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Realistic finite temperature simulations for
the magnetic and transport properties
of ferromagnets

Hung Ba Tran * and Hao Li

Spontaneous magnetization cannot be accurately estimated using the ordinary classical Heisenberg model

because the quantization effects are neglected, especially in low-temperature regions where experimental

observations follow Bloch’s 3/2 power law driven by magnon thermal excitation. The spontaneous

magnetization of body-centered cubic (bcc) iron (Fe) is elucidated based on first-principles calculations by

considering phonon and magnon fluctuation effects. The magnetic exchange coupling constants (Jij) are

derived while incorporating thermal lattice vibration effects, achieving a more realistic temperature

dependence of Jij of bcc Fe. Our Monte Carlo simulations showed that thermal lattice vibration effects

reduced the Curie temperature from 1503 K to 1060.9 K, closely matching the experimental value of

1043 K. The temperature dependence of spontaneous magnetization is significantly improved when the

quantization effects are considered, using Bose–Einstein statistics for thermal spin fluctuation effects. The

well-known discrepancies in spontaneous magnetization between the ordinary classical Heisenberg model

and experimental results are resolved, particularly in the low-temperature regime. Additionally, we elucidated

finite-temperature electronic structures by accounting for thermal lattice vibration and thermal spin

fluctuation effects. The temperature dependence of electrical resistivity is well reproduced by using the

Kubo–Greenwood formula as a linear response theory with thermal lattice vibration and thermal spin fluc-

tuation effects. Our findings highlight the importance of considering both thermal lattice vibration and ther-

mal spin fluctuation effects with Bose–Einstein statistics when modeling ferromagnetic materials, thus

enabling more precise predictions of magnetic and transport properties at finite temperatures.

1 Introduction

Spontaneous magnetization in ferromagnetic materials, such as
body-centered cubic (bcc) iron (Fe), is a fundamental characteristic
that describes how magnetization fluctuates with temperature in
the absence of an external magnetic field.1,2 A comprehensive
understanding and accurate modeling of this behavior are essen-
tial for various applications, including soft magnetic, hard mag-
netic, and spintronic materials, where spontaneous magnetization
relates to exchange stiffness, spin wave stiffness, and magneto-
crystalline anisotropy constants.1,3,4 Experimentally, spontaneous
magnetization is determined by extrapolating magnetization ver-
sus field (M–H) measurements to zero fields across different
temperatures.1,5 Theoretical simulations typically employ a multi-
step approach: first, the electronic structure of the material is
computed using density functional theory (DFT); next, magnetic
exchange coupling constants ( Jij) are derived by using linear
response theory to parameterize a classical Heisenberg model;

finally, this model is solved through Monte Carlo simulations to
predict temperature-dependent magnetic properties.6 The accu-
racy of these simulations is often assessed by comparing the
calculated saturation magnetization and Curie temperature with
experimental findings.7 While DFT can yield precise values for
saturation magnetization, accurately reproducing the Curie tem-
perature remains challenging because the electronic structures are
ground states at absolute zero (0 K) with no finite temperature
effects.7 Enhancing the accuracy of these simulations is crucial for
developing materials with optimized magnetic performance for
technological applications. Alternative approaches for calculating
finite temperature magnetism, such as mean-field approximations
or high-order Green’s function methods.8

Furthermore, the temperature dependence of spontaneous
magnetization in Monte Carlo simulations of the classical
Heisenberg model, which has the critical behavior expressed
as m(T)/m(0) = (1 �T/TC)b, diverges from experimental results,1

except when temperatures are near the Curie temperature, as
illustrated in Fig. 1. In the low-temperature regime, Monte
Carlo simulations using the classical Heisenberg model tend
to overestimate the reduction in the magnetization curve due to
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thermal excitation. This discrepancy arises because these simu-
lations rely on Boltzmann distributions, whereas the thermal
fluctuations of spin moments, represented as magnons, follow
Bose–Einstein distributions.2,9,10 In this context, experimental
magnetization typically follows Bloch’s 3/2 power law as
m(0) � m(T) = a(1 � T/TC)3/2, which is obtained by applying
Bose–Einstein distributions to the magnon density of states to
quantify the thermal fluctuations affecting the magnetization
curve. However, Bloch’s 3/2 power law also fails to accurately
represent the spontaneous magnetization observed in experi-
ments within an intermediate temperature range. This failure
of Bloch’s law at intermediate and high temperatures might
arise from the assumption that the magnon density of states
remains unchanged at finite temperatures.

