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Measuring the Gibbs free energy of mixing using
the concept of an osmotic engine

Dennis Wowern Nielsen (2 ** and Claus Helix-Nielsen
This manuscript develops a membrane-thermodynamic framework for quantifying the Gibbs free energy
of mixing in real binary solutions. Using an osmotic engine representation under pressure retarded
osmosis, the method links static and dynamic membrane-based osmometry to the excess Gibbs free
energy of mixing, enabling operational estimation of AGg from measurable osmotic and volumetric
responses. As an analytical perspective, the van't Hoff limit produces a simple colligative form that
connects the Henry-reference activity coefficient at infinite dilution to the dimensionless osmotic
pressure, highlighting the role of reference-state regularisation and the sensitivity to volume
assumptions. Beyond this limiting case, the framework provides a natural route to multicomponent
mixtures with electrolytes and non-electrolytes, predicts solvent-dependent shifts in reaction equilibrium
constants, and supports routine estimation of the Flory—Huggins solvent—polymer interaction parameter.

1 Introduction

In the realm of chemical phenomena taking place in the liquid
phase, assessment of Gibbs free mixing energy, AGy,;y, holds a
pivotal position. When examining a chemical equilibrium
reaction within an inert solvent, one may define a series of
steps: firstly, the dissolving of reactants, inducing a change in
Gibbs free energy, AGnix- Subsequently, a reaction must take
place, leading to the formation of reaction products, which, in
turn, results in a change in Gibbs free energy, AG,,. Finally, the
reaction products dissolve within the mixture, leading to yet
another term, AGR2Y. Thus at equilibrium

—AGpyn = AGEEE + AGRId (1)

Hence, the energies of reaction are inseparable from
energies of mixing, and like this it is argued that the measure-
ment of the chemical mixing energy is not merely supplemen-
tary to, but in many cases as essential as, the knowledge of
equilibrium constants for understanding specific chemical
reactions.

Consider for example a solution of protein P and ligand L
dissolved in a suitable solvent, typically water, entering the
chemical addition reaction P + L = PL. At equilibrium, the
chemical affinity constant, K,, is related to a set of
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=P =L ~PL
*I’ZPLRTana = (I’lP — an)AGmix + (l’lL — nPL)AGmiX +anAGmiX
+npr (Hpy — Hp — 1) (2)

Here, n represents the amount of substance of reactants or
products, R is the universal gas constant, T is the kelvin
temperature, AGp,;, signifies the change in partial molar
Gibbs free mixing energy of the reaction’s products or reac-
tants, and pu° represents the standard chemical potential of
formation for the reaction’s products or reactants. Since the
formation potentials remain constant and independent of the
inert solvent, mixing energies directly influence K,, making it a
system-dependent constant. This implies that by determining
both the mixing energies and formation energies for each
reactant and product, the equilibrium constant may be
determined.

If the reaction is predominantly shifted towards the product
side, eqn (2) can be further simplified as follows

_PL o N o
“RTInKy = AGyyi + ppr — #p — iy (3)

for np = ny.. Hence, by performing the measurements in a series
of different inert solvents, it is demonstrated that, at constant
temperature and pressure, —RTInK, is linearly dependent on
AGYL,. Consequently, if —RTInK, is determined from ITC
measurements in these various solvents and the corresponding
AGYL, values are measured, the typically inaccessible quantity
Hpp — Hp — f; can be estimated.

In summary, it is proposed that a reliable and precise
measurement of AGic across different inert solvents could
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significantly advance chemical research, and since dG = VdP at
constant temperature, this method is recommended for further
exploration in the context of osmometry.

Today’s commercial osmometers operate based on three
distinct principles: freezing point depression measurement,
which relies on osmotically active compounds lowering the
freezing point of a solution; vapor pressure measurement,
where osmotically active particles reduce the vapor pressure
of a solution; and osmotic pressure measurement, which
involves isolating a solution from pure solvent using a semi-
permeable membrane. While techniques such as freezing point
depression and vapor pressure osmometry are commonly used
to determine osmotic pressure differences, they are insufficient
for quantifying the volume displaced at osmotic equilibrium.*
As a result, these methods cannot estimate the work performed
on the surroundings, which is represented by the product of the
displaced volume and the osmotic pressure of the solution
prior to osmosis, arising from the spontaneous osmotic dilu-
tion process.

To overcome this limitation, conventional membrane based
osmometry is recommended, as it enables the simultaneous
measurement of both osmotic pressure and displaced volume.
This approach allows for the determination of osmotic work
exerted on the surroundings through two distinct methods: the
static and dynamic equilibrium methods.”

pfeffer’ pioneered the development of membrane-based
osmometers, enabling the simultaneous measurement of
osmotic pressure and displaced volume using the static
method, as illustrated in Fig. 1. This approach facilitates the
establishment of osmotic equilibrium for evaluating the pres-
sure difference. The resulting pressure, when multiplied by the
volume change in the solution compartment, quantifies the
work exerted on the surroundings.

However, highly concentrated, strongly non-ideal solutions
can generate osmotic pressures that, at equilibrium, lead to
liquid column heights on the order of hundreds of meters,
rendering them impractical for standard laboratory settings.
Since osmotic equilibrium is a reversible process that may take
an indefinite amount of time to establish, accurately measuring
osmotic pressure and volume change remains a challenge.

Moreover, this technique 1is influenced by several
factors, including membrane material, surface area, thickness,
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Fig. 1 Principal sketch of an arrangement performining static osmometry.
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selectivity, solvent and solute permeability, and the membra-
ne’s susceptibility to complete or partial swelling in the solvent.
Additionally, ambient pressure and temperature introduce
uncertainties. These variables may fluctuate over time, compli-
cating the determination of when osmotic equilibrium is
achieved. For instance, the kinetics of osmotic pressure devel-
opment in aqueous solutions, depending on sucrose solute
concentration, vary significantly under two conditions: con-
stant and variable solution volumes.® The rate of pressure
increase is notably higher under constant volume conditions
than under variable volume conditions, primarily due to the
significantly greater solvent flow in the latter. This effect
becomes more pronounced as sucrose concentration increases,
exemplifying the behavior of real sucrose solutions.

This challenge underscores the necessity of employing
dynamic membrane osmometry, where the extended time
required for solvent volume flow is reduced by artificially
increasing the pressure difference. Consequently, relying solely
on displaced volume and osmotic pressure to evaluate the work
in osmotic dilution processes using static membrane osmome-
try may be insufficient for determining the work done on the
surroundings.

In the dynamic equilibrium method, initially pioneered by
Berkeley-Hartley,” a counterpressure is applied to nullify any
consequential volume flux between the solvent and solution
chambers, see Fig. 2. Although this technique facilitates the
expeditious determination of the solution’s osmotic pressure, it
regrettably fails to furnish the requisite information regarding
the volume expansion that an unobstructed osmotic dilution
would have incurred. Consequently, the assessment of osmotic
displacement work remains unattainable via the dynamic
method.

To address the challenges associated with quantifying both
the osmotic pressure and the volume displaced at osmotic
equilibrium, this publication introduces the concept of an
osmotic engine, as illustrated in Fig. 3. This is a theoretical
thermodynamic framework that effectively merges static and
dynamic membrane-osmometry techniques.*” The approach
enables the computation of the Gibbs free energy of mixing of a
real binary solution and the corresponding excess Gibbs free
energy, and it also allows determination of the solute activity
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Fig. 3 Principal sketch of a concept arrangement which combines static
and dynamic osmometry.

coefficient, among other applications. The concept engine is
formulated as a cascade of cylinders that, in each stage,
processes an initial volume aV, where V¢ is the volume of a
single cylinder and 0 < o < 1. To ensure that subsequent
physico-chemical conclusions, e.g. expressions for AG,;x and
the solute activity coefficient, are apparatus-independent rather
than tied to a particular discrete engine concept design, the
continuum limit « — 1 is concidered. In this limit, the per-
stage increment becomes vanishingly small and the cascade
becomes effectively continuous, corresponding to the idealized
limit of infinitely many cylinders.

2 Theory

In the following, the binary Test solution is treated as a
practically incompressible liquid, so that volume changes dur-
ing osmotic dilution are ascribed to changes in composition
rather than to elastic compression. This keeps the modelling of
AGESS! focused on mixing non-ideality rather than on the ideal
or non-ideal elasticity of the liquid.

A binary solution consisting of solvent A and solute B at
constant temperature 7 and at the standard pressure P° is
considered. This concentrated Test solution containing n(A)
and n(B) is osmotically diluted to equilibrium by adding an
additional amount n”(4) of 4, yielding a more dilute solution
containing n(4) + n°"'(4) and n(B), hereafter denoted Test"",

The Test solution is regarded as a high-concentration state,
whereas the final state Test® represents a low-concentration
state. The controlled dilution process connecting these two
states is viewed as a chemical analogue of a Carnot process: the
difference in mixing free energy between the concentrated and
the dilute state is converted into mechanical work by an
osmotic engine, while the Gibbs free energy of mixing of the
solution changes.

The purpose of this section is to establish a simple opera-
tional relation between AGmix(12(4), 1(B)) = AGmix(Test) = AGS,
the Gibbs free energy of mixing in the initial Test solution,
AGmi(n(4) + nP(4), n(B)) = AGmix(Test®™) = AGIN2! the Gibbs
free energy of mixing in the final osmotically diluted solution,
and the reversible work associated with the osmotic dilution.

This journal is © the Owner Societies 2026
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2.1 Energy balance in the osmotic engine
The two-state balance is written as (arguments are omitted for
brevity):

AGRS — AGRR = —AGgk (4)

For convenience, the quantity
AGDil = —AGg,lSl (5)

is defined as the dilution work, i.e. the maximum reversible
work that can be delivered by the osmotic engine during
dilution. For a spontaneous dilution process, AG?yis1 < 0 is
obtained and therefore AGp; > 0 is obtained.

Throughout this work, a distinction is made between the
system free-energy change upon dilution and the work
extracted by the osmotic engine. The system free-energy change
is defined as AGgs = Grinal — Grest, and the maximum rever-
sible work delivered is defined as AGpj = fAG]S)yisl. With this
convention, AGp; > 0 1is obtained for spontaneous
dilution, and

AG(n(4), n(B) = AGwi (n(4) + n°(4), n(B)) + Ao (6)

This relation constitutes a chemical analogue of the
Carnot balance between two reservoirs and a machine: the
decrease in the system Gibbs free energy upon dilution is
converted into reversible mechanical work delivered by the
osmotic engine.

The dilution from (n(4), n(B)) to (n(4) + n"'(4), n(B)) is
assumed to be implemented in an osmotic engine. On the B-
side of an ideal semipermeable membrane, permeable only to
A, the solution is present, whereas pure A is present on the
opposite side. On the B-side, the pressure is increased by an
externally imposed counterpressure AP, such that the total
pressure is given by P° + AP. The volume of the solution in
the B-chamber is denoted V, with V(Test) corresponding to the
Test state and V(Final) corresponding to the final diluted state.
During an infinitesimal dilution step, the volume on the B-side
is increased by dViy, due to osmotic influx of 4.">"*

According to the Kedem-Katchalsky formulation of volu-
metric flux through a semipermeable membrane, combined
with Onsager’s linear irreversible thermodynamics'>™* and
Gibbs’ maximum work theorem at constant T and P°, the
reversible mechanical work delivered by the osmotic engine
in such a step is given by

Wrey = AP-dViy 7)

and this work is related to the differential change in the Gibbs
free energy of the closed system by

Wiey = —dGays (8)

Along a quasi-reversible Kedem-Katchalsky path from
V(Test) to V(Final), for which Jy — 0 is satisfied at each
intermediate state and the actual osmotic pressure, An = [An],
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approaches the applied counterpressure AP, integration yields

. V (final)
AG?ylsl = Gfinal — GTest = —JV(T ) AP( V)dV (9)
es

where AP(V) denotes the measured pressure difference
as a function of the solution volume V. With the definition

AGp; = fAGSDyiS], the dilution work is obtained as
V(Final)
AGp; = J AP( V)dV (10)
V(Test)

By insertion into the two-state balance for the mixing
free energy, the central operational expression is obtained
as

AGTSSt(I’l(A),n(B)) _ AGFinal (I’I(A) + nDil(A)7 n(B))

mix mix

¥ (Final) (11)
+ J AP(V)dV
V(Test)

