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The characteristic function method in surface
diffusion

E. E. Torres-Miyares * and S. Miret-Artés

In surface diffusion, one of the key observables is the so-called intermediate scattering function which is

measured directly from the helium spin echo surface technique. This function is shown to be a

characteristic function of probability theory; in fact, it is the central dynamical measurement which

clearly emphasizes that the relationship between the structure and dynamical process is a central goal in

condensed matter physics. It is also the generating function of the moments and cumulants of the jump

distribution function at any order; in particular, the second order which is related to the diffusion

coefficient. Furthermore, the frequency moments or sum rules are also calculated from this scattering

function and are written in terms of the total jumping rate. The role played by this function, when

helium atoms are used for probing adsorbates (here we assume non-interacting adsorbates or very low

surface coverages), is essential to clearly show some important differences with respect to neutron

scattering. In order to illustrate this new approach, the method of the characteristic function, we have

focused on the incoherent tunneling of H and D on a Pt(111) surface. This analysis has led us to some

discrepancies with respect to the diffusion coefficient values previously reported. Finally, an extension to

jumps beyond nearest neighbors is also considered theoretically.

1 Introduction

Diffusion of adsorbates on surfaces sampled by particles such as
neutrons or He atoms is a very active field due to the fact that
diffusion is one of the primary processes occurring on surfaces.
Two well-established surface experimental techniques are widely
used, the quasi-elastic He atom scattering (QHAS),1,2 and neutron
scattering (QENS)3 which have been complemented by using the
He spin-echo technique (HeSE)4,5 and neutron spin-echo (NSE).3

Unlike neutron scattering6–10 where one speaks of incoherent and
coherent scattering (depending on if space–time correlation func-
tions are for the same adsorbate or two different adsorbates,
respectively), helium scattering is fully coherent.11 However, when
non-interacting adsorbates or very low surface coverages are
assumed, the difference between coherent and incoherent scatter-
ing disappears. An interesting aspect worth mentioning is that,
from the very beginning, surface diffusion theory sampled by He
atoms has been very much attached to the corresponding neutron
scattering theory. The main reason is maybe due to the fact that
this scattering was used originally to study diffusion processes
and shown to be reduced essentially to a problem of non-
equilibrium statistical mechanics12 (within the linear response
framework where the first-order perturbation theory is assumed).

In QHAS experiments, the so-called differential reflection
coefficient R (or the probability that the probing particles are
scattered when interacting with adsorbates), forming a certain
solid angle O with an energy exchange h�o and a momentum
transfer parallel to surface, K, is proportional to the so-called
dynamic structure factor (DSF) or density correlation function,
S(K,o), which is a response function, expressed as

dR2ðK;oÞ
dOdð�hoÞ ¼ ndF

2SðK;oÞ; (1)

where nd is the diffusing particle concentration on the surface, F is
the atomic form factor which depends on the mutual interaction
between probe particles and N interacting adsorbates. Here,
capital letters are often used to designate variables on the surface.
The DSF also gives the spectrum of spontaneous fluctuations.

On the other hand, in HeSE experiments, the corresponding
response function is the intermediate scattering function (ISF),
I(K,t), which is the frequency Fourier transform of DSF written
as follows

IðK; tÞ ¼ 1

2p

ðþ1
1

doeiotSðK;oÞ ¼ 1

N
rKr�KðtÞh i: (2)

In neutron scattering,6–10,12,13 theory is discussed in terms of
number or particle and current densities. Thus, the ISF is the
autocorrelation function of the particle density operator in the

reciprocal space with rKðtÞ ¼
PN
j¼1

exp �iK � RjðtÞ
� �

; Rj (t) being
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the position operator of the adsorbates as a function of
time. Positions at two different times do not commute. Within
the Born approximation, I(K,t) can be expressed in terms of the
generalized pair-distribution function, also known as the
G-function or the van Hove space–time correlation function.
This function represents the probability that given a particle at
the origin and at time t = 0, any particle, including the same
one, can be found at the position R and at time t. The ISF is
thus expressed in terms of G as