One approach to improving the magnetization curve at low
temperatures is to employ the quantum Heisenberg model or
Ising model instead of the classical Heisenberg model.9–11

However, the quantum Heisenberg model is computationally
intensive even for medium-sized systems and encounters sign
problems when magnetic exchange coupling constants are
frustrated.9,10,12 The Ising model’s restriction on the spin direc-
tion can create an energy barrier against thermal fluctuations in
the spin system at low temperatures, resulting in a flattened
magnetization curve that resembles frozen spins.9–11 This artifi-
cial behavior contrasts with Bloch’s 3/2 power law observed
experimentally. The temperature dependence of spontaneous
magnetization provides insight into thermal spin fluctuation
effects. Comparing these calculated transport properties with
experimental results allows us to validate the accuracy of our
finite temperature model.13–15 In such cases, both thermal lattice
vibration and thermal spin fluctuation effects are essential for
estimating the transport properties of ferromagnetic materials,
such as electrical resistivity.13–15

In this study, we investigate the magnetic and transport
properties of bcc Fe by integrating first-principles calculations
with Monte Carlo simulations. We compute the magnetic

exchange coupling constants while incorporating thermal lattice
vibrations, modeling multiple atomic displacements using the
coherent potential approximation (CPA). By considering magnon
quantization via the Bose–Einstein distribution, we obtain spon-
taneous magnetization in reasonable agreement with experi-
ments. Additionally, we model the total specific heat of bcc Fe
by incorporating quantum effects into the classical Heisenberg
model. Notably, at 0 K, the equipartition theorem dictates that
the heat capacity per atom in the classical Heisenberg model
with a Boltzmann distribution equals the Boltzmann constant, a
limitation we attempt to address in our approach.

For electrical resistivity and finite-temperature exchange
coupling constants, we employ the SPR-KKR code, following
methodologies similar to ref. 13 and 16. While previous studies,
such as ref. 13, indicate that using classical Heisenberg model
simulations for thermal spin fluctuations does not fully capture
experimental resistivity values for bcc Fe below the Curie
temperature, we explore possible improvements in sponta-
neous magnetization calculations.

In particular, we examine two key factors: incorporating
finite-temperature exchange coupling constants (as in ref. 16)
and implementing quantum fluctuation–dissipation relations
(QFDRs). By including quantum effects through QFDRs, which
accounts for Bose–Einstein statistics of magnons, we obtain a
refined spontaneous magnetization curve and specific heat beha-
vior. While our approach does not rely on experimental input
such as spontaneous magnetization, we believe it provides useful
insights into the magnetic and transport properties of bcc Fe.

2 Theory/calculation

The relaxation of the crystal structure of the bcc Fe is performed
using the Vienna ab initio simulation package (VASP) code.17–19

This calculation employed the generalized gradient approxi-
mation, specifically the Perdew–Burke–Ernzerhof (GGA-PBE)
functional.20 For optimal structural calculations, a k-point
mesh of 24 � 24 � 24 was utilized alongside a plane-wave
basis set cutoff energy of 500 eV. To compute the force
constants, density functional perturbation theory was applied
within the VASP framework,17–19 employing supercells of vary-
ing sizes: 2 � 2� 2, 3 � 3 � 3, and 4 � 4 � 4. The Phonopy code
was used in creating these supercells.21,22 The phonon disper-
sion curves and the phonon density of states were derived from
the force constants by using the Phonopy code.21,22 Addition-
ally, the specific heat of the lattice is calculated using harmonic
approximations in the Phonopy code.21,22

