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Dynamics and rupture of doped motility induced
phase separation†

Rodrigo Fernández-Quevedo Garcı́a,*ab Enrique Chacón,c Pedro Tarazonad and
Chantal Valeriani *ab

Adding a small amount of passive (Brownian) particles to a two-dimensional dense suspension of

repulsive active Brownian particles does not affect the appearance of a motility-induced phase

separation into a dense and a dilute phase, caused by the persistence of the active particles’ direction of

motion. Unlike a purely active suspension, the dense slab formed in an elongated system of a passive–

active mixture may show, over long periods of time, a stable and well-defined propagation of the

interfaces, because of the symmetry breaking caused by the depletion of passive particles on one side

of the slab. We investigate these dynamical structures via average density profile calculations, revealing

an asymmetry between the two interfaces, and enabling a kinetic analysis of the slab movement. The

apparent movement of the dense slab is not a pure source/sink effect, nor a rigid displacement of all the

particles, but a self-sustained combination of both effects. Furthermore, we analyse the specific

fluctuations that produce, cancel and abruptly reverse the slab motion.

1 Introduction

One of the simplest theoretical models proposed to unravel
the features of the collective behaviour of active particles is the
so-called active Brownian particle (ABP) model, consisting of
self-propelling Brownian particles which gradually change their
direction of motion.1–4 Numerical simulations of suspensions
of repulsive ABPs have demonstrated that ABPs spontaneously
aggregate due to the persistence of particles’ direction of
motion, undergoing a motility induced phase separation
(MIPS)5–9 into a dense and a dilute phase.3,5,9–17 These numer-
ical results have been supported by phase-field calculations18–21

and experimental results on two-dimensional suspensions of
active colloids.22–25

When MIPS takes place in numerical simulations, dealing
with an elongated cylindrical box allows for characterizing
its structural features, such as its interfacial properties. As
suggested by the authors of ref. 26, considering the swim
pressure as a contribution to the total pressure results in a

negative interfacial tension. However, different from equilibrium,
this leads to a long-time stable MIPS. Patch and coworkers27 have
addressed the controversy of a negative surface tension coexisting
with a stable interface by discovering a Marangoni-like effect
arising from the presence of sustained tangential currents at the
interfaces (on both dilute and dense phases). By means of a
continuum description, the authors of ref. 28 demonstrated that
modelling activity as a spatially varying force allows one to predict
consistent pressures and nearly zero surface tension.

Hermann and coworkers29 implemented non-equilibrium
generalization of the microscopic treatment of the interface,
leading to a positive interfacial tension that directly explained
the stability of the interface. The approach in ref. 29 produces
the ‘‘intrinsic density profile’’.30 Thus, one could study capillary
wave fluctuations and the wave vector dependence of the
interfacial tension. Some of us have recently analysed the
features of the dense/dilute interfaces in terms of intrinsic
density and force profiles, calculated by means of Capillary
Wave Theory.31 In our work, we attributed the MIPS stability to
the local rectification of the random active force acting on
particles at the dense (inner) side of the MIPS interface. This
caused an external potential producing a pressure gradient
across the interface and led us to conclude that the MIPS
mechanical surface tension could not be described as the
surface tension of equilibrium coexisting phases.

The stability of MIPS has been tested against several
features. On the one side, hydrodynamics, together with the
particles’ shape, has been shown to affect the existence of
MIPS. MIPS is suppressed when particles are spherical,32 while
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it is enhanced when particles are elongated.33 MIPS is also
hindered in the case of a suspension of chemotactic active
Brownian particles.34 In contrast, MIPS is neither hindered when
particles’ equations of motion are characterised by inertia35,36 nor
when particles’ motion is on-lattice37,38 rather than off-lattice.

Adding passive particles to an ABP suspension, one could
study the physics of a binary mixture. By means of experiments
or numerical simulations, mixtures of active and passive parti-
cles have been studied by several authors.39–46 When focusing on
the behaviour of passive particles, active particles (whether ABP
or bacteria) influence not only the structural arrangement of
passive particles, but also their dynamic properties, as demon-
strated in ref. 41–46. On the other side, adding a small amount
of passive particles to a suspension of active particles18,47,48 is
not enough to impede MIPS from taking place but can alter its
morphology. When MIPS appears, the dense phase is not
homogeneous anymore, since active particles are more concen-
trated at the boundaries and passive ones are mostly concen-
trated at its inner part. Interestingly, the fluctuations of the MIPS
interface are much more pronounced in the binary mixture than
in the purely active system.47 In this respect, Wysocki and
coworkers18 studied an active/passive binary mixture in a two-
dimensional elongated simulation box and identified a collective
motion of the dense MIPS phase. This collective motion, com-
pletely absent in the purely active ABP suspension,48 consisted of
well-defined propagating interfaces caused by a flux imbalance
of the active and passive particles in the dilute phase.

