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Amoeboid propulsion of active solid bodies,
vesicles and droplets: a comparison

Reiner Kree * and Annette Zippelius*

We present a unified discussion of three types of near-spherical amoeboid microswimmers, driven by

periodic, axially symmetric, achiral deformations (swim strokes): a solid deformable body, a vesicle with

incompressible fluid membrane, and a droplet. Minimal models are used, which characterize the

swimmer type only by boundary conditions. We calculate the swimming velocities, the dissipated power

and the Lighthill efficiencies within a second order perturbation expansion in the small deformation

amplitudes. For solid bodies, we reproduce older results by Lighthill and Blake, for vesicles and for

droplets we add new results. The unified approach allows for a detailed comparison between the three

types of microswimmers. We present such comparisons for swim strokes made up of spherical

harmonics of adjacent orders l and l + 1, as well as for a manifold of swim strokes, made up of spherical

harmonics up to order l = 4, which respect volume- and surface-incompressibility. This manifold is two-

dimensional, which allows to present swimming velocities and efficiencies in compact graphical form. In

a race in which each swimmer can choose the stroke that maximizes its speed, the droplet always

comes in first, the vesicle comes in second, while the particle finishes third. However, if the three

swimmers perform the same stroke, other order of rankings become possible. The maximum of the

total efficiency of a droplet is greater than that of a vesicle if the internal dissipation is small. The

efficiency of the solid body turns out to be typically two orders of magnitude smaller than that of

vesicles and droplets. Optimizing the Lighthill efficiency and optimizing the swimming velocity result in

different optimal swim strokes.

1 Introduction

Self-propelling microorganisms have developed a wide
variety of mechanisms to exert driving forces on different
environments.1,2 The crawling of cells on a solid substrate,
for example, is accomplished by specific adhesion sites. This
mechanism has been extensively studied since the work of
Abercrombie.3 It has also been shown that self-propulsion in
confinements such as solid micro-channels is possible without
adhesion sites.1,4 If microorganisms move in fluid environ-
ments, the transmitted forces are dominated by viscous drag,
as the Reynolds number of the generated flow is very small.
Biological cells create propelling tractions by time-asymmetric
sequences of morphological changes, known as swim strokes,
either through the beating of short (cilia) or longer (flagella)
active filaments, or by shape deformations of the entire cell
(amoeboid motion).

A number of eukaryotic cells were previously thought to
need an underlying substrate to move (crawl) using shape
deformations, but growing evidence now suggests that many

types of cells are capable of migrating without focal adhesion,
enabling them to swim just as effectively as they crawl. Among
the organisms which have been found to move by shape
changes, are not just amoebae,5 but also neutrophils,6 mutants
of Dicties6,7 and Euglenids.8 In fact, some of these organisms
can change between different modes of swimming strategies
depending on the environment. Neutrophils and Dicties were
shown to perform chemotaxis in solution and, under appropri-
ate environmental conditions, crawl on solid surfaces as well.6,7

Inspired by the swimming of microorganisms, many efforts
have been made to construct self-propelled or field-propelled
synthetic microrobots, which can serve many different purposes
in applications. These attempts start from a solid body, a vesicle,
or a droplet, driven by a variety of active mechanisms.9–17

In the present work, we focus on amoeboid motion which is
understood in the following as motion caused by actively
controlled shape deformations, irrespective of the origins of
the deformations. Amoeboid motion differs from other phore-
tic or chemical propulsion mechanisms, which can operate
without shape changes. Theoretical approaches18 help to clarify
the fundamental hydromechanical principles, underlying this
type of propulsion. The problem can be decomposed into two
parts: the generation of deformations by a variety of active
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drives15,16,19–23 and the propulsion and fluid flows due to these
deformations. Here, we concentrate on the second part of the
problem, which builds on the work of Taylor,24 who computed
the swimming speed of an inextensible sheet performing wave-
like oscillations. Lighthill25 extended Taylor’s work to a sphere
with small surface deformations (squirmer) and computed its
swimming velocity and energetic efficiency. Later, Lighthill’s
work was corrected and extended by Blake,26 and it has been
analyzed in great detail in the following years.27–31 Energy
dissipation and efficiency have been calculated and optimized
with respect to possible shape deformations.32,33 A two-
dimensional variant of the model has been applied to eukar-
yotic cells,34 which were experimentally observed to swim with
only viscous traction.

As a bridge between the first and second part of the
problem, models that start from active tractions localized at the
surface35,36 have also been considered. Deformations of dro-
plets driven by Marangoni stresses,37,38 by electric fields,39 or
by polar molecules40 have been analyzed. Farutin et al.36 model
an amoeboid swimmer as a vesicle driven by active membrane
forces that cause shape deformations and self-propulsion.
More strongly coarse-grained models41 discuss the motion of
a deformable particle in terms of coupled equations for the flow
and a quadrupolar order parameter, whereas more detailed
computational models18,42–44 aim to mimic specific biological
processes such as pseudopod formation, including biochemical
reactions in the membrane.

The intention of the present work is not to discuss detailed
models of specific biological or artificial amoeboid swimmers,
but to study universal properties of this mode of swimming.
Our objectives are twofold: first, we aim to understand amoe-
boid motion of active liquid droplets, which are driven by
normal active tractions. We compute the propulsion velocity for
given dynamic deformations. Second, we compare these results to
those of vesicles and deformable solid bodies, which are consid-
ered a standard model for swimming micro-organisms. In order
to achieve these goals, we derive a unified approach to minimal
models of single, nearly spherical amoeboid microswimmers of
three different types: (i) a deformable solid, (ii) a vesicle with a
fluid, incompressible membrane, and (iii) a droplet. The swim-
mers move in a Newtonian fluid, and the vesicle and droplet are
filled with another Newtonian fluid. For all three types, we
calculate the swimming velocity and the efficiency due to given
swim strokes using the same analytical perturbation method
applicable for small swim stroke amplitudes.45–47 Although we
do not treat it in detail, it will be obvious that the method also
gives the fluid flow fields. It reproduces the results of Lighthill25

and Blake26 for a squirmer, and it complements the results of
Farutin et al.,36 who consider given membrane tractions, which
produce the swim strokes. The results for active droplets are new
to the best of our knowledge. Subsequently, we compare the
swimming velocities and efficiencies for given swim strokes
between all three types of amoeboid swimmers. The deformations
of the sphere during a swim stroke are constrained by volume
incompressibility. To include the vesicle in the comparisons, they
also have to obey the surface incompressibility constraint.

The models of amoeboid swimmers are introduced in the next
section. In our discussion, the shape deformations are considered
as given and there is no need to specify the details of the shape
control mechanisms in terms of active tractions, external fields or
other means. The perturbative solution for the swimming velocities
up to second order is presented in Section 3, and the dissipation
due to viscous fluid flow is calculated in Section 4. In Section 5, we
compare the velocities and the hydrodynamic efficiencies of the
three types of particles for periodic swimming strokes. In the
simplest case, the average swimming velocity does not depend on
the time course of the deformations. Beyond this case, we construct
a two-parameter manifold of simple harmonic deformations.
Within this manifold, we compare the velocities and efficiencies
for all possible strokes and identify the corresponding optimal
swim strokes. We also discuss the dependence of these quantities
on the viscosities of the ambient and internal fluids. Our main
results are summarized in Section 6. Some more technical points of
the calculations are delegated to the Appendices A–F.

