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Defect dynamics in dry active nematics by residue
calculus for holomorphic functions of nematic
director field

Hiroki Miyazako, *† Hiroyuki Miyoshi† and Takaaki Nara

This paper proposes a theory for modeling the dynamics of topological defects in dry active nematics.

We introduce a holomorphic function for integral curves of the director field and show the density of

the integral curves corresponds to that of active nematic liquid crystals such as confined spindle-shaped

cells. Then, we derive equations of motion for defects by considering active stress defined from the

integral curves. A mathematical analysis of the equations reveals that the dynamics of the defects can be

explicitly expressed with the residues of holomorphic functions derived from the director field. We verify

the proposed theory using existing work on the motion of a defect pair and demonstrate estimation of

parameters for active stress by cell culture experiments.

1 Introduction

Recent studies in the field of biophysics and non-equilibrium
physics have revealed that living or actively moving nematic
liquid crystals induce complex fluidic and mechanical phenom-
ena known as active nematics.1–3 The complex behavior of
active nematics is governed by topological defects, at which
the alignment of nematic liquid crystals cannot be defined.
Active stress induced by components of an active nematic
system creates a force acting on topological defects, resulting
in self-propelled motion of the defects. Many studies have
investigated the dynamics of defect motion for various active
nematic systems such as compounds of kinesins and
microtubules,4–8 spindle-shaped cell populations9–20 and mor-
phogenesis of Hydra.21,22

To theoretically explain the complex behavior of active
nematics, many studies applied complex analysis,23–38 because
the alignment of nematic liquid crystals can be expressed by
complex logarithmic functions under the one-constant approxi-
mation in liquid crystal theories.39 Complex analysis has
enabled the explicit expression of the alignment of nematic
liquid crystals24,27,30–33 and the force and torque acting on
topological defects.23,25,26,28,29,35–38 According to the explicit
expressions based on complex analysis, equations for defect
motion have been derived, which allow a detailed theoretical
analysis of defect behaviors.

Theoretical studies of defect motion have considered passive
and active stresses caused by the elasticity and mechanical
deformation of nematic liquid crystals, respectively, and the
equations of motion were then derived from the force acting on
defects by the passive stress and Stokes flow caused by the
active stress to model ‘‘wet’’ active nematics where the con-
servation of momentum is considered.23,37 In these studies, the
density of the active nematic liquid crystals was assumed to be
constant for simplicity in the theoretical calculations. On the
other hand, the densities of the components tend to be non-
uniform around topological defects in actual active nematic
systems. Such non-uniformity is often observed in cell popula-
tions at a confluent state; for example, neural progenitor cells
show aggregation and escape behaviors around +1/2 and �1/2
defects, around which the cell alignment angle changes by
+1801 and �1801, respectively.11 In addition, some studies
reported observations of extrusion of spatially confined cells
around a +1/2 defect in MDCK cells10 and a +1 defect in mouse
myoblast cells.12 These studies support the non-uniformity of
components of cell populations which can be viewed as ‘‘dry’’
active nematic systems,1 where substrate friction is dominant
and thus the conservation of momentum does not hold.
To theoretically study the dynamics of topological defects in
cell populations, new theoretical approaches are necessary to
consider the non-uniform distribution of components in dry
active nematics.

The aim of this study is to develop a theoretical framework
for defect motion in dry active nematic systems that considers
the orientational continuity and density of liquid crystals in a
simple manner. To this end, we extend the work of Vitelli and
Nelson, who introduced a complex potential to express such
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continuous lines from a holomorphic function for nematic
alignment.40 We show that such a formalism provides an
explicit expression of active stress based on holomorphic func-
tions and that the densities of the constructed continuous lines
increase and decrease around +1/2 and �1/2 defects, respec-
tively, which is qualitatively consistent with the experimental
observations of cell populations in the literature.11 In addition,
we demonstrate that the proposed formalism enables both
mathematical analyses of defect motion and the prediction of
the active stress parameter from cell culture experiments.

