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In surface diffusion, one of the key observables is the so-called intermediate scattering function which
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is measured directly from the Helium spin echo surface technique. This function is shown to be a

characteristic function of probability theory; in fact, it is the central dynamical measurement which

clearly emphasizes that the relationship between the structure and dynamical process is a central goal

in condensed matter physics. It is also the generating function of the moments and cumulants of the

jump distribution function at any order; in particular, the second order which is related to the diffusion

coefficient. Furthermore, the frequency moments or sum rules are also calculated from this scattering

function and are written in terms of the total jumping rate. The role played by this function, when

Helium atoms are used for probing adsorbates (here we assume non interacting adsorbates or very low

surface coverages), is essential to clearly show some important differences with respect to neutron

scattering. In order to illustrate this new approach, the method of the characteristic function, we
have focused on the incoherent tunneling of H and D on a Pt(111) surface. This analysis has led us
to some discrepancies with respect to the diffusion coefficient values previously reported. Finally, an

extension to jumps beyond nearest neighbors is also considered theoretically.

1 Introduction

27
Diffusion of adsorbates on surfaces sampled by particles such as ,,

neutrons or He atoms is a very active field due to the fact that
diffusion is one of the primary processes occurring on surfaces. ,,
Two well established surface experimental techniques are widely ,,
used, the quasi-elastic He atom scattering (QHAS),EE] and neu-
tron scattering (QENS)® which have been complemented by us-
ing the He spin-echo technique (HeSE)#® and neutron spin-echo
(NSE).B] Unlike neutron scattering where one speaks of inco-
herent and coherent scattering (depending on if space-time cor-
relation functions are for the same adsorbate or two different
adsorbates, respectively), helium scattering is fully coherent.™
However, when non-interacting adsorbates or very low surface
coverages are assumed, the difference between coherent and in-
coherent scattering disappears. An interesting aspect worth men- 37
tioning is that, from the very beginning, surface diffusion theory 38
sampled by He atoms has been very much attached to the cor- 39
responding neutron scattering theory. The main reason is maybe 4
due to the fact that this scattering was used originally to study
diffusion processes and shown to be reduced essentially to a prob-
lem of non-equilibrium statistical mechanics®2 (within the linear
response framework where the first-order perturbation theory is
assumed). 42
In QHAS experiments, the so-called differential reflection coef- *

ficient # (or the probability that the probing particles are scat- *
45

32
33
34
35

36
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tered when interacting with adsorbates), forming a certain solid
angle Q with an energy exchange i and a momentum transfer
parallel to surface, K, is proportional to the so-called dynamic
structure factor (DSF) or density correlation function, S(K,®),
which is a response function, expressed as

d#* (K, )

== W)y F2S(K
de(h(l)) nq S( ,(0),

€))
where ny is the diffusing particle concentration on the surface, F
is the atomic form factor which depends on the mutual interac-
tion between probe particles and N interacting adsorbates. Here,
capital letters are often used to design variables on the surface.
The DSF also gives the spectrum of spontaneous fluctuations.

On the other hand, in HeSE experiments, the corresponding
response function is the intermediate scattering function (ISF),
I(K,t), which is the frequency Fourier transform of DSF written as
follows

1K) = o / +°od“’eiw’S(K 0) = ~ (pxpx(1))- 2

’ 27 Joo ’ N

In neutron scattering, theory is discussed in terms of
number or particle and current densities. Thus, the ISF is the
autocorrelation function of the particle density operator in the re-
ciprocal space with pg(r) = ):7:1 exp(—iK-R;(r)); Rj(r) being the
position operator of the adsorbates as a function of time. Posi-
tions at two different times do not commute. Within the Born
approximation, /(K,¢) can be expressed in terms of the general-
ized pair-distribution function, also known as the G-function or
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the van Hove space-time correlation function. This function rep-1o
resents the probability that given a particle at the origin and atios
time ¢ = 0, any particle, including the same one, can be found atios
the position R and at time 7. The ISF is thus expressed in terms of1os
G as 106
(3) 107