2 Models

We study the self-propulsion resulting from time-varying shape
deformations of a microorganism or an artificial microswimmer,
which can be modeled in one of three ways: as a deformable
solid body, as a vesicle, or as a fluid droplet. These systems,
which are all referred to as ‘‘particles’’ in the following, are
submerged in a Newtonian fluid and are neutrally buoyant. The
unit of mass is chosen such that the mass density r of the
materials is 1. Each particle occupies a volume V with a smooth
boundary qV. In the absence of particles, the ambient fluid is at
rest in the laboratory frame. For low Reynolds number, the outer
flow field obeys the Stokes equation

r�r = Zr2v � rp = 0, (1)

supplemented by the incompressibility condition r�v = 0.
The viscosity of the external fluid is denoted by Z, and its
stress tensor r is given by the Cartesian components sij = �pdij +
Z(qivj + qjvi) = �pdij + svisc

ij , with the pressure p determined from
incompressibility.

The particles are driven by small, time-dependent deforma-
tions of nearly spherical shapes. Such deformations, caused by
active forces, have been calculated for vesicles36 and droplets.35

Here we take a different point of view: we consider the time-
dependent deformations as given and compute the corres-
ponding propulsion of the particle. The deviations of the shape
of a particle from a reference sphere, which has the same volume
as the particle, are described by a function f (see Fig. 1), which
determines the positions rs of surface points via the relationship

rs = R(1 + f)er. (2)

We use R as the unit of length. The driving, which we will
study in this work, is given by shape changes

:
fer (the dot

denotes the time derivative), which are restricted to radial
directions with respect to the center of the reference sphere.
We therefore call this point the center of deformation in the
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following. The radial drive can be studied analytically for all
three types of particles by using a perturbation expansion, as
will be shown below. For simplicity, we also restrict our con-
siderations to uniaxial (and achiral) deformations f (y,t). This
assumption is easily lifted, but the uniaxial case is sufficient to
quantitatively compare the properties of amoeboid transla-
tional motion of the different particles. Our aim is to calculate
the propulsion velocities U and the dissipated powers

:
E, which

result from given deformations f (t). We can expand the func-
tion f (y,t) in Legendre polynomials

f ðt; yÞ ¼
X
la1

flðtÞPlðcos yÞ; (3)

and characterize the deformations by the amplitudes fl. The
sum does not include the term l = 1 that would correspond to
rigid body motion. For all three types of particles, the fl are
restricted by the condition that the particle volume remains
constant, as the interior fluid or solid is taken to be incom-
pressible. The time dependence of the amplitudes fl(t) has to be
restricted to slow dynamics. More precisely we require the
product of the Reynolds number and the Strouhal number to
be small so that the partial time derivative in the Navier–Stokes
equation can be neglected.48

Solid bodies, vesicles, and droplets are modeled in the
simplest possible way: we ignore the rheology of the interface
and instead formulate appropriate boundary conditions which are
presented below. The interior of vesicles and droplets consists of a
Newtonian fluid with the same density as the ambient fluid, but
in general with a different viscosity lZ. The inner flow will
contribute to the energy that is dissipated during the motion.
For the solid, we do not include inner dissipation mechanisms
because this would go beyond the scope of a hydrodynamical
model and leaves many possibilities. As a consequence, the

dissipated energy calculated from the outer flow is only a lower
bound to the total dissipation of the solid particle.

All calculations will be performed in a frame, in which the
center of deformation is at rest (CODF), because it is in this
frame that the shapes f (y,t) are defined. In the CODF, the flow
field v(r,t) obeys the boundary condition

lim
r!1

vðr; tÞ ¼ �U (4)

at infinity. The swimming velocity U is defined here as the velocity
of the center of deformation and it points in the z-direction, due to
the uniaxial symmetry, i.e. U = Uez. We could have chosen any other
point of a deformable particle to define its velocity. From the
perspective of dynamics, the center of mass is particularly empha-
sized. In the CODF, it moves with a non-vanishing velocity vcm that
is easily calculated from the deformations f (t),

vcm ¼
3

4p
d

dt

ð
dVr ¼ 3

2
ez

ð1
�1
dzzð1þ f Þ3 _f ; (5)

and does not depend on the type of particle. The velocity of the
center of mass Ucm in the laboratory frame is then given by Ucm =
U + vcm.

The models for the particles are now completed by specify-
ing the boundary conditions, which uniquely determine the
flow field.

2.1 Deformable solid body

For a solid particle, we use no-slip boundary conditions on its
surface qV, implying

vðr; tÞ ¼ drs

dt
for r 2 @V : (6)

Together with eqn (4), this determines the outer flow
uniquely.

2.2 Vesicle

In the simplest model of a fluid membrane, we consider only
the local inextensibility, which means that the surface diver-
gence of the flow vanishes, that is rs�v(rs) = 0 for every point rs

on qV. We can rewrite this constraint in terms of viscous
tractions tvis

j = nis
visc
ij ,

rs�v(r) = tvis(r)�n = 0, r A qV. (7)

where n is the outward normal to the surface.
The shape evolution of the vesicle is described by a level set

function H(r,y,t) = r � rs(y,t) = 0 for all t, which implies the
kinematic equation

dH

dt
¼ @H

@t
þ v � rH ¼ �@f

@t
þ v � rH ¼ 0: (8)

The boundary condition (7) together with the kinematic
eqn (8) and the far-field asymptotics eqn (4) uniquely determine
the outer flow field v and the swimming velocity U for given fl

and
:
fl. To calculate the dissipated energy, one also needs the

flow and the stress inside the vesicle, which will be denoted by
V and R. The internal flow obeys the same boundary conditions
on the membrane as the flow of the surrounding fluid.

Fig. 1 Illustration of setup and notation. The (uniaxial and achiral) shape
changes (drs/dt =

:
f(y,t)er) are assumed to be radial with respect to the

center of a reference sphere of radius R (dashed line), which has the same
volume as the particle. The interior can be a solid or a Newtonian fluid. For
a droplet, the interface is a geometric surface, whereas for a vesicle it
represents an incompressible fluid membrane.
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In contrast to particles and droplets, the deformations fl of
vesicles are further restricted because their surface area

A ¼ 2p
ð1
�1
ð1þ f Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ f Þ2 þ f

02
q

dz; (9)

with z = cos y, remains constant. Instead of A, we will use the
excess area D, defined by the relation A = 4pR2(1 + D), to express
this restriction.46

2.3 Droplet

The droplet consists of an incompressible Newtonian fluid with
viscosity lZ. The internal and external fluids are completely
immiscible and are therefore separated by a sharp interface
characterized by a constant surface tension. We use lower case
symbols for the exterior and upper case symbols for the interior of
the droplet. The inner flow field (which is again indicated by V)
must remain finite in the center of deformation.

The boundary conditions require continuity of the flow
across the interface

v(r) = V(r), r A qV. (10)

In the following, we also assume continuity of the tangential
tractions

(dij � ninj)(tj (r) � Tj (r)) = 0, r A qV. (11)

This excludes inhomogeneous surface tensions or any other
tangential forces at the interface and, therefore, restricts the
class of possible physical mechanisms generating the deforma-
tions to active normal forces. Prominent examples of such
mechanisms are droplet deformation by electric fields23,39,49,50

and deformation by polar molecules with strong anchoring.40

The balance of normal forces at the interface of a droplet
with homogeneous surface tension ĝ and normal active trac-
tions tact = tactn is given by

n�(t(r) � T(r)) = ĝr�n + tact. (12)

This relation is not needed to determine the flow at given
f (y,t). However, it can be used to calculate the active tractions
responsible for the given deformations if desired.35 Using the
expansion in small deformations, r�n = 2(1 � ef) � er2f + O(e2),
we can write eqn (12) in linear order in e as

tact = tr � Tr + ĝ(2f + r2f). (13)

This equation either determines the deformations for given
active tractions or yields the active tractions for given deforma-
tions as worked out in detail in ref. 35, but is not needed here.