This paper is organized as follows. In Section 2, we intro-
duce a holomorphic function for modeling density of liquid
crystals around topological defects by extending the work of
Vitelli and Nelson.40 In Section 3, we show that the active stress
can be explicitly expressed by the introduced holomorphic
function defined in Section 2. In Section 4, we demonstrate
the validity of the proposed theory using existing work on the
motion of a defect pair studied by Giomi et al.23 In Section 5, we
consider the confinement of liquid crystals in simply connected
domains and show that the proposed theory can be extended to
the confined geometries considered in existing studies.9,16,20

In Section 6, we show that the extended theory for confined
nematic liquid crystals can be applied to the prediction of the
active stress parameter from cell culture experiments.

The mathematical notation in this paper is as follows. Z;R

and C represent the sets of integers, and real and complex
numbers, respectively. For a complex number z 2 C; the real
and imaginary parts of z are expressed as Re[z] and Im[z],
respectively. D : ¼ fz 2 Cjjzjo 1g denotes the open unit disk
in the complex z-plane.

2 Complex function theory for
nematic director field around
topological defects

First, we consider the alignment of nematic liquid crystals in
the complex plane z = x + iy, whose director field is defined as
nd(x, y) = (cosf(x, y), sinf(x, y))T. We assume that the size of
the nematic liquid crystals is neglected. Since the nematic
liquid crystals are non-polar molecules, we assume that the
alignment angle f is defined in the quotient space R=pZ; that
is, f is equivalent to f + mp for any m 2 Z. In this paper, we
consider the one-constant approximation from liquid crystal
theory,39 which allows us to assume that the alignment angle
f(x, y) is harmonic. Then, the alignment angle f(x, y) can be
expressed by taking the real part of a holomorphic function
f (z) = f(x, y) + ic(x, y), where c(x, y) is a conjugate harmonic
function of f(x, y). Based on the report of Vitelli and Nelson,40

we can construct continuous lines whose tangential orientation
at (x, y) is parallel to the orientation of the director field nd(x, y)
according to the following procedures. Let us consider a
following holomorphic function defined from f (z):

h0(z) = A exp(�if(z)) = Aec(cosf � i sinf) (1)

where 0 � d

dz
and A is an arbitrary real non-zero constant. Since

the coefficient Aec is real, the vector field nh(x, y) = (Aec cosf,
Aec sinf)T defined from (1) represents the director field scaled
by the factor Aec. Thus, we refer to the vector field nh(x, y) as the
holomorphic director field in this paper. Accordingly, h(z) is
called the complex potential for the holomorphic director field.

By considering the contours of the imaginary part of h(z), we
can obtain the integral curves of the holomorphic director field
nh(x, y),40 whose tangential orientation is parallel to the orien-
tation of the director field nd(x, y). That is, the integral curves
are given by the following contour line:

Im½hðzÞ� ¼ c ðc 2 RÞ: (2)

This fact is proven mathematically by the following proce-
dure. For a line element ds on (2), we have

d

ds
Im½hðzÞ� ¼ Im

d

ds
hðzÞ

� �
¼ Im

dz

ds
h0ðzÞ

� �
¼ 0: (3)

It holds from (1) and (3) that

A � Im dz

ds
ece�if

� �
¼ AecIm

dz

ds
e�if

� �
¼ 0: (4)

Using |dz/ds| = 1 and (4), we have dz/ds = eif or dz/ds = �eif =
ei(f+p). Since f and f + p are equivalent in the quotient space
R=pZ; the tangential derivative dz/ds is parallel to the director
field nd(x, y) on the contour line Im[h(z)] = c. This means the
tangential direction at z = x + iy on the contour line Im[h(z)] = c
is parallel to the director field nd(x, y). We refer to the contours
of Im[h(z)] as integral curves of the holomorphic director field
nh(x, y) (hereinafter, referred to simply as integral curves).

In the following, we investigate the mathematical and
physical meaning of the constructed integral curves for some
simple examples. When the nematic liquid crystals are aligned
along the real axis, f(x, y) is equal to zero for all z, which means
f (z) = 0 and h0(z) = A exp(�if(z)) = A. Then, the complex potential
h(z) is equal to Az + c, where c is an arbitrary constant and we set
c = 0 throughout this paper without loss of generality. Since the
imaginary part of h(z) is Ay, the contour lines are parallel to the
real axis and uniformly distributed as shown in Fig. 1(a). Note
that the density of the contour lines in Fig. 1(a) differs accord-
ing to the absolute value of A because the slope of the contour
lines is A. Thus, the parameter |A| represents the density of the
integral curves when there are no topological defects in
the space.