108
In neutron scattering theory,12 it is also customary to analyze,,,

the short- and long-time behaviors of time autocorrelation func-,,,
tions; in particular, the ISF. At short-times, the ISF can be Taylor,,;,
expanded from Eq. relating the ISF to the frequency sum rules,,,
or frequency moments of S(K, @) which have a one-to-one corre-,,,
spondence with the time derivatives of the ISF evaluated at 7 =0,,,
and are K-dependent quantities. Frequency moments higher than,
second order depend on the dynamics which implies a previous

knowledge of the interaction potential. Moreover, the moments

of the jump distribution of the diffusing particles are obtained

from the incoherent ISF in a Taylor expansion of the momentum,,,
transfer evaluated at its zero value. On the other hand, the long-,,,
time behavior is associated with transport coefficients which are a,;,
manifestation of dissipation and relaxation processes and where,,,
hydrodynamic equations are solved. Fluctuations as well as mo-,,
mentum transfers have to be small enough in order to remain in,,,
the linear response framework.

1(K,1) = / dRe®RG(R,1).

122

In this work, our aim is to present the role played by the ISFizs
in surface diffusion when He atoms are used as probe particles, 24
being a coherent scattering. Non-interacting adsorbates or veryis
low surface coverages are assuming in this work. Thus, in nextizs
Section, the ISF is shown to be a true characteristic functioni»r
of probability theory#12 by analyzing its implications concern-iss
ing moments and cumulants of the jump distribution as well asiz
frequency sum rules. This approach, the so-called characteris-1is
tic function method, allows us to exploit the main properties ofis
this function which are well established in probability theory. Inis
Section 3, in order to illustrate the different theoretical steps de-133
veloped, we have focused on the incoherent tunneling of H and D13
on a Pt(111) surface where only jumps between nearest neigh-iss
bor sites have been experimentally reported.1® By assuming a,s
tight-binding model and solving a Pauli master equation, closed,s;
expressions for moments and cumulants at any order are easily
extracted; in particular, the second moment which is related to
the diffusion coefficient. Some discrepancies are found with re-13s
spect to the values previously reported.1® An extension to jumpsi
beyond nearest neighbors is also considered and discussed. Fi-140
nally, in the last Section, some conclusions and future work are
presented.

2 Theory

In order to extract relevant physical information about the sys—143
tem of interest, several theoretical methods have been widely144
used. Namely, molecular dynamics calculations are generally

used where a full description of the force fields (adsorbate-

adsorbate and adsorbate-substrate interactions) involved is nec-14s
essary, Langevin calculations by including or not memory ef-14
fects and reduced density matrix calculations within the Caldeira-17
Leggett (CL) and Lindblad formalisms. Except in the moleculariss

141

142

2| Journal Name, [year], [vol.],

4
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dynamics calculations, the surface is usually well represented by
a thermal bath consisting of an infinite number of harmonic os-
cillators and, therefore, friction and noise (white or color) ap-
pear after integrating over the degrees of freedom of the bath. An
equation of motion is then derived for the time evolution of the re-
duced density matrix which contains both frictional and thermal
effects, the so-called CL master equationZ which is of Markovian
type (high surface temperatures and small frictions). The corre-
sponding diagonal matrix elements give the quantum probabili-
ties and the off-diagonal elements, the so-called coherences. The
same is found in the Lindblad formalism. The Lindblad master
equation81? is usually solved numerically through the so-called
stochastic wave function (SWF) method.29 In this context, the
ISF can then be expressed as21724
Foo ) .
(K1) = / dREMRp(R, 1) = (KRO)Y, @
where p(R,t) represents the diagonal elements of the reduced
density matrix. We have thus replaced the G-function in Eq.
by the quantum probability. Interestingly enough, the second part
of Eq. which expresses the average of the exponential func-
tion ¢®R() s indicating us that the ISF is a characteristic function
(in this case, depending on time) coming from probability the-
ory 1412125 A characteristic function has several important prop-
erties: (i) 1(0,¢) =1, (i) I(K,z) <1(0,r) =1, (iii) /(K,¢) is a uni-
formly continuous function of its arguments for all K values, (iv)
all the moments of the position probability distribution are ob-
tained by Taylor expansion of the exponential function and, there-
fore, one can speak of the momentum generating function, (v) the
natural log of the ISF is the corresponding cumulant generating
function, and (vi) the Fourier inversion formula exists determin-
ing the corresponding probability distribution. Furthermore, the
properties of convergence, independent random variables and the
sum of independent random variables are also fulfilled. There-
fore, the ISF is the central dynamical measurement which clearly
shows that the relationship between the structure and dynamical
process is also a central goal in condensed matter physics.
On the other hand, from the continuity equation which is writ-
ten as follows
Ip(R,1)