Just as for vesicles, the shape evolution of the droplet is
described by a level set function and eqn (4), (8), (10) and (11)
determine a unique solution for the outer and inner flow fields.

3 Perturbation expansion

To set up a perturbation expansion in small deformations of a
spherical particle, we introduce an order counting parameter e,
which multiplies the amplitudes fl and is set to 1 at the end of

the calculations. It turns out that the expansion proceeds in
powers of both deformation f and its time derivative

:
f; there-

fore, the expansion requires f and
:
f to be of the same order of

smallness. Up to the second order, the constraints of constant
volume and constant surface take the form46

f0 ¼ �e2
X
l�2

fl
2

2l þ 1
þ O e3

� �
; (14)

D ¼ e2
X
l�2

ðl þ 2Þðl � 1Þ
2ð2l þ 1Þ fl

2 þ O e3
� �

: (15)

The volume constraint eqn (14) will be used to eliminate f0 atO(e2).
For uniaxial and achiral systems, we expand the general

external solution of Stokes equations35 in Legendre polyno-
mials Pl(y) and their derivatives P0lðyÞ ¼ dPlðyÞ=dy:

vrðr; yÞ ¼
X
l�1

� al

rlþ2
þ bl

rl

� �
ðl þ 1ÞPlðyÞ �UP1ðyÞ; (16)

vyðr; yÞ ¼
X
l�1

al

rlþ2
� ðl � 2Þbl

lrl

� �
P0lðyÞ �UP01ðyÞ: (17)

In a perturbative approach, the coefficients al and bl of the
flow field are expanded in powers of e,

al = ea(1)
l + e2a(2)

l + O(e3), (18)

bl = eb(1)
l + e2b(2)

l + O(e3) (19)

giving rise to a corresponding expansion of the flow field:
v = ev(1) + e2v(2) + O(e3).

The perturbative analysis is carried out to the second order,
since this is the minimum order that results in a non-zero
swimming velocity U. In the following, we present the results
for deformable solid particles, vesicles, and droplets. All three
use the above expansion eqn (18) in the appropriate boundary
conditions. The computations are easiest for the solid particle;
we therefore give the explicit steps of the calculation for this
case in the next subsection and delegate some details of the
calculations for vesicle and droplet to the appendices.

3.1 Deformable solid body

As a first step we expand the boundary condition eqn (6) in
powers of f,

v(1 + f,y) = v(1,y) + fqrv(1,y) + . . . =
:
fer. (20)

To lowest order this equation reads

vð1Þr er þ v
ð1Þ
y ey ¼

X
l�2

_flPler (21)

with the solution

a
ð1Þ
l ¼

l � 2

2ðl þ 1Þ
_fl ; b

ð1Þ
l ¼

l

2ðl þ 1Þ
_fl (22)

for l Z 2. The boundary condition in second order becomes

vð2Þr þ
X
l�2

flPl@rv
ð1Þ
r ¼ _f0; (23)
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v
ð2Þ
y þ

X
l�2

flPl@rv
ð1Þ
y ¼ 0: (24)

Substitution of the first order solution into the above
equation yields
X
l�1

b
ð2Þ
l � a

ð2Þ
l

� �
ðl þ 1ÞPl �UP1 ¼ 2

X
l;m�2

fmPm
_flPl þ _f0; (25)

X
l�1

a
ð2Þ
l � b

ð2Þ
l ðl � 2Þ

.
l

� �
P0l �UP01 ¼

X
l;m�2

fmPm
_flP
0
l

l � 2

l þ 1
: (26)

These equations determine the flow field as a function of
the prescribed deformations to O(e2). In order to obtain the
coefficients {a(2)

l ,b(2)
l } explicitly, one has to project the above

equations onto Pl, P0l .
Projection of eqn (25) onto P0 yields

0 ¼ 2
X
l;m�2

fm _fl

ð1
�1
dxPmPl þ

ð1
�1
dxf0 ¼ 4

X
l

fl _flþ1
2l þ 1

þ 2 _f0: (27)

Here we have used the orthogonality of the Legendre
polynomials and the constraint of constant volume,

_f0 ¼ �2
P
l�2

fl _fl

.
ð2l þ 1Þ, which guarantees that the projection

onto P0 vanishes. We are mainly interested in the propulsion
velocity of the particle, and hence project eqn (25) onto P1 and
eqn (26) onto P01 ¼ P1

1, the latter denoting the associated
Legendre polymomial P1

1. The calculation requires integrals of
3 associated Legendre polynomials, which are given in Appendix C.
As a result of this procedure, we obtain 2 equations for a(2)

1 , b(2)
1 and U:

2b
ð2Þ
1 � 2a

ð2Þ
1 �U ¼ 2

X
l�2

2ðl þ 1Þ
ð2l þ 1Þð2l þ 3Þ@t flflþ1ð Þ;

2 b
ð2Þ
1 � a

ð2Þ
1 �U

� �

¼
X
l

3

ð2l þ 1Þð2l þ 3Þ l2 � 1
� �

fl _flþ1 � lðl � 2ÞÞflþ1 _fl

� �
:

(28)

The particle has to be autonomous, that is, the total force
has to vanish, which implies that the flow has to decay faster
than 1/r for large r and hence b(2)

1 = 0.
The solution of this system is a linear combination of the

inhomogeneities (right hand sides) and therefore consists of
terms proportional to fl

:
fl+1 and to fl+1

:
fl. This property also

applies to the other two types of particles, so that we can always
give the swimming velocity in the form

U ¼
X
l�2

Rlfl _flþ1 þ Slflþ1 _fl

� �
: (29)

For the solid body, the coefficients Rl and Sl are obtained
from eqn (28) and take on the form

Rsolid
l ¼ � ðl þ 1Þ2

ð2l þ 1Þð2l þ 3Þ; (30)

Ssolid
l ¼ � 2þ 4l � l2

ð2l þ 1Þð2l þ 3Þ: (31)

Note that the swimming velocity of deformable solid bodies
is independent of the viscosity Z, and therefore, it is a purely
geometric quantity.29 These results are not new, but have been
derived previously, first by Lighthill25 and later corrected by Blake.26

We have presented them here in detail to demonstrate our strategy,
which we now apply to both the droplet and the vesicle.