Next, we consider the alignment around a topological defect
around which the alignment angle changes by 2pq, where q is a
half or full non-zero integer, called the topological charge. In
this case, the alignment angle around the defect is expressed as
the real part of f (z) =�iq log z. Then, the complex potentials h(z)
around a defect with topological charges of q = +1/2 and �1/2
are given as follows:

hðzÞ ¼
iAz1=2 q ¼ þ1=2ð Þ;

iAz3=2 q ¼ �1=2ð Þ:

(
(5)

We refer to these two defects as +1/2 and �1/2 defects in this
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paper. The contours of Im[h(z)] are shown in Fig. 1(b) and (c). In
contrast to Fig. 1(a), the contours around the +1/2 and �1/2
defects become denser and sparser toward the origin,
respectively.

The difference in the density occurs because the density of
the contours of Im[h(z)] �C(x, y) is proportional to the magni-
tude of its gradient |rC(x, y)| = |h0(z)|. For �1/2 defects, the
gradient in polar coordinates z = reiy is calculated as

rCj j ¼ h0 reiy
� ��� �� ¼ Ar�1=2 ðþ1=2 defectÞ;

Arþ1=2 ð�1=2 defectÞ:

(
(6)

Thus, when we consider the limit of r - 0, |h0(z)| diverges to
+N for q = +1/2 whereas |h0(z)| converges to 0 for q = �1/2,
which is consistent with Fig. 1(b) and (c).

Note that the non-uniform density of the integral curves
around +1/2 defects is qualitatively consistent with experiments
on active nematics in extrusion of MDCK cells10 and aggrega-
tion of neural progenitor cells around +1/2 defects.11 Thus, the
proposed formulation is a plausible approach for the theore-
tical investigation of dry active nematics from the viewpoint of
the density of the integral curves.

3 Representations of passive and
active stresses by residue calculus

In the following section, we investigate the representation of
passive and active stresses in studying the dynamics of defect
motion driven by forces acting on topological defects. For this,
we assume that N topological defects exist in the complex
z-plane. Then, the director of the nematic alignment is

expressed by

f ðzÞ ¼ �
XN
k¼1

iqk log z� zkð Þ þ f0; (7)

where f0 2 R is some real constant, and zk and qk are the
location and topological charge of the k-th defect, respectively.
We also denote a small disk with a radius of e that includes only
a k-th defect as Dk(e), which is referred to as a defect core.
According to Giomi et al.,23 we have to consider two forces due
to elastic and active stress. For the elastic stress, Denniston41

derived the passive force (Fp
x, Fp

y )T in a complex form for the
topological defect located at z = zk as follows:

Fp
x � iFp

y ¼ 2piqkK
@f̂ k
@z

zkð Þ ¼
iK

2

þ
@DkðeÞ

f 0ðzÞ2dz; (8)

where K is the Frank elastic constant and f̂k(z) � f (z) + iqk log(z �
zk) is a function f (z) except for the logarithmic singularity at
z = zk. This formula is also applicable to simply and doubly
connected domains with infinite anchoring conditions on the
boundaries.42

On the other hand, the active stress generated by self-
propelled particles is expressed as

sa ¼ ac2S
cos 2f sin 2f

sin 2f � cos 2f

 !
; (9)

where S is the scalar order parameter, c is the concentration of
the particles and a is a constant that is positive or negative for
contractile or extensile motion, respectively.23,43 Note that the
existing studies23,43 assumed that the density of the self-
propelled particles was constant, which implies that the spatial

Fig. 1 Schematics of director field and integral curves. (a) No defect. (b) +1/2 defect. (c) �1/2 defect. The black lines in the director field and integral
curves indicate the orientation of the director and contours of Im[h(z)], respectively. The contour interval is 0.05.
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change in the force was not explicitly considered. To appro-
priately model the non-uniformity of the force around topolo-
gical defects, the density of the integral lines of the
holomorphic director field nh should be considered. This
consideration is reasonable because the driving force for active
nematics is generated by extensile or contractile behaviors of
elongated cells, which can be viewed as the integral lines of nh.
To this end, we consider the force generated by self-propelled
particles on the integral lines and assume that the density of
self-propelled particles on a line is proportional to the density
of the integral lines. Since the density of the integral lines is
proportional to |h0(z)| = ec, as discussed above, we assume that
the concentration c in (9) is proportional to ec. The active stress
tensor for the holomorphic director field nh is then given by

ŝa ¼ a
2
e2c

cos 2f sin 2f

sin 2f � cos 2f

 !
: (10)

In (10), the scalar order parameter S is merged into a because S
is assumed to be constant outside the defect core Dk(e) in
theoretical analyses.28 In addition, the parameter a is rescaled
to a/2 to simplify the following calculation.