In the present work, we investigate the behaviour of a two-
dimensional binary mixture of repulsive (WCA) active (A)/pas-
sive (P) Brownian particles via simulations by means of the
LAMMPS Molecular Dynamics package.49 The active Brownian
particles, at temperature T, with Boltzmann constant kB, trans-
lational diffusion coefficient Dt, and the stochastic uncorrelated
white noise ~xi, have velocities given by

_~ri ¼
Dt

kBT
�
X
jai

~rU rij
� �
þ Faj j~ni

 !
þ

ffiffiffiffiffiffiffiffi
2Dt

p
~xi; (1)

where on top of the interaction with all other particles, through
the pair potential U(r), one should consider a constant self-
propelling force, Fa, whose direction is given by the unitary
vector -

ni = (cos yi,sin yi), with angle yi changing independently
for each particle,

_yi ¼
ffiffiffiffiffiffiffiffi
2Dr

p
Zi; (2)

with the rotational diffusion coefficient, Dr, and the stochastic
uncorrelated white noise Zi.

Using the same equation (eqn (1)), the passive particles are
simulated by setting Fa = 0. The interaction potential in the first
term of eqn (1), without a distinction between the active or
passive character of particles, is chosen as the repulsive WCA
potential,50

UðrÞ ¼
4e

s
r

� �12
� s

r

� �6� �
þ e ro 21=6s

0 r4 21=6s

8><
>: (3)

where r is the distance between the centre of two particles and e
is the minimum value of the well of a Lennard-Jones potential.
All quantities presented in this paper are expressed in reduced
units, in terms of s and e. The time step for Brownian dynamics
simulations is fixed at dt = 5 � 10�5, and simulations typically
run for up to 5 � 103 time units, with longer runs (104)
performed when higher statistical accuracy is required.

In our simulations, we keep the area A applying periodic
boundary conditions in a box with lengths Lx 4 Ly (as in ref. 47).
The periodicity along the short edge (Ly) plays the usual role of
avoiding finite size effects; however, on the long edge (Lx) its role
should be regarded as a system with a real cylindrical geometry.
We set the number of active (NA) and passive (NP) particles
constant so that the total number of particles is NT = NA + NP.
Unless explicitly stated otherwise, we set NT = 8055 with a box
size of Lx = 200s and Ly = 50s, where s denotes the particle
diameter. The passive particle concentrations vary from ZP = NP/
NT = 0.4 down to the purely active system (ZP = 0). Throughout
the study, the number density is fixed at r = NT/(LxLy) = 0.8055.
Almost most of the results correspond to the standard system
size (Lx = 200s, Ly = 50s, and NT = 8055). However, when explicitly
indicated, we will also present results for other system sizes.

The activity is controlled via the Peclet number, defined as
Pe = 3ntr/s, where n = FaDt/kBT is the self-propulsion velocity and
tr = 1/Dr is the reorientation time. We set Dt = 1.5, Dr = 0.6, kBT =
1.5, and Fa = 24, resulting in Pe = 120. This choice of density
and Peclet number guarantees phase separation (MIPS) for
both the pure system (ZP = 0) and the mixtures studied here,
up to ZP = 0.4.47,48

2 Characterization of the dense
slab motion

Typical MIPS snapshots, separated by Dt = 100 time intervals
(from top to bottom) are reported in Fig. 1 for the pure ZP = 0
system (left) and the ZP = 0.4 mixture (right), (see also Videos
Vid_SP_mov_MIX_00.mp4 and Vid_SP_mov_MIX_04.mp4,
ESI†).

The MIPS in the pure system of ABP (left panels) forms a
dense slab (or band) closing itself over the Ly (shorter) period,
and filling a fraction Ls/Lx of the (horizontal, in the Figure) X
axis. The less dense phase fills the rest ((Lx � Ls) � Ly) of the
simulation box. The periodic boundary along X implies that the
dense band may appear at any position, even apparently split
into two pieces, at the opposite ends of the 0 r x r Lx box. As
usual in phase separations, the thickness of each region would
readjust to the values of NT and the area A = Lx � Ly, without a
change in the coexisting densities.

For the ZP = 0.4 mixture (right column in Fig. 1) the snap-
shots show also the formation of a dense slab, although thinner
than at the left column because in the mixture there is
less density difference between the two phases. That could be
expected since the active particles are diluted (keeping the
same total density) in the mixture with passive particles. The
fluctuations at the interfaces are larger in the mixture than in
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the pure ABP system, but the most important difference comes
in the series of snapshots along each column (see also the
Videos, ESI†).

In the pure active system, the dense MIPS band has a slow
random wandering along the X direction, while in the mixture
there is fast translation of the band along the X direction, either
to the right (as shown in these snapshots) or to the left (at other
times along the simulation). The same sense of motion is kept
over long time periods and the band often goes across the
periodic boundary x = 0, Lx.

As shown below, this self-sustained movement relies on the
inhomogeneity of the whole system along the X direction,
including a clear asymmetry between the interfacial structures

at the two edges of the moving slab. That contrasts with the
homogeneous phases in the MIPS of pure ABP systems, in
which the inhomogeneity is restricted to the two symmetric
interfacial regions.

The formation of inhomogeneous structures with steady
movement is known for systems of Brownian interacting parti-
cles kept (by an external force) in steady motion with respect to
the bath, so that the balance between the friction, the external
force and the interactions creates inhomogeneous ‘‘front’’ and
‘‘wake’’ structures along the direction of motion.51

The use of periodic boundary conditions along the X axis
(perpendicular to the interfaces) becomes then a physical choice
(like in a real cylindrical or toroidal geometry), rather than a
computational trick, since the values of Lx and Ls (that is
controlled by NT) affect the whole inhomogeneous structure.
Taking Lx as a physical period allows us to explore steady states
in which the inhomogeneous density distributions move (over
long time periods) without changing their mesoscopic structure.