The magnetic exchange coupling constants were evaluated
using the Liechtenstein formula within the SPR-KKR code for a
disordered local moment (DLM) as a reference state, which
accounts for finite temperature effects using an analogy
model.13,16,23,24 To incorporate the effects of thermal lattice
vibration, a variety of atomic displacement configurations were
averaged using the coherent potential approximation
(CPA),13,16 which is shown in Fig. 2.13–15 The connection
between these displacement configurations and the thermal

Fig. 1 Normalized spontaneous magnetization of body-centered cubic
(bcc) Fe in experimental work as Kuz’min formula1,5 (black color), Bloch
law at low temperature (red color), and critical exponential or Landau
theory near Curie temperature (blue color).
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lattice vibration effects is modeled through the use of a discrete
set of displacement vectors D

-

Rv(Tlattice) characterized by prob-
abilities xv for v = 1,. . .,Nv. This relationship is expressed as:13,16

XNv

v¼1
xv D~RvðTlatticeÞ
�� ��2¼ u2

� �
Tlattice

; (1)

Moreover, the temperature dependence of the root mean
square displacement (hu2iT)1/2 is estimated using Debye’s the-
ory, formulated as:13,15,16

u2
� �

Tlattice
¼ 3�h2

MkBYD

F YD=Tlatticeð Þ
YD=Tlattice

þ 1

4

� �
; (2)

In this equation, F(YD/Tlattice) denotes the Debye function, with
YD, h�, and kB representing the Debye temperature, Planck’s
constant, and Boltzmann’s constant, respectively. The term 1/4 is
approximated as negligible under the assumption of a frozen
potential for the displaced atoms. The magnetic exchange cou-
pling constants at varying finite temperatures are subsequently
determined by setting Tlattice = T. The Debye temperature is
theoretically estimated from phonon calculations using a combi-
nation of VASP and Phonopy.

To model the magnetic interactions, the classical Heisenberg
model with exchange interactions is employed, represented by:

HHeis ¼ �
X
hiji

Jm
ij Tlatticeð ÞSi

!� Sj
!
; (3)

Here, the exchange interaction constants Jm
ij (Tlattice) are

computed over a temperature range from 0 K to 1600 K, with
a step interval of 25 K.

For the Monte Carlo simulations of the spin system, the
probability distribution of the spin configurations {Si} follows
the equation:25,26

WðfSigÞ ¼ C exp � E

ZðTÞ

� �
; (4)

In this context, C is a normalization constant, E refers to the
total energy of the spin system, and Z(T) signifies the average

thermal energy, which is temperature-dependent. For standard
classical Monte Carlo simulations, the classical fluctuation–dis-
sipation ratio is defined as Zc(T) = kBT, ensuring adherence to the
Boltzmann distribution. Conversely, for an accurate representa-
tion of the Bose–Einstein statistics of magnons, a quantum
fluctuation–dissipation ratio Zqt(T) is utilized, expressed as:25,26

ZqtðTÞ ¼ kBTqt ¼
ð1
0

�ho
expð�ho=kBTÞ � 1

gmðo;TÞdo; (5)

In this equation, o denotes the frequency of magnons, while
gm(o,T) represents the magnon density of states.