In this representation, the analogy to a Carnot process is
rendered transparent: AGres and AGER play the role of two
chemical levels, whereas the integral [APd} represents the
work term, analogous to the area under a pressure-volume
curve in a mechanical cycle.**" For some systems, AP(V),
which coincides with the osmotic pressure An(V) at equili-
brium, can be represented analytically. Examples include van’t
Hoff ideality in the dilute limit,

)-RT

arH(yy = "B RT

- (12)

or i-n(B)-RT/V for strong electrolytes, where i denotes the
van’t Hoff factor, and MacMillan-Mayer virial expansions of
the form

% = ¢(B) + By¢(B)? + Bsc(B)* + ... (13)
with ¢(B) = n(B)/V and B,, B3, . .. denoting virial coefficients.?* In
such cases, the integral can be evaluated analytically, and
explicit expressions for AGLY and related thermodynamic
quantities can be obtained.

In the van’t Hoff ideal limit, the mixing free energy of the
Test solution can thus be expressed in terms of the osmotic

work as
AGy (n(A),n(B)) = AGLN (n(A) +nP'(A4), n(B))
(14)

V (Final)
1 J AP(V)AV
V(Test)

At osmotic equilibrium, AP(V) = An(V) is obtained, and the
dimensionless dilution factor

_ AV(Test)
Y= TV (Test). (15)
is introduced, such that
V(Final) = V(Test) + AV(Test) = (1 + )-V(Test) (16)
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Accordingly, the work integral is written as
AG (n(4),n(B)) = AGL (n(A) +nP'(4),n(B))

17)

(14)-V (Test) BRT
+ J &dy

V(Test) vV
which yields

AGriix(n(4), n(B)) = AGrix"(n(4) + n”"'(4), n(B)) + n(BRT'In(1 + )
(18)

The final, strongly osmotically diluted solution is used as a
residual osmotic reference state, i.e. a state for which negligible
remaining osmotic working capacity is present. To avoid con-
fusion with the absolute mixing free energy, the extractable

dilution work relative to the final state is therefore
introduced as
V(Final)
W v (Test — Final) = J AP(V)AV (19)
V(Test)

such that W,,;(Final — Final) = 0 is obtained by definition.
Along the quasi-reversible path considered here, W,y,i(Test —
Final) = AGp; is obtained and therefore

Waail(Test — Final) = AGoest — AGERA! (20)

It is emphasized that W,y is extracted work, ie. path-
dependent, whereas AG,ix is a state function.

For residual osmotic dilutions, a strongly diluted final state
is obtained and the excess contribution is reduced. In this
limit, AGE™! ~ 0 is assumed, such that AGER! ~ AGEinalideal j¢
obtained. The ideal mixing free energy of this residual osmotic
reference composition is defined as

AGEL, = AGEmabideal (21)
Here the superscript ref refers to the composition

of the residual osmotic reference state and the ideal-mixture

approximation, and no new thermodynamic potential is intro-

duced. Accordingly, an absolute estimate of AGray is
obtained as

AGESE & Wayain(Test — Final) + AG=E (22)
with 7" = n(4) + n"(4) and X' = n*Y (" + n(B))
AGES = (nfP + p(B))RT-(x3" In xi2! + xfinalln xfnal)  (23)

is obtained.

In the residual-dilution limit considered here, AGLI! is
therefore replaced by AGIL in the van’t Hoff expressions, ie.
in the regime where activity coefficients approach unity. By use

of the van’t Hoff relation for the Test volume, eqn (18) yields
AGEL(n(A), n(B)) = AGEL, + n(BRT'In(1 + ) (24)

and since An*"(Test) = n(B)RT/V(Test) is obtained, eqn (24) is
rewritten as

AGE (n(A), n(B)) = AGIL, + An*™(Test)-V(Test)-In(1 + ) (25)

This journal is © the Owner Societies 2026
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For sufficiently dilute Test solutions, a small osmotic pres-
sure is obtained, the osmotic influx is limited, and hence
W = AV(Test)/V(Test) « 1 is obtained, such that In(1 + ) ~ ¢
is obtained. In this limit,

AGY (Test) ~ AGHL + An"(Test)-V(Test)-y = AGk, +
A" (Test)-AV(Test) (26)

is obtained.

2.2 Riemann approximation and experimental
implementation

In most practical systems, An(V) is not available in a simple
closed analytical form. The dilution in the osmotic engine is
therefore implemented as a scanning, nearly reversible Kedem-
Katchalsky process; please refer to eqn (46). A sequence of
counterpressures AP, with k = 1, 2, 3 ..., is chosen. For each
APy, the system is allowed to evolve until the volumetric flux
approaches zero, Jy — 0, thereby defining a quasi-equilibrium
at this pressure. The solution volume in the B-chamber changes
from V;_; to V, and the corresponding volume increment is

AVip k= Vi — Vi (27)

In practice, the increments AVg,;, « can be fixed mechanically
by a well-defined displacement of a piston or crank mecha-
nism, so that the volume steps are determined by the geometry
of the apparatus. The braking torque, or applied load, is then
adjusted until the crank is at rest and the measured pressure
difference satisfies Jy ~ 0 at the new volume. When the crank is
at rest, the counterpressure APy is read, and AVg,, ; is obtained
from simple geometrical relations. In this way, a set of paired
data (AP, AVggps) is generated along a Kedem-Katchalsky,
nearly reversible path from V(Test) to V(Final).