Our analysis, under these simplified conditions, aims to
quantify the (visually observed) difference between pure and
mixed systems. The relevance of more complex mesoscopic
MIPS structures in mixtures under other geometrical con-
straints will be discussed later.

First, we need a quantitative mesoscopic description for the
motion of these structures, averaging over the rapid changes of
the particle positions xi (for i = 1, NT). To that effect, we define
(see the ESI† for discussion on alternative definitions) the
instantaneous position of the dense band X(t) as‡

XðtÞ ¼ Lx

2p
arctan

PN
i¼1

sin
2p
Lx

xiðtÞ
� �

PN
i¼1

cos
2p
Lx

xiðtÞ
� �

0
BBB@

1
CCCA; (4)

that corresponds to getting real positive values for the lowest
(q = 2p/Lx) Fourier component of the particle positionPNT

i¼1
eiq xiðtÞ�XðtÞð Þ; so that X(t) is located at the center of the dense

slab, independent of the position of the slab in the 0 r x r Lx

interval.
The results for X(t), reported in Fig. 2, are then used to

calculate the velocity of the slab as a mesoscopic structure.

VðtÞ ¼ dXðtÞ
dt
� Xðtþ DtÞ � XðtÞ

Dt
; (5)

with time step Dt = 0.05 = 103dt.
Then V(t) is averaged as hVi, over 250Dt = 12.5 time intervals,

and used to get its autocorrelation (ESI†), h(V(to) � hVi)(V(to + t)
� hVi)iE DV2 exp(�t/tp), to characterize rapid fluctuations with
persistence time tp E 1.8 � 0.2, that we find to be similar in
pure and mixed systems.

For the unbiased random walk (ZP = 0) there is no longer
time scale than tp, so that the mean square amplitude of the

Fig. 1 Top: MIPS snapshots for ZP = 0 (left-hand side) and ZP = 0.4 (right-
hand side) (active particles in red and passive ones in blue). The time
difference between the top and bottom snapshots is Dt = 100 (time
indicated in each frame). The black dashed lines mark the position of the
slab’s center of mass.

Fig. 2 Slab position over time, X(t), for various ZP values (Panel (a) shows
ZP = 0 and 0.1, while panels (b), (c), and (d) correspond to ZP = 0.2, 0.3, and
0.4, respectively.). Red dashed lines indicate periods of linear displace-
ment, with slopes (velocities |V|) also shown in the legend.

‡ Along the simulation we chose the branch of the arc-tangent in which X(t) is the
closest to its previous position X(t � dt), in order to keep the number full Lx

rounds.
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V(t) fluctuations DV2 � h(V(t) � hVi)2i should produce a random
walk of X(t) with diffusion constant D = DV2tp E 0.3 � 0.05;
consistent with the observed changes DX(t) B �50 over the full
simulation run tmax = 4400. Such a slow drift (that should be size
dependent) is typical in any phase separation and it is usually
dealt with (small) rigid shifts of all particle positions to keep the
dense slab at an approximately fixed position in the periodic cell.

In contrast, mixtures with Zp Z 0.2 (Fig. 2, panels b–d) show
long steady motion periods (SMPs), marked as red dashed lines,
with a nearly constant (either positive or negative) slope X(t) �
X(to) E�V SMP (ZP)(t� to), with (absolute) values of the slope that
increase from VSMP (0.2) E 0.30 to VSMP (0.4) E 0.57. The mean
square fluctuations DV2 = h(V(t) � hV(t)i)2i E 0.3 (over the same
12.5 time intervals) are just slightly larger than for ZP = 0.

The amplitude
ffiffiffiffiffiffiffiffiffi
DV2
p

� 0:5 of these fast tp E 1.8 fluctua-
tions are of the same order of magnitude as the mean value
VSMP; however, the SMP are clearly identified in X(t) (see Fig. 2)
and also in the histograms for V(t), (ESI†) because a much
longer time scale emerges, with a typical SMP persistent time
tSMP that we can only estimate to be tSMP B 500 for ZP = 0.2,
tSMP B 1000 for ZP = 0.3 and larger for ZP = 0.4.

The SMPs are interrupted by large fluctuations in the struc-
ture of the MIPS slab, reflected in sharp changes of the nominal
position X(t) defined in eqn (4). Then, there may be a rest period,
in which X(t) fluctuates without forth-back bias before a new
sudden change in X(t) leads to start a new SMP, that may be in
the opposite direction (with a U-turn of the slab) or in the same
direction as the previous SMP. We may estimate that for ZP = 0.4
there is a typical time to B 100 (just an order of magnitude) for
the rest period between two SMPs. U-turns occur at each Zp

during periods of steady motion. As Zp increases, the time
required for a U-turn to develop becomes shorter. Thus, at Zp =
0.4, the U-turn is very abrupt. In this respect, given sufficient
simulation time, a U-turn d also occurs at Zp = 0.3, although less
sharply than at Zp = 0.4, but still more sharply than at Zp = 0.2.