Using the derived stress tensor ŝa, the active force applied to
defects can be explicitly expressed in the same way as the elastic
force derived by Denniston.41 The force applied to Dk(e) is
given by

Fa
x ;F

a
y

� �T
¼
þ
@DkðeÞ

ŝan̂ds; (11)

where n̂ is a normal vector on the boundary qDk(e). Using n̂ =
(cos y, sin y)T on the point z = zk + eeiy A qDk(e) and applying a
direct calculation, the force due to active stress is

Fa
x � iFa

y ¼
ae
2

ð2p
0

e2c cos ye�2if þ ie�2if sin y
� �

dy

¼ � ia
2

þ
@DkðeÞ

h0ðzÞ2dz;
(12)

where we used dz = ieeiydy. It follows from (8) and (12) that the

force acting on the defect is given by the following formula

Fx � iFy ¼
i

2

þ
@DkðeÞ

Kf 0ðzÞ2 � ah0ðzÞ2
	 


dz: (13)

This formula means that the forces acting on defects are
determined by residues of the two holomorphic functions
f0(z)2 and h0(z)2, which are derived from the two director fields
nd(x, y) and nh(x, y), respectively.

4 Theoretical analyses on motion of a
defect pair

Based on the derived formula for the forces, the equations of
defect motion can be explicitly expressed as follows. In this
treatment, we consider the defect dynamics of the dry active
nematics, where the substrate friction is dominant and thus the
conservation of the momentum does not hold. According to the
existing study of Duclos et al.,9 the substrate friction is domi-
nant in confined cell populations, which means the defect
dynamics in confined cell populations can be modeled as dry
active nematics. The defect dynamics of dry active nematics,
where the effects of hydrodynamics are neglected, can be
expressed using the following overdamped equation of motion:

zf
dzj

dt
¼ Fx � iFy; (14)

where zf is a frictional constant.23 To verify consistency with the
work of Giomi et al.,23 we consider the case of two topological
defects with opposite signs on an infinite plane. The holo-
morphic function for the director field nd(x, y) is given by

f ðzÞ ¼ � i
2
log z� z1ðtÞð Þ þ i

2
log z� z2ðtÞð Þ � p

2
; (15)

where z1(t) and z2(t) are the positions of the defects with
charges of �1/2 at time t, and the alignment angle becomes
p/2 in the far-field. By definition, we have

h0ðzÞ ¼ iA

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� z2ðtÞ
z� z1ðtÞ

s
: (16)

Fig. 2 Motion of a defect pair. (a) Time evolution of z1(t) and z2(t) for K = 1, A = 1 and zf = 100. The blue and red lines represent z1(t) and z2(t), respectively.
(b) and (c) Integral curves around the defect pair for a = �5 calculated from (17).
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The integral curves around the defect pair are obtained by
analytically integrating (16) with respect to z, which gives

hðzÞ ¼ iA ðz1ðtÞ � z2ðtÞÞ sinh �1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� z1ðtÞ

z1ðtÞ � z2ðtÞ

s !"

þz
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z1ðtÞ=zð Þ 1� z2ðtÞ=zð Þ

p i
:

(17)

Calculating the residues of f0(z)2 and h0(z)2 at each defect, the
equations of motion are derived as follows:

zf
dz1ðtÞ
dt
¼ � pK

2 z1ðtÞ � z2ðtÞð Þ � paA2 z1ðtÞ � z2ðtÞð Þ (18)

zf
dz2ðtÞ
dt
¼ þ pK

2 z1ðtÞ � z2ðtÞð Þ (19)

The solutions of (18) and (19) simulate the temporal movement
of the two defects, as shown in Fig. 2(a). Fig. 2(b) and (c) show a
typical behavior of extensile motion (a o 0). Because of the
active stress term with negative a, the topological defect with
+1/2 moves away from the other defect, which follows the
distortion of the integral curves around the +1/2 defect.