at
and by applying the Fourier transform, one can have a very easy
way to calculate the density current j(K,#) in terms of the charac-
teristic function

+V.jR,t) =0, (5)

dI(K,1)

ot

or j(R,t) from the inverse Fourier transform. Furthermore, in the
diffusive regime (when time is much greater than the inverse of
the friction), the experimental ISF can be well fitted to an expo-
nential function of time according to2\

=—iKj(K,1), (6)

I(K,1) =Be “K) 1 | @)

where B and C are constants for a given K (magnitude and direc-
tion of the momentum transfer), and o(K) is the dephasing rate
which is known from experiment.

According to the jump diffusion model described by Chudley-
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Elliott (CE)? for non-interacting adsorbates (that is, very low sur-1s
face coverages) and if, for simplicity, a simple Bravais lattice is ,,
assumed as well as instantaneous jumps between different sites,
the Pauli master equation can be written in terms of the diagonal,,
elements of the reduced density matrix as follows

Ip(R1)

ot ®

:;FL [P(R+L,1)—p(R1)],

where the summation runs over all two-dimensional vectors L

and I'y, are the partial jumping rates. Thus, I'], ! represents the av-

erage time between successive jumps. It is also assumed that the,g
time for a simple jump is very short compared to the time between g,
successive jumps. The total jump rate is therefore I' = Y1 I'r,, with;e,
I', =T_y. By taking advantage of the linearity property of the,q
Fourier transform and considering the contributions by pairs com-,,
ing from L and —L, one obtains the following differential equation

in terms of the ISF
194

dI(K, K-L 195
%t’t) =—4I1(K,1) ) Ty sin’ (T) , O]

L>0

and the solution is simply expressed as

I(K, 1) = I(K,0)e 21 Xr>0 1 (1-cos(K L)) (10)*°
The dephasing rate is thus written as
197
a(K)=2I") P (1-cos(K-L)), 1D

L>0

where the jump probabilities are given by A, = I'r,/I". From the

experimental dephasing rate obtained after Eq. (TI)), the fitting™®
parameters in this model are the partial jumping rates, I'y. Only'”
the jump vectors L not orthogonal to the direction of K contribute®®

to the dephasing rate and ISF. o
202

If K gives us the direction of observation, which is chosen by the
experiment, and K the modulus of this vector, the scalar prod-203
uct in Eq. can be written, in general, as K-R(r) = KLH(I)204
where L;|(#) gives the projection of L along K (parallel to the di—205
rection of observation) as a function of time. If there are several
jump/transition vectors L contributing to the total diffusion pro-zz7
cess (say m) then L (t) = L,y Ly (1) Eq. can then be written208
as

6

I(K,1) = (eiKL\\(l)> — i (iK)" 209

: (12)
=0 ™

(L 0).

210

211

and where the n'"-derivative of the characteristic function or mo-,,,

mentum generating function with respect to K, at K = 0, provides,,,

us the n'"-moment of the jump/transition distribution. 141325

215

(13)

216

o) =iz ) 1€ Do

217

as well as the n”

-cumulant of the same distribution according to ,;s
219
(14) 20

.= (~ige ) miko],

In particular, from the second moment, one can extract the tracerz.
diffusion coefficient when the surface coverage is very low or non-2z;
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interacting adsorbates are assumed.