Therefore, for that high concentration of passive particles
tp { to { tSMP gives a good separation of time scales for our
analysis of the SMPs. For lower ZP values, to increases while
tSMP decreases, so that for ZP = 0.2 we may estimate to B tSMP

B 500.
Notice that we have only very crude estimations for tSMP(ZP)

and to(ZP) since good statistics would require extremely long
simulation runs. As in any mesoscopic characterization there
are uncertainties; a red line in Fig. 1 may go through a large
fluctuation, and we could take it as a single SMP or as two
successive SMPs that keep the same direction of motion, after a
very short rest time.

Nevertheless, we find robust indications for the emergence
of the time scales tSMP 4 to c tp, leading to superdiffusive
behaviour of the dense MIPS clusters, as a peculiarity of active–
passive mixtures and the subject of our study. In the remaining
of our work, we will focus on the ZP = 0.4 case for a detailed
analysis, because it provides the best statistics to characterize
the structures that produce the SMP.

However, similar behaviour is clearly observed for Zp = 0.3
and 0.2. For ZP = 0.1 we observe sudden changes in X(t), that do

not appear in the pure (ZP = 0) MISP slabs, but the time scale
separation between SMP and rest periods becomes uncertain.

3 Analysis of the density and current
profiles

The instantaneous density profiles r̂aðx; tÞ ¼
PNa

i¼1
d x� xiðtÞð Þ

	
Ly,

for a = A, P particles, should be averaged over a time interval t A
[to,to + Dt] to get smooth mean density profiles ra(x) = hr̂a(x,t)iDt.
However, the fast movement of the band in active–passive
mixtures leads to flat ra(x), unless the time average is chosen
to be very narrow, with the consequence of being too noisy ra(x).
This problem can be overcome by evaluating the shifted density
profiles5,12

~raðxÞ ¼
1

Ly

XNa

i¼1
d xþ XðtÞ � xiðtÞð Þ

* +
Dt

: (6)

The emergent time scale separation allows to take tSPM 4
Dt c tp with a very good average over the rapid fluctuations,
but still within a single SMP. Thus, for Zp = 0.4, over a period
with hV(t)iE +0.57 we obtain the strongly asymmetric ~rA(x) and
~rP(x) profiles shown in Fig. 3.

At the back of the moving band, ~rA(x) (dashed red) presents
a peak and ~rP(x) (dashed orange) drops to a narrow minimum.
In contrast, at the front, ~rA(x) and ~rP(x) have similar smoother
decays. For comparison, the pure ABP system (black line)
presents a fairly symmetric profile and a larger MIPS density
difference.

The same qualitative features are found at lower concentra-
tions of passive particles, as shown in Fig. 4, for ZP = 0.2.

In panels (b) and (c) eqn (6) is averaged over the SMP with
hV(t)i E �0.30, respectively (along the periods marked as red-
dashed lines in Fig. 2(b)). The asymmetry is (~ra(x) - ~ra(�x)) in
SMP with the opposite velocity. The rest periods (hV(t)iE 0) are
now long enough to take good averages, that give the symmetric
density profiles in Fig. 4(a). Notice that the steady motion of the

Fig. 3 Full lines: mean total density profile ~r(x): for ZP = 0 (black) and 0.4
(blue). For the latter, dashed lines: ~rA(x) (red) and ~rP(x) (orange); blue arrow:
the direction of motion in the SMP used for the time average.
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band across the system seems to reinforce (rather than to
weaken) the MIPS in the mixture, since the density contrast
between the maximum density (at x E 0) and the minimum
density (at x E�Lx/2) is higher in the SMP asymmetric profiles,
than in the symmetric profiles during the rest periods.

Wysocki et al.18 proposed a source-sink mechanism to
explain the band displacement, where the receding interface
acts as a source, evaporating particles into the dilute phase,
while the advancing front, acting as a sink, captures particles
into the dense phase. A representation of this source/sink effect
is reported in Fig. 5 for ZP = 0.4, with four snapshots, each with
X(t) as a vertical dashed line and the MIPS boundaries as wavy
black lines.

In the top snapshot, particles are coloured in red if close to
the source (back) side and in purple if close to the sink (front).
From top to bottom, the red particles rapidly escape from the
back interface and are added at the front interface. The purple
particles remain mostly stationary as the slab moves through
them, diffusing slowly within the dense region.

For quantitative analysis, we use Smoluchowski’s equation
for the instantaneous distributions of density r(-r,t) = hd(-r �
-ri(t))in and current

-

j(-r,t) = hd(-r � -ri(t)
-vi(t))in, smoothed by the

average h. . .in over many realizations of the Brownian noise
acting on the particles. Along a SMP the velocity of the MIPS
band has rapid (Btp) fluctuations around a mean value hVi. We
assume that the self-averaging of ~r(x) gives r(-r,t) = r(x,t) E ~r(x̃),
with x̃ = x � hVit, and the continuity equation for the steady
state movement of the band becomes51 qtra(x,t) = �qxja(x,t) =
�hViqx̃~r(x̃), that may be integrated to the current densities

ja(x̃) = hVi~ra(x̃) � Da (7)

where the integration constant, Da, is the counter-current
which makes ja(x̃) to be lower than the apparent current carried
by the moving slab.