IðK; tÞ ¼
ð
dReiK�RGðR; tÞ: (3)

In neutron scattering theory,13 it is also customary to analyze
the short- and long-time behaviors of time autocorrelation func-
tions; in particular, the ISF. At short-times, the ISF can be Taylor
expanded from eqn (2) relating the ISF to the frequency sum rules
or frequency moments of S(K,o) which have a one-to-one corre-
spondence with the time derivatives of the ISF evaluated at t = 0
and are K-dependent quantities. Frequency moments higher than
second order depend on the dynamics which implies a previous
knowledge of the interaction potential. Moreover, the moments of
the jump distribution of the diffusing particles are obtained from
the incoherent ISF in a Taylor expansion of the momentum
transfer evaluated at its zero value. On the other hand, the long-
time behavior is associated with transport coefficients which are
a manifestation of dissipation and relaxation processes and
where hydrodynamic equations are solved. Fluctuations as well
as momentum transfers have to be small enough in order to
remain in the linear response framework.

In this work, our aim is to present the role played by the ISF
in surface diffusion when He atoms are used as probe particles,
being a coherent scattering. Non-interacting adsorbates or very
low surface coverages are assumed in this work. Thus, in
the next section, the ISF is shown to be a true characteristic
function of probability theory14,15 by analyzing its implications
concerning moments and cumulants of the jump distribution
as well as frequency sum rules. This approach, the so-called
characteristic function method, allows us to exploit the main
properties of this function which are well established in
probability theory. In Section 3, in order to illustrate the
different theoretical steps developed, we have focused on the
incoherent tunneling of H and D on a Pt(111) surface where only
jumps between nearest neighbor sites have been experimentally
reported.16 By assuming a tight-binding model and solving a
Pauli master equation, closed expressions for moments and
cumulants at any order are easily extracted; in particular, the
second moment which is related to the diffusion coefficient.
Some discrepancies are found with respect to the values pre-
viously reported.16 An extension to jumps beyond nearest
neighbors is also considered and discussed. Finally, in the last
section, some conclusions and future work are presented.

2 Theory

In order to extract relevant physical information about the system
of interest, several theoretical methods have been widely used.

Namely, molecular dynamics calculations are generally used
where a full description of the force fields (adsorbate–adsorbate
and adsorbate–substrate interactions) involved is necessary,
Langevin calculations by including or not memory effects and
reduced density matrix calculations within the Caldeira–
Leggett (CL) and Lindblad formalisms. Except in the molecular
dynamics calculations, the surface is usually well represented
by a thermal bath consisting of an infinite number of harmonic
oscillators and, therefore, friction and noise (white or color)
appear after integrating over the degrees of freedom of the
bath. An equation of motion is then derived for the time
evolution of the reduced density matrix which contains both
frictional and thermal effects, the so-called CL master
equation17 which is of Markovian type (high surface tempera-
tures and small frictions). The corresponding diagonal matrix
elements give the quantum probabilities and the off-diagonal
elements, the so-called coherences. The same is found in the
Lindblad formalism. The Lindblad master equation18,19 is
usually solved numerically through the so-called stochastic wave
function (SWF) method.20 In this context, the ISF can then be
expressed as21–24

IðK; tÞ ¼
ðþ1
�1

dReiK�RrðR; tÞ ¼ eiK�RðtÞ
D E

; (4)

where r(R,t) represents the diagonal elements of the reduced
density matrix. We have thus replaced the G-function in eqn (3)
by the quantum probability. Interestingly enough, the second
part of eqn (4) which expresses the average of the exponential
function eiK�R(t) is indicating that the ISF is a characteristic
function (in this case, depending on time) coming from prob-
ability theory.14,15,25 A characteristic function has several impor-
tant properties: (i) I(0,t) = 1, (ii) I(K,t) r I(0,t) = 1, (iii) I(K,t) is a
uniformly continuous function of its arguments for all K values,
(iv) all the moments of the position probability distribution are
obtained by Taylor expansion of the exponential function and,
therefore, one can speak of the momentum generating function,
(v) the natural log of the ISF is the corresponding cumulant
generating function, and (vi) the Fourier inversion formula
exists determining the corresponding probability distribution.
Furthermore, the properties of convergence, independent ran-
dom variables and the sum of independent random variables
are also fulfilled. Therefore, the ISF is the central dynamical
measurement which clearly shows that the relationship between
the structure and dynamical process is also a central goal in
condensed matter physics.