Just as a reminder of the relationship between the moments
and the cumulants, we list up to the third order for a random
variable X (r)14

X(@)e,
(X (1))e + (X3 (1)e,

X(0)2 433 (0)e (X(1))e + (X ()e,  (15)

—~

<
(98]

=
<

=

=
Il

and so on. The third moment gives us information of the symme-
try of the distribution. The so-called skewness, which is related to
the third moment, is a measure of the symmetry of the probability
distribution (if negative, the left tail is more pronounced than the
right tail; if positive, the other way around).

Following Boon and Yip,12 and from Eq. , the ISF can be
written in terms of the frequency moments of S(K, @) (frequency
sum rules) by Taylor expansion with respect to time around ¢ =0

10,0 = ¥ D o), a16)
n=0 ""*
with
e
(0 (K)) = 5 /_ doo"S(K, ), )
and therefore
o) = (15, ) 160, a8

which only depends on the projectile along the direction of ob-
servation thorough Eq. (I2). If the DSF is an even function of
frequency, only even frequency moments will survive. In neutron
scattering, frequency moments of order higher than three require
a previous knowledge of the interaction potential.

3 Results and discussion

As an application of this new approach, we are going to consider
the incoherent tunneling of H/D on a Pt(111) surface previously
analyzed by means of the He spin-echo (HeSE) experimental sur-
face technique.® Diffusion dynamics was shown to take place in
the moderate-to-high friction regime. Following the well-known
CE model,? deviations from nearest neighbor random jumps for
H and D between fcc sites were reported to be minimal.1® The
experiment covered a range of surface temperatures going from
250 K up to 80 K and, therefore, thermal activation and tunneling
regimes are coexisting. The crossover temperature was estimated
to be 66 K for H and 63 K for D. Diffusion motion was also shown
to correspond to nearest neighbor hopping for a low surface cov-
erage of 0.1 ML, along the [112] direction with K = 0864 and
with a lattice length of a = 2.77A. The geometry of the problem
has been clearly depicted and discussed in Ref.2® (Fig. 4 and
the corresponding discussion). There are 3 high symmetry jump
vectors for the Pt(111) surface, two are equivalent, say L; and
L,, forming an angle of B = n/6 with respect to [112] and, the
third one, say L3, which is perpendicular. According to Egs.
and (II), the last vector does not contribute to the ISF and the
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dephasing rate; that is, this symmetry direction has no contri-2s0
bution to the total diffusion. Moreover, there is no evidence for
a dependency on the azimuthal direction after the experimental
work. Our calculated I'-values issued from the SWF method have
been recently reported and shown fairly good agreement with the::

experimental values.24
263

264

In a tight-binding description, we are dealing with the proba-2s
bility of an adsorbate to stay in a given potential well or surface2ss
site n at time ¢, P,(¢), and therefore Eq. should be written as a267
discrete Fourier series. Within the formalism of the master equa-2s
tion (the CE model can be considered as a special case), 1222 if a260
simple Bravais lattice is assumed as well as instantaneous jumps27
between adjacent sites/wells along one symmetry direction (Z; ;2"
or L ,), on a periodic substrate, a Pauli master equation can be27

written in terms of such probabilities as2427:28 o3

274

Pn(t) ZF;F_]PH,I(I)+F;+1P,,+1(I) - (FrJLr +r;)Pn(Z)7 (19)275

276
with Fffil being the tunneling/hopping transition rates from the277

(nF1)-th well to the n-th well and + denotes if diffusion goes

to the right (+) or to the left (-). Usually, these transition rates,,
are fitting parameters or can be calculated from the transition,,
state theory. If the initial condition is such that B,(0) = §,0 and,,,
['=I"+TI" describes the total rate (with I}l =T, I}l =T'", and,,

- _ 1 - ol24128
I, =T7), one obtains 282

3

Po(t) = L(Tt)e ™, 20"