To evaluate the magnetization and magnetic energy as a
function of lattice temperature, we employed classical Monte
Carlo simulations based on the classical Heisenberg model.27,28

In our Monte Carlo simulations, the magnetic exchange cou-
pling constants were considered up to a maximum interaction
distance of four lattice constants. The simulations were con-
ducted using an in-house Monte Carlo code, incorporating both
the classical fluctuation–dissipation relation (CFDR) and the
quantum fluctuation–dissipation relation (QFDR).25,26 A system
size of 40 � 40 � 40 unit cells, comprising 128 000 atoms, was
simulated. Each simulation involved 1 600 000 steps for thermal-
ization followed by an additional 1 600 000 steps for data collec-
tion. The temperature was varied from 0 K to 1600 K in
increments of 25 K for the spontaneous magnetization and
magnetic energy simulations. Meanwhile, the temperature step
1 K was used to estimate the Curie temperature. The magnetic
specific heat was determined from the derivative of the magnetic
energy obtained in the Monte Carlo simulations for both CFDR
and QFDR approaches. The QFDR scheme incorporates the
Bose–Einstein distribution for the magnon density of states to
estimate the thermal energy of the spin system, accounting for
quantization effects. In contrast, a purely classical approach,
which relies on the Boltzmann distribution, fails to accurately
describe the thermal energy of the spin system. By employing the
QFDR scheme, the accuracy of both spontaneous magnetization
and specific heat can be significantly improved.

The electrical conductivity tensor smn for bcc Fe is assessed
using linear response theory within the SPR-KKR code, utilizing
the Kubo–Greenwood formula incorporating vertex corrections.
The equation can describe the conductivity by considering thermal
lattice vibration and thermal spin fluctuation effects with CPA:29,30

smn ¼
�h

pNO
Tr ĵmImGþ eFð ÞĵnImGþ eFð Þ
� �

CPA
; (6)

In this expression, ĵm and ĵn represent the current density
operators, while G+(eF) is the retarded Green’s function at Fermi
energy. The finite temperature effects are factored in through both
thermal lattice vibration and thermal spin fluctuation effects,
where the latter is informed by the magnetization data derived
from the Monte Carlo simulations, as illustrated in Fig. 2.13–15

3 Results and discussion

The energy as a function of lattice constants for bcc Fe in non-
magnetic (NM), ferromagnetic (FM), and disordered local

Fig. 2 Diagram illustrating thermal lattice vibration and thermal spin
fluctuation effects used in finite temperature simulations, incorporating
multiple atomic displacements and spin configurations through the coher-
ent potential approximation (CPA).13–15
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moment (DLM) states are shown in Fig. 3. The energy of the FM
and DLM states reaches its lowest point at similar lattice
constants, whereas the NM state exhibits a minimum energy
at a smaller lattice constant. The energy differences at the local
minima for the FM state compared to the DLM and NM states
are 0.2414 eV per atom and 0.5035 eV per atom, respectively.
According to mean-field theory (MFA), the Curie temperature
can be estimated from the energy difference between the FM
and DLM states using the formula TC(MFA) = 2

3(EDLM � EFM),
yielding a value of 1867.5 K for the Curie temperature. This
value is significantly higher than the experimentally deter-
mined Curie temperature of bcc Fe, which is 1043 K.16

Although MFA is known to overestimate the Curie temperature,
the substantial discrepancy between MFA and experimental
results may be attributed to the absence of phonon effects,
such as thermal lattice vibration effects, in the calculations.7,16

The correlation effects are crucial in determining the correct
magnetic moment and exchange splitting in bcc Fe. Standard
DFT with local or semi-local functionals often underestimates
these correlation effects, requiring more sophisticated approaches
like DFT+U, dynamical mean-field theory (DMFT), or quantum
Monte Carlo methods for accurate predictions.

The phonon dispersion and phonon density of states for bcc
Fe are presented in Fig. 4. Utilizing density functional pertur-
bation theory methods, we find that the phonon dispersion and
density of states show minimal dependency on the cell size
across 2 � 2 � 2, 3 � 3 � 3, and 4 � 4 � 4 configurations. The
Debye temperature of bcc Fe, obtained from fitting the lattice-
specific heat formula by Debye’s theory to the results from the
4 � 4 � 4 supercell, is found to be YD = 430 K. This value is
slightly lower than the experimental measurement of 470 K and
is also less than the Debye temperature calculated from the

highest frequency in the phonon dispersions for the 4 � 4 � 4
supercell, which is 451 K.13