On the other hand, from the continuity equation which is
written as follows

@rðR; tÞ
@t

þr � jðR; tÞ ¼ 0; (5)

and by applying the Fourier transform, one can have a very easy
way to calculate the current density j(K,t) in terms of the
characteristic function

@IðK; tÞ
@t

¼ �iK � jðK; tÞ; (6)
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or j(R,t) from the inverse Fourier transform. Furthermore, in
the diffusive regime (when time is much greater than the
inverse of the friction), the experimental ISF can be well fitted
to an exponential function of time according to4,5,9

I(K,t) = Be�a(K)t + C, (7)

where B and C are constants for a given K (magnitude and
direction of the momentum transfer), and a(K) is the dephasing
rate which is known from experiment.

According to the jump diffusion model described by
Chudley–Elliott (CE)9 for non-interacting adsorbates (that is,
very low surface coverages) and if, for simplicity, a simple
Bravais lattice is assumed as well as instantaneous jumps
between different sites, the Pauli master equation can be written
in terms of the diagonal elements of the reduced density matrix
as follows

@rðR; tÞ
@t

¼
X
L

GL rðRþ L; tÞ � rðR; tÞ½ �; (8)

where the summation runs over all two-dimensional vectors L
and GL are the partial jumping rates. Thus, GL

�1 represents the
average time between successive jumps. It is also assumed that
the time for a simple jump is very short compared to the time
between successive jumps. The total jump rate is therefore
G ¼

P
L

GL, with GL = G�L. By taking advantage of the linearity

property of the Fourier transform and considering the contribu-
tions by pairs coming from L and �L, one obtains the following
differential equation in terms of the ISF

@IðK; tÞ
@t

¼ �4IðK; tÞ
X
L4 0

GL sin
2 K � L

2

� �
; (9)

and the solution is simply expressed as

IðK; tÞ ¼ IðK; 0Þe
�2jtj

P
L4 0

GL 1�cos K�Lð Þð Þ
: (10)

The dephasing rate is thus written as

aðKÞ ¼ 2G
X
L4 0

PL 1� cos K � Lð Þð Þ; (11)

where the jump probabilities are given by PL = GL/G. From the
experimental dephasing rate obtained after eqn (11), the fitting
parameters in this model are the partial jumping rates, GL. Only
the jump vectors L not orthogonal to the direction of K
contribute to the dephasing rate and ISF.

If K gives us the direction of observation, which is chosen by
the experiment, and K the modulus of this vector, the scalar
product in eqn (4) can be written, in general, as K�R(t) = KL8(t)
where L8(t) gives the projection of L along K (parallel to the
direction of observation) as a function of time. If there are
several jump/transition vectors L contributing to the total
diffusion process (say m) then LkðtÞ ¼

P
m

Lk;mðtÞ. Eqn (4) can

then be written as

IðK; tÞ ¼ eiKLkðtÞ
D E

¼
X1
n¼0

ðiKÞn
n!

Ln
kðtÞ

D E
; (12)

and where the nth-derivative of the characteristic function
or momentum generating function with respect to K, at
K = 0, provides us the nth-moment of the jump/transition
distribution14,15,25

Ln
kðtÞ

D E
¼ �i @

@K

� �n

IðK ; tÞ
����
K¼0

; (13)

as well as the nth-cumulant of the same distribution
according to

Ln
kðtÞ

D E
c
¼ �i @

@K

� �n

ln IðK ; tÞ
����
K¼0

: (14)

In particular, from the second moment, one can extract the
tracer diffusion coefficient when the surface coverage is very
low or non-interacting adsorbates are assumed.