It is difficult to analytically solve the simultaneous differ-
ential eqn (18) and (19). However, the dynamics of the pair
separation D(t) := x1(t) � x2(t) can be solved in closed form
under the assumption that the two defects are located on the
real axis. By subtracting (19) from (18), the differential equation
of the separation D(t) is given by

dDðtÞ
dt

¼ � paA2

zf
DðtÞ � pK

zfDðtÞ

¼ v0
DðtÞ
Dð0Þ �

2k
DðtÞ

¼ 2k
Dð0Þ l

DðtÞ
Dð0Þ �

Dð0Þ
DðtÞ

� 

;

(20)

where v0 := �paA2D(0)/zf, k := pK/(2zf) and l := v0D(0)/2k. Since
the derived eqn (20) is in the form of a Bernoulli differential

equation when a a 0, (20) is analytically solved as follows:

DðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð0Þ2 þ K

aA2

� 

exp �2paA

2

zf
t

� 

� K

aA2

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð0Þ2 � 2k

v0
Dð0Þ

� 

exp

2v0

Dð0Þt
� 


þ 2k
v0
Dð0Þ

s
:

(21)

The solid lines in Fig. 3(a) show the typical time course of the
solution (21) when the contractile active stress (i.e. v0 p �a o
0) is considered. The annihilation time shortens as the con-
stant k increases. Moreover, the annihilation of the defect pair
can be predicted by setting the right-hand side of the solution
(21) equal to zero. When a 4 �K/(A2D(0)2), the defect pair is
annihilated at the following time Ta:

Ta ¼
zf

2paA2
log 1þ a

A2Dð0Þ2
K

� 


¼ � Dð0Þ
2v0

log 1� v0Dð0Þ
2k

� 
 (22)

In the limit of a - 0, the annihilation time becomes T0
a =

zfD(0)2/(2pK) = D(0)2/4k, which is consistent with the annihila-
tion of a defect pair in passive nematic systems.23 The annihila-
tion time normalized by T0

a depends only on the non-
dimensional quantity l = v0D(0)/2k as follows:

Ta

T0
a

¼ �1
l
logð1� lÞ: (23)

Fig. 3 shows the relationship between the parameter�l and the
normalized annihilation time (23).

We next compare the derived differential eqn (20) with the
existing work of Giomi et al.23 According to Giomi et al., the
equation of the pair separation D(t) is given as follows:

dDðtÞ
dt

¼ v0 �
2k
DðtÞ;

¼ 2k
Dð0Þ l� Dð0Þ

DðtÞ

� 

;

(24)

Fig. 3 Dynamics of the defect separation when contractile active stress is considered. (a) Time course of the defect separation D(t) for v0 = �0.1 and
various constants k. The solid and dotted lines represent the solutions of the eqn (20) and (24), respectively. To solve (24), ode23s in MATLABs was used.
(b) Relationship between the parameter �l and the normalized annihilation time Ta/T0

a.
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where v0 p�a is the constant self-propelled velocity of the +1/2
defect, k := pK/(2zf) and l := v0D(0)/2k. The dotted lines in Fig. 3
show the solutions of (24) and indicate that the annihilation
time for (24) shortens compared to that for (20) when the same
parameters v0, k and D(0) are used. The normalized annihila-
tion time for (24) is calculated as follows:

Ta

T0
a

¼ 4k
Dð0Þ2 �

Dð0Þ
v0
� 2k

v20
log 1� v0

2k
Dð0Þ

� �� 


¼ � 2

l
� 2

l2
logð1� lÞ:

(25)

The normalized annihilation time for (24) is always less than
that for (20) as shown in Fig. 3. This difference between (20)
and (24) is due to the first term in the right-hand side, which is
derived from the active stress. Specifically, the first term in (24)
is constant, whereas that in (20) is proportional to the normal-
ized separation D(t)/D(0). Thus, the contribution of the active
stress in the proposed model (20) becomes small when D(t)
goes to zero, whereas the contribution of the active stress in
(24) remains constant even when D(t) goes to zero. As the
contribution of the contractile active stress enhances the anni-
hilation of defect pairs, the normalized annihilation time for
(24) will become shorter than that for (20). This difference in
the first term may be critical when the two defects are far away
from each other. However, the comparison between our and
Giomis results (Fig. 3) implies that the difference between the
two models is not significant, with the same trend of defect pair
annihilation reproduced in the proposed model, which
indicates there is not a serious gap between the proposed
theory and Giomi’s model when the defects are located close
to each other.