The temperature dependence of the magnetic exchange
coupling constants for Fe–Fe pairs in bcc Fe is illustrated in
Fig. 5(a). The primary contribution to the high Curie tempera-
ture of bcc Fe originates from the first nearest neighbor within
the Fe–Fe pair; however, this contribution significantly
diminishes as thermal lattice vibration effects increase with
an increase in the lattice temperature. The change in exchange
coupling constants due to thermal lattice vibration effects is
minimal when considering pairs at greater distances. Addition-
ally, the exchange coupling constants for the second and fifth
nearest neighbors show a slight increase as the lattice tempera-
ture increases. To accurately determine the Curie temperature
in Monte Carlo simulations, all coupling constants within a
cutoff radius of up to 4a – where a represents the lattice
parameters, which are incorporated into these simulations.

The Curie temperature of bcc Fe, which is influenced by the
lattice temperature (Tlattice) or the root mean square of lattice
displacements (hu2i1/2), is illustrated in Fig. 5(b). This Curie
temperature is determined through Monte Carlo simulations
by analyzing the peak position of the magnetic susceptibility.
When considering a scenario without thermal lattice vibration
effects, where Tlattice = 0 K, the calculated Curie temperature is
1503 K. This value is lower than the 1867.5 K derived from
mean-field approximations. The lower temperature obtained
from the Monte Carlo simulations is justifiable, as mean-field
approximations tend to overestimate the Curie temperature.
Nevertheless, the resulting Curie temperature remains signifi-
cantly higher than those reported in experimental studies.
When the effects of thermal lattice vibration are included, the
Curie temperature decreases due to the diminished first near-
est neighbor of magnetic exchange coupling constants. To
accurately estimate the Curie temperature in the presence of
thermal lattice vibration effects, we identify the point where the
diagonal line TC = Tlattice intersects with the Curie temperature
of the Monte Carlo simulation curve. This intersection occurs at
TC = Tlattice E 1060.9 K, which aligns quite closely with the

Fig. 3 Dependence of total energy on lattice parameters for bcc Fe in
ferromagnetic (FM), disordered local moment (DLM), and non-magnetic
(NM) states by using the SPR-KKR code.

Fig. 4 Phonon dispersion and phonon density of states (DOS) for bcc Fe,
calculated for supercell sizes of 2 � 2 � 2, 3 � 3 � 3, and 4 � 4 � 4 by
combining VASP and Phonopy codes.
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experimental value of 1043 K.7,16 It means that the thermal
lattice vibration effects are important factors in obtaining the
correct Curie temperature in simulations for ferromagnet mate-
rials. It is noteworthy that our Curie temperature, calculated
using the Jij values from the GGA functional, is much closer to
the experimental value compared to ref. 16, which reports a
value of approximately 800 K using the LDA functional.

The spontaneous magnetization curves of bcc Fe as a func-
tion of temperature, derived from Monte Carlo simulations,
alongside the lattice temperature on thermal lattice vibration
effects in the classical Heisenberg model with the CFDR and
QFDR, are presented in Fig. 6(a, b, e and f). The black curve
represents the magnetization response calculated under the
condition where the magnetic exchange coupling constants are

Fig. 5 (a) Temperature dependence of magnetic exchange coupling constants Jij for Fe–Fe pairs in bcc Fe, including the effects of thermal lattice
vibration (Tlattice) by using the SPR-KKR code for the DLM state. (b) Curie temperature of bcc Fe as determined by Monte Carlo simulations, shown as a
function of the amplitude of thermal lattice vibration effects (root mean square of lattice displacement, hu2i1/2 or Tlattice).