3.2 Vesicle

For the vesicle, the calculation steps are nearly identical to
those used for the solid particle; it is only the form of the
boundary conditions that differs. To first order, the boundary
conditions (eqn (7) and (8)) read

vð1Þr ¼
X
l�2

_flPl ; @rv
ð1Þ
r ¼ 0; (32)

and the solution is

a
ð1Þ
l ¼

l _fl
2ðl þ 1Þ; b

ð1Þ
l ¼

ðl þ 2Þ _fl
2ðl þ 1Þ: (33)

To second order we get

v(2)
r =

:
f0 + f0v(1)

y , (34)

s(2)
rr = 2f0sry

(1) � fqrs
(1)
rr . (35)

Substituting the first-order solution from eqn (17) and (33)
and the results of Appendix B, yields

X
l�1

�að2Þl þ b
ð2Þ
l

� �
ðl þ 1ÞPl �UP1

¼
X
l;m�2

2fm _fl
lðl þ 1ÞP

l
mP

l
l � 2

X
l�2

2fl _fl
lðl þ 1Þ; (36)

X
l�1

ðl þ 2Það2Þl � lb
ð2Þ
l

� �
ðl þ 1ÞPl

¼
X
l;m�2

fm _flðl þ 2Þ lPmPl �
1

lðl þ 1ÞP
1
mP

1
l

� �
: (37)

Using both the constant volume and the constant area
constraint, the projection of the above two equations onto P0

can be shown to vanish. The projections onto P1 lead to two
equations for a(2)

1 , b(2)
1 and U. We require the system to be force

free, implying b(2)
1 = 0, so that the resulting equations determine

a(2)
1 and U in second order in the deformation. The swimming

velocity takes the form of eqn (29) with

Rves
l ¼ �

l3 þ 4l2 þ 10l þ 3

ð2l þ 1Þð2l þ 3Þ ; (38)

Sves
l ¼ �

ðl þ 2Þ l2 þ 4
� �

ð2l þ 1Þð2l þ 3Þ: (39)

Just as for the solid particle, the swimming velocity U does
not depend on the viscosity Z. The velocity U differs from the
result given in ref. 36 by a total time derivative, which may arise
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from a different choice of reference point within the deform-
able vesicle.

3.3 Droplet

The analysis of the droplet requires both inner and outer
solutions of the Stokes equation. The outer solutions v are
taken from eqn (16) and (17), the inner solutions V are given by

Vrðr; yÞ ¼
X
l�1

clr
l�1 þ dlr

lþ1� �
lPlðyÞ �UP1; (40)

Vyðr; yÞ ¼
X
l�1

clr
l�1 þ ðl þ 3Þ

l þ 1
dlr

lþ1
� �

P0lðyÞ �UP01: (41)

The boundary conditions in first order read

vð1Þr ¼ Vð1Þr ¼
X
l�2

_flPl ; (42)

v(1)
y = V(1)

y , (43)

s(1)
yr = S(1)

yr . (44)

The required stress components of the inner and outer flow
are calculated in the Appendix B.

In second order the eqn (8), (10) and (11) take on the form:

v(2)
r + fqrv

(1)
r � f0v(1)

y =
:
f0,

V(2)
r + fqrV

(1)
r � f0 V(1)

y =
:
f0,

v(2)
y + fqrv

(1)
y = V(2)

y + fqrV
(1)
y ,

s(2)
yr + fqrs

(1)
yr + f0(s(1)

rr � s(1)
yy) = S(2)

yr + fqrS
(1)
yr + f0(S(1)

rr � S(1)
yy).
(45)

We substitute the results of the first-order solution for the
velocities and stress components in the above equations, which
must be solved for the coefficients a(2)

1 , c(2)
1 , d̂(2)

1 and U. The
resulting Rl and Sl in eqn (29) (and therefore also Udrop) are
rational functions of the form

R
drop
l ¼

P4
n¼0

lnr
ðnÞ
l ðlÞ

ð3lþ 2Þðlþ 1Þð2l þ 1Þð2l þ 3Þ2; (46)

S
;drop
l ¼

P4
n¼0

lns
ðnÞ
l ðlÞ

ð3lþ 2Þðlþ 1Þð2l þ 1Þ2ð2l þ 3Þ: (47)

The second-order polynomials r(n)
l (l) and s(n)

l (l) can be found
in Appendix D. Unlike a solid particle or a vesicle, the swim-
ming velocity of a droplet depends on the viscosity contrast l.
Note that the l-components of the velocity U have well-defined
limits for l - 0 and for l - N.

3.4 Center of mass velocity

The calculated swimming velocities U of the particles refer to
the motion of the center of deformation in the laboratory

frame. We can transform them to center-of-mass velocities in
the laboratory frame by adding to U the second order result of
eqn (5), given by

vcm ¼ ez
X
l

9ðl þ 1Þ
ð2l þ 1Þð2l þ 3Þ

d

dt
fl flþ1ð Þ: (48)

4 Energy dissipation

The dissipated power in an incompressible Stokes flow in a
volume V is given by

_E ¼
ð
V

d3xsij@jvi ¼
ð
@V

d2xnjsviscij vi: (49)

Pressure does not contribute to this expression, so sij can be
replaced by viscous stress svisc

ij . In spherical coordinates the
integral takes on the form

_E ¼
ð
@V

d2x sviscrr vr þ sviscry vy
� �

: (50)

To evaluate the leading order, we need the flow field only in
O(e) and the integration is over the reference sphere. For both
outer and inner flow fields, the two terms are evaluated in
Appendix E.

Our model does not take into account interior dissipation of
the solid particle. The power due to the ambient flow,

_Esb ¼ �16pZ
X
l�2

_fl
2

2l þ 1
; (51)

is therefore only a lower bound on the total dissipation.
For the vesicle, the dissipated power due to the outer flow

takes on the form

_Eout
ves ¼ �4pZ

X
l�2

l þ 2

ð2l þ 1Þlðl þ 1Þ
_fl
2; (52)

and the inner flow contributes

_Ein
ves ¼ �4plZ

X
l�2

l � 1

ð2l þ 1Þlðl þ 1Þ
_fl
2: (53)

The l-components of outer and inner dissipation of the
droplet,

_E
in=out
drop ¼ �Z

X
l

D
in=out
l ðlÞ _fl

2 (54)

are given explicitly in Appendix E.

5 Comparisons

We will now use the general results of eqn (29) and (51)–(54) to
discuss and compare the swimming velocities, the dissipation
and the energetic efficiencies of the three types of particles,
when they are driven by periodic deformations with period T.
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As a result of Section 3, the average swimming velocities

�U ¼ ð1=TÞ
ðT
0

dtUðtÞ ¼
X
l

ð1=TÞ Rl � Slð Þ
ðT
0

dt _flþ1fl (55)

in second order can be represented as a sum �U ¼
P
l

�Ul of

terms %Ul, which contain the time averages of Fl(t) =
:
fl+1fl. Note

that total time derivatives, such as vcm, do not change %U.
Therefore, the average swimming velocity is a physical quantity
that is independent of the chosen body fixed reference frame.
Differences in swimming velocities between the particle types
arise solely from the numerical values of Rl � Sl. These values
are constants for the solid and the vesicle (see Table 1), whereas
for droplets they decrease with increasing viscosity contrast l,
such that the bubble (l = 0) is the fastest.

In the following, we discuss two special examples in detail to
illustrate our general results: (1) periodic driving with only two
adjacent amplitudes flfl+1 and (2) simple harmonic motion with
three adjacent amplitudes, which allow for optimization of
strokes either with respect to speed or efficiency. Whenever
necessary for de-dimensionalization, we use T/2p as a unit of
time in the following subsections.

5.1 Swimming velocity ((l, l + 1)-strokes)

In general, the time average �Fl depends on the detailed func-
tional form of the deformation amplitudes fl(t) and fl+1(t). For

droplets and deformable solids these amplitudes are uncon-
strained, but for vesicles they have to obey the area constraint
eqn (15). If only one (l, l + 1)-pair of amplitudes is nonvanish-
ing, this restricts the manifold of possible deformations to an
ellipse in the (fl,fl+1)-plane, and T �Fl becomes the area of the
ellipse,25,36 that is

T �Fl ¼
ðT
0

_flþ1fl ¼
þ
fldflþ1 ¼ pD

ffiffiffiffiffiffiffiffiffiffiffiffiffi
blblþ1

p
; (56)

with bl = 2(2l + 1)/[(l + 2)(l � 1)]. This shows that %U does not
depend on the time course of the deformation amplitudes. For

l = 2 we recover the result T �U ¼ �3pD
	 ffiffiffiffiffi

14
p

given in ref. 36.
In Fig. 2, we show the speed | %Ul| of the droplet for two (l, l +

1)-pairs as a function of l in comparison to those of a vesicle.
All components Ul decrease with l and have finite and non-
vanishing limits for small and large l as stated above. The
l-dependence of the swimming speeds of a vesicle and a solid
body are shown in the inset of Fig. 2.