The continuous integral for the dilution work,

V(final)
AP(V)dV
V (Test)

Ay = J (28)

is then replaced by the corresponding Riemann approximation.
Since AP, is measured at the end of step k, ie. at V4, the
approximation corresponds to a right-endpoint Riemann sum:

AGpi = Y AP AV i for AP = AP(Vy) (29)
k

Substitution into the operational expression for the mixing
free energy in the Test state yields the experimentally accessible
approximation

AG (n(A), n(B)) ~AGR! (n(4) +n!(4), n(B))

30
+ Z AP A VExp,k ( )
k

For residual osmotic dilutions, the final, osmotically diluted
solution is used as a residual osmotic reference state for which
the remaining osmotic working capacity is negligible and
activity coefficients approach unity. In this limit one may

This journal is © the Owner Societies 2026
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approximate AGLR! ~ AGTEL, refer to eqn (21), and therefore

mix (3 1)

AG™\(n(4),n(B)) ~ AG™, + Z AP AVExp i
T

The quality of the Riemann approximation depends on the
magnitudes of the steps AVgy,; and the resulting changes in
APy. If the steps become too large, the path becomes both
numerically coarse and thermodynamically irreversible, with
non-negligible entropy production in each step. In practice,
small and mechanically well-controlled volume steps and a
sensitive mechanical gearing are therefore advantageous for
maintaining Jy & 0 and a nearly reversible path. As a consis-
tency check, V(Final) can be obtained either from direct volume
readout or as V(final) = V(Test) + > AVexpi-

k

An electric brake engine or generator can be employed to
provide the required braking torque on the shaft of the osmotic
engine. For each step k, the braking current is adjusted until
the volumetric flux vanishes and the crank is at rest, Jy — 0.
The corresponding counterpressure AP is then determined,
the volume increment AVg,;, x is obtained from the geometry of
the apparatus, and the final volume V(Final) of the diluted
solution is measured or inferred from the step sum. In this
manner, all quantities required to evaluate the Riemann
approximation and thus AGrx(n(A), n(B)) for a given practically
incompressible binary solution are obtained experimentally.

Moreover, if the paired values of the braking current Iy ake
and the corresponding electromotive force Upyake are recorded
for each step k, the electric brake engine can simultaneously be
operated as a generator. In that case, the PRO dilution step and
the corresponding RO concentration step may be viewed as two
branches of a closed electro-osmotic cycle, formally analogous
to cyclic voltammetry. This opens the possibility of representing
the osmotic engine as a cyclic voltammogram in the
(Ubrakes Iprake)-plane. In the quasi-reversible limit and neglect-
ing electrical losses, or after calibration, the electrical work
delivered over a closed electro-osmotic cycle equals the osmotic
work, so that the area enclosed by the loop in the (Uprake, Ibrake)-
plane is proportional to W,y,; and hence to —AGEyis!. Such a
representation may be particularly appealing when the solute B
undergoes conformation changes or other structural rearrange-
ments during dilution; in such systems, modifications
of the loop shape or hysteresis could provide an experimental
handle on slow, conformation-dependent contributions to
AGE(n(A), n(B)).

2.3 The conceptual osmotic engine

An idealized, conceptual osmotic engine is considered, consist-
ing of two reservoirs separated by a semipermeable membrane.
The engine comprises at least three cylinders, each with a fixed
volume Vg, all connected to a common crankshaft. At least
three cylinders are used to ensure continuous torque delivery
on the crankshaft while one cylinder is in the working stage.
The engine operates through an osmotic cycle with three
distinct stages. In the filling stage, F, a cylinder is partially
charged with a volume «V; of the Test solution with density
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p(Test). During the working stage, W, this volume is osmotically
diluted while mechanical work, W, is delivered to the crank-
shaft and thereby to the surroundings. In the exhaust stage, E,
the osmotically diluted Test solution with density p(Test) is
discharged, and the cycle is repeated. The cylinder sequence
can thus be summarized as (¥, W, E), with only one cylinder in
the working stage at any given time.

The pressure contribution is associated with the actual
osmotic pressure of the Test solution, and the change in
cylinder volume, AV, is confined to

AVe = (1 — o) Ve (32)

where « denotes a filling fraction between zero and one.

The first reservoir is filled with the pure solvent A, whereas
the second reservoir contains solute B dissolved in A to form a
non-reactive binary Test solution. Initially, the Test solution
occupies the volume oV within the working cylinder. The
system is characterized by an observed osmotic pressure dif-
ference An°"(Test) relative to the pure solvent. Operationally,
in the quasi-reversible limit, An°®5(V) denotes the counterpres-
sure AP required to reach a quasi-equilibrium condition i, — 0
at the corresponding cylinder volume V, so that An°®(V) = AP(V)
along the quasi-reversible path.

A hypothetical free-expansion equilibrium volume V¢! is
defined as the volume that would be attained if the piston
were allowed to expand freely against the surroundings, i.e.
with vanishing applied counterpressure. In addition, a critical
stall osmotic pressure An2i*(Test) is defined as the counter-
pressure at which the piston cannot advance further within the
admissible expansion range between oV and V¢ under quasi-
equilibrium conditions Jy — 0, i.e. the limiting mechanical
equilibrium where the net driving pressure across the
membrane is balanced by the applied counterpressure and
the piston velocity vanishes.

Moreover, it is observed, see SI: the concept of the osmotic
engine, that Anoh¥(Test) — An°"S(Test”"), the residual osmotic
pressure, as & — 1. For a more detailed description of the
osmotic engine, reference is made to Fig. 4 and 5, as well as to
the SI: the concept of the osmotic engine.

2.4 Non-ideal solutions

At osmotic equilibrium, the corresponding change in cylinder
volume of the Test solution, AVZ(Test), is given by

AVEY(Test) = VE(Test) — aVg (33)

A convenient determination of V¢i(Test) can be achieved by
recirculating the exhaust volume back into the Test solution, so
that the solution is gradually diluted. At a certain dilution step,
the critical osmotic pressure, Ano*(Test), becomes equal to the
hydrostatic pressure associated with a column height between
the initial cylinder volume «V¢ and the final cylinder volume
Ve, at which point the engine stalls.

When the system is brought to osmotic equilibrium,
the resulting membrane flux is reduced to Jy — 0, and the
actual osmotic pressure is obtained from the measured
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counterpressure, APy, in the cylinder compartment. This mea-
sured pressure is paired with the corresponding volume incre-
ment AVg,,r, determined from straightforward analytical
geometry. Accordingly, using eqn (30), the measured Gibbs free
energy of mixing can be expressed in the residual-dilution
approximation as
AGE (n(A),n(B)) ~ AGSE + > " AP - AV (34)
k

Here the cumulative experimentally imposed volume change

is identified with the equilibrium expansion,

> AVegk = AV (Test) (35)
k

and therefore

Vrinal = V(Test) + AVE(Test) = (1 + )-V(Test)  (36)

If the residual-dilution approximation is not invoked, the
corresponding expression is instead written as

mix mix

AGTesl(n(A)7n(B)) ~ AGT (n(A) + nDil(A),n(B))

37
+ Z APy - AVepk (37)
k

Final

which reduces to eqn (34) when AGnix = AG™, ie. in the
strongly diluted regime where the excess contribution becomes
negligible.