Fig. 6 Temperature dependence of magnetization curves for bcc Fe at various lattice temperatures Tlattice using the classical Heisenberg model with the
classical fluctuation–dissipation relation (CFDR) (a) and (e) and the quantum fluctuation–dissipation relation (QFDR) (b) and (f). Temperature dependence
of magnetic energy for bcc Fe under similar conditions with the CFDR (c) and (g) and QFDR (d) and (h). The black curve represents the magnetization and
magnetic energy calculated using finite temperature exchange coupling constants Jij(T) as Tlattice = T.
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defined by Tlattice = T. In the CFDR context, it is observed that
the spontaneous magnetization at Tlattice = T demonstrates a
subtle increase at intermediate temperatures when compared
to the spontaneous magnetization obtained at a fixed lattice
temperature. This behavior can be attributed to the reduction
of the Curie temperature as the lattice temperature increases.
However, it is important to note that this spontaneous magne-
tization remains lower than those observed in experimental
studies, primarily due to the exclusion of quantum effects for
magnons that follows Bose–Einstein distributions. In the ana-
lysis incorporating the QFDR, the spontaneous magnetization
decreases slowly at lower temperatures due to the thermal
excitation of magnons following a Bose–Einstein distribution.
This behavior markedly contrasts with that observed in the
Ising model, where the presence of an energy barrier for spin
flipping results in a completely flat spontaneous magnetization
curve, or a regime of frozen spin dynamics in the low-
temperature domain.

Furthermore, the temperature dependence of the magnetic
energy curves of bcc Fe for the classical Heisenberg model under
both the CFDR and QFDR is illustrated in Fig. 6(c, d, g and h).
In contrast to spontaneous magnetization, where the thermal
lattice vibration effects predominantly contribute to a reduction
in the Curie temperature, the magnetic moment from finite

temperature exchange coupling calculations using the SPR-KKR
code remains unchanged at 0 K, as there are no thermal lattice
vibration effects at this temperature. Notably, at low-temperature
regions, the absolute values of the magnetic energy curves dimin-
ish due to the reduced magnetic exchange coupling constants.
However, the slope of the magnetic energy curves within the CFDR
framework remains consistent with the thermal energy predictions
of the classical model. When transitioning to the QFDR, the
magnetic energy curves exhibit a flattening at low temperatures,
converging towards the CFDR results above the Curie temperature,
reflecting classical behavior in the high-temperature limit.

The density of states for bcc Fe under both ferromagnetic
(FM) conditions and disordered local moment (DLM) config-
urations, without thermal lattice vibration effects, is presented
in Fig. 7(a and d). In contrast, the density of states with the
influences of thermal lattice vibration and thermal spin fluc-
tuation effects are shown in Fig. 7(b, c, e and f). To account for
the effects of thermal spin fluctuation at finite temperatures,
we utilize magnetization curves derived from Monte Carlo
simulations of the classical Heisenberg model, employing both
the CFDR and QFDR for the thermal spin fluctuation effect.

The thermal spin fluctuation effects are incorporated using
coherent potential approximations, where the spin distribu-
tions are mapped to magnetization values in the Monte Carlo