In our simulations, we get DA and DP from hVi and the mean
velocity of the particles, for each species,

vah i �
1

Na

XNa

j¼1
vi

* +
¼
Ð Lx

0 dxjaðx; tÞÐ Lx

0
dxraðx; tÞ

¼ hVi � Da

rah i
(8)

where hrai = Na/(LxLy) are the fixed mean densities. For ZP =
0.4 and hVi E 0.57 (as in Fig. 3) we get hvAi = �0.03 and hvPi =
0.05, which correspond to counter currents, DP E 0.17 and
DA E 0.29.

4 Brownian dynamics analysis for the
SMP

In the Smoluchowski equation for Brownian particles (with
mobility G, temperature T and translational diffusion constant
Dt = kTG) the (noise averaged) currents for each species are

jaðx; tÞ ¼ G
X

b¼A;P
fabðx; tÞ � kT@@xraðx; tÞ þ daAf aðx; tÞ

 !
(9)

with the interaction force densities fab(x,t) that particles of
species a receive from particles of species b, the thermal
diffusion (both for active and passive particles), and the active
force density fa(x,t) (with dAA = 1 and dBA = 0), which reflects the
local rectification of the (independently random but slowly
varying) active force acting on each particle.

All these force densities may be evaluated in our simula-
tions, and averaged along a SMP in terms of the relative
position x = xi(t) � X(t) of each particle from the mesoscopic
position of the slab, as done in eqn (6) for the density profile
~ra(x). The results in Fig. 6 correspond to the same SMP, for ZP =
0.4, as the density profiles in Fig. 3.

The assumption r(x,t) E ~r(x̃), with x̃ = x � hVit, that leads to
eqn (7) may now be used for each component of the force
densities fa(x,t) E f̃a(x̃), to take the time averages along a SMP
with mean slab velocity hVi as (self-averaging) representation of

Fig. 4 Full lines: mean total density profiles (eqn (6)) for ZP = 0.2; blue line:
total density, red-dashed line: ~rA(x) and orange-dashed line: ~rP(x). For
comparison, the black liners give the density profile in a pure (ZP = 0) ABP
system with the same rT. In panel (a) the average is taken over the rest
periods (hV(t)iE 0 in panel (b) of Fig. 2); in panels (b) and (c) the profiles are
averaged over the SMP (red-dashed lines in Fig. 2) when the slab moves in
the direction of the top blue arrow.

Fig. 5 Snapshots showing the slab’s movement as a function of time
(from top to bottom). Slab boundaries31 underlined by a black line as well
as the mass centre position, X(t) (vertical dashed line). Top snapshot: Slab
particles on each side are coloured red (source interface) and purple (sink
interface). Their colour is maintained in the all snapshots, showing how
particles change position with time.
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the Brownian noise average in Smoluchowski eqn (9), to get

jaðx̂Þ ¼ G
X

b¼A;P
fa;bðx̂Þ � kT@~x~raðx̂Þ þ daAf aðx̂Þ

 !
: (10)

Fig. 7 shows a comparison of (again for the same ZP = 0.4
SMP analyzed in Fig. 3) the mean velocities, va(x̃) � ja(x̃)/ra(x̃),
obtained via eqn (7) (i.e. from the density profile, the global
mean velocities hvai and the slab hVi) and via eqn (10) with the
force densities in Fig. 6.

The fairly good agreement between the kinetic and the
dynamical results (see also in the ESI† the direct comparison
for ja(x̃)) gives a strong support to our assumption j(x,t) E j̃(x̃),
i.e. to the self-averaging of the Brownian thermal noise as time
averages over the SMP. Therefore we may proceed with the
following dynamical interpretation for the structural origin of
the SMP based on (10).

Eqn (7) and (10) give

Da ¼ hVirað~xÞ � G
X

b¼A;P
fa;bð~xÞ � kT@xrað~xÞ þ f að~xÞ

 !
: (11)

The constant value of the right-hand side, independent of x̃, is a
strong link between the results for the density and force
profiles when the system is in an SMP. Moreover, taking the
average of (11) over the total length 0 r x̃ r Lx, with periodic
boundaries, the contributions from the Brownian diffusion and
the active force (both with an independent random direction on
each particle) are null.

The same applies to the repulsion between particles of
the same species fAA(x̃) and fPP(x̃) that have null integrals. The
qualitative difference of a mixture with respect to a pure ABP
system is that the integrals of fAP(x̃) and fPA(x̃),

1

Lx

ðLx

0

dxfPAðtÞ ¼ �
1

Lx

ðLx

0

dxfAPðtÞ �
FPA

A
¼ �FAP

A
; (12)

may have non-null (but opposite) values reflecting that, if the
density profiles break the left–right symmetry, the active parti-
cles may globally push (and be pushed back by) the passive
ones. The static (on average) centre of mass for the whole
system, which emanates from the Brownian dynamics and the
mean average of the active force on each particle, imposes that
NAhvAi + NPhvPi = 0.