From the above, it follows that when V&l(Test) < V, the
operational cylinder is brought to rest, the osmotic cycle is
interrupted, and the engine comes to a complete stop. It should
also be noted that V¢!(Test) approaches V. arbitrarily closely as
o approaches unity.

The dilution of the Test solution up to the point at which the
engine stalls, and thereby the determination of the critical
dilution factor ¥, can be carried out in a straightforward
manner with the osmotic engine. This dilution factor is
closely related to the hypothetical osmotic equilibrium volume
V&i(Test) of the Test solution and the cylinder volume V. Since

AVEY(Test) = V& (Test) — aVg (38)
it follows that
Vel (Test) = aVg + AV (Test) (39)

If the critical dilution factor is defined relative to the initially
loaded Test volume,

_ AVE (Test)
¥ = ZT (40)
then
Vel(Test) = (1 + y)-aV¢ (41)

For a more detailed description, the reader is referred to
Fig. S9 and to the SI: calibrating the conceptual osmotic engine.
Within the present framework of non-reactive binary solutions
and the quasi-reversible operating conditions described above,

This journal is © the Owner Societies 2026


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5cp03542b

Open Access Article. Published on 07 April 2026. Downloaded on 4/28/2026 8:40:09 PM.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

PCCP

. Cylinder head
Semipermeable

Solvent
membrane
v2
Fill valve Exhaust valve
1 V3
Test solution = Diluted Test solution
p(Test) p(Test)
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\\;
Piston with
Connection piston ting
rod
Crankshaft

(a) Osmotic cylinder prepared to harness the osmotic energy potential in

the Test solution.
Fig. 4
nozzle, the condition (APk)Jvzo can be measured.

o

)

(a) In its most basic configuration, the engine comprises three cylinders.

Fig. 5
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Aﬂ,’”bs(Test) il oy Véq(Test)
O
@)
(1—a) P+  fVe e
b
ARl (Test) 1
0— aVC ................................
Pressure-levelling nozzle
Manometer

to the atmosphere

(b) An osmotic cylinder configured as an osmometer.

(a) In this embodiment, it is preferable that the membrane area, Ay, exceeds the piston cross-section, Ac. (b) By adding a pressure-levelling

Diluted
Test
solution
Solvent
Test P ‘ ’ *
solution x
S e i T T e

| l . o=l

(b) In its most advanced design, the osmotic engine can be extended
with a pressure exchanger P, and large membrane areas.

(a) Star engine configuration: when « = 1/3 the engine has three cylinders. (b) Inline engine viewed from below: when o = 1/2 it has four cylinders.

The pistons move downward as in Fig. 4(b) when the system acts as a membrane osmometer. For clarity, pressure nozzles, manometer and crankshaft

are omitted.

the Gibbs free mixing energy at constant temperature is then
evaluated from eqn (34).

In the dilution scenario where the engine stalls, the osmotic
pressure of the diluted Test solution is referred to as the critical
osmotic pressure, An25*(Test). In this limiting state, the piston
cannot advance further within the admissible expansion range,
and the system is at quasi-equilibrium with J;, — 0. The piston
is positioned between the least osmotically diluted liquid

This journal is © the Owner Societies 2026

column, aV/Ac, and the most osmotically diluted, V/Ac, where
Ac represents the cross-sectional area.
As shown in the SI: calibrating the conceptual osmotic
engine, under the present geometric calibration one obtains
0 < An%3S(Test) < (1 — o)P° (42)

where P° = 1 bar is the standard pressure.
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2.4.1 A practical application. The capability to estimate the
Gibbs free energy of mixing through eqn (34) for a real binary
solution carries significant scientific and technical interest. In
particular, once the absolute mixing free energy of the Test
composition, AGrx(1(4), n(B)), has been estimated through the
measured osmotic work together with the residual-reference
correction introduced above, the corresponding Gibbs free
excess energy, AGg, can also be estimated. This is of practical
relevance, for example, in the assessment of parameters such as
the Flory-Huggins interaction parameter, y, for a real binary
polymer-solvent solution.®® For this special case, the general
notation is specialized such that the solvent 4 is identified with
S and the solute B is identified with the polymer P. The figures
below illustrate conceptual osmotic-engine configurations rele-
vant to such practical implementations.>>*®

In the present context, AGmx(n(4), n(B)) denotes the
absolute mixing free energy of the Test composition, whereas
AGHaFH((4), n(B)) denotes the corresponding Flory-Huggins
ideal (combinatorial) mixing contribution evaluated for the
same composition and within the same reference frame. Under
this condition, the excess energy of the Test solution is
estimated as

AGg = AGESK (n(S), n(P)) — AGISs2 M (n(S), n(P)) (43)
Thus, for a real binary polymer-solvent solution treated
within the Flory-Huggins framework, the experimentally esti-
mated AGh(n(4), n(B)) may be combined with the corres-
ponding ideal Flory-Huggins mixing term to obtain AGg, and
thereby the interaction parameter y. In this polymer-solvent
specialization, the Flory-Huggins quantities are written as

AGEg

“RT(S) o) (a4)

X

where

A Gideal‘F H

Zmix — p(S) - In@(S) + n(P) - In p(P)

RT (45)

Here, n(S) denotes the number of moles of solvent, and n(P)
denotes the number of moles of polymer chains in the Flory-
Huggins reference description. Likewise, ¢(S) and ¢(P) denote
the volume fractions of solvent and polymer, respectively
(not to be confused with the osmotic coefficient of the Test
solution). Finally, y = x(¢(P), T) denotes the Flory-Huggins
interaction parameter between solvent and polymer.