Note that the above difference between our and Giomi’s
approaches is due to the difference between dry and wet active
nematics, respectively. Giomi et al. considered the flow
dynamics induced by the active and passive stresses and then
solved the dynamics of the defect pair, whereas we neglected
the hydrodynamics and considered that the velocities of the
defects are directly proportional to the forces acting on the
defects. Thus, our approach cannot be applied to the complex
behaviors of active turbulence observed in compounds of
microtubules and kinesins4–8 because the conservation of

momentum should be considered in such active fluid. Though
the proposed model can consider only dry active nematics, it
has an advantage from the viewpoint of analytic calculations.
Since Giomi et al. considered the Stokes flow induced by the
external active stress around a single defect, they needed to
calculate the line integrals regarding the Oseen tensor. This
approach would be more difficult for more complex defect
configurations, such as defects in confined geometries. In
contrast, our formalism focuses on direct calculation of the
forces acting on defects, which results in a simple evaluation of
the residues of the holomorphic functions at each defect. This
simplified approach allows us to investigate the motion of
defects of confined cell populations in more complicated
domains, as will be discussed in the following section.

5 Equilibrium states of topological
defects in confined geometries

We investigate the equilibrium states of defect motion in
confined geometries, which have been investigated for elon-
gated cell populations.9,10,12,16,20 Specifically, we consider two
+1/2 defects located at z = z1,z2 in a unit disk D, with its image
mapped by a conformal mapping of z = g(z). According to our
previous studies,20,32 the holomorphic function for the director
field nd(x, y) in O : ¼ gðDÞ is expressed by

fOðzÞ ¼ fD g�1ðzÞ
� �

� i log g0 g�1ðzÞ
� �

; (26)

where fDðzÞ is the holomorphic function of the director field in
D given by

fDðzÞ ¼ �
i

2

X2
k¼1

log z� zkð Þ þ log 1� zkz
� �	 


� p
2
: (27)

From (1) and (27), we have

h0DðzÞ ¼ exp �ifDðzÞð Þ

¼ iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� z1ð Þ z� z2ð Þ 1� z1z

� �
1� z2z
� �q :

(28)

Thus, the complex potential for the holomorphic director field

Fig. 4 Integral curves in confined geometries. (a) Unit disk D. (b) Domain O mapped from the unit disk by the function g(z) = z + 0.3z3. (c) Domain O

mapped from the unit disk by the function gðzÞ ¼ a4 � 1

a2 � aþ 1
� z
a2 � z2

; where a = 1.1.
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in D is obtained by

hDðzÞ ¼
2iF Ẑjm̂ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� z1j j2
� �

1� z2j j2
� �r ; (29)

where FðZjmÞ : ¼
Ð Z
0dy
. ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�m2 sin2 y
p

is an incomplete elliptic

integral of the first kind and

Ẑ ¼ sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z� z1ð Þ 1� z2z2

� �
z� z2ð Þ 1� z1z2

� �
s !

; (30)

m̂ ¼
1� z2z1
� �

1� z1z2
� �

1� z1z1
� �

1� z2z2
� �: (31)

Fig. 4(a) shows the integral lines of the derived potential hDðzÞ.
The line density around the +1/2 defects increases, which is
similar to Fig. 1.

Using the derived potential hDðzÞ; the complex potential in
the mapped domain O ¼ gðDÞ can be calculated as follows. It
follows from the definition (1) that

dhOðzÞ
dz

¼ exp �ifOðzÞð Þ ¼ exp �ifDðzÞ � log g0ðzÞð Þ

¼ 1

g0ðzÞ exp �ifDðzÞð Þ:
(32)

Then, we have

hOðzÞ ¼
ðzdhOðẑÞ

dẑ
dẑ

¼
ðz 1

g0ðzÞ exp �ifDðzÞð Þg0ðzÞdz

¼ hDðzÞ:

(33)

Eqn (33) means that the complex potential for the holomorphic
director field h(z) is conformally invariant, whereas the holo-
morphic function associated with the director field f (z) is not
conformally invariant due to the correction term �i log
g0(g�1(z)) in fO(z). Fig. 4(b) and (c) show examples of the integral
curves in O.