As observed in our simulations, the global movement of the
two species has to be in opposite directions, and it is fully
determined by their mutual global force FPA = �FAP. The
counter currents in eqn (7) may be obtained in terms of the
total forces between active and passive particles,

Da ¼ VðtÞh i rah i � G
FPA

A
; (13)

which amounts to the dynamical balance for the global mean
velocity of each species

hvPi ¼ G
FPA

NP
and vAh i ¼ �G

FPA

NA
(14)

and the static (on average) centre of mass for the whole system,
NAhvAi + NPhvPi = 0. The global movement of the two species has
to be in opposite directions, and it is fully determined by their
mutual global force FPA = �FAP. The counter currents of the two
species are linked by the restriction DA + DP = hVir T, with r T

being the total density.
The velocity profiles in Fig. 7 show that within the dense

slab (�25 r x̃ r 15) the active and passive particles move
together, vA(x̃) E vP(x̃) E hV(t)i/3. Therefore, the MIPS kinetics
in active–passive mixtures is neither a pure source/sink mecha-
nism (in which the particles of the dense slab would remain at
rest), nor a real drift of the particles at the full velocity V(t), as if
DA = DP = 0. Drift and source/sink act in parallel, self-
maintained by the asymmetry of ra(x̃), which unbalance the
local rectifications of the active forces at the front and back
edges of the slab. With our r(x,t) E ~r(x � hVit) hypothesis, if

Fig. 6 Mean force profiles for the system with ZP = 0.4 moving towards
the positive X-axis: the interaction between active–active, f̃AA (red), and
passive–passive, f̃PP (black), active–passive, f̃AP (blue), and the opposite f̃PA

(orange); and the active force density profile, f̃a (green).

Fig. 7 Particle velocity profiles for ZP = 0.4 calculated via eqn (7). Using
the currents from the forces (noisy solid lines) and the density profiles
(dashed lines). Both the profiles of active (red and green lines) and passive
(blue and orange lines) particles are included. The horizontal line repre-
sents vA(x̃) = vP(x̃) = 0.
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vA(x̃) = vP(x̃) at a point x̃, their value is

vAð~xÞ ¼ vPð~xÞ ¼ 1� rT
rAð~xÞ þ rPð~xÞ

� �
hVi: (15)

The observed common velocities at the inner part of the MIPS
slab (x̃ E 0), vA(0) E vP(0) E 0.2 E (1 � 2/3)hVi, are in good
agreement with the total density profile in Fig. 3, being rT/
(rA(0) + rP(0)) E 0.8/1.2 = 2/3.

We now demonstrate how the system may develop the
asymmetric density profiles, to produce a global force FPA and
self-sustain the movement hVia 0. In the ABP model the local
rectification of the active force31 produces the force density
f a(x̃) with positive/negative peaks at the back/front edges,
compressing (i.e. stabilizing) the dense slab. The null total
integral of f a(x̃) is forced, on average, by the symmetry of the
density profile. However, there are fluctuations such that f a(x̃)
becomes stronger at one edge, in correspondence to a sharper rise
in rA(x̃). Such fluctuation pushes the dense band in one direction
and the front edge would sweep particles from the low-density
phase. In the pure ZP = 0 case, the addition of more particles at the
advancing edge would make stronger the rectification of the active
force, thus compensating for the initial asymmetry. The short
persistence time tp E 1.8 reflects that kind of structural fluctua-
tions, also observed in our binary mixtures.

In a mixture, the sweeping effect at the advancing edge
would be stronger for the (lower mobility) passive particles.
That would decrease the local concentration of the (higher
mobility) active particles and the (backwards) rectified active
force at the advancing edge, enhancing the initial force/density
unbalance. Thus, the global motion of the slab may increase,
against the friction of the Brownian dynamics.

At a given passive particle concentration ZP, a fluctuation
might appear in the system with a typical time to(ZP): this
fluctuation could be strong enough to drive the system into a
steady-state motion, with asymmetric density profiles and
(action/reaction) opposite global forces on the two species.
Eventually, with a typical time tSMP(ZP) c tp, another large
fluctuation could break the self-sustained unbalance, leading
to the end of the SMP.

5 Size effect analysis

The above analysis underlines the crucial role of passive
particles as a reactive bath in which the local rectification of
the active forces may produce not only MIPS but also the self-
sustained asymmetry and the steady motion of the dense band.
Since the unbalanced rectification of fA(x̃) at the edges of the
slab has to produce the real motion of all particles within, the
SMPs are strongly size-dependent.

Fig. 8 presents X(t) values for several simulations charac-
terised by ZP = 0.4 and rT = 0.8, but different sizes: Lx = 100s and
Ly = 25s (a, blue); Lx = 400s and Ly = 50s (b, purple); Lx = 400s
and Ly = 100s (c, orange); and Lx = 200s and Ly = 50s (d, red),
which corresponds to the size used in all previous figures.