2.5 van’t Hoff ideal solutions

The transport of liquid through a membrane is a non-
equilibrium process and is therefore most naturally described
within the framework of irreversible thermodynamics. Follow-
ing the seminal developments by Kedem and Katchalsky'*™**
and subsequent contributions,’>'® membrane transport
in binary systems is commonly modeled in terms of coupled
driving forces. In the near-equilibrium regime, the volumetric
flux, Jy, is governed by the competition between the
osmotic pressure difference, An, and the hydrostatic pressure
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difference, AP. In the present work, Jy is considered under PRO
conditions; accordingly, the sign of Jy follows the PRO flux
direction implied by the adopted sign convention for AP and
Ar, and may therefore appear reversed relative to the conven-
tion often used for RO. For a semipermeable membrane
separating two non-reacting components—e.g., a solvent A
and a solute B—the volume flux may be written as

Jv=Ly(64n — AP) for 0 < AP < o4n (46)

where L, is the hydraulic permeability of the membrane. The
parameter ¢ is the solute reflection coefficient and quantifies
membrane selectivity: if ¢ = 0, the membrane offers no selec-
tivity and B can pass freely; if ¢ = 1, the membrane is ideally
semipermeable and B is completely rejected. For macromole-
cular solutes, a typical expectation is ¢ ~ 1 when using a
reverse-osmosis-type membrane, ie. the solute is effectively
retained. In the following, the membrane is assumed to be
perfectly semipermeable, which precisely corresponds to set-
ting ¢ = 1. Because Jy is the total volume flow per membrane
surface area, Ay, it follows that

1 oV
———=J 47
Avm Ot v ( )
where V represents the volume of the compartment where the
solute is dissolved. It follows from eqn (46) that the process
power, OW/0t, is expressed as

ow

T2 — AyLy(An — AP)AP

5 (48)

where W represents the pressure-volume work executed during
the spontaneous transport process. Notably, 0W/0t, the power
transferred to the crankshaft, 1z wg, can be estimated from the
chosen torque, 7, and the measured crank angular velocity, wg,
on the crankshaft of the engine. Hence, depending on the
chosen tg, the engine operates between two distinct modes:
reverse osmosis if wg < 0 and pressure retarded osmosis if
0 < oy < max(wg).>"*°

In the subsequent section, the van’t Hoff relation for the
osmotic pressure difference, eqn (12), is adopted as an initial
approximation. If this ideal assumption proves inadequate, the
framework may be refined through the incorporation of higher-
order corrections via MacMillan-Mayer virial coefficients,*?
which are expected to constitute the dominant contribution
in a more realistic treatment. Accordingly, eqn (59) and (71) are
presented as the leading-order results of a first-order virial
correction. Furthermore, the osmotic engine may be realized
either as a concrete measurement device, for example to
determine the Flory-Huggins interaction parameter in
eqn (44), or as an idealized engine for theoretical investiga-
tions, analogous to the Carnot heat engine.

The osmotic engine consists of a cylindrical configuration,
as depicted in Fig. 4(b). The operation of the piston involves
oscillating between three pivotal positions: initially resting in
the vacant state denoted as P; and transitioning to the sub-
sequent state containing a pristine, undiluted Test solution
labeled as P,. Upon reaching position P,, solvent permeation
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through a semipermeable membrane is initiated, engaging in
PV-work until the system arrives at the concluding position P;,
thereby instigating the discharge process. Subsequently, the
cylinder returns to position P; to commence the cycle anew.
Throughout the working stroke, the solute amount 7n¢(B) in the
initial volume aV at P, remains constant. A decrease in the
actual osmotic pressure, denoted as [An(Test)], occurs within
the range from An""(Test) to adn"(Test). This decrease is due
to an increase in solvent volume, as described by eqn (12),
where o represents the initial fraction of the cylinder volume V¢
filled with undiluted Test solution. The change in Gibbs free
energy of mixing is calculated by defining AP as directly
proportional to [An(Test)], with a constant k, 0 < k < 1, along
the dynamic branch. The limiting case k — 1~ corresponds to
the quasi-static stall limit, whereas k = 0 corresponds to a static
membrane-osmometer-like configuration.®'»**

The volume is arbitrarily set at aV at the start of the working
stroke, causing an increase in volume and a decrease in actual
osmotic pressure. Hence, it follows from eqn (46) and (47) that

v
ot

= AumL, - ([An(Test)] — AP)
(49)
= AuL, - nc(BRT - (1 — k)%

At the time ¢ = 0 the piston initiates its working stroke,
V9(0) = aV¢, and thus eqn (49) is integrated to

O (1) = \/ZAMLp -nc(B)RT - (1 — k)t + (aVe)*  (50)

The time needed to complete the working stroke, I'?, is
identified through eqn (50) as

o (z:r(g’) = Vc:\/zAMLpnC(B)RT(l Y+ (V)=

ro_ (1=2)ve
€ " 24yLync(B)RT-(1-k)

(51)

The time needed to make the engine complete one cycle,
'Y, is identified as the product of the number of engine

, and the time needed for one piston to

2
pistons, N =1 %
complete the working stroke, I'Y, ie.

ry =n.rf
B (1+2) VP (52)
" AmL,-nc(B)RT-(1-k)

The angular velocity, of”, of the crankshaft is expressed as
the reciprocal value of I') multiplied by 2z

0 _ 2n
COE = W
E
(53)
AmL, - nc(B)RT - (1 — k)

=2 (1+a)Vd

where = is the mathematical constant, not to be confused with

This journal is © the Owner Societies 2026
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osmotic pressure. Assuming mechanical losses in the engine to
be negligible, the power measured on the crankshaft is equal to
the product of its angular velocity, wg, and the applied torque,
g, due to only one piston being in its working stroke at any
given time. Hence, combining eqn (48) and (53) yields

ow 0 0
o = w(E)~r§E)
AmL 'HC(B)R7 '(1 —k) (0)
= | 2m- P . =
( m (I+o)V E
(54)
(0) nC(B)IU
==V (]
T o (1+a)k

Ve
“2AmLy -nc(BIRT - (1 — k)1 + 2V

Eqn (54) is valid along the dynamic branch 0 < k < 1. The
stall torque is therefore obtained as a limiting value, not by
direct substitution at k = 1, namely

max{r(EO)} = klir?i T(EO) (55)

Taking this limit in eqn (54) yields

1 1
max{rg))} :ﬂ~nC(B)RT~< +ac>

. (1 O—; a) (56)
- (ﬂ> A" (Test) - Ve

o

from which it follows that the van’t Hoff ideal osmotic pressure
of the Test solution is expressed as
max{0'}

AnH (Test) =2 (2 ) - 7
n'" (Test) = 2n (1+a) Ve (57)
and like this
max{r"bs}
0 (Test) = 2m- (—2—) - E 58
(Test) = 2n (1—0—51) <VC~AnVH(Test) (58)

obs

where 0°°(Test) and max(2>) are the observed osmotic coeffi-
cient and the stalling torque of the Test solution.