Just as a reminder of the relationship between the moments
and the cumulants, we list up to the third order for a random
variable X(t)14

hXðtÞi ¼ hXðtÞic;

X2ðtÞ
� �

¼ XðtÞh ic2 þ X2ðtÞ
� �

c
;

X3ðtÞ
� �

¼ XðtÞh ic3 þ 3 X2ðtÞ
� �

c
XðtÞh icþ X3ðtÞ

� �
c
;

(15)

and so on. The third moment gives us information about the
symmetry of the distribution. The so-called skewness, which is
related to the third moment, is a measure of the symmetry of
the probability distribution (if negative, the left tail is more
pronounced than the right tail; if positive, the other way
around).

Following Boon and Yip,13 and from eqn (2), the ISF can be
written in terms of the frequency moments of S(K,o) (frequency
sum rules) by Taylor expansion with respect to time around
t = 0

IðK; tÞ ¼
X1
n¼0

ðitÞn
n!

onðKÞh i; (16)

with

onðKÞh i ¼ 1

2p

ðþ1
�1

doonSðK;oÞ; (17)

and therefore

onðKÞh i ¼ i
@

@t

� �n

IðK; tÞ
����
t¼0
; (18)

which only depends on the projectile along the direction of
observation through eqn (12). If the DSF is an even function of
frequency, only even frequency moments will survive. In neu-
tron scattering, frequency moments of order higher than three
require a previous knowledge of the interaction potential.

3 Results and discussion

As an application of this new approach, we are going to consider
the incoherent tunneling of H/D on a Pt(111) surface previously
analyzed by means of the HeSE experimental surface technique.16
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Diffusion dynamics were shown to take place in the moderate-to-
high friction regime. Following the well-known CE model,9 devia-
tions from nearest neighbor random jumps for H and D between
fcc sites were reported to be minimal.16 The experiment covered a
range of surface temperatures going from 250 K to 80 K and,
therefore, thermal activation and tunneling regimes are coexist-
ing. The crossover temperature was estimated to be 66 K for H
and 63 K for D. Diffusion motion was also shown to correspond to
nearest neighbor hopping for a low surface coverage of 0.1 ML,
along the [11%2] direction with K = 0.86 Å�1 and with a lattice
length of a = 2.77 Å. The geometry of the problem has been clearly
depicted and discussed in ref. 26 (Fig. 4 and the corresponding
discussion). There are 3 high symmetry jump vectors for the
Pt(111) surface, two are equivalent, say L1 and L2, forming an
angle of b = p/6 with respect to [11%2] and, the third one, say L3, is
perpendicular. According to eqn (10) and (11), the last vector
does not contribute to the ISF and the dephasing rate; that
is, this symmetry direction has no contribution to the total
diffusion. Moreover, there is no evidence for a dependency on
the azimuthal direction after the experimental work. Our calcu-
lated G-values issued from the SWF method have been recently
reported and showed fairly good agreement with the experimental
values.24

In a tight-binding description, we are dealing with the prob-
ability of an adsorbate to stay in a given potential well or surface
site n at time t, Pn(t), and therefore eqn (4) should be written as a
discrete Fourier series. Within the formalism of the master
equation (the CE model can be considered as a special case),15,25

if a simple Bravais lattice is assumed as well as instantaneous
jumps between adjacent sites/wells along one symmetry direction
(L8,1 or L8,2), on a periodic substrate, a Pauli master equation can
be written in terms of such probabilities as24,27,28

:
Pn(t) = G+

n�1Pn�1(t) + G�n+1Pn+1(t) � (G+
n + G�n )Pn(t), (19)

with G�n�1 being the tunneling/hopping transition rates from
the (n 8 1)-th well to the n-th well and � denotes if diffusion
goes to the right (+) or to the left (�). Usually, these transition
rates are fitting parameters or can be calculated from the
transition state theory. If the initial condition is such that
Pn(0) = dn0 and G = G+ + G� describes the total rate (with G+

n =
G�n , G+

n = G+, and G�n = G�), one obtains24,28

Pn(t) = In(Gt)e�Gt, (20)

where In(x) is the modified Bessel function of integer order n.
Thus, Pn(t) gives us the probability to stay in the nth-well at time
t. Then, the ISF can be written as