In general, all | %Ul| of droplets decrease with increasing l. For
small l, the swimming speeds also decrease with increasing l,
while for l \ 1.3, they begin to increase with increasing l. Note
also that unlike a vesicle the values of | %Ul| for a solid body
increase for l = 2, 3 before they start to decrease significantly
from l = 5.

5.2 Dissipation

In leading order, each deformation amplitude fl(t) contributes
to the dissipated energy – even if only a single driving ampli-
tude is present and the particle is not propelled. We make use

of eqn (51)–(54) to compute the energy �El ¼ �ZT _fl2 Dout
l þDin

l

� �
that is dissipated in a period T. For our model of a deformable
solid, Din = 0, so that %El is independent of l. For a vesicle it is
linear in the viscosity contrast l, and for a drop it is the
quotient of two second order polynomials in l, multiplied by
a factor l. Due to the absence of internal dissipation, the total
dissipated energy of the solid particle will always be the
smallest for large l. In Fig. 3 we compare Dl = Dout

l + Din
l of

vesicle and drop (with the same internal and external viscos-
ities) to that of the solid particle for l = 2 and 3.

For all particle types, the dissipation coefficients Dl become
smaller with increasing l. The dissipated energy is always lower
for vesicles than for droplets. For droplets, D2 (D3) reaches the
value of the solid particle at l E 2.9 (l E 3.4). For vesicles
the crossover appears at larger values (l E 20 for l = 2 and 22
for l = 3).

5.3 Simple harmonic deformations with area constraint

For deformations consisting of more than two adjacent ampli-
tudes fl, fl+1, the average speed %U depends on the time course of
the constrained swim strokes. In the following, we restrict the
time dependence to simple harmonic motion, for which a more
detailed discussion is possible. The deformations consist of a
sum of terms fl(t)Pl(cos y) with

fl(t) = Fl(e
ial+iot + e�ial�iot). (57)

Table 1 The coefficients Rl and Sl, which determine the swimming
velocities (see eqn (29)) for l = 2 and 3. These coefficients are used in
Section 5.4. In the third column, m = (l + 1)(3l + 2)

Solid Vesicle Droplet

R2 �9/35 �47/35 �3(219l2 + 545l + 286)/(245m)
S2 �6/35 �32/35 6(�47l2 � 61l + 8)/(175m)
R3 �16/63 �96/63 �8(23l2 + 57l + 31)/(63m)
S3 �5/63 �65/63 (�103l2 + 13l + 160)/(147m)

Fig. 2 Average swimming speed %Ul (divided by excess area D), generated
from (fl, fl+1)-pairs, of a droplet (curved line) and a vesicle (horizontal lines)
versus viscosity contrast l for two pairs. Dotted lines correspond to l = 2, 3
and dash-dotted lines to l = 3, 4. The inset shows the l-independent %Ul/D
for a vesicle and a solid body versus l.
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Such strokes lead to particle velocities

U ¼
X
l

2oFlFlþ1 Rl � Slð Þ sin al � alþ1ð Þð

� Rl þ Slð Þ sin 2otþ al þ alþ1ð ÞÞ;
(58)

when inserted in eqn (29). Note that one of the phases al can be
arbitrarily chosen by appropriately adjusting the origin of the
time axis. The time-independent term is the mean swimming
velocity %U. Fourier components with different frequencies ol for
different l-components do not contribute to the time average %U,
so we can consider a single o without loss of generality. The
choice of time unit 2pT corresponds to o = 1 for the harmonic
deformations.

In the following, we discuss the simple non-trivial case of three l
components, l = 2, 3 and 4. A swim stroke is then characterized by
the parameters F2, F3, F4, a2, a3 (a4 is set to zero by choosing a
suitable initial time). These five parameters must satisfy three
equations, derived by inserting eqn (57) into eqn (15) and separating
the time independent and time dependent parts. The resulting two-
parameter manifold can be conveniently described by the l = 2
parameters F2, a2, as detailed in Appendix F. For each pair (F2, a2)
there are two swim strokes, corresponding to motion in either the
(+z)- or the (�z)-direction with identical speed. Consistent strokes
can be found for every a2, while the range of F2 is limited to 0 r
F2 r F2,max (in Appendix F we show that F2;max ¼

ffiffiffiffiffiffiffiffiffiffiffi
5D=8

p
). Now we

can compare the trajectories, the swimming velocities and the
dissipated power of a solid body, a vesicle, and a drop (all three
of equal volume), which execute all possible area-conserving swim
strokes composed of l = 2, 3 and 4 components.

5.4 Swimming velocities with area constraint

For a comparison of average swimming velocities with con-
strained (l = 2, 3, 4)-swim strokes, we use the entries of Table 1.
An example of trajectories for a fixed stroke is shown in Fig. 4. It
illustrates that the speeds and oscillation amplitudes vary

between particles, and it is even possible for the same swim
stroke to propel different particles in opposite directions.

The results for the average swimming velocities are sum-
marized in Fig. 5. The parameter space of all possible con-
strained swim strokes lies in the (F2,a2)-plane. In the contour
plots, the maxima are marked with black dots. Slices along
parts of the black lines are shown in Fig. 6. The white line
indicates zero propulsion velocity.

The general form of the dependence of %U on the parameters F2

and a2 is the same for all three types of particles and is determined
by eqn (58). The maxima of %U are always at a2 = p and the patterns
are symmetric with respect to the line a2 = p. The strokes leading to
maximum swimming speed differ for the three types of particles,
the F2 value being largest for vesicles and smallest for solid
particles. Note that the swimming velocity reverses its direction
across the white line. This line is thus a one-dimensional manifold
of swim strokes, which do not propel the particle at all.

If each active swimmer is free to select the swim stroke that
maximizes its velocity, the droplet wins for all l, followed by the
vesicle and the solid particle in the third position. Note that the
maximum speed of the solid particle is a factor E10 smaller
than that of the drop. However, if the three swimmers perform
the same stroke, their order of ranking can change with the
parameters. This can be seen in Fig. 6, which shows the
swimming speed |U| versus F2/F2,max (a) and versus a2 (b) for
l = 1 along the cuts shown in Fig. 5 in the vicinity of the zeros of
%U. At each crossing of two lines in the graph, a pair of particles
changes their order in the speed ranking.

If l is increased, the average speed of a droplet will decrease.
Nevertheless, the maximum speed always remains higher than
the maximum speed of the vesicle and the solid particle, as
shown in Fig. 7.

5.5 Lighthill efficiency with area constraint

A given swim stroke, parametrized by (F2,a2), propels different
particles with different velocities, but also needs different

Fig. 3 Dissipation coefficients Dl vs. viscosity contrast l. Solid lines: drop,
dashed lines: vesicle, dotted lines: solid particle. Upper lines refer to l = 2,
lower lines to l = 3.