4
where [,(x) is the modified Bessel function of integer order n.%*
Thus, P,(r) gives us the probability to stay in the nth-well at time?®

t. Then, the ISF can be written as 287

288
n=-+oco oo
Z P (1) pi2nKacosp _ Tt Z In(zrt)eiZnKa cosfB 289

290

I(K,t) =
n=—o0 n—=-—oo

291

(2D 292

2l [1—cos(KacosB)]

. . 203

where the 2-factor in the exponent comes from the two equivalent
. o . 204

symmetric contributions (do not confuse the ISF which depends
295

on K and ¢ from the Bessel function of integer order with argu-
ment I'r). Now, after Eqs. (21I) and (7), one has that the total

transition rate can be expressed as 207

8

o(K)

2(1—cos(KacosB))" (22)

=

This rate is a function of the projection along the direction of K
and also implicitly of surface temperature and friction coefficient.
The total jumping rate, T, is usually plotted versus the inverse of
the temperature in an Arrhenius-like plot, 1024 .

It is now quite straightforward to calculate the first two mo-5,
ments and cumulants. Thus, one has that

L) = (L()e=0, 302
(Lﬁ(f» = <L\| (t))e = Dxt, (23)304
4 Journal Name, [year], [vol.], 1_@]
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where the diffusion coefficient Dk is expressed as
_ 2.2
Dk =2Ta” cos™B, 24)

with f = n/6. When the first moment is equal to zero, the three
first moments and cumulants are equal. From the fourth order,
they are not longer equal. Eq. is different from the existing
expressions in the literature; in particular, it differs from Weiss
and Grabert2Z (D = 4?I) by the 2-factor and the projection along
the direction of observation due to their assumption of consider-
ing only one-dimensional diffusion model. It also differs from the
one used in the experimental work1® (D = 4?I'/4) by two impor-
tant aspects, namely, the 1/4-factor and again the lack of the pro-
jection mentioned above. The experimental paper seems to have
considered the three symmetry directions equivalent, disregard-
ing the corresponding projections. Thus, their total and theoreti-
cal jumping rates I' are multiplied by a factor 3 (not 2). In order
to consistently compare the diffusion coefficients issued from this
work with the corresponding ones obtained by the experimental
work, the experimental jumping rates have been chosen in each
case and multiplied by a factor 2/3.

Thus, our diffusion coefficient value along the direction of ob-
servation for the highest surface temperature of 230 K is 5.62 x
1073 cm? /sec. whereas the value obtained by using D = a°T'/4
is 1.88 x 107> cm?/sec. At this temperature, only activated dif-
fusion takes place. On the contrary, at 140 K where both ac-
tivated and tunneling diffusion regimes coexist,?* our value is
1.02 x 1073 em? /sec versus the value of 3.40 x 1079 cm?/sec re-
ported previously.1® On the other hand, a previous experimen-
tal work by Graham et al. by using the Helium atom scattering
technique (without spin echo)2® provides a value of around 5.0 x
1070 cm? /sec at 140 K and around 5.0 x 107 cm? /sec at 250 K.
This discrepancy with the older experimental values, apart from
a slightly different surface temperature, is attributed to jumps
beyond nearest neighbors which were considered. Moreover,
these experimental values are issued from fitting a Lorentzian
line shape to the quasi-elastic peak given by the DSF which and
extracting its full with at half maximum which is proportional to
the diffusion coefficient.’2°

If hops are not restricted to only nearest neighbors, for a simple
Bravais lattice and one of the symmetry directions (say L; or L,),
the corresponding master equation is expressed now as

=)

Pu(t) =Y [T Py(t) + T Py (1) — (T + 1) Pa(1)].