IðK ; tÞ ¼
Xn¼þ1
n¼�1

PnðtÞei2nKa cos b ¼ e�Gt
Xþ1
n¼�1

Inð2GtÞei2nKa cos b

¼ e�2Gt½1�cosðKa cos bÞ�;

(21)

where the 2-factor in the exponent comes from the two equiva-
lent symmetric contributions (do not confuse the ISF which
depends on K and t from the Bessel function of integer order
with argument Gt). Now, after eqn (7) and (21), one has that the

total transition rate can be expressed as

G ¼ aðKÞ
2ð1� cosðKa cos bÞÞ: (22)

This rate is a function of the projection along the direction
of K and also implicitly of surface temperature and
friction coefficient. The total jumping rate, G, is usually plotted
versus the inverse of the temperature in an Arrhenius-like
plot.16,24

It is now quite straightforward to calculate the first two
moments and cumulants. Thus, one has that

LkðtÞ
� �

¼ LkðtÞ
� �

c
¼ 0;

Lk
2ðtÞ

� �
¼ Lk

2ðtÞ
� �

c
¼ DKt;

(23)

where the diffusion coefficient DK is expressed as

DK = 2Ga2 cos2 b, (24)

with b = p/6. When the first moment is equal to zero, the three
first moments and cumulants are equal. From the fourth order,
they are no longer equal. Eqn (24) is different from the existing
expressions in the literature; in particular, it differs from Weiss
and Grabert27 (D = a2G) by the 2-factor and the projection along
the direction of observation due to their assumption of con-
sidering only a one-dimensional diffusion model. It also differs
from the one used in the experimental work16 (D = a2G/4) by two
important aspects, namely, the 1/4-factor and again the lack of
the projection mentioned above. The experimental paper seems
to have considered the three symmetry directions equivalent,
disregarding the corresponding projections. Thus, their total
and theoretical jumping rates G are multiplied by a factor of 3
(not 2). In order to consistently compare the diffusion coeffi-
cients issued from this work with the corresponding ones
obtained by the experimental work, the experimental jumping
rates have been chosen in each case and multiplied by a factor
of 2/3.

Thus, our diffusion coefficient value along the direction of
observation for the highest surface temperature of 230 K is
5.62 � 10�5 cm2 s�1 whereas the value obtained by using D =
a2G/4 is 1.88 � 10�5 cm2 s�1. At this temperature, only activated
diffusion takes place. On the contrary, at 140 K where both
activated and tunneling diffusion regimes coexist,24 our value is
1.02 � 10�5 cm2 s�1 versus the value of 3.40 � 10�6 cm2 s�1

reported previously.16 On the other hand, a previous experi-
mental work by Graham et al. by using the helium atom
scattering technique (without spin echo)26 provides a
value of around 5.0 � 10�6 cm2 s�1 at 140 K and around
5.0 � 10�5 cm2 s�1 at 250 K. This discrepancy with the older
experimental values, apart from a slightly different surface
temperature, is attributed to jumps beyond nearest neighbors
which were considered. Moreover, these experimental values
are issued from fitting a Lorentzian line shape to the quasi-
elastic peak given by the DSF and extracting its full width at half
maximum which is proportional to the diffusion coefficient.26

If hops are not restricted to only nearest neighbors, for a
simple Bravais lattice and one of the symmetry directions (say
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L1 or L2), the corresponding master equation is expressed
now as

_PnðtÞ ¼
X1
l¼1

Gl
þPn�lðtÞ þ Gl

�PnþlðtÞ � Gl
þ þ Gl

�ð ÞPnðtÞ½ �: (25)

The ISF can then be written as a product of backward and
forward diffusion

IðK ; tÞ ¼
Y1
j¼1

Iþj ðK ; tÞI�j ðK; tÞ; (26)

with

I�j ðK; tÞ ¼ et e�ijKa cos b�1ð ÞGj
�
; (27)

where again a and b are the unit cell length along the symmetry
direction considered and the angle formed by this direction
and K, respectively. An alternative expression for the ISF can
also be written as (from the CE model)