The smallest system (in blue, panel (a)) has the box lengths
(Lx,Ly) and also the slab thickness (Ls), reduced to half of their

values in the (original) system in panel (d). The X(t) trajectory in
the smallest system shows an SMP as clear as in the original
(larger) system, but with a (�) velocity VSMP E 1.04, i.e. much
faster than the value VSMP E 0.57 of the original system for the
same ZP. That is expected since the total force unbalance has to
scale as Ly, since it comes from the interfaces. In contrast, the
friction of the Brownian bath has to scale as the total number of
particles NT = 0.8LxLy. Notice that, even taking into account that
the results of the smallest system are reported over a longer
trajectory than those of the larger one, its typical times seem to
be shorter (since we observe several U-turns instead of the
single U-turn observed in the large system). A quantitative
estimate of the size dependence of tSMP and to would require
extremely large simulations, to get a good statistical sampling
of these rare events. However, we might expect longer time
scales in larger systems, since they need a larger fluctuation to
create or destroy a SMP.

The other two panels in Fig. 8 show the results of simulations
in systems larger than the original one (reported in panel d). In
panels (b) and (c) Lx and the slab thickness Ls are twice as large as
in (d). In panel (b) (purple line) we keep the original value of Ly, to
get a more elongated aspect ratio for the MIPS band. We observe
that after a long equilibration time the slab takes a positive
velocity with hV(t)i E 0.3, i.e. about half the value of the SMP in
the original system (d): this is consistent with having similar
interfacial forces (BLy) against double friction effects (BNT B
LxLy). Thus, the increase of Lx and of the slab thickness Ls leads to
V(t) with much larger fluctuations around its mean (SMP) value,
alternating fairly long periods characterised by a slab velocity
clearly higher or lower than 0.3. Thus, the clean separation of the
trajectories in the SMP, with V(t) E �VSMP, divided by static
periods with hV(t)it E 0, breaks down. This could be caused by the
fact that the longer Lx and Ls allow for enough free space for the
appearance of frequent fluctuations that break the slab. Thus, our
description in terms of the single variable X(t) fails.

Fig. 8 Trajectories of MIPS bands (X(t)) with ZP = 0.4 for systems of
different sizes at a fixed density r = 0.8 are shown. The trajectories correspond
to the following system sizes: panel a, blue, Lx = 100s and Ly = 25s (NT =
2070); panel b, purple, Lx = 400s and Ly = 50s (NT = 16 110); panel c, orange,
Lx = 400s and Ly = 100s (NT = 32 220); and panel d, red, Lx = 200s and Ly =
50s (NT = 8055), the same simulation as in panel (d) of Fig. 2.
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Panel (c) (orange line) corresponds to a system with the
same Lx and slab thickness Ls as in panel (b), but Ly which is
twice as large as in (d) (as a consequence, NT is four times the
original value). The trajectory X(t) has (as in panel (b)) a long
equilibration period followed by a steady forward motion of the
dense slab, with a mean velocity hV(t)i E 0.34 that is just
slightly higher than in panel (c) (the system in panel (c) has
twice as much interface than in panel (b), and twice as much
NT, i.e. friction from the bath). Even though the larger Ly size
reduces the fluctuations of V(t) around that mean value, we still
cannot split the trajectory in panel (c) into SMP as cleanly as in
the original system. Thus, we may interpret that the larger Lz =
100 makes it less likely than with Ly = 50 that a fluctuation splits
the dense slab into two bands so that the description via the
variable X(t) (i.e. assuming a single dense band) is more
accurate than in panel (b).

The size effects in hVi are directly transmitted to the mean
particle velocities. Thus, compared to the values hvAi = � 0.03
and hvPi = 0.05 achieved the original size (panel (d)), in the
larger system (orange panel (c)) with (hVi = 0.34), we obtain that
the velocities of each species are hvAiE �0.02 and hvPiE 0.03.
Very similar values are obtained when we duplicate Lx keeping
the original value of Ly. Therefore, we conclude that the velocity
of the slab is (roughly) inversely proportional to the x-length,
such that hVip hvai p 1/Lx and VSMP p hvai p 1/Lx.

6 Analysis of U-turn events

The whole phenomenology described so far has to be inter-
preted as the appearance of mesoscopic structures, with large
spatial and temporal scales that emerge by the presence of
passive particles in ABP systems. In general, we may expect
complex kinetic behaviours consisting of large and fast moving
clusters colliding, merging and splitting. It is only through our
choices for Lx and Ly, that we have been able to describe the
phenomenology observed using the mesoscopic variable X(t)
and the time averages with tp { Dt o tSMP(ZP).

The analysis of the events creating and destroying the SMP
has to be restricted to shorter time averages and noisier density
profiles. Fig. 9-panel (a) represents a zoom-in of the U-turn
observed in Fig. 2-panel d at t E 1500 (ZP = 0.4) (see also Video
in SM Vid_SP_U-turn_v2.mp4, ESI†).

The initial structure, with V(t) = �VSMP, is characterised by
the asymmetry reported in Fig. 3. Zooming in, panels (b)–(e) in
Fig. 9 present the mean density profiles of active (continuum)
and passive (dashed) particles along the U-turn: clearly, the
density of the structure is highly disordered, as shown by the
appearance of a region with relatively low density of active
particles at the middle of the dense slab.

The (nominal) position of the slab X(t), from eqn (4), reflects
that a fluctuation period (nearly flat, in blue and in panel b) is
followed by a much faster period (in red and in panel c). In fact,
the trajectory X(t) itself does not give a reliable representation
of the actual kinetics. The Video in the ESI† shows that the
dense slab is broken into two pieces (panel c) that move in

opposite directions until, due to periodic boundaries, they
collide again.