(25)

The ISF can then be written as a product of backward and forward
diffusion

o

I(K,t) = H(j(&t)]_; (K,1), (26)
e
with
+ijKacosp _ +
[E(K1) =0T @7

where again ¢ and f are the unit cell length along the symmetry
direction considered and the angle formed by this direction and
K, respectively. An alternative expression for the ISF can also be
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337

written as (from the CE model) 338

I(K,t) _ e—4zl"2,,>ol5,l[1—cos(nl(a cos,B)]’ (28)33
_ . 340

where ', I, =T and P, =T,,/T" and a factor 2 has been added in
. . L 341

order to take into account the two equivalent directions. Notice
. . 342

the presence of the 2-factor with respect to Eq. (21). From this
. . <

expression, the moments and cumulants of the jump distribution

. . 344
are again straightforward calculated. Thus, we have that
345

(Ly@)e = (L) =0, e
347
{Lim)e = (Lj)=Dx, (29)
349
where the diffusion coefficient Dk is expressed as 350
Dk = 4Td*cos’B Z Pn?, N
n=1 352
353
b +2b+2
= 41"%67%26052[3. 30)™
355

Usually, the jump probabilities decreases exponentially with n,*®
P, = exp(—bn), and the summation over n could be replaced by an*’
integral from 1 to infinity (resulting expression written in the sec-**®
ond line). It should be stressed here the appearance of an extra®’
2-factor and the mean (n?) in Eq. with respect to Eq.. 360

29130 361

In older works, the diffusion coefficient is written as

362

2y 2 02
D:<n>a cos ﬁr

363
(3 1) 364
where (n?) =Y¥,,_, P,n>. Remember that the I value and diffusionz::
coefficient for this expression are valid for only one of the sym-_
metry jump direction allowed by the corresponding projection om
K; similar values are obtained for other symmetry directions but369
with different §-values.

Our next step is to calculate the first frequency moments (or*”

frequency rules) when the ISF is given by Eq. (21). Due to thesn
fact that this function is an exponential function of time, the DSF
is a Lorentzian function which is an even function of frequency’”
and, therefore, only even frequency moments are allowed. Thus,s7s
after Eq. (16), the ISF is expressed now as

374

12 14

1(K,1) = 1= = (0*(K)) + - (0*(K)) + -, (32)
with "
(@(K) = 1, e
(0™ (K) 22T [1 — cos(K a cos B)]*". (33)12

Interestingly enough, these frequency moments also depend on®*
the total jump rate (a dynamical property). Similar expressions3®?
are easily obtained when the ISF is given by Eq. (28). In this*®
sense, surface diffusion analyzed by He atom scattering differss
from other scattering experimental techniques such as neutrons3s
and light. For example, for neutron scattering, the zeroth mo-3ss
ment provides the static structure factor and, the second moment,3s7
the square of the product of the momentum transfer and thermalsss
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4  Conclusions

Along this work, we have shown that the ISF is a characteristic
function of probability theory. In this new approach, the so-called
characteristic function method has important consequences since
by means of the moment and cumulant generating functions, one
can access in a simple analytical way to a complete information of
the jump distribution function of the adsorbate with time. In par-
ticular, the (tracer) diffusion coefficient is easily extracted from
the second order moment and cumulant since both quantities co-
incide when the first moment is zero. Frequency moments or sum
rule are also calculated from the ISF, being expressed in terms of
the total jumping rates. In particular, the Dk-values along the K-
direction are obtained from the second moment of the ISF instead
of the full with at half maximum of the Lorentzian line shape for
the quai-elastic peak (the DSF). This analysis has also allowed us
to provide values of the diffusion coefficient which are greater
than previously reported.

The extension of this approach to surface diffusion at higher
coverages should be straightforward. An important issue is
also how to evaluate the so-called collective diffusion coefficient
which describes the density fluctuation relaxation of the adsor-
bates on the surface.”! In this context, the ISF can be calculated
from molecular dynamics or by solving the CL or Lindblad mas-
ter equations. The second moment should be now related to the
collective diffusion constant. In the diffusive regime, the ISF still
displays an exponential function of time, Eq. (7), where the de-
phasing rate has also to be expressed in terms of the surface cov-
erage but it should be considered as a parameter of the theory.
From this knowledge, de Gennes narrowing has been reported in
surface diffusion analyzed by He atom scattering.> Work in this
direction is now in progress.
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