In the present reference convention, the following expres-
sion represents the absolute van’t Hoff estimate of the mixing
free energy, obtained by adding the residual reference contri-
bution to the extractable osmotic work term. When eqn (25)
and (57) are combined, the van’t Hoff contribution to the
mixing free energy is obtained as

— A Grcf

mix

AGH”

mix

+2on- (1 ia> . maXiZE)} - V(Test) - In(1 4 )

(59)

where  is determined either by the dilution procedure
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outlined in the SI: calibrating the conceptual osmotic engine,
or, when volume additivity is assumed between the pure solvent
A and the Test solution, by applying eqn (S28) or eqn (529). By
construction, inserting eqn (56) and (57) into eqn (59) recovers
eqn (25) in the van’t Hoff limit. The latter is regarded as the
zero-order perturbation for a real binary solution, i.e. AGY) =
AG¥L. . To deduce, for example, the first-order perturbation, the
MacMillan-Mayer expression including the second virial coeffi-
cient is substituted into the Kedem-Katchalsky relation in
eqn (46), and (49) is re-integrated. This procedure is employed
to extract the contribution of order ¢ in the perturbation
expansion, while all terms of order ¢ and higher are system-
atically neglected.

2.5.1 A theoretical perspective. The excess Gibbs energy,
AGyg, is defined as the difference between the actual Gibbs
energy of mixing, AGnix, and the ideal Gibbs energy of mixing,

AG¥ = RT(n(A)ln x4 + n(B)In xy) (60)

Hence,

AGg = AGpix — RT(n(A)ln x, + n(B)ln xp) (61)

thereby adopting Raoult’s reference frame, i.e. ideal behaviour
of each component in its pure state, as the zero point for the
subsequent mathematical treatment. The activity coefficient of
component B, y5, is defined via the partial derivative of AGg
with respect to n(B), at constant T, P, and n(A)

g - L (086
B T RT on(B)

Upon substituting eqn (61) and noting that, for constant n(A)
with ny = n(A) + n(B)

(62)

n(B) (n(A)Inx4 +n(B)Inxg) =Inxp (63)
it follows that
OAGH

W =RTIn XB (64)

Inserting eqn (64) into eqn (62) yields

1 (OAG

R_ 1 mix \

In7 RT( on(B) ) Inxj (65)

where —In x; is the ideal Raoult-reference term, and deviations
from ideality are captured by the remaining term.

According to eqn (25), for van’t Hoff ideal solutions, it
follows

AGE (n(4), n(B)) = AGEE, + An"H(Test)-V(Test)-In(1 + )
(66)
However, even if AG™L, becomes numerically small in the
dilute limit, its composition derivative need not be small.
Therefore, AG™f, ~ 0 does not in itself imply that OAGEEE,
/on(B) ~ 0.

Phys. Chem. Chem. Phys.

View Article Online

PCCP

With this choice, eqn (65) can be rewritten as

0

1
R ref vH . . _
Iny} “RTon(B) (AGE +An"" (Test)- V(Test)-In(1+)) —Inxp

mix

1OAGE 1 9

“RT on(B) ' RTOn(B)

(n(B)RTIn(1+))~Inxp

(67)
In accordance with eqn (S77) it follows that
I 9AG, ~Inx (68)
RT on(B) "

for small values of n(B) in the van’t Hoff ideal case. Under this
approximation,

InyR :é%(AGﬁX +An"™(Test) - V' (Test) - In(1+)) —Inxp
= n(B)In(1 ) “
on(B)

This expression also holds within the working cylinder
of a conceptual osmotic engine with a large number of
cylinders.*® In the SI, calibrating the conceptual osmotic
engine, it is shown that nc(B)oy/ong(B) = n(B)oy/on(B),
yielding

o) 20 AR(Tesn
‘on(B) — A#(Test) + 1

(@)

according to eqn (543), and where m(B) is the solute molality.
This result is derived under the additional assumption of
volume additivity between A and B. Note that the dilute-
solution approximation iy ~ An(Test) is used in the derivation
of eqn (70). Hence, it follows

(Art(Test) + 1 + m(B) - M(B)
(70)

Aft(Test)

Iny® = —_—
175 (1 + AR(Test))?

In(1 4+ Ar(Test)) +

X (Aft(Test) + 14 m(B) -M(B) - (W))
(71)

The Raoult-law activity coefficient, 75, may be identified
for a volatile component B through its fugacity fz(x,T,P)
according to

fB(-xB7 T, P) = XB}'EP;; = P;; = lim

xp—1

(fB(XiaBTv P )) (72)

where Py is the vapour pressure of pure B. Consequently,
y§ — lasxg — 1.

For completeness, one may also introduce a Henry-scale
activity coefficient, 75, through

fe(xp, T, P) = xp)iHp =
(fB(xB7 T7 P))

XB

7
,\‘BHO
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where Hy is Henry’s constant. Combining eqn (72) and

(73) gives
Hp

which corresponds to a change of standard state between
Raoult and Henry conventions. In the present work, however,
eqn (71) is derived on the Raoult scale. Therefore, eqn (71)
should be interpreted as a Raoult-reference result. A further
Henry-normalized interpretation would require an additional
asymptotic analysis to demonstrate explicitly that y5 — 1 as
xz — 0, which is not established here.

Perspective and limitations: while eqn (71) is algebraically
consistent within the present osmotic-engine framework, quan-
titative use of the resulting estimate of Iny} requires caution.
The dominant sensitivity enters through the treatment
of the solution volume in the dilute limit. In particular, the
auxiliary assumption of volume additivity, V(Test) = n(A)V, +
n(B)Vs, is only asymptotically justified as n(B) — 0 if the
partial molar solute volume approaches its infinite-dilution
value V3° in a controlled manner. Replacing this limiting
partial molar quantity by the pure-component molar volume,
V5 ~ Vi = M(B)/p(B), is a crude closure: for many solutes,
Vi differs substantially from Vj because solvation/structuring
effects, compressibility differences, and excess mixing volumes
shift the effective volumetric contribution of a single dissolved
molecule away from its pure-liquid value. Consequently, the
density-based term in eqn (70) and therefore the corrective
contribution in eqn (71) can be biased in both magnitude and
sign for specific solute-solvent pairs.

