscillatory
decay of ¢(z).
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Fig. 7 The capacitance C at the PZC in units of the Helmholtz capaci-
tance Cy =¢/(4ma). T* = 1/l = 0.5, and p = 0.8. The strength of the
specific ion—ion interaction ¢* is in Ec units.

1.0

To illustrate our result for ¥p;c on a particular example, we
consider an uncharged electrode adsorbing anions and assume

h(z) = z(h,e "% — h_e ). (30)

with 2, > h_ and /. > A_. This potential satisfies the require-
ment A(z) — 0 for z —» 0 following from the location of
the surface of the electrode at z = 1/2. For the above k(z), the
solution of (19) takes the form

Ac(z) = —h.e by + biz) + h_e *(by + byz), (31)

where the coefficients depend on 4. as well as on the ion-ion
interactions and pg through the parameters A, 4,, and A, in the
EL eqn (19), and are given in the Appendix. The charge density
for Q. = 0is shown in Fig. 8 for T* =1/l = 0.5, p = 0.8, and h, = 1,
h_=0.7,2,=1.1and A_ = 0.8 in (30).

For an anionophilic uncharged electrode, we obtain a layer
of anions at the electrode’s surface that in the case of a large
density of ions is followed by a layer of cations because of
the strong electrostatic attraction. The cation-rich layer attracts
in turn anions, and alternating layers with decreasing charge
are formed with increasing distance from the electrode.
The layer of anions adsorbed due to the selectivity of the
uncharged electrode leads to the same distribution of ions at
large distances from the electrode as in the case of a charged
nonselective electrode.

The charge distribution induced by the selectivity of the
uncharged electrode leads to the PZC that is shown in Fig. 9
for the considered example of the electrode-ion interactions.
We verified that for different forms of the interactions A(z),
the dependence of ¥p;c on the specific ion-ion interactions is
nonmonotonic too, and the largest magnitude is taken for
0.7. As shown in Fig. 6, the density of ‘free’ ions, pg,
takes a maximum for the same value of ¢*. From the mathe-
matical point of view, ¥p;c depends on Ac, and Ac depends in
particular on 4, that is a function of pi. In Section III A we

&~
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Fig. 8 The dimensionless charge density profile at the uncharged elec-
trode (Qe = 0) for T* = 1/lg = 0.5, p = 0.8, the strength of the specific ion—
ion interactions ¢* = 1 and the potential h(z) given in (30) with h, = 1,
h_=0.7 A, =11and A_ = 0.8. zis in units of the ion diameter. The vertical
dashed line at z = 1/2 indicates the position of the surface of the electrode.
The behaviour of Ac(z) is shown in the inset. For 0 < z < 1, ¢(z) contains
contributions from the ions and the surface charge, because in our
mesoscopic theory the charge is homogeneously distributed over the
ionic core and c(z) is proportional to the difference between the fraction of
the layer with the thickness 1 and the mid-plane at z that is occupied by the
cations and the anions (see Fig. 4).
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Fig. 9 The PZC in 4ne/a units for T = 1/lg = 0.5, p = 0.8 and the potential
h(z) givenin (30) withh, =1, h_=0.7, A, =1.1and A_ = 0.8. The strength of
the ion—ion interaction &* is in Ec units.

argued that the specific interactions counteract the charge-
ordering induced by the Coulomb forces, and that for ¢* ~ 0.7 a
crossover between alternating charged monolayers and bilayers
occurs. Instantaneous distributions of ions differ strongly from the
smooth average distribution in this case, and because of weaker
ordering, more ‘free’ ions are present and contribute to the PZC.