Fig. 4 Example of trajectories: a2/2p = 0.952, F2/F2,max = 0.78, l = 1. Solid
line: droplet, dashed line:vesicle, dotted line:solid particle. The dotted
straight line %Ut highlights the motion of the solid particle in the (�z)-
direction.
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amounts of dissipated power. A frequently used measure of the
energetic efficiency of the particle is due to Lighthill.25 It is
defined as the ratio of the power dissipated by a solid sphere
(with the same volume as the particle) moving at the particle’s
mean swimming velocity %U to the power dissipated by the

particle itself, that is,

e ¼ 6pZ �U2

�_E
: (59)

Fig. 5 Contour plots of swimming velocity %U over the entire parameter
space (F2, a2) at l = 1: (a) vesicle: the maximum vesicle speed (black dot) is
0.372 at F2/F2,max = 0.6224, (b) droplet: the maximum drop speed is 1.001 at
F2/F2,max = 0.5081, (c) solid particle: the maximum particle speed is 0.113 at
F2/F2,max = 0.4089. The slices marked by (black) solid lines are shown in Fig. 6.

Fig. 6 Swimming speed along the solid lines shown in Fig. 5 near the
zeros of |U|. (a) At fixed a2/2p = 0.91, (b) at fixed F2/F2,max = 0.95.

Fig. 7 Maximum speed vs. l. The ranking (drop fastest, followed by
vesicle, followed by solid particle) remains for all values of l.
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In Fig. 8, we show contour plots of the Lighthill efficiencies
for a vesicle, a droplet and a solid particle at l = 1. The lines of
vanishing %U in Fig. 5 show up here as lines of zero efficiency. In
the vicinity of these zeros, the efficiencies change their order as

shown in Fig. 9 for a drop and a vesicle. The efficiency of the
solid particle does not vanish at the zeros of drop and vesicle
but is too small to be visible on the scale of the plots. However,
it is typically two orders of magnitude smaller than the effi-
ciencies of droplets and vesicles. The small e can already be
inferred from the Fig. 3 and 5, which show that the maximum
speeds of the drop and the solid particle differ by a factor of
E10, while their dissipation coefficients Dl differ only by
factors between 1 and E2.

For small internal viscosities, emax of the droplet is higher
than that of the vesicle, but it decreases with increasing l as
shown in Fig. 10. When l E 1.35 the maximum efficiencies
become equal, and with more viscous internal fluids the
vesicle is the most efficient, although it moves slower than
the droplet (as can be seen from Fig. 7). Consequently, optimiz-
ing for speed and optimizing for efficiency yield different
outcomes.

6 Summary

In this work, we have presented a unified discussion of swim-
ming velocities, hydrodynamic dissipation and efficiencies of
three types of near-spherical amoeboid microswimmers, driven
by axially symmetric achiral swim strokes consisting of radial
deformations: a solid deformable body, a vesicle with incom-
pressible fluid membrane, and a droplet. The intention of the
present work is to study universal properties of this mode of
swimming, which can be found in microorganisms as well as in
artificial microswimmers, irrespective of the physical mechan-
isms generating the deformations. Our approach uses (scalar)
spherical harmonics to represent surface deformations and a
system of general solutions of the Stokes equation based on
vector spherical harmonics. The swimming velocity and the
hydrodynamic dissipation have been calculated to second order
of small deformation amplitudes and their time derivatives. In
our discussion, there is no need to consider the details of the
physical mechanism generating the deformation if one is not
interested in the additional dissipation that is caused by the
mechanism. The calculated hydrodynamic dissipation is always
present and represents a lower bound to the total dissipation.
The restriction to axial symmetry is sufficient to compare
translational motion between the three types of swimmer.
The minimal models describe the types of swimmers by appro-
priate boundary conditions. For solids and vesicles, these
conditions couple the interior material to the surrounding
Newtonian fluid only via surface deformations, whereas for a
droplet, the interior and the ambient flows are additionally
coupled by the condition of continuity of tangential stress at
the interface. As a consequence, the velocities of solids and
vesicles do not depend on the viscosity ratio l, in contrast to
droplets.

To compare all three types of microswimmer, the swim
strokes have to obey both the constraints of volume- and of
surface-incompressibility. First, we studied swim strokes,
which consist of pairs fl, fl+1 of deformations, varying

Fig. 8 Contour plots of Lighthill efficiency over the entire parameter space
(F2, a2) at l = 1 for (a) a vesicle, (b) a droplet, and (c) a solid. Dissipation from
the ambient fluid and the interior (none in case of the solid) is taken into
account. The maximum efficiency of a vesicle is 2.565 at F2/F2,max = 0.217,
the maximum efficiency of a droplet is 3.200 at F2/F2,max = 0.364 and the
maximum efficiency of a solid is 0.0280 at F2/F2,max = 0.195.
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periodically in time. In this case, the average swimming velocity
does not depend on the detailed time course of deformations.
In general, all | %Ul| of droplets resulting from fl, fl+1 decrease

with increasing l. For small l, the swimming speeds also
decrease with increasing l, while for l \ 1.3, they begin to
increase with increasing l. Note also that unlike a vesicle the
values of | %Ul| for a solid body increase for l = 2, 3 before they
start to decrease significantly from l = 5. In a next step, we have
constructed a two-dimensional manifold of simple harmonic
strokes, which contains l modes up to l = 4 and can be
parametrized by the l = 2 parameters F2 and a2. This allows
us to present the results for the swimming velocities U and the
efficiencies e in a clear and complete form as contour plots.

From these plots, the results of races between the three
microswimmers are easily obtained. When each swimmer can
choose the stroke that maximizes its speed, the droplet always
comes first regardless of l, although its velocity decreases as l
increases. The vesicle comes second, while the solid particle
comes third. However, if the three swimmers perform the same
stroke, their order of ranking can change with the parameters.

Optimizing the Lighthill efficiency and optimizing the swim-
ming velocity result in different optimal swim strokes and
rankings. The maximum total efficiency (based on the dissipa-
tion in the interior and surrounding flow) of a droplet is greater
than that of a vesicle only if the dissipation ratio l is small.
Beyond l E 1.35 the maximum efficiency of the droplet falls
below that of the vesicle. In all cases, the efficiency of the solid
is typically two orders of magnitude smaller than that of
vesicles and droplets, except in the vicinity of zeros of the
efficiency. The efficiency of the solid particle will drop further if
internal viscosity mechanisms are included in the model of
the solid.

Experimental studies of the dependence of propulsion velo-
cities on the time sequence of deformations require the control
over particle shapes. For clean and surfactant-covered droplets,
this becomes possible through the application of time-
dependent electric fields.50 For a typical experiment, a glass-
walled box with electrodes embedded on opposite sides is filled
with the ambient liquid. A comparison with our model, which
restricts the forces at the interface to radial directions, requires
negligible electric currents in the ambient fluid because these
would generate tangential electro-hydrodynamical tractions.
Droplets are dispersed using a micro-pipette, high voltage is
applied via the electrodes, and the droplet dynamics is cap-
tured by cameras. To compare our results of hydrodynamic
dissipation and efficiencies with experimental results, one
must be able to split the total dissipation into the internal
and hydrodynamic parts or provide a driving mechanism with
negligible internal dissipation. For magnetic field-driven
microswimmers, the Lighthill efficiency has been directly
measured.51

Our work can be extended in several directions. First, the
restriction to axially symmetric swim strokes can be lifted by
using deformation amplitudes f (t,y,f), which depend on both
polar angle y and azimuthal angle f, and expanding f in
spherical harmonics. The calculational strategies presented
above can be used if the set of vector spherical harmonics is
enlarged to include rotational motion.20 Furthermore, it is
possible to study deformations other than radial (such as

Fig. 9 Lighthill efficiencies along the dashed lines of Fig. 8 near the zeros
of e. (a) At fixed a2/2p = 0.91, (b) at fixed F2/F2,max = 0.95. The insets show
the full range of e.