Fig. 7 Density of states (DOS) for bcc Fe under ferromagnetic (FM) (a) and disordered local moment (DLM) (d) configurations at 0 K, without finite
temperature effects, are calculated using the SPR-KKR code. The total DOS (black) and the d-orbital projected DOS (red) are shown for both FM and DLM
states. The DOS of the FM state serves as the reference for evaluating thermal effects. Finite temperature effects, including thermal lattice vibrations and
thermal spin fluctuations, are incorporated at 300 K (b), 600 K (c), 900 K (e), and 1200 K (f) using the SPR-KKR code. These effects are further illustrated by
the magnetization curves derived from the classical Heisenberg model, using CFDR (blue) and QFDR (red) schemes.
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simulations of the classical Heisenberg model. At absolute zero
(0 K), the density of states for the FM configuration exhibits a
pronounced peaky structure, contrasting with the smoother
density of states observed in the DLM configuration at 0 K due
to the spin–spin scattering effect. Upon incorporating thermal
lattice vibration and thermal spin fluctuation effects at 300 K,
the resultant density of states transitions from the FM state
to a smoother form; however, the distinct structures character-
ized by three prominent peaks in both spin-up and spin-down
configurations still remain. Notably, the QFDR curves for
thermal spin fluctuation effects are sharper compared to the
CFDR curves due to the comparatively lower magnetization
value associated with the CFDR, leading to stronger spin–spin
scattering effects in the CFDR compared with the QFDR. As the
temperature increases to 600 K and 900 K, two of the three peaks
in the spin-down density of states broaden and ultimately vanish,
while the three peaks in the spin-up configuration remain intact.
At 1200 K, which exceeds the Curie temperature of 1060.9 K as
determined in this analysis, the density of states for both the
CFDR and QFDR coincide, indicating that the magnetization
reaches zero in both scenarios leading to the same thermal spin
fluctuation effects. At this elevated temperature, the density of
states exhibits similarities to the DLM state at 0 K, though it
becomes smoother with broader peak profiles in both spin-up
and spin-down configurations, attributable to the influence of
thermal lattice vibration effects. It is important to note that the
DLM state at 0 K contains the spin–spin scattering effects.

The temperature dependence of the electrical resistivity of
bcc Fe is illustrated in Fig. 8(a). In this case, two sources of
scattering mechanisms are considered: phonon and magnon
scattering. When examining the case of only phonon scattering,
it shows that electrical resistivity increases almost linearly with

an increase in temperature, which contrasts with experimental
results. This discrepancy arises because the effects of thermal
lattice vibration, stemming from atomic displacements, increase
almost linearly; however, the experimental data show a strong
temperature-dependent curve shape. This occurs because the
spontaneous magnetization curve, which is essential for deter-
mining magnon fluctuations, does not decline linearly as tem-
perature increases. When accounting for both thermal lattice
vibration and thermal spin fluctuation effects, the electrical
resistivity in the case of the CFDR is higher than the experimental
results at low temperatures up to the Curie temperature. This
difference can be attributed to the spontaneous magnetization
curve in the CFDR, which deviates from the experimental observa-
tions that follow Bloch’s law in low-temperature regions. It might
lead to stronger thermal spin fluctuation effects with higher
resistivity in the CFDR case compared with experimental results
from 0 K to the Curie temperature. Consequently, in such cases,
the combined effects of thermal lattice vibration and thermal spin
fluctuation with the QFDR yield a lower electrical resistivity
compared to the CFDR, resulting in values that are much closer
to the experimental results due to a more accurate temperature
dependence of spontaneous magnetization in the QFDR.

The temperature dependence of the specific heat of bcc Fe is
illustrated in Fig. 8(b). The total specific heat comprises lattice,
electronic, and magnetic contributions. The specific heat
attributed to the lattice is derived from the phonon spectrum
using Bose–Einstein distributions. In contrast, the magnetic
component is estimated based on the density of states at the
Fermi level obtained from density functional theory (DFT)
calculations. The specific heat related to the magnetic part is
derived as a derivative of the magnetic energy obtained from
Monte Carlo simulations for the classical Heisenberg model

Fig. 8 (a) Temperature dependence of electrical resistivity of bcc Fe by using the SPR-KKR code: comparison of experimental data,13 thermal lattice
vibration effects only, and combined thermal lattice vibration and thermal spin fluctuation effects modeled with the classical Heisenberg model using the
CFDR and QFDR. (b) Temperature dependence of the specific heat of bcc Fe: contributions from the lattice, electronic, and magnetic components, along
with total specific heat derived from CFDR and QFDR models, compared to experimental data.31
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with the CFDR and QFDR, represented as black curves in
Fig. 6(c and d). When the thermal lattice vibration effects on
magnetic exchange coupling constants are not considered, the
magnetic part’s specific heat in Monte Carlo simulations using the
CFDR will equate to 1.0 (kB per atom per K) or 8.31 (J mol�1 K�1) as
a gas constant R at 0 K based on the equipartition theorem, which
contrasts with experimental findings at low temperatures.
However, due to the reduction of magnetic exchange coupling
constants induced by thermal lattice vibration effects, the specific
heat of the magnetic part in the CFDR case, as illustrated by
the derivative of the black curve in Fig. 6(c), is slightly above 1.0
(kB per atom per K). Notably, the total specific heat, including the
magnetic contribution calculated with the QFDR, aligns perfectly
with the experimental results across a broad temperature range.
Because the magnetic energy of the QFDR at high temperature
(above the Curie temperature) approaches the magnetic energy of
the CFDR, as can be seen in Fig. 6(c and d), a small magnetic
specific heat of the QFDR at the low-temperature region leads to a
sharper peak of specific heat at the Curie temperature.