D. Discussion

Predictions of our theory concern the ratio C/Cy between the
double-layer capacitance of concentrated electrolytes, molten

This journal is © the Owner Societies 2026
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salts, IL and IL mixtures, and the Helmholtz capacitance
Cu = ¢r/a. The ratio C/Cy (see (26) and (27)) depends only
on the decay length 1/0, and wavenumber «, of the exponen-
tially damped charge oscillations (see (29)). «, and o, obtained
in our theory in 1/a units can be compared with the corres-
ponding parameters determined relatively easily in atomistic
simulations and experiments. The Helmholtz capacitance,
however, depends on the relative dielectric constant ¢, and
the average diameter a of the ions that are input parameters in
our theory. Unfortunately, determination of ¢, in the double-
layer region is problematic, and it is difficult to find reliable
data in the literature. In addition, in the case of the strongly
asymmetric shape of ions that is typical for many IL, their
different orientations in the layers parallel to the electrode lead
to different thicknesses of these layers. Because the double-
layer capacitance depends strongly on ¢ and a, we must
compare our results with the existing data for the double-
layer capacitance, ¢, and a that have limited accuracy and are
often different in different sources.

Nevertheless, here we try to compare our predictions with
experiment and atomistic simulations. We first note that swel-
ling of alternating charged layers in the presence of strong SR
interactions predicted by our theory was indeed observed
experimentally in the case of the lithium bis(trifluoromethane-
sulfonyl)imide (LiTFSI) salt in water.”®*" In this water-in-salt
electrolyte, the SR interactions induce aggregation of the hydro-
phobic anions into bilayers separated by layers of hydrated Li"
ions. In ref. 22 we obtained «, = 0.225 and «; = 1.613 in the
same type of mesoscopic theory, but with the size-asymmetry
of ions explicitly taken into account. These inverse lengths are
in fair agreement with previous experiment,” and inserted
into (26) give

C/Cy = 1.06. (32)

Assuming a ~ 1 nm leading to Cy ~ 0.9¢; uF cm~2 we obtain
C ~ 0.95¢, uF cm~2. MD simulations give C = 5.6 pF cm > and
C = 10 uF cm™? for negative and positive charge electrodes
because of different ionic sizes.”> Typical values of ¢, in IL,
¢ ~ 10 gives C ~ 9.5 pF cm ™. In the present simplified theory
the large size difference is not accounted for and quantitative
agreement is not expected.

Another example of a common IL is 1-butyl-3-methyl-
imidazolium tetrafluoroborate ([BMIM][BF4]), for which the
results of atomistic simulations were fitted to (29) with «, =
1.2 nm ' and «; = 10.3 nm™*. The ions are elongated and the
simulations indicate that the long axis is parallel to the
electrode, therefore we assume a = 0.4 nm, and obtain

C/Cy; = 2.887

(33)

which with Cy = 2.25¢, uF cm~? gives C = 6.5¢, uF cm 2.

the simulations, T ~ 298 K, and ¢, = 1 was assumed. Experi-
mental result for the capacitance at room temperature of
[BMIM][BF4] is C ~ 6.5 uF cm™>.*’ In the bulk, ¢ ~ 10 in this
system, but the value of ¢, near an electrode can be significantly
reduced.' "3

In
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It should be noted that in the electrode-electrolyte systems,
the total capacitance is given by 1/C = 1/Cpy, + 1/Cg.*>***” Our
theory concerns only the double layer capacitance Cpy. The
contribution 1/Cg;, coming from the electrode is material
dependent and requires separate consideration that is beyond
the scope of this work.

To summarize, we obtain a semiquantitative agreement with
atomistic simulations and experiment even in the very complex
systems. However, the contribution to the capacitance asso-
ciated with the distribution of ions near an electrode should be
supplemented with predictions from a microscopic theory for
the dielectric constant in the double layer to allow for a
quantitative comparison with experimental results for C. Alter-
natively, precise experimental data for C, ¢, and a in the same
system under the same conditions is necessary.