Fig. 10 Total maximum efficiency vs. l.
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normal or tangential) by starting from appropriate variants of
eqn (2). This brings our model closer to physical mechanisms
like Marangoni flows or deformations by an active cytosceleton,
which include tangential deformations. Second, the complete
internal and ambient flow can be calculated, by projecting the
boundary conditions onto higher l-components. Third, surface
or body forces (for example Marangoni forces), which generate
the deformations f, can be included. This makes the model
more difficult because the relation between forces and defor-
mations becomes a differential equation and introduces new
relaxation time scales. For vesicles with well-separated relaxa-
tion time scales, an approach to this problem can be found in
ref. 36. Finally, the internal materials of the particles may be
changed to complex (for example visco-elastic) fluids or elastic
solids.
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Appendices
A First-order solution for the droplet

We insert the expansions introduced in eqn (16), (17), (40) and
(41) in the first-order boundary conditions eqn (42)–(44), use
eqn (68) for the stress, and project on fixed l components. The
resulting 4 � 4 linear system takes on the form

�(l + 1)(a(1)
l � b(1)

l ) =
:
fl, (60)

l(c(1)
l + d(1)

l ) =
:
fl, (61)

a
ð1Þ
l �

l � 2

l
b
ð1Þ
l ¼ c

ð1Þ
l þ

l þ 3

l þ 1
d
ð1Þ
l ; (62)

l2 � 1
� �

l
b
ð1Þ
l � a

ð1Þ
l ðl þ 2Þ ¼ l ðl � 1Þcð1Þl þ

lðl þ 2Þ
l þ 1

d
ð1Þ
l

� �
: (63)

The four equations are easily reduced to two, because
interior and exterior of the droplet are decoupled in the first
two of them, implying

b
ð1Þ
l ¼ a

ð1Þ
l þ

_fl
l þ 1

and d
ð1Þ
l ¼ �c

ð1Þ
l þ

_fl
l

(64)

Substituting these expressions into eqn (62) yields the
following equation:

ðl þ 1Það1Þl þ lc
ð1Þ
l ¼

ð2l þ 1Þ
2

_fl : (65)

Together with eqn (63) this fixes the coefficients c(1)
l and a(1)

l :

ðlþ 1Þlcð1Þl ¼
_fl

2ð2l þ 1Þ 2l
2 þ 4l þ 3þ 2llðl þ 2Þ

� �
; (66)

ðlþ 1Þðl þ 1Það1Þl ¼
_fl

2ð2l þ 1Þ 2 l2 � 1
� �

þ l 2l2 þ 1
� �� �

: (67)

The remaining coefficients b(1)
l and d(1)

l are obtained from
eqn (64).

B Stress components

The first-order stress components for the exterior flow, which
are used in the boundary conditions of the vesicle and the
droplet are calculated from

1

Z
syr ¼

1

r
@yvr þ @rvy �

1

r
vy;

syy ¼ 2Z
1

r
vr þ

1

r
@yvy

� �
� p;

srr ¼ 2Z@rvr � p:

(68)

Substituting the flow velocity from eqn (16) and (17), we find
for the off-diagonal component:

1

2Z
syr ¼ �

ðl þ 2Þ
rlþ3

alP
1
l þ

l2 � 1
� �
lrlþ1

blP
1
l (69)

Concerning diagonal components, we only need the devia-
toric stress Ds = srr� syy, which is independent of the pressure.
To first order it needs to be evaluated at r = 1 and we get

1

Z
srr � syyð Þ ¼ ðl þ 1Þ 3ðl þ 2Þal � 3lblð ÞPl

� al �
ðl � 2Þ

l
bl

� �
P2
l

(70)

eqn (68) apply equally well to the interior flow field and yield

1

2lZ
Syr ¼ ðl � 1Þrl�2clP1

l þ
lðl þ 2Þ
l þ 1

rldlP
1
l ; (71)

1

lZ
Srr � Syyð Þ ¼ 3ðl � 1Þcl þ 3ðl þ 1Þdlð ÞlPl

� cl þ
ðl þ 3Þ
ðl þ 1Þdl

� �
P2
l

(72)

for the corresponding stress components.

C Integrals

In this appendix, we summarise the integrals over products of
associated Legendre polynomials which are needed in the main
text, when projecting onto P1:

ð1
�1
dxP0

l ðxÞP0
mðxÞP0

1ðxÞ

¼ 2

ð2mþ 1Þð2l þ 1Þ ðmþ 1Þdl;mþ1 þmdl;m�1
� �

;

(73)
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ð1
�1
dxP1

l ðxÞP1
mðxÞP0

1ðxÞ

¼ 2lðl þ 1Þ
ð2mþ 1Þð2l þ 1Þ mdl;mþ1 þ ðmþ 1Þdl;m�1

� �
;

(74)

ð1
�1
dxP1

l ðxÞPm
0ðxÞP1

1ðxÞ ¼ 2lðl þ 1Þ
ð2mþ 1Þð2l þ 1Þ dl;mþ1 � dl;m�1

� �
;

(75)

ð1
�1
dxPl

2ðxÞP1
mðxÞP1

1ðxÞ ¼
2ðl � 1Þlðl þ 1Þðl þ 2Þ
ð2mþ 1Þð2l þ 1Þ dl;mþ1 � dl;m�1

� �
:

(76)

D Droplet 2nd order

We start from the four eqn (45), multiply the first two by P1 and
the remaining 2 by P1

1, and integrate over z = cos y to project
onto the l = 1 mode. The resulting 4 � 4 system of linear
equations takes on the form

�4a � 2U = 3Ir
+, (77)

2c + 2d � 2U = 3Ir
�, (78)

4a � 4c � 8d = 3Iy, (79)

�8Z+a � 4Z�d = Is, (80)

with

I�r ¼
ð1
�1
dz v�y f

0 � f @rv
�
r

� �
P1; (81)

Iy ¼
ð1
�1
dzf @rvy½ �P1

1; (82)

Is ¼
ð1
�1
dz f 0 Ds½ � þ f @rsry½ �ð ÞP1

1: (83)

Here, v+ = v and v� = V. The term Ds represents the
deviatoric stress, defined as srr � syy, while the angular brack-
ets signify the discontinuity across the surface of the unit
sphere, that is, [A(r,y)] = A(1 � e,y) � A(1 + e,y) for e - 0+.
The velocity and the stress fields in the inhomogeneities are
obtained from the first-order solutions given by eqn (64), (66)
and (67) and (69)–(72). The swimming velocity U is obtained
from the system (77)–(80) in the form

U ¼ �
3ZþIrþ þ 3Z�Ir� þ

3

2
Z� Ir

þ þ Iyð Þ � 1

2
Is

3Z� þ 2Zþ
: (84)

To evaluate the four inhomogeneities I�r , Iy, Is we insert the
expansions eqn (16), (17), (40) and (41) and (69)–(72) in eqn (81)–
(83) and perform the integrations with the help of eqn (73)–(76).
As an example, consider I�r . It consists of a double sum of
terms arising from vr ¼

P
l

vr;lPl , from vy ¼
P
l

vy;lP
1
l and from

f ¼
P
l

flPl . It takes on the form

Ir
� ¼

X
l;l0

ð1
�1

fl0v
�
y;lP

1
l P

1
l0P1 � fl0@rv

�
r;lPlPl0P1

� �
: (85)

We insert eqn (73) and (74) and perform the summation
over l0. The remaining l-series can be written in the form

I�r ¼
X
l

Bl flv
�
y;lþ1 þ flþ1v

�
y;l

� �

�
X
l

Al fl@rv
�
r;lþ1 þ flþ1@rv

�
r;l

� � (86)

with

Al ¼
2ðl þ 1Þ

ð2l þ 1Þð2l þ 3Þ; (87)

Bl = l(l + 2)Al. (88)

The other terms are treated in the same way. Iy contains
terms �

Ð
P1
l P

1
l0P1 and gives the following result:

Iy ¼
X
l

Al fl @rvy;lþ1

 �

ðl þ 2Þ � flþ1 @rvy;l

 �

l
� �

: (89)

The inhomogeneity Is contains terms�
Ð
P1
l Pl0P

1
1 from fqrsyr.