Finally, the system reaches a nearly static structure over a
period of Dt B 1000 (in orange and in panel d), in which the
density profiles are (nearly) symmetric, with a very high density
of passive particles at the centre. Reversing the sequence of
events for t o 1500, X(t) has a sudden acceleration (in purple
and in panel e) in which the left-right symmetry is broken, to
reach a SMP with V(t) = VSMP.

Thus, the large fluctuations that create and destroy the
SMP in our simulations overcome our effort, in eqn (4)–(6),
to describe the MIPS structure as a single cluster at the
position X(t).

7 Discussion and conclusions

In a pure system of active Brownian particles, the motion of
particles (induced by the thermal agitation, the active and the

Fig. 9 (a) Zoom of the slab centre of the mass position (X(t)) of the ZP =
0.4 mixture in Fig. 2-panel (d), undergoing a U-turn. Panels (b)–(e) show
the mean density profiles of the different intermediate states in panel a
between the change of motion. Active particle density is represented with
continuum lines and the passive one with dashed lines. The colour code in
panels (b)–(e) refers to the colours along the line in panel (a).
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interaction forces) is damped by the inert bath, that acts
independently on each particle. The addition of repulsive
passive particles to ABP systems provides a reactive bath for
the active ones. The clustering of active particles in MIPS
induces inhomogeneous distributions of the passive particles
that would be reflected in the motion of the active ones.
Fluctuations that break the (�x) symmetry may create total
(opposite) forces that particles of each species induce on those
of the other species. Their opposite fluxes on the MIPS less-
dense phase may lead to a self-sustained motion of the dense
band, by a combination of sink-source effects at the edges and a
global shift of the (much rigid) inner dense slab.

To characterize and quantify all these effects, we have used
simulations of a mixture of active/passive Brownian particles in
a simple geometry: dense bands that cover the full period Ly,
along the (shorter) Y axis, and move along the (longer) X axis, so
that we may define a variable X(t) to localize the position of the
dense slab and V(t) for its velocity. In terms of these mesoscopic
variables, we observe the emergence of characteristic time scales,
much larger than the autocorrelation time tp for V(t) in pure ABP
systems. Steady moving structures (either with positive or nega-
tive mean velocity, X(t) �X(to) E �VSMP(ZP)(t � to)) appear with a
typical time to(ZP) and persist for a typical time tSMP(ZP) that may
be very long. In our simulations we get fairly accurate estima-
tions for VSMP(ZP) in mixtures with different compositions 0.2 r
ZP r 0.4, and for different sizes of the simulation box.

The self-assembly and motion of the MIPS clusters is a
mesoscopic phenomenon, depending on the size and geometry
of the dense cluster and on the distance between its two edges
through the less dense phase (across the periodic boundary
conditions). The U-turn events observed in our simulations,
when the motion of the dense slab is reversed, correspond to
fluctuations that break the slab into two pieces. If the slab is too
elongated (large aspect ratio Ls/Ly) these events may become
frequent, with small pieces of slab breaking out of the main
cluster, at one or the other edge, with the result of a worse
defined velocity �V SMP. On the other hand, larger values of Ly

give longer persistence times t SMP, for the steady motion of
the slab.

We compute statistical averages over (long) time intervals
in which X(t) keeps the same linear trend (either with V(t) E
�V SMP(ZP)), in terms of particle positions relative to the slab’s
mesoscopic position X(t). This allows us to obtain density, force
and velocity profiles characterizing the kinetics and dynamics
of the moving structures. All these variables contribute to the
generic terms of the Smoluchoski equation for Brownian
particles. The generic mechanism to achieve steady motion is
that active particles push (and are pushed by) passive particles,
producing stationary density and velocity profiles, in terms of
the variable x̃ = x � X(t), reflecting (and producing) a global
inter-species force FAP = �FPA a 0, either positive or negative.

Thus, the spontaneous breakage of the (spatial x and
temporal t) symmetry cannot appear in a pure (ZP = 0) ABP
system. Thus, we might consider the passive particle concen-
tration ZP as the parameter to turn on the most primitive
features of hydrodynamics, when collective motions of

swimmers are made possible by their global push on a reactive
medium. Our detailed statistical analysis for the different
kinetic regimes (steady moving structures and the rare events
that produce their U-turns) allowed us to interpret their
dynamics within the framework of the Smoluchowski equation
for interacting Brownian particles, thus providing a clearer
physical perspective on MIPS.

The dynamics of the MIPS in active–passive mixtures under
different conditions is likely to be much complex, with
entangled effects of the different kinetic regimes we have
identified and analysed. Nevertheless, we hope that our analysis
underlines the essential role of passive particles, allowing for the
time-space symmetry breaking, over time scales much larger
than the typical fluctuations in ABP, and based on a self-
sustained combination of a collective drift of particles in a
cluster with local source/sink effects at the edges, leading to
the structures’ kinetics apparently faster than the actual parti-
cles’ mean motion. As far as we are aware, so far experimental
realizations of MIPS have dealt with confined systems. However,
in order to observe the experimental equivalent of a travelling
band, one might need to be able to implement a cylindrical
geometry in an experimental setup.
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