The PZC increases with increasing moments of Ac(z) that in
turn is an increasing function of the specific interactions
between the ions and the electrode. This result is in agreement
with experiments, where the selectivity of the electrode is
identified with the selective adsorption at the uncharged elec-
trode that in our theory is described by Ac(z).** We observed
also the dependence of the PZC on the SR interactions between
the ions, and our conclusion that the PZC increases with
increasing number of ‘free’ ions is also in line with experimental
observations.*

IV. Concluding remarks

In the first part of the article, we improved the definition of
the double-layer capacitance derived for concentrated ionic
systems in ref. 11 within the mesoscopic theory. Here, we
propose a definition of the charge of the electrode, eqn (25),
consistent with the construction of the mesoscopic theory.
We obtain perfect agreement with the Debye capacitance for
dilute electrolytes, and for concentrated ones we obtain for C
eqn (26) with (27) that is in fair quantitative agreement with
simulations for the RPM.

In the second part we consider the RPM model with addi-
tional SR attractions between ions of the same charge and with
specific ion-electrode interactions. We show that the double-
layer capacitance at the PZC, C is given by the same simple
formula as in the RPM (eqn (26)). This means that C/Cy at the
PZC depends on the SR only through the inverse lengths o, and
o, characterising the bulk structure, and is independent of
the ion-electrode interactions. This result confirms that it is
justified to compare theoretical results obtained with neglected
ion-electrode interactions for the potential ¥(0) with the
experimental results obtained for ¥(0) — ¥pzc.

Because the same expression was obtained for the pure RPM
and also for the RPM+SR systems, the formula (26) for the
capacitance at the PZC is generally valid and can be applied to
any ionic system with oscillatory decay of the charge-charge
correlations. The ion-ion interactions, however, have a rather
strong effect on the inverse lengths o, and o, (Fig. 6) and hence
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on C. When like ions attract one another with short-range
forces, the capacitance at the PZC decreases, as shown in Fig. 7.

We obtained the PZC in terms of the charge profile for the
ion-electrode interactions A(z) of a general form, and illu-
strated our result on a particular example of anionophilic
electrode. The absolute value of the ¥p, takes a maximum
for the strength of the specific ion-ion interactions that coun-
teracts the charge ordering into neutral aggregates, thus lead-
ing to the largest density of ‘free’ ions.
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Appendices
Appendix

A Estimation of the strength of the SR interactions in
imidazoilum based IL-water mixtures. From (23) we have the
expression for the ratio of the strength of the SR interactions
and the Coulomb potential between the ions at contact

0B
3G ST,

5.67‘CEC

(34)

where we used « = 1.8, E¢ is defined in (4) and T, and p. denote
the critical temperature and density of ions. From ref. 25 we
have T, ~ 420 K for 1-alkyl-3-methylimidazolium bis{(trifluoro-
methyl)sulfonyl}imides. We use the Carnahan-Starling approxi-
mation for fifi,(p) and the corresponding critical density p.
0.25. There is some ambiguity in defining a = (a, + a_)/2,
because the diameter of the cations depends strongly on
conformation. We assume a =~ 1 nm and using e = 4mepe,
obtain ¢* ~ 0.05¢,. We next assume that the static dielectric
constant ¢, at the critical concentration is ¢, ~ 20 and finally
obtain ¢* x~ 1. The above estimations indicate that the ratio
between the amplitude of the SR interactions in (5) and the
Coulomb potential between monovalent bulky ions at contact is
in the order of unity in physically relevant substances. In the
case of simple salts like NaCl, we expect ¢* < 1.

B Parameters in the charge-profile near a selective elec-
trode. The inverse decay length of the charge-charge correla-
tions in the approximation (16) is given by

o ke + v (Br)2ket + prCalko)

C, (ko)

The phase 0 and the amplitude A in ¢y(z) in the presence
of the specific electrode-ion interactions satisfy the following
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equations
Ao cotd Aoy
=0 -
0" + o oo~ + o

and

Af = e/ %m(al /2) + cos(o /2)| 1 (0) — I1(1/2) + Qe
1

where fis given in (27), and we used (25).
The coefficients in (31) take the forms

b = 27, (24,02 + Ay)(BY),

by = (Ad "t + Ay0n® + Ag) 7,

and Ao, 4,, and A, are given by (20)-(22).
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