The contributions from f0Ds produce terms �
Ð
PlP

1
l0P

1
1

(denoted by f0Ds(0)) and terms �
Ð
Pl

2P1
l0P

1
1 (denoted by f0Ds(2)),

which can be read from eqn (70) and (72). The resulting l-series
takes on the form

Is ¼
X
l

Al fl @rsyr;lþ1

 �

ðl þ 2Þ � flþ1 @rsyr;l

 �

l
� �

þ
X
l

Al flþ1 Dsð0Þl

h i
ðl þ 2Þ � fl Dsð0Þlþ1

h i
l

� �

þ
X
l

Bl fl Dsð2Þlþ1

h i
ðl þ 3Þ � flþ1 Dsð2Þl

h i
ðl � 1Þ

� �
:

(90)

All first-order quantities are proportional to
:
fl, so that the

result for U can be written in the form of eqn (29) in the
main text.

The explicit calculation of the terms Rdrop
l , Sdrop

l and %Ul is
straightforward but tedious, if not done with the help of
computer algebra. The polynomials r(n)

l (l), s(n)
l (l) in eqn (46)

and (47) take on the form

r
ð4Þ
l ¼ � 4ðlþ 1Þ2;

r
ð3Þ
l ¼ � 6ðlþ 1Þð3lþ 5Þ;

r
ð2Þ
l ¼ � 2 31l2 þ 83lþ 46

� �
;

r
ð1Þ
l ¼ � 3 29l2 þ 69lþ 28

� �
;

r
ð0Þ
l ¼ � 9ðlþ 1Þð3lþ 2Þ;

(91)
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and

s
ð4Þ
l ¼ 4ðlþ 1Þ2;

s
ð3Þ
l ¼ 2ðlþ 1Þðlþ 7Þ;

s
ð2Þ
l ¼ � 2 26l2 þ 25lþ 5

� �
;

s
ð1Þ
l ¼ � 65l2 þ 169lþ 44

� �
;

s
ð0Þ
l ¼ � 12lð2lþ 7Þ:

(92)

These expressions complete the analytical solution of the
drop velocity.

E Energy dissipation

For the outer flow fields eqn (16) and (17) and the inner flow
fields eqn (40) and (41), the integral eqn (50) can be evaluated
by inserting the first-order solutions. For outer flow one gets

ð
@V

d2xsdisrr vr ¼
X
l

Dout
r;l

_fl
2

¼ 8pZ
X
l�2

ðl þ 1Þ2
2l þ 1

�al þ blð Þ ðl þ 2Þal � lblð Þ;

(93)

ð
@V

d2xsdisry vy

¼
X
l

Dout
t;l

_fl
28pZ

X
l�2

ðlþ1Þl
2lþ1

al�
l�2

l
bl

� �
�ðlþ2Þalþ

l2�1

l
bl

� �
:

(94)

The energy dissipation for the inner space can equally well
be computed and results in
ð
@V

d2xSdis
rr Vr ¼

X
l

Din
r;l

_fl
2

¼ 8pZ
X
l�2

l2

2l þ 1
cl þ dlð Þ ðl � 1Þcl þ ðl þ 1Þdlð Þ;

(95)

ð
@V

d2xSdis
ry Vy

X
l

Din
t;l

_fl
2

¼ 8pZ
X
l�2

ðl þ 1Þl
2l þ 1

cl þ
l þ 3

l þ 1
d̂ l

� �
ðl � 1Þcl þ

lðl þ 2Þ
l þ 1

dl

� �
:

(96)

The flow inside the vesicle can be calculated in analogy to
the outside flow and yields

dl ¼ �
l � 1

2l
_fl ; cl ¼

l þ 1

2l
_fl : (97)

After inserting the first-order solutions into these expres-
sions, one gets the eqn (51)–(54). For the droplet, the dissipation

coefficients take on the explicit form

Dout
r;l ¼ � 8pZ

lðlþ 1Þ � lþ 2

ðlþ 1Þð2l þ 1Þ2;

Dout
t;l ¼ � 36pZ

ðl þ 1Þl2 þ ll
ðlþ 1Þ2ðl þ 1Þ2ð2l þ 1Þ2;

(98)

and

Din
r;l ¼ lDout

r;l ;

Din
t;l ¼ Dout

t;l :
(99)

F Swim strokes with fixed surface area

With the designation

gl : ¼
Fl

2

D
ðl þ 2Þðl � 1Þ
ð2l þ 1Þ (100)

we find constraint equations from eqn (15) and (57), which take
on the simple form X

l�2
gl ¼ 1; (101)

X
l�2

gle
2ial ¼ 0: (102)

We restrict the deformations to the three l components l = 2,
3 and 4. For F4 a 0, we eliminate g4 = 1 � g2 � g3 in eqn (102)
and write the remaining equations in the form

2ĝ3 sin a3 = 1 � 2g2 sin2 a2, (103)

2ĝ3 cos a3 = �2g2 sin a2 cos a2, (104)

with ĝ3 = g3 sin a3. First, we square and then add the two
eqn (103) and (104), and so we can express ĝ3 in terms of g2

and a2. Then we can obtain sin a3 and cos a3 from eqn (103) and
(104) and finally, g3 = ĝ3/sin a3. Note that the solutions of
eqn (103) and (104) remain unchanged for a2 - a2 + p. They
can be written in the form

g3 ¼
1

2

C

1� 2g2 sin
2 a2

; (105)

cos a3 ¼
�2g2
�C1=2

sin a2 cos a2ð Þ; (106)

sin a3 ¼
1

�C1=2
1� 2g2 sin

2 a2
� �

; (107)

with C = 1 + 4(g2
2 � g2)sin2 a2. The phase a3 is determined only

up to an angle p, due to the two roots�C1/2. In the following, we
discuss only the +-branch. Changing a3 - a3 + p changes the
sign of the swimming velocity U. Thus, it should always be
remembered that for every motion discussed in the following,
there is a corresponding motion in the opposite direction. The
values of g2 must be restricted to 0 o g2 o 1/2 (corresponding
to 0oF2 oF2;max ¼

ffiffiffiffiffiffiffiffiffiffiffi
5D=8

p
) to ensure that g3 and g4 are

positive and |cos a3| o 1.
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The special case F4 = 0 has only 3 parameters F2, F3, a2.
In this case g2, g3 and a2 are completely determined to g2 = g3 =
1/2, a2 = p/2, 3p/2, and no adjustable parameters remain.
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