IðK ; tÞ ¼ e
�4tG

P
n4 0

�Pn½1�cosðnKa cos bÞ�
; (28)

where
P
n

Gn ¼ G and %Pn = Gn/G and a factor of 2 has been added

in order to take into account the two equivalent directions.
Notice the presence of the 2-factor with respect to eqn (21).
From this expression, the moments and cumulants of the jump
distribution are again straightforward calculated. Thus, we
have that

LkðtÞ
� �

c
¼ LkðtÞ
� �

¼ 0;

Lk
2ðtÞ

� �
c
¼ Lk

2ðtÞ
� �

¼ DKt;
(29)

where the diffusion coefficient DK is expressed as

DK ¼ 4Ga2 cos2 b
X
n¼1

�Pnn
2;

¼ 4G
b2 þ 2bþ 2

b3
e�ba2 cos2 b:

(30)

Usually, the jump probabilities decrease exponentially with n,
%Pn = exp(�bn), and the summation over n could be replaced by
an integral from 1 to infinity (resulting expression written in
the second line). It should be stressed here the appearance of
an extra 2-factor and the mean hn2i in eqn (30) with respect to
eqn (24).

In older works,29,30 the diffusion coefficient is written as

D ¼
n2
� �

a2 cos2 b
2

G (31)

where n2
� �

¼
P
n¼1

�Pnn
2. Remember that the G value and diffu-

sion coefficient for this expression are valid for only one of the
symmetry jump directions allowed by the corresponding pro-
jection on K; similar values are obtained for other symmetry
directions but with different b-values.

Our next step is to calculate the first frequency moments (or
frequency rules) when the ISF is given by eqn (21). Due to the
fact that this function is an exponential function of time, the
DSF is a Lorentzian function which is an even function of

frequency and, therefore, only even frequency moments are
allowed. Thus, after eqn (16), the ISF is expressed now as

IðK; tÞ ¼ 1� t2

2
o2ðKÞ
� �

þ t4

4!
o4ðKÞ
� �

þ � � � ; (32)

with

o0ðKÞ
� �

¼ 1;

o2nðK
� �

¼ 22nG2n½1� cosðKa cos bÞ�2n:
(33)

Interestingly enough, these frequency moments also depend on
the total jump rate (a dynamical property). Similar expressions
are easily obtained when the ISF is given by eqn (28). In this
sense, surface diffusion analyzed by He atom scattering differs
from other scattering experimental techniques such as neu-
trons and light. For example, for neutron scattering, the zeroth
moment provides the static structure factor and, the second
moment, the square of the product of the momentum transfer
and thermal velocity.13

4 Conclusions

Through this work, we have shown that the ISF is a character-
istic function of probability theory. In this new approach, the
so-called characteristic function method has important conse-
quences since by means of the moment and cumulant generat-
ing functions, one can access in a simple analytical way to a
complete information for the jump distribution function of the
adsorbate with time. In particular, the (tracer) diffusion coeffi-
cient is easily extracted from the second order moment and
cumulant since both quantities coincide when the first
moment is zero. Frequency moments or sum rule are also
calculated from the ISF, being expressed in terms of the total
jumping rates. In particular, the DK-values along the K-
direction are obtained from the second moment of the ISF
instead of the full width at half maximum of the Lorentzian line
shape for the quasi-elastic peak (the DSF). This analysis has
also allowed us to provide values of the diffusion coefficient
which are greater than previously reported.

The extension of this approach to surface diffusion at higher
coverages should be straightforward. An important issue is also
how to evaluate the so-called collective diffusion coefficient
which describes the density fluctuation relaxation of the adsor-
bates on the surface.31 In this context, the ISF can be calculated
from molecular dynamics or by solving the CL or Lindblad
master equations. The second moment should be now related
to the collective diffusion constant. In the diffusive regime, the
ISF still displays an exponential function of time, eqn (7), where
the dephasing rate has also to be expressed in terms of the
surface coverage but it should be considered as a parameter of
the theory. From this knowledge, de Gennes narrowing has
been reported in surface diffusion analyzed by He atom
scattering.4,5 Work in this direction is now in progress.
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