4 Summary

In summary, this study explores a simulation approach that
combines first-principles calculations with Monte Carlo simu-
lations to investigate the magnetic and transport properties of
ferromagnetic body-centered cubic (bcc) iron (Fe) at finite
temperatures. By computing magnetic exchange coupling con-
stants Jij while incorporating thermal lattice vibration effects,
we obtain a Curie temperature that better reflects the tempera-
ture dependence of Jij. Our Monte Carlo simulations, which
account for thermal spin fluctuations using Bose–Einstein
statistics for magnons, yield a spontaneous magnetization
curve that aligns more closely with experimental trends. This
approach helps to address discrepancies in classical Heisen-
berg models, particularly in the low-temperature regime, where
experimental observations follow the Blochs 3/2 power law.
Furthermore, we examined the role of quantum effects in the
classical Heisenberg model and found that incorporating these
effects improves the description of electrical resistivity and
specific heat. Our results highlight the importance of consider-
ing both the temperature dependence of thermal lattice vibra-
tions and thermal spin fluctuations. While further refinements
are needed, we believe that this approach offers useful insights
for advancing the understanding of magnetic materials in
technological applications. This scheme can be applied to other
ferromagnets such as cobalt and nickel, where the spontaneous
magnetization is not accurate in classical Monte Carlo simula-
tions and can be improved with the quantum fluctuation–
dissipation relation.
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6 I. Turek, J. Kudrnovský, V. Drchal and P. Bruno, Exchange
interactions, spin waves, and transition temperatures in
itinerant magnets, Philos. Mag., 2006, 86, 1713–1752, DOI:
10.1080/14786430500504048.

7 T. Tanaka and Y. Gohda, Prediction of the Curie tempera-
ture considering the dependence of the phonon free energy
on magnetic states, npj Comput. Mater., 2020, 6, 184, DOI:
10.1038/s41524-020-00458-5.

8 R. Bastardis, U. Atxitia, O. Chubykalo-Fesenko and
H. Kachkachi, Unified decoupling scheme for exchange
and anisotropy contributions and temperature-dependent
spectral properties of anisotropic spin systems, Phys. Rev. B:
Condens. Matter Mater. Phys., 2012, 86, 094415, DOI:
10.1103/PhysRevB.86.094415.

Paper Journal of Materials Chemistry C

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

4 
A

pr
il 

20
25

. D
ow

nl
oa

de
d 

on
 3

/1
5/

20
26

 1
0:

57
:5

1 
A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

https://doi.org/10.1103/PhysRevLett.94.107204
https://doi.org/10.1103/PhysRevLett.94.107204
https://doi.org/10.1209/epl/i1997-00319-x
https://doi.org/10.1016/j.jmmm.2020.166711
https://doi.org/10.1016/j.eng.2018.11.034
https://doi.org/10.1098/rspa.1971.0044
https://doi.org/10.1080/14786430500504048
https://doi.org/10.1038/s41524-020-00458-5
https://doi.org/10.1103/PhysRevB.86.094415
http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5tc01141h


This journal is © The Royal Society of Chemistry 2025 J. Mater. Chem. C, 2025, 13, 11393–11401 |  11401
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