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1 Introduction

Influence of matrix stiffness on microstructure
evolution and magnetization of magneto-
active elastomers

*3° Dirk Romeis,
ab

Mehran Roghani, @ Dmitry Borin® and

Marina Saphiannikova

Field-induced microstructure evolution can play an important role in defining the coupled magneto-
mechanical response of Magneto-Active Elastomers (MAEs). The behavior of these materials is classically
modeled using mechanical, magnetic and coupled magneto-mechanical contributions to their free
energy function. If the MAE sample is fully clamped so it cannot deform, the mechanical coupling is
reduced to the internal microscopic deformations caused by the particles moving and deforming the
elastic medium that surrounds them. In the present study, we build on a unified mean-field theoretical
approach which takes the microscopic elastic energy into account. Combined with experiment, this
approach reveals how microstructure evolution affects the magnetization behavior of isotropic MAEs.
MAE disks with various matrix stiffness and volume fraction of particles were fabricated and the
magnetization curves were measured by vibrating sample magnetometry. We demonstrate that the idea
of columnar structures forming from randomly distributed particles upon the application of an external
magnetic field provides an effective approach in modeling microstructure evolution in these materials.
Our unified mean-field model, using few and physically meaningful parameters, shows good quantitative
agreement with the experimental data on magnetization and magnetic differential susceptibility of MAE
samples. More importantly, our model can estimate microstructure evolution in highly filled samples, for
which measurements are very challenging. Since changes in magnetization and stiffness are both driven
by microstructural evolution, a quantitative relationship can be established between the two effects, as
they represent different macroscopic manifestations of the same microscopic process. Therefore, our
model can be used in conjunction with magnetization measurements to predict the mechanical
modulus of MAEs without the need for elastic testing.

positions.” This field-induced microstructure evolution has been
linked to alterations in the elastic and magnetic properties of

The promising applications of Magneto-Active Elastomers (MAEs)
in high-tech fields such as medical devices,"” soft robotics,** and
active surfaces™® arise from their modifiable material properties.
The key to the adaptability of MAEs lies in the magnetizable micro-
particles embedded within a soft elastomeric matrix. In MAEs
made with magnetically soft particles, such as carbonyl iron
(ferromagnets with negligible remanent magnetization), the mag-
netic forces between the particles can be controlled by the strength
of the applied magnetic field, leading to changes in their relative
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MAEs, as observed in various studies.®™°

The phenomenon of microstructure evolution, which is most
prominent in isotropic and elastically soft MAEs, has been
visualized using metallographic microscopy’* and X-ray micro-
computed tomography.'” These studies revealed that the ran-
domly distributed particles come together upon the application
of an external magnetic field. They form columnar structures with
the principal axis aligned along the magnetic field lines. However,
the formation of columnar structures has only been observed in
MAEs with low particle content (<1%) due to the limitations of
imaging in highly filled samples. To gain insight into microstruc-
ture evolution in highly filled samples, other methods must be
used. For example, with ultra-small-angle neutron scattering,
Belyaeva et al'® showed that the distribution of particles gets
more anisotropic with increasing magnetic load, which indicates
the formation of elongated aggregates of particles.

This journal is © The Royal Society of Chemistry 2025
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The mechanical implication of microstructure evolution in
MAEs is the transition of the elastic properties from isotropic to
anisotropic.® A consensus has emerged that matrix elasticity
plays a key role in microstructure evolution.'* In a soft matrix,
particles can move more freely, facilitating significant micro-
structure evolution, whereas in a stiff matrix, their positions
remain practically fixed. This phenomenon has been exten-
sively studied using various experimental testing procedures.
In uniaxial extension or compression tests on soft samples, an
increase in the Young’s modulus is observed along the direc-
tion of the magnetic field, while the modulus perpendicular
to the field remains effectively unchanged.® In shear tests
performed with rheometers, an increase in the shear modulus
is observed, a phenomenon commonly referred to as the
magnetorheological effect.'®

From a modeling perspective, capturing the link between
elastic behavior and microstructure evolution in soft MAEs has
been particularly challenging, especially when using Finite Ele-
ment Methods (FEM). This originates from the computational
complexity arising in representative volume elements (RVEs), when
rigid particles in a soft environment move around and come close
to each-other."® A modeling technique capable of investigating
microstructure evolution is molecular dynamics (MD)."" ' For
instance, Sanchez et al** used a coarse grained MD approach
for simