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Magnetic field-induced transitions and phase
diagram of aggregate structures in a suspension
of polydisperse cubic haematite particles†

Kazuya Okada *a and Akira Satohb

We investigated a polydisperse cubic haematite particle suspension in an external magnetic field and

examined the dependence of magnetic field-induced transitions on the standard deviation of the

particle size distribution using quasi-two dimensional Monte Carlo simulations. In the case of smaller

polydispersity, stable clusters tend to form owing to stable face-to-face contact. In this case, however,

larger magnetic particle–particle interaction strengths are necessary. Since the applied magnetic field

enables the magnetic moment of each particle to incline in the field direction, it enhances the formation

of chain-like clusters. In the case of larger polydispersity, compared to the smaller polydispersity cases,

particle aggregates are formed even in the region of smaller magnetic particle–particle interactions. In

this case, small particles combine with a growing cluster composed of large particles to form larger

clusters. However, these small particles tend to disturb the internal structure of the particle aggregates,

leading to chain-like clusters with narrower widths than those in the case of smaller polydispersity.

These characteristics of the particle aggregates confirm that the broadness of polydispersity in a

magnetic cubic particle suspension is applicable for controlling the internal structure and regime

transition in the internal structure of particle aggregates. This may be an important feature in the

development of surface modification techniques using magnetic cubic particle suspensions.

Introduction

Desired magnetic particle suspensions are generated by dispersing
fine particles with appropriate magnetic properties and geome-
trical shapes in non-magnetic fluids. These suspensions have
attracted significant attention in various engineering fields owing
to their unique physical properties, such as particle aggregation,
magnetically induced heat generation, characteristic orientational
features, and magnetorheological behaviours, which are induced
by the complex relationship between the magnetic properties of
the particles and an applied magnetic field. The applications
of magnetic particle suspensions are diverse in various
fields, including magnetically controlled fluid devices in fluid
engineering,1,2 magnetic hyperthermia treatments, drug delivery
systems in biomedical engineering,3–6 visibility improvement
methods in environmental resource engineering,7,8 and surface
modification techniques in colloid and surface engineering.9–11

To optimise the design and performance of devices utilising
magnetic particle suspensions, clarifying their physical properties
under various conditions is crucial. The orientational charac-
teristics of magnetic particles and the internal structure of
particle aggregates are known to significantly vary depending
on the influence of an external magnetic field. This demon-
strates that understanding the behaviour of magnetic particles
in the presence of an applied magnetic field is essential to
obtain a successful application of magnetic suspensions. In the
present study, we conducted simulations to develop a surface
modification technology, which may be a key factor in generat-
ing new multi-functionalised particles using magnetic and non-
magnetic materials. The primary issue in the development of
surface modification technology is controlling the orientational
characteristics of magnetic particles and the regime change in
particle aggregates on the material surface (i.e. magnetic field-
induced transitions). Many researchers have investigated the
aggregation phenomena and magnetic field-induced transi-
tions on a two-dimensional (2D) plane by focusing on magnetic
spherical particles.9–13 These studies clarified that spherical
particles tend to form ring-like or curved chain-like clusters
with point-to-point contact in a dilute system. These clusters
were unstable and could be easily collapsed by the influence of
flow fields or magnetic fields. In recent years, since magnetic
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particles can be synthesised with various geometric shapes,
research subjects have expanded to magnetic non-spherical
particles, such as rod-like,14,15 disc-like,16,17 cube-like,18–25

and peanut-like23,25 particles. Among these, cube-like particles
allow for three distinct magnetisation models such as, plane
direction, edge direction, and diagonal direction. These mag-
netisation characteristics are expected to significantly influence
the internal structure of aggregates. Additionally, magnetic
cube-like particles naturally aggregate in a face-to-face configu-
ration. This face-to-face contact promotes the formation of
closely-packed isotropic clusters, which tend to remain stable
under flow fields or magnetic fields. This suggests that, com-
pared to magnetic spherical and rod-like particle suspensions,
cubic particle suspensions may exhibit distinct physical charac-
teristics. Furthermore, the unique cubic shape enhances stability
on material surfaces, potentially facilitating self-assembly on the
surfaces. These distinctive shape and magnetization characteris-
tics of cubic particles have motivated extensive research on cubic
particle suspensions.24,26–28 Along this research trend, several
researchers have investigated the internal structure of aggregates
in cubic particle suspensions. Donaldson and Kantorovich stu-
died optimal particle arrangements within clusters in a quasi-2D
system without an external magnetic field using molecular
dynamics simulations.24 Using the same simulation method,
Brics et al. explored energetically favourable structures in an
external magnetic field.26 Linse studied cubic haematite particles
with three different magnetisation characteristics to investigate
magnetic field-induced transitions.27 Their research clarified that
cubic particles magnetized in the plane direction favour ring-like
or curved chain-like structures, similar to conventional spherical
particles. Under an external magnetic field, these structures
transformed into single chain-like structures aligned with the
field direction. In contrast, cubic particles magnetized along
diagonal direction formed closely-packed clusters that expand
into a square-lattice structure with face-to-face contact. As the
magnetic field strength increased, these clusters transformed into
chain-like clusters with offset face-to-face contact. Notably, these
chain-like clusters could connect with neighbouring clusters,
growing into thicker chain-like clusters. Thus, the internal struc-
ture of aggregates changes significantly due to their distinctive
particle shape and magnetization characteristics of the cubic
particles magnetized in the diagonal direction. This feature is
not observed in suspensions composed of particles that form
aggregates with point-to-point contact. While these studies con-
sidered monodisperse systems for simplicity in simulations, a
complex system of polydispersity has not been investigated suffi-
ciently. Any real suspension exhibits some degree of polydisper-
sity, and therefore, it is essential to understand its effects when
applying the findings of previous studies to real suspensions.

In our previous study,29 through 2D MC simulations, we
elucidated the internal structure of particle aggregates and
magnetic field-induced transitions on a material surface in a
monodisperse suspension composed of cubic haematite particles.
We clarified that cubic particles form stable closely-packed clus-
ters with face-to-face contact, leading to rapid transitions within
a certain narrow magnetic field range. This rapid magnetic

field-induced transition is unique to a cubic particle system.
Therefore, at the next step, clarification regarding the influence
of the polydispersity of such a suspension on the aforementioned
physical characteristics may be imperative.

As the magnitude of the magnetic moment of the particles is
proportional to the particle volume, the polydispersity of the
magnetic particles is expected to significantly affect the aggre-
gate structures in magnetic–particle systems. Based on this
consideration, in our subsequent study,30 we considered a
suspension composed of polydisperse cubic haematite particles
but focused on the situation where a magnetic field was absent.
This is because, even in the case of a monodisperse system,
magnetic cubic particles are expected to form complex clusters.
Therefore, expanding on our previous investigation, in this
study, we clarified the aggregation phenomena at a deeper level
in the presence of an applied magnetic field.

Finally, we briefly describe several simulation studies31–38

on suspensions composed of polydisperse magnetic particles
under an applied magnetic field. Kruse et al. studied polydis-
perse ferrofluids and investigated their microstructure in an
external magnetic field.31 Kristóf and Szalai found that in weak
and moderate magnetic fields, the magnetisation of a polydis-
perse system is higher than that of a monodisperse system.32

Ivanov et al. conducted molecular dynamics and MC simula-
tions to examine the magnetisation curve of a polydisperse
ferrofluid at various concentrations.34 Using the cluster-moving
MC method, Aoshima and Satoh investigated the aggregation
phenomena in a suspension composed of polydisperse ferro-
magnetic particles both in the absence and presence of an
applied magnetic field.35,36 Li et al. examined a polydisperse
system with a Gaussian distribution, focusing on the aggrega-
tion patterns of magnetic particles under an external magnetic
field.37 They clarified the roles of large and small particles in
polydisperse system. The probability of aggregation increased
with particle size, as larger particles are more likely to aggre-
gate. In contrast, smaller particles primarily attached to clus-
ters formed by larger particles and did not play a major role in
cluster formation. However, these studies primarily focus on a
magnetic spherical particle suspension with polydispersity, and
research on a suspension of magnetic non-spherical particles is
scarce. Rosenberg et al. challenged the investigation on the
effects of polydispersity in a suspension composed of disc-like
particles using molecular dynamics simulations.38 They
demonstrated that, compared to monodisperse systems, poly-
disperse systems exhibit more pronounced nematic-like order-
ing even under weaker magnetic fields. This finding may
emphasize the importance of exploring how polydispersity
affects phase transition phenomena in a cubic particle system.

The cubic haematite particles have significantly weak mag-
netisation compared to that of magnetite particles. Conse-
quently, haematite particles with nano order generally do not
significantly aggregate to form clusters. However, when the
particle size reaches the submicron scale, particles tend to
sediment and form self-assembly on the bottom surface.19–22

Therefore, we investigate a polydisperse suspension composed
of cubic haematite particles with submicron order in the
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presence of an external magnetic field. We conducted quasi-2D
MC simulations to investigate the influence of particle size
polydispersity on the internal structure of the particle aggre-
gates. In particular, we focused on these characteristics in
the presence of a magnetic field to investigate the magnetic
field-induced transitions by evaluating the order parameters
and phase diagrams.

Model of cubic haematite particles and
the coordinate system

Although the magnetic dipole moment within a haematite cube
is not fully oriented diagonally,39 we employed a simplified
model of cubic haematite particles,21 as shown in Fig. 1(a). A
cubic particle i with a side length di has a magnetic dipole
moment mi = mini = (|mi|ni) pointing diagonally at the particle
centre. The magnetic moment was fixed to the particle and
oriented from the blue part of the cube towards the red part. To
assess the cluster formation, the criterion side length was
defined as (1 + 2rclstr)di for each cubic particle. If these enlarged
cubic particles overlapped, they were regarded as clusters. From
the viewpoint of developing a surface modification technology,
we investigated the internal structure of aggregates in a 2D
system. However, a purely 2D model could not capture the 3D
rotation of the particles caused by diffusion and magnetic
interactions. Therefore, we employed a quasi-2D system,27 as
shown in Fig. 1(b), where the centre of each cubic particle was
constrained to a 2D plane, although the particles had full three-
dimensional rotational ability. In the images of the aggregate
structures, cubic layers are not shown for a more straightfor-
ward understanding of the internal structure of the aggregates.
In the Results and discussion section, we present images
viewed from the positive z-axis (normal to the plane). A uniform
magnetic field, H = Hh = (|H|h), was applied along the positive
direction of the y-axis. We assume that the particle sizes follow
a normal distribution with a mean side length d0 and standard
deviation s. This particle size distribution was treated discretely
in the usual manner in the simulations. Further information on
the particle size distribution is provided in Appendix A1. With
respect to the synthesis of a haematite cubic dispersion,
excellent monodispersity can be obtained, where particle size

distribution has a mean side length of 0.9 mm and a standard
deviation of 0.09 mm.21

To obtain a stable suspension composed of magnetic particles,
the magnetic particles in the base liquid are coated with repulsive
layers such as steric or electric double layers, which prevented
excessive particle aggregation. However, for cubic haematite par-
ticles with significantly weak magnetisation, a stable suspension
can be obtained without surfactants.21 Thus, the cubic particles
are not coated with a steric layer. This approach is justified by the
fact that the MC method is not a dynamic simulation method and
therefore does not require repulsive layers to prevent excessive
particle overlap.

MC simulations
Formulation of interaction energies for a polydisperse system

For the present MC simulations, formulation of magnetic particle–
particle and particle–field interaction energies was necessary.
However, since we focused on a polydisperse system, the conven-
tional interaction energy equations for monodisperse systems were
not directly applicable.40,41 Therefore, the energy equations were
modified as ref. 35 and 36

U
ðmÞ
ij ¼ kT

lij

rij
�
d0

� �3 ni � nj � 3 ni � tij
� �

nj � tij
� �� �

; (1)

U(H)
i = �kTxini�H/H, (2)

where U(m)
ij is the magnetic particle–particle interaction energy

acting between cubic particles i and j of different sizes, U(H)
i is

the magnetic particle–field interaction energy acting on particle
i, rij is the relative position vector of particle i to particle j, and
tij is the unit vector expressed as tij = rij/rij and rij = |rij|. If the
magnitude of the magnetic moment of a cubic particle with a
mean side length d0 is m0, then the non-dimensional para-
meters lij and xi can be expressed as

lij ¼
mimj

m0
2
l0 ¼

didj

d02

� �3

l0 ¼
didj

d02

� �3 m0m0
2

4pd03kT
; (3)

xi ¼
mi

m0
x0 ¼

di

d0

� �3

x0 ¼
di

d0

� �3m0m0H

kT
; (4)

Fig. 1 Particle model and coordinate system: (a) cubic particle i with magnetic moment mi located at the centre of the particle; (b) quasi-2D system of
polydisperse cubic haematite particles.
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where k is Boltzmann’s constant, T is the absolute temperature
of the base liquid, and m0 is the permeability of free space. For
particles with a side length larger than d0, the values of the non-
dimensional parameters lij and xi increase, indicating stronger
influences; for particles smaller than d0, these parameters
decrease, indicating weaker influences.

Cluster-moving MC method

The MC simulations were conducted in a canonical ensemble,
where the number of particles N, system volume V, and
temperature T remained constant. We simulated the random
translation and rotation of cubic particles according to the
Metropolis algorithm.42 The decision to accept or reject a new
microscopic state depends on the total potential energy U of the
system, which is expressed as

U ¼
XN
i¼1

XN
j¼1ð j4 iÞ

Uij
ðmÞ þ

XN
i¼1

Ui
ðHÞ: (5)

As shown in eqn (3), strong magnetic particle–particle interac-
tions are expected to occur between larger particles. In the
conventional MC method, clusters formed through these
strong magnetic interactions remain scattered without joining.

This problem arises because the characteristic times for
single particle motion and cluster motion differ significantly.
If a cluster behaves like a single particle, the characteristic time
of cluster motion is much longer than that of single particle
motion. That is, the conventional MC method only captures
physical phenomena described within the timescales of the
characteristic time of single particle motion. Therefore, obtain-
ing physically reasonable aggregate structures using the conven-
tional MC method is not straightforward. For the system to
promptly attain an equilibrium state from an initial configu-
ration, we introduced a procedure for the translational move-
ment of clusters into the ordinary Metropolis algorithm—known
as the cluster-moving MC method,43 wherein the trial movement
of the clusters follows the principles of the Metropolis algorithm.
In the simulations, cluster formation was assessed by simulta-
neously evaluating whether an overlap occurred between the
enlarged cubic particles described in the previous section (‘For-
mulation of interaction energies for a polydisperse system’).

Quantitative evaluation for magnetic field-induced transitions
and orientational characteristics of particles

We employed the order parameters S(e)
4 and Sny to discuss the

magnetic field-induced transitions and orientational character-
istics of cubic haematite particles.

S
ðeÞ
4 ¼

4

21

1

Npair

XN
i¼1

XN
j¼1
j4 i

X3
k¼1

X3
l¼1

P4 cosc ek;elð Þ
ij

	 
* +
; (6)

Sny ¼
1

N

XN
i¼1

P2 ni � hð Þ
* +

¼ 1

N

XN
i¼1

3 cos2 ni � hð Þ � 1

2

* +
; (7)

where Npair = N(N � 1)/2 is the total number of particle pairs,

h�i is the ensemble average, c ek;elð Þ
ij is the angle between the

direction vectors ek and el of the cubic particles i and j. We
focused on three orthogonal unit vectors (e1, e2, e3) that
represent the plane direction vectors of an arbitrary cubic
particle, as shown in Fig. 2(a). The relationship between the
unit vector of the magnetic moment and the three orthogonal
plane direction vectors for any given particle is expressed as

n ¼ e1 þ e2 þ e3

e1 þ e2 þ e3j j: (8)

The fourth Legendre polynomial P4(coscij) is expressed as
P4(coscij) = (35 cos4cij � 30 cos2cij + 3)/8. The stability of the
face-to-face contact and the alignment of the magnetic moment
with the direction of the magnetic field were evaluated using
S(e)

4 and Sny, respectively. The order parameter S(e)
4 yields S(e)

4 = 0
for a disordered particle arrangement shown in Fig. 2(b), and
S(e)

4 = 1 if all faces of the cubic particles are oriented parallel to
each other shown in Fig. 2(c) and (d). The order parameter Sny

affords Sny = 1 if the directions of the magnetic moments of all
cubic particles align exactly with the magnetic field direction,
as shown in Fig. 2(d). By evaluating these two order parameters
simultaneously, it is possible to distinguish between Fig. 2(c)
and (d). Specifically, when the S(e)

4 value is large but the Sny value
is small, closely packed face-to-face clusters are predicted;
however, when both the S(e)

4 and Sny values are large, chain-

Fig. 2 Plane direction vectors and representative arrangements: (a) cubic
particles have three orthogonal unit vectors (e1, e2, e3); (b) disordered
particle arrangement; (c) closely-packed arrangement with face-to-face
contact; (d) particle arrangement with offset face-to-face contact.
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like clusters with an offset face-to-face arrangement are
expected.

Specification of parameters for performing simulations

Unless otherwise specified, we used the following parameter
values to perform the cluster-moving MC simulations. For a
comparison with the results obtained in the absence of a mag-
netic field,30 we adopted similar parameters for the system. The
volumetric fraction of the particles was fV = 0.1, and the number
of particles was N = 1225. The cutoff distance for calculating
the magnetic interaction energies between the particles was
r�coff ¼ rcoff=d0ð Þ ¼ 10; and the distance for the cubic layer was
r�clstr ¼ rclstr=d0ð Þ ¼ 0:05. The non-dimensional parameters l0, x0,
and the standard deviation s* = (s/d0) were set within the ranges
of 0–15, 1–15, and 0.05–0.35, respectively. The values of l0 and x0

were selected based on experimental data for cubic haematite
particles, ensuring that the simulations accurately reflected rea-
listic conditions. Detailed comparisons of these parameters with
experimental data are provided in Appendix A2. MC simulations
were carried out up to 2 000 000 MC steps, and the averaging
procedure was performed using the final 40% of the simulation
data. The maximum random translational distance and rotational
angle were set as Dr = 0.1di and Dy = (51/1801)p, respectively.
The cluster-moving algorithm was applied every 20 MC steps, up
to the initial 1 200 000 MC steps. The maximum random transla-
tional distance of a cluster was set as Drclstr = 0.1d0. As the initial
configuration, a microscopic state with randomly arranged and
oriented particles was employed (Fig. S1 and Video S1, ESI†). As
the boundary condition, a periodic boundary condition in the x-
axis and y-axis directions was employed.

Our previous study,29 which focused on a monodisperse
system, clarified that isotropic closely packed clusters formed
under zero magnetic field transform into thick chain-like clusters
along the magnetic-field direction as the magnetic-field strength
increases. This magnetic field-induced transition occurs because
of the alignment of the magnetic moments of the constituent
particles within the clusters along the magnetic-field direction. As
described above, we focused on magnetic field-induced transi-
tions in a polydisperse system, and thus, we investigated the
magnetic field region, where the transition phenomena occurred,
and the effect of polydispersity on the orientational characteristics
of the magnetic moments of the particles.

Results and discussion
Magnetic field-induced transition phenomenon in a
polydisperse system with a small standard deviation

Qualitative evaluation through images. Fig. 3 and 4 show
particle aggregates in a polydisperse system with a small
standard deviation s* = 0.05 for the magnetic particle–particle
interaction strengths l0 = 10 and 15, respectively. Each figure
includes two images for the magnetic particle–field interaction
strengths: (a) x0 = 1 and (b) x0 = 5.

In the case of a relatively weak magnetic interaction strength
l0 = 10 (Fig. 3), chain-like clusters grow along the field direction

as the magnetic field strength increases. Although not shown as
a figure, we have confirmed that unstable aggregate structures
with weak face-to-face contact are formed in the absence of
external magnetic field (x0 = 0).30 In a weak applied magnetic
field (x0 = 1), as shown in Fig. 3(a), magnetic cubic particles
aggregate to form network aggregate structures. Since the
strength of the magnetic field is comparable to the thermal
energy kT, the magnetic moments are not strongly restricted by
the field direction, resulting in network formation. As the
magnetic field strength increases to x0 = 5 (Fig. 3(b)) thick
chain-like clusters are formed along the direction of the mag-
netic field. This is because in addition to the magnetic inter-
actions between the constituent particles within the clusters,
the magnetic field restricts the magnetic moments in the field
direction. Thus, these interactions overwhelmed the thermal
motion, which promoted the growth of chain-like clusters
along the field direction. However, the magnetic particle–
particle interaction strength is not sufficiently strong (l0 = 10)
and leads to a loosely arranged face-to-face contact configu-
ration within the chain-like clusters.

Fig. 3 Dependence of the aggregate structures on the magnetic parti-
cle–field interaction strength x0 for l0 = 10 in a polydisperse system with
s* = 0.05: (a) x0 = 1 and (b) x0 = 5. As the magnetic-field strength
increased, chain-like clusters were formed, even when the magnetic
particle–particle interaction strength was relatively weak.
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In the case of a strong magnetic interaction strength l0 = 15
(Fig. 4) with a weak applied magnetic field (x0 = 1), as shown in
Fig. 4(a), closely packed clusters are stably formed as the
magnetic particle–particle interaction strength is overwhel-
mingly dominant. As the magnetic field strength increases to
x0 = 5, the closely packed clusters with almost perfect face-to-
face contact in Fig. 4(a) are transformed into thick chain-like
clusters with offset face-to-face contact. This transformation
can be explained as follows: since the magnetic particle–parti-
cle interaction strength is stronger than the magnetic particle–
field interaction strength (Fig. 4(a)), the magnetic moments
are not fully aligned with the field direction, leading to the
formation of closely packed clusters that do not incline in a
specific direction. The magnetic field with increased strength
(x0 = 5) induces the closely packed clusters to incline in the field
direction, resulting in the formation of thick chain-like clusters
(Fig. 4(b)). Moreover, a comparison with Fig. 3(b) for l0 = 10
reveals that a stronger magnetic particle–particle interaction
results in a denser internal structure of the chain-like clusters.

These results confirmed that the external magnetic field pro-
moted the growth of thick chain-like clusters along the field direction.

Notably, the formation of chain-like clusters was promoted by
an external magnetic field even under relatively weak magnetic
interactions between the particles. For l0 o 10, where signifi-
cant aggregates are not formed, unstable chain-like clusters
tend to form, as shown in Fig. 13 in the Appendix A3. Similar
results were observed in our previous study on monodisperse
systems.29 Therefore, we believe that this level of polydispersity
(s* = 0.05) does not significantly influence the internal struc-
ture of the aggregates. The magnetic field-induced transition
and orientational characteristics of the magnetic moments
described above were quantitatively evaluated using the order
parameters described in the next section.

Quantitative evaluation by order parameters S(e)
4 and Sny.

Fig. 5(a) and (b) show the dependence of the order parameters
S(e)

4 and Sny, respectively, on the magnetic field strength x0 for the
magnetic particle–particle interaction strengths l0 = 10 and 15.

In the case of l0 = 10, the S(e)
4 curve in Fig. 5(a) initially

decreases to a minimum of approximately S(e)
4 C 0.11 at x0 = 2

and then gradually increases to S(e)
4 C 0.31 at x0 = 15. This

indicates that unstable aggregates with weak face-to-face contact
initially collapse and then reform into chain-like clusters with
offset face-to-face contact. Moreover, since the magnetic
moments of the particles were more strongly aligned with the
field direction with increasing magnetic field strength, the Sny

curve in Fig. 5(b) gradually increased. The magnetic interactions
between the constituent particles within the chain-like clusters

Fig. 4 Dependence of the aggregate structures on the magnetic parti-
cle–field interaction strength x0 for l0 = 15 in a polydisperse system
with s* = 0.05: (a) x0 = 1 and (b) x0 = 5. As the magnetic-field
strength increased, the closely packed clusters transformed into thick
chain-like clusters.

Fig. 5 Dependence of the order parameters on the magnetic particle–
field interaction strength x0 for l0 = 10 and 15: order parameters (a) S(e)

4 and
(b) Sny. The values of the order parameters changed significantly as the
strength of the magnetic field was increased, reflecting the phase-
transition phenomenon in the aggregate structures.
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contributed to the alignment of the magnetic moments in
the direction of the magnetic field. Therefore, the Sny values
for l0 = 10 were larger than those for l0 = 0, where only single
particles remained in the system.

In the case of l0 = 15, the S(e)
4 curve in Fig. 5(a) initially

decreased to S(e)
4 C 0.50 at x0 = 3, remained around this value

up to x0 = 10, and then gradually increased to S(e)
4 C 0.59 at

x0 = 15. This suggested that the closely packed clusters with
almost perfect face-to-face contact transformed into thick
chain-like clusters with offset face-to-face contact. Notably, this
transformation occurred within a narrow magnetic-field range
without complete collapse. Thus, the S(e)

4 curve did not decrease
significantly. This magnetic field-induced transition occurring
within a narrow range of x0 can also be evaluated from the Sny

curve in Fig. 5(b). The Sny curve for l0 = 15 sharply increased in
the range of 2 t x0 t 4, indicating that the transition
phenomenon occurred within this magnetic-field range.

In this study, we quantitatively evaluated the magnetic field-
induced transition in an aggregate structure composed of poly-
disperse cubic haematite particles with a small standard deviation.
These results clarified that the transition phenomenon occurred
within a narrow range of magnetic field strengths.

Influence of polydispersity on aggregate structures in an
external magnetic field

Qualitative evaluation through images. Fig. 6 and 7 show
particle aggregates under the external magnetic field x0 = 5 for
the magnetic particle–particle interaction strengths l0 = 10 and
15, respectively. Each figure includes two images of the stan-
dard deviations: (a) s* = 0.15 and (b) s* = 0.35.

First, we discuss the case where the magnetic particle–
particle interaction strength is relatively weak l0 = 10. In the
system with s* = 0.15 (Fig. 6(a)), many particles contributed to
the formation of chain-like clusters. In contrast, in the system
with s* = 0.35 (Fig. 6(b)), larger particles formed chain-like
clusters, whereas smaller particles relatively remained as single
particles. This is because the magnitude of the magnetic
moment is proportional to the particle volume. As shown in
eqn (3), stronger magnetic particle–particle interactions
occurred between larger particles, resulting in an aggregate
structure composed of larger particles. Similar characteristics
were observed in the absence of an external magnetic field.30

Moreover, as shown in eqn (4), the magnitude of the magnetic
moment influences the particle–field interaction, and consequently,
the directions of the magnetic moments of smaller particles are not
strongly aligned with the magnetic field direction; thus, they orient
randomly, giving rise to the tendency to move solely.

Next, we discuss the case of a stronger interaction l0 = 15.
As shown in Fig. 7(a) and (b), as the standard deviation s*
increases, the chain-like clusters become thinner, and network
aggregate structures are formed in the system. This character-
istic arises because the direction of the magnetic moments of
larger particles is governed by magnetic particle–particle inter-
actions rather than by magnetic particle–field interactions.
Hence, a stronger magnetic field is required to align the
magnetic moments of larger particles with the field direction.

Therefore, in a system with a large standard deviation (s* =
0.35), as shown in Fig. 7(b), network aggregate structures are
formed instead of thick chain-like clusters. Moreover, smaller
particles do not contribute to the formation of particle aggre-
gates and remain as single particles even in a strong magnetic
interaction system. These results indicated that in systems with
a large standard deviation of the particle size distribution,
larger particles mainly contribute to the formation of aggregate
structures under an external magnetic field, whereas smaller
particles do not significantly contribute to the formation of
clusters. Similar findings were observed in our previous study
on a polydisperse system in the absence of a magnetic field.30

Even in the case of l0 o 10, larger particles aggregate to form
network-like clusters and thin chain-like structures, as shown
in Fig. 13 in Appendix A3. Furthermore, the present results
suggest that a stronger magnetic field is vital for magnetic field-
induced transitions in polydisperse systems than in monodis-
perse systems. This is due to the significantly strong magnetic
particle–particle interactions between larger particles. In the
next section, we present a quantitative evaluation of the

Fig. 6 Dependence of the aggregate structures on the standard deviation
of the particle size distribution s* for x0 =5 and l0 = 10: (a) s* = 0.15 and (b)
s* = 0.35. Larger particles primarily formed chain-like clusters, whereas
smaller particles remained as single particles and did not contribute to
cluster formation.
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magnetic-field range for the transition phenomenon in terms
of the order parameter Sny.

Quantitative evaluation by order parameter Sny. Fig. 8 shows
the dependence of the order parameter Sny on the magnetic-
field strength x0 for l0 = 15, highlighting the influence of the
standard deviation s* in particle size distribution on magnetic

field-induced transitions in particle aggregates. For reference,
the figure also shows the results for a monodisperse system
(s* = 0) with a solid line.

In the region of x0 t 2, regardless of the standard deviation
s*, isotropic closely packed aggregates with face-to-face contact
were formed, as shown in Fig. 4(a). The directions of the
magnetic moments of the particles are governed by strong
magnetic interactions between neighbouring particles, which
lead to low values of Sny in all systems with different standard
deviations. As the magnetic field increased, the closely packed
aggregates collapsed and transformed into chain-like clusters
along the magnetic field. Thus, the Sny curves tend to increase
with increasing values of x0.

In the range of s* t 0.05, minor polydispersity does not
influence magnetic field-induced transitions as the Sny curve
for s* = 0.05 is in good agreement with that for s* = 0.
Polydisperse systems with a larger standard deviation require a
stronger magnetic field for magnetic field-induced transitions.
Thus, in the region of 2 t x0 t 10, the Sny curves with larger
standard deviations increased more gradually with increasing
values of x0. In the range of x0 \ 10, although many magnetic
moments aligned with the direction of the magnetic field, the
magnetic moments of smaller particles were not strongly
restricted to the field direction. This resulted in smaller values
of Sny as the standard deviation increased.

These results demonstrate that a polydisperse system with a
large standard deviation requires a strong magnetic field to
induce magnetic field-induced transitions. This characteristic
has not been observed in a conventional spherical particle system.
There is a significant difference in the magnetic field-induced
transition phenomenon between spherical and cubic particle
systems. Spherical particles tend to form ring-like or curved
chain-like clusters with point-to-point contact under no applied
magnetic field.9,12 These clusters are unstable and can be easily
collapsed by the influence of magnetic fields. Regardless of the
polydispersity, these clusters transform into chain-like clusters
along the magnetic field direction in a weak magnetic field.35,36

On the other hand, cubic particles form stable closely-packed
clusters with a face-to-face contact, leading to rapid transitions
within a certain narrow magnetic field range.

Quantitative evaluation by cluster size distribution. Fig. 9
shows results of the cluster size distribution in the cases of
s* = 0.05, 0.15, 0.25, and 0.35, where Ns is the number of
clusters composed of s constituent particles. For reference, the
figure also shows the results for a monodisperse system (s* = 0)
with a solid line. In a monodisperse system (s* = 0), the N1

value—which represents the number of single particles—showed
N1 C 1, and the Ns value gradually decreased with increasing
values of s. This indicated that small clusters did not remain in the
system, implying that a large number of particles contributed to
the formation of large aggregates.

In the case of s* = 0.05, the number of single particles was
N1 C 1.6, and the distribution pattern remained similar to that
of the monodisperse system. This quantitatively indicates that,
as shown in Fig. 4(b), the aggregate structures are composed of
a large number of particles in the system. Thus, in the range of

Fig. 8 Dependence of order parameter Sny on the magnetic particle–field
interaction strength x0 for l0 = 15. The Sny curves for a system with a larger
standard deviation increased more gradually with increasing values of x0.

Fig. 7 Dependence of the aggregate structures on the standard deviation
s* of the particle size distribution for x0 =5 and l0 = 15: (a) s* = 0.15 and (b)
s* = 0.35. The magnetic moments of larger particles were primarily
governed by magnetic particle–particle interactions.
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s* t 0.05, polydispersity does not significantly affect the
internal structure in the system. In contrast, as the standard
deviation increased to s* = 0.15, 0.25, and 0.35, the number of
single particle N1 increased significantly. In particular, in the
case of s* = 0.35, as shown in Fig. 7(b), numerous small
particles were scattered without combining with grown aggre-
gates, leading to N1 C 180. In particular, approximately 15% of
the particles remained as individual particles, without contri-
buting to the formation of clusters.

These results indicate that the polydispersity significantly
influences the number of particles that do not contribute to
aggregate formation under an external magnetic field. In particu-
lar, the number of single particles increases with increasing
polydispersity. This demonstrates that it is necessary to manage
the polydispersity in order to obtain the desired aggregate struc-
tures. However, if the smallest particles in the system are large
enough to exhibit strong magnetic particle–particle interactions,
different aggregation behaviours would be expected. This scenario
corresponds to the results for l0 c 15, where is beyond the scope
of the present study. As provided in Appendix A1, the range of l0

we considered here corresponds to cubic particles with the
side length d0 = 0.5–0.9. In other words, our conclusion can be
applied to only suspensions composed of cubic particles with
submicron order.

Order parameter S(e)
4 dependent on the non-dimensional

parameters l0 and x0. Finally, we discuss the internal structure
of particle aggregates at a deeper level. Fig. 10 shows the
distribution of the order parameter S(e)

4 that is expressed using
non-dimensional parameters l0 and x0 as x- and y-axes, in the
case of s* = 0.05. A similar distribution is shown in Fig. 11 in
the case of larger polydispersity s* = 0.35. Each figure also
includes an approximate phase diagram describing the internal
structure of the particle aggregates. This internal structure is
classified into six regions: (A) single particles, (B) network
clusters, (C) thin chain-like clusters, (D) closely packed clusters,
(E) complex aggregates (magnetic field-induced transition
region), and (F) thick chain-like clusters.

First, we focus on a polydisperse system with a small
standard deviation (s* = 0.05), as shown in Fig. 10. For the weak
magnetic interaction strength l0 t 5 (Fig. S2 and Video S2,
ESI†), the order parameter S(e)

4 exhibited relatively small values
independent of the field strength x0, implying that almost all the
particles remained as (A) single particles without aggregating to
form clusters. As the magnetic field strength increased, the
magnetic moments of single particles tended to be restricted
to the field direction, which led to a slight increase in the order
parameter. For the intermediate magnetic interaction strength
5 t l0 t 10 (Fig. S3 and Video S3, ESI†), the internal structures
changed into two typical regimes dependent on the field
strength. In particular, in the weak magnetic field region, (B)
network clusters were formed because the magnetic interactions
between the particles were not adequately strong to form stable
aggregates. However, because of the unstable face-to-face contact
between neighbouring particles, the order parameter was slightly
higher than that of a single-particle system. In the strong

Fig. 9 Dependence of cluster size distribution on standard deviation s* of
the particle size distribution. A large number of single particles did not
contribute to the cluster formation with increasing values of polydispersity.

Fig. 10 Distribution of order parameter S(e)
4 that is expressed using non-dimensional parameters l0 and x0 as x- and y-axes for s* = 0.05: (a) distribution

of order parameter S(e)
4 and (b) approximate phase diagram describing the internal structure of particle aggregates. At a liquid temperature of T = 293 K

and a mean side length d0 = 0.5 mm, l0 is approximately l0 C 3.4, and the range of x0 = 1–15 corresponds to an external magnetic field of 25–368 A m�1.
Similarly, for d0 = 0.8 mm, l0 is approximately l0 C 14, and the range of x0 corresponds to 6–90 A m�1.
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magnetic-field region, the formation of (C) thin chain-like clus-
ters is promoted along the field direction, resulting in an
increase in the order parameter. For the strong magnetic inter-
action strength 10 t l0 t 15 (Fig. S4 and Video S4, ESI†), the
internal structure is classified into three typical regimes. In the
weak magnetic-field region, (D) closely packed clusters were
stably formed, resulting in large order parameter values. As the
magnetic-field strength increased, the closely packed clusters
first collapsed and finally transform into (F) thick chain-like
clusters through (E) complex aggregate structures. Thus, the
order parameter value first decreased and then increased with
increasing values of x0.

Next, we focused on a polydisperse system with a large
standard deviation (s* = 0.35), as shown in Fig. 11. In the
region where l0 t 2 (Fig. S5 and Video S5, ESI†), the S(e)

4 values
remained small, as in the case of s* = 0.05, because all the
particles in the system behaved as (A) single particles. In
contrast, the distribution for l0 \ 3 in Fig. 11 exhibited
different characteristics compared to those in the case of
s* = 0.05 in Fig. 10.

In the region where 3 t l0 t 12 (Fig. S6 and Video S6, ESI†),
larger S(e)

4 values were observed in all the field regions, which is
in contrast to those observed for s* = 0.05 shown in Fig. 10. This
suggests that, in a system with more significant polydispersity,
larger particles can aggregate to form (B) network clusters or (C)
thin chain-like clusters. Conversely, in the region where l0 \ 12
(Fig. S7 and Video S7, ESI†), the order parameter S(e)

4 values were
smaller in all the regions of field strength than those in the
previous case of s* = 0.05. This suggests that the smaller particles
play a role in disturbing the order of the face-to-face contact
configuration, leading to smaller order parameter values. In
particular, the stability of face-to-face contact diminishes when
smaller particles are trapped within (D) closely packed clusters or
(F) thick chain-like clusters formed by larger particles.

Based on these results and the discussion in this section, we
summarise the dependence of the internal structure of the

particle aggregates on the broadness of polydispersity, field
strength, and magnetic interactions between the particles. The
main clusters formed in the system can be classified into six
types of configurations: (A) single particles, (B) network clusters,
(C) thin chain-like clusters, (D) closely packed clusters, (E)
complex aggregates (magnetic field-induced transition regions),
and (F) thick chain-like clusters. The main configuration that
appeared in the system depended on the broadness of polydis-
persity. In the case of smaller polydispersity, stable clusters tend
to form owing to strong face-to-face contact; however, in this
case, larger magnetic particle–particle interaction strengths are
necessary. In the case of larger polydispersity value, particle
aggregates are formed even in regions of smaller magnetic
particle–particle interactions. However, the stability of the inter-
nal structure diminishes because the smaller particles trapped in
a cluster tend to disturb cluster formation.

Conclusion

We investigated a polydisperse cubic haematite particle sus-
pension in an external magnetic field and examined the depen-
dence of magnetic field-induced transitions on the standard
deviation of the particle size distribution using quasi-2D MC
simulations. The present study expands our previous work on
systems29 into a polydispersity system, where many factors are
expected to determine the internal structure of particle aggre-
gates and the transition in aggregated regimes. As expected, an
external magnetic field promoted the growth of thick chain-like
clusters along the field direction, which is a common feature of
polydispersity. However, a polydisperse system with a larger
standard deviation requires a stronger magnetic field to induce
magnetic field-induced transitions in the internal structure of
the particle aggregates. The internal structure of the particle
aggregates, observed in the images, can be classified into the
following typical configurations: (A) single particles, (B) network
clusters, (C) thin chain-like clusters, (D) closely packed clusters,

Fig. 11 Distribution of order parameter S(e)
4 for a lager polydispersity s* = 0.35: (a) distribution of order parameter S(e)

4 and (b) approximate phase diagram
describing the internal structures of particle aggregates. At a liquid temperature of T = 293 K and a mean side length d0 = 0.5 mm, l0 is approximately
l0 C 3.4, and the range of x0 = 1–15 corresponds to an external magnetic field of 25–368 A m�1. Similarly, for d0 = 0.8 mm, l0 is approximately l0 C 14,
and the range of x0 corresponds to 6–90 A m�1.
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(E) complex aggregates (magnetic field-induced transition
region), and (F) thick chain-like clusters. The preferred configu-
ration is dependent on the broadness of polydispersity,
magnetic-field strength, and magnetic particle–particle inter-
action strength. In the case of smaller polydispersity, stable
clusters tend to form owing to strong face-to-face contact;
however, in this case, larger magnetic particle–particle inter-
action strengths are necessary. As the applied magnetic field
enables the magnetic moment of each particle to incline in the
field direction, it enhances the formation of chain-like clusters.
In the case of larger polydispersity, compared to smaller poly-
dispersity cases, particle aggregates are formed even in the
region of smaller magnetic particle–particle interactions. In this
case, small particles combine with a growing cluster composed
of large particles to form larger clusters. However, these small
particles tend to disturb the internal structure of the particle
aggregates; as a result, widths of chain-like clusters are narrower
than those in the case of smaller polydispersity. Based on these
particle aggregate characteristics, we conclude that the broad-
ness of polydispersity in a suspension composed of magnetic
cubic particles with submicron order is potentially applicable as
a tool for obtaining the desired internal structure and regime
transition in the internal structure of particle aggregates. This
may be an important feature in the development of a surface
modification technique using a magnetic cubic particle suspen-
sion with polydisperse particle size.

The phase diagram obtained in the present study provides
the basic internal structure of aggregates in a cubic polydis-
perse system; however, this may not be applicable to a 3D
system. In a 3D system, it is necessary to consider gravitational
effects. Larger particles are subject to stronger gravity, which
leads to more complex phenomena. For example, small parti-
cles trapped in clusters formed by larger particles may sedi-
ment together with the clusters. Additionally, because the MC
approach cannot capture dynamic behaviours, other dynamics
simulation methods such as Brownian dynamics or multi-
particle collision dynamics would be required.
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Appendices
A1. Discrete normal distribution for assigning particle sizes

In simulations of polydisperse systems, assigning the particle
size distribution discretely is a common process.34–37 A finite
number of particle sizes were selected to represent the range of
particle diameters in the system. In particular, the given normal
distribution was discretely approximated by a series of rectan-
gles, where each rectangle has a width of Dd = s/10. This
infinitesimal width describes the original distribution with
sufficient accuracy. As an example, Fig. 12 shows the discrete
particle size distribution for the case of s* = (s/d0) = 0.35.

A2. Comparison of non-dimensional parameters with
experimental data

The non-dimensional parameters l0 and x0 were set within the
wide range of l0 = 0–15 and x0 = 1–15, which were determined
from the following experimental data of cubic haematite par-
ticles. We assumed the liquid temperature to be T = 293 K; the
mass density of haematite as r = 5.25 � 103 kg m�3;44 the
remanent magnetisation of haematite as sr = 0.2 A m2 kg�1;45

the magnitude of the magnetic field as H = 35 A m�1; the side
length of the cube as d0 = 0.5–0.9 mm,21 with Boltzmann’s
constant k = 1.38 � 10�23 J K�1; and the permeability of free
space m0 = 1.26 � 10�6 Wb m�1 A�1. Using these typical values,
the non-dimensional parameters are calculated as l0 C 3.4 to
20 and x0 C 1.4 to 8.3.

A3. Magnetic field-induced transitions for the case of weak
magnetic particle–particle interaction strengths

Fig. 13 shows particle aggregates for the weak magnetic parti-
cle–particle interaction strength: A2(a) s* = 0.05, l0 = 5, x0 = 1,
A2(b) s* = 0.05, l0 = 5, x0 = 5, A2(c) s* = 0.35, l0 = 3, x0 = 1 and
A2(d) s* = 0.35, l0 = 3, x0 = 5.

In a polydisperse system with a small standard deviation s* =
0.05, due to weak magnetic interactions, chain-like clusters with
unstable face-to-face contact tend to form, as shown in Fig. 13(a)
and (b). The magnetic field promotes the formation of chain-like
clusters along the field direction (Fig. S3 and Video S3, ESI†).

Fig. 12 Particle size distribution for s* = 0.35. The particle size distribu-
tion follows a normal distribution with a mean side length d0 and standard
deviation s*.
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In a polydisperse system with a large standard deviation s* =
0.35, even in the case of l0 = 3, strong magnetic interactions act
between larger particles. Larger particles aggregate to form
network-like clusters and thin chain-like structures, as shown
in Fig. 13(c) and (d). Notably, chain-like clusters tend to grow
larger as the strength of the external magnetic field increases
(Fig. S6 and Video S6, ESI†).
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11 K. Theis-Bröhl, P. Gutfreund, A. Vorobiev, M. Wolff,
B. P. Toperverg, J. A. Dura and J. A. Borchers, Phys. Rev. E:
Stat., Nonlinear, Soft Matter Phys., 2015, 11, 4695–4704.

12 P. D. Duncan and P. J. Camp, J. Chem. Phys., 2004, 121,
11322–11331.

13 A. T. Pham, Y. Zhuang, P. Detwiler, J. E. S. Socolar,
P. Charbonneau and B. B. Yellen, Phys. Rev. E, 2017, 95, 052607.

14 J. L. C. Domingos, F. M. Peeters and W. P. Ferreira, Phys.
Rev. E, 2017, 96, 012603.

15 M. Aoshima and A. Satoh, J. Colloid Interface Sci., 2006, 293,
77–87.

16 D. Lisjak and S. Ovtar, J. Phys. Chem. B, 2013, 117,
1644–1650.

17 M. Ozaki, N. Ookoshi and E. Matijević, J. Colloid Interface
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