A second, independent source of fragility is the dilute-
solution approximation ¥ = Af(Test) used in deriving
eqn (70). This step suppresses higher-order coupling between
osmotic work capacity and composition-dependent volume
changes, i.e. it effectively truncates the concentration expan-
sion at a stage where real solutions may already exhibit mea-
surable non-ideality in Ax and in the partial molar volumes. In
the same spirit, the van’t Hoff ideal input, eqn (66), should be
read as a conceptual limiting case rather than a quantitative
model for arbitrary dilute mixtures, since real systems may
deviate from van’t Hoff behaviour due to association, specific
interactions, or, for electrolytes, non-colligative contributions
that are not captured by the present closure.

By analogy with Carnot’s ideal heat engine, the osmotic-
engine construct remains useful as a unifying conceptual
scaffold: one may envisage successive perturbation expansions
of Iny% in powers of concentration, provided that volumetric
inputs are treated in a controlled manner, e.g. via V5 rather
than V. As a natural next step toward a more robust dilute-
theory closure, one can re-derive an eqn (71)-type relation using
a MacMillan-Mayer virial description of the osmotic pressure,

n(B)RT n(B

2
Am(Test) = m+eRTBz (Weit)) +0(&)  (75)

(74)

where B, is the second osmotic virial coefficient of the solute B
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dissolved in the solvent A. In this view, higher-order terms
admit a molecular-interaction interpretation, promoting mea-
surable virial coefficients and infinite-dilution partial molar
volumes to controlled inputs for activity predictions in complex
solutions.

3 Summary

A membrane-thermodynamic framework, termed the osmotic
engine, is developed to determine the excess Gibbs free energy
of mixing, AGg, in real binary solutions from measurable
osmotic and volumetric responses under pressure-retarded
osmosis, PRO, conditions. In the van’t Hoff limit, the theory
provides a leading-order colligative perspective linking the
Henry-reference activity coefficient at infinite dilution to the
dimensionless osmotic pressure, while clarifying its sensitivity
to volume assumptions and reference-state regularisation. The
framework extends to multicomponent mixtures containing
electrolytes and non-electrolytes, captures solvent-dependent
shifts in reaction equilibria, and supports routine estimation of
the Flory-Huggins solvent-polymer interaction parameter.

Author contributions

Dennis Wowern Nielsen wrote the first draft, and Dennis
Wowern Nielsen and Claus Helix-Nielsen contributed equally
to the final version.

Conflicts of interest

The authors declare no conflicts of interest.

Nomenclature

Ac Cylindric cross sectional area, [m?]

Ay Membrane surface area, [m”]

o Fraction of cylinder volume in osmotic engine, [—]

C, The nth cylinder, n € {1, 2, 3, .. .}, [—]

E, The nth exhaustion stroke, [—]

F, The nth filling stroke, [—]

W, The nth working stroke, [—]

AG The change of the Gibbs free energy, [J]

AGpix  The change of the Gibbs free energy of mixing, [J]

AGERY  The change of the Gibbs free energy of mixing of
reaction products, [J]

AGHix The change of the Gibbs free energy of mixing of
reactants, [J]

AGhix  The change of the partial molar Gibbs free energy of
mixing, [J mol ']

AGry,,  The change of the Gibbs free energy of reaction, [J]

AGgxcess The change of the Gibbs free excess energy, [J]

g The gravitational constant, [9.82 ... m s~ 2]

I'c The time needed for one single cylinder to perform the
working stroke, [s]

I's The time needed for one engine revolution, [s]
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Ah

AP cri

<

Y
R
(Test)

p
0(Test)

The travel part between the cylinder volumes oV and

Vc, [m]
The van’t Hoff factor, [—]
The volume flow across the semipermeable

membrane, [m®> m™? 5]

The load on the crank shaft, [—]

The chemical affinity constant for an arbitrary addi-
tion reaction, [M "]

The solvent permeability coefficient across the semi-
permeable membrane, [m* N~ ' s7]
The standard chemical potential
[J mol™ ]

Amount of substance, [mol]

The number of engine cylinders, [—]
The crank angular velocity, [rad s~ ']
The actual pressure difference of the working cylinder
under osmotic dilution, with respect to the pure
solvent compartment, [N m™?]

The pressure caused by a column of liquid with the
density of pg(Test), [N m 7]

The mathematical constant pi, [3.14 .. ]

The critical dilution factor, which causes the osmotic
engine to a complete halt, [—]

The osmotic pressure of a binary solution, [N m™?]
The universal gas constant, [8.31 ] K~ mol ']

The density of a Test solution, [g cm ]

The density of a Test solution after osmotic dilution in
the working cylinder, [g cm™]

of formation,

Peri(Test) The critical density of a Test solution after osmotic

T
V(Test)
Ve

vea
AVFoP

owJot

dilution in the working cylinder, [g cm ]

Kelvin temperature, [K]

The volume of a Test solution, [m?]

The volume of a single cylinder in the osmotic engine, [m?]
The osmotic equilibrium volume, [m?]

The increment of volume of a real binary Test
solution with its own solvent resulting in an osmotic
pressure less than or equal to the critical osmotic
pressure, [m’]

The PV-work done on the surroundings during osmo-
tic dilution, [J]

The engine power measured on the crank, [J s']
Henry’s constant for the solute B, [N m 7]

The vapour pressure of pure solute B, [N m ]

The Raoult-based activity coefficient of solute B, [—]
The Henry-based activity coefficient of solute B, [—]
The Raoult-based activity of solute B, [—]

The Henry-based activity of solute B, [—]

Data availability

Supplementary information is available. See DOI: https://doi.
0rg/10.1039/d5¢cp03542b.

All arguments and derivations supporting the findings of
this study are included within the article. No additional data
were generated or analyzed.
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