To study the equilibrium state of the defect motion, we focus
on the force acting on two +1/2 defects at z = �g(r), (0 o r o 1).
When the defect motion is at equilibrium, the total force
applied to each defect should be equal to zero. By calculating
the residues of f 0OðzÞ2 and h0OðzÞ2 around the defect at z = +g(r),
the elastic and active forces applied to the defect at z = +g(r) can
be calculated from (13) as follows:

Fx � iFy ¼
pK
g0ðrÞ

1� 5r4 � 2â
4rð1� r4Þ þ

3g00ðrÞ
4g0ðrÞ

� �
; (34)

where â � a/K. By setting the above force (34) equal to zero, we
obtain the following equation to satisfy the equilibrium condi-
tion:

1� 5r4 � 2â
4rð1� r4Þ þ

3g00ðrÞ
4g0ðrÞ ¼ 0 (35)

Thus, the equilibrium point z = +g(r) is calculated by solving
(35) with respect to r and mapping the solution by g(z). The
equilibrium point depends on the parameter â. Conversely, if
we obtain the equilibrium point +g(r) from experiments, the
parameter â can be explicitly estimated from (35) as follows:

â ¼ 1� 5r4

2
þ 3

2
r 1� r4
� �g00ðrÞ

g0ðrÞ (36)

6 Estimation of active stress parameter
from cell culture experiments

We demonstrate the validity of the proposed estimation
method for the active stress parameter â using two existing
studies16,20 which observed the alignment of mouse myoblast
cells (C2C12 cells) in closed domains. In our previous study,20

we considered the domain O mapped from the unit disk D by
the function z = g(z) = z + bz3 (0 r bo 1/3) as shown in Fig. 5(a).
Note that the area of the domain O was normalized to that of
the unit disk D, and the length scale in the experiments was
normalized by taking 300 mm to be equal to 1, as in the previous
study.20

Fig. 5 Estimation of the parameter â from the experiments of stable defect positions in mouse myoblast cells.20 (a) Cell alignment in the domain O
mapped from the unit disk D by the function g(z) = z + bz3. Note that the area of the domain O is normalized to that of the unit disk D. Blue circles
represent +1/2 defects. (b) Box plots of horizontal defect positions for various geometrical parameters b. (c) Box plots of the predicted parameter â from
(38). Red cross marks indicate outliers. We used Chebfun44 for calculating the inverse map z = g�1(z).
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From (35), the equilibrium point z = +g(r) is calculated by
solving the following algebraic equation.

1� 5r4 � 2â
4r 1� r4ð Þ þ

18br
4 1þ 3br2ð Þ ¼ 0: (37)

Fig. 5(b) shows the calculated equilibrium point for 0 r b o
1/3 and the experimental results from our previous study,
which investigated defect positions in mouse myoblast cells.20

The experimental results are smaller than the theoretically
calculated positions without active stress (â = 0). As the active
stress increases (â = 0.3, 0.4), the theoretical and experimental
results become matched. According to (36), the estimation
formula for â is given as follows:

â ¼ 1� 5r4

2
þ 9br2ð1� r4Þ

1þ 3br2
: (38)

Fig. 5(c) shows box plots of the estimated parameter â, whose
median is around 0.4 to 0.5. The interquartile range increases
as the geometrical parameter b increases, which indicates the
uncertainty of the estimation tends to increase as the geometry
becomes more asymmetric.

Other work by Ienaga et al.16 considered two overlapping
circular boundaries, mathematically modeled as quadrature
domains and expressed by the following conformal mapping
from the unit disk D:34

z ¼ gðzÞ ¼ a4 � 1

a2 � aþ 1
� z
a2 � z2

; (39)

where a 4 1. Fig. 6(a) shows an example of cell alignment in
the quadrature domain. According to cell culture
experiments,16 the distance D++ between the two +1/2 defects
was fitted by the distance Dq between the centers of the two
circles as follows:

Dþþ ¼ 2 0:58þ Dq

2

� 

; (40)

where the distance Dq is expressed as

Dq ¼ 2gð1=aÞ ¼ 2a

a2 � aþ 1
: (41)

On the other hand, the equilibrium point z = +D++/2 = + g(r) is
theoretically calculated by solving the following equation:

1� 5r4 � 2â
4r 1� r4ð Þ þ

6r r2 þ 3a2
� �
4 a4 � r4ð Þ ¼ 0: (42)

Fig. 6(b) shows the experimental and theoretical distances D++

between the two +1/2 defects in terms of the distance Dq.
Similarly to Fig. 5, the experimental values are lower than the
theoretical values without active stress (â = 0). It follows
from (42) that the parameter â is estimated by the following
equation.

â ¼ 1� 5r4

2
þ
3r2 r2 þ 3a2
� �

1� r4
� �

a4 � r4
: (43)

The estimated parameter â ranged between 0.1 and 0.5 and
varied with the distance Dq (Fig. 6(c)).

In the above two examples, the parameter â is estimated to
be positive, which implies that the myoblast cells generate
contractile stress. These results are consistent with an existing
study on the defect dynamics in free space, which reported that
the direction of defect motion in C2C12 cells was opposite to
that in neural progenitor cells, which show extensile active
behaviors.11 Thus, the proposed estimation method shows
promise for quantifying the degree of contractility or extensi-
bility of cell populations using only the equilibrium states of
defects. In contrast to an existing study of the quantification of
active nematics which considered an integer defect in a small
circle,45 the proposed method can be applied to arbitrary
simply connected domains. This advantage helped reveal the
possibility that the active stress parameter â depends on the
domain geometry (Fig. 5 and 6). However, the uncertainty of the
estimated â was very large in Fig. 5 and 6. In particular, the
estimated â changed by a factor of five in Fig. 6, possibly
because the experimental results of the distance D++ was fitted
by a simple line in the study16 and the error of the fitting is not
considered in the estimation of â. In addition to the explicit
formulas for the estimation of â (38) and (43), some statistical
approaches will also be necessary to capture the distributions
of observed defects for a more precise estimation of â, which
will be a focus of our future work. Though further experimental

Fig. 6 Estimation of the parameter â from the experiments of stable defect positions in mouse myoblast cells in the domain where two disks intersect.16

(a) Cell alignment in the domain O mapped from the unit disk D by the function (39). Blue circles represent +1/2 defects. (b) Distance D++ between the
two +1/2 defects for various geometrical parameters Dq. For each Dq, the parameter a is obtained by solving (41). (c) Predicted parameter â from (43) with
a parameter r obtained by solving D++/2 = g(r).
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research is needed to validate the estimated parameter â, our
theory revealed that the force acting on a defect can be
expressed as residues of complex functions and enabled a
detailed analysis of defect dynamics and the estimation of
the activeness, which cannot be achieved by numerical simula-
tions. Thus, the proposed theory will open up an analytical
approach for investigating the essential dynamics of topologi-
cal defects in active nematics.

7 Conclusions

This paper proposed a new theoretical framework to mathema-
tically model defect motion by constructing integral curves
defined from the director field of a dry active nematic system
based on complex analysis. As a result, we revealed that defect
motion is characterized by the residues of two holomorphic
functions derived from the director field. Moreover, the
proposed method reproduced and refined the theory of defect
motion for a defect pair and was able to estimate the active
stress from the results of cell culture experiments.

In this paper, we modeled the density of active nematic
liquid crystals as the densities of integral lines of the holo-
morphic director field to qualitatively consider the increase and
decrease of cell densities around +1/2 and �1/2 defects, respec-
tively. However, we could not offer an evaluation or comparison
of the line densities in the experiments because the size of the
nematic liquid crystals is neglected in the proposed theory
whereas the size of cells should be considered in actual experi-
ments. An additional limitation is that the spatial variation of
the density of the proposed integral lines cannot be controlled
and thus the proposed integral lines cannot be precisely fitted
to the experimental data because the spatial distributions of
the integral lines are determined by the complex function f (z),
which is derived from the director field nd under the one
constant approximation. Thus, further analytic tools are
required to bridge the gap between the proposed theoretical
model and actual cell experiments to investigate how the
density variations affect the defect dynamics.

For the analysis of the defect dynamics, we considered
torque-free motion of a defect pair and ignored the direction
of the defects in this paper. However, many studies have found
that torques around defects play an important role in the
complex dynamics of defect motion.25,26,28,29,38 Thus, our
future work will include an extension of the proposed theory
to include the effects of torques around defects. In addition,
cell culture experiments are required to verify the theoretical
predictions of defect motion and estimated active stress para-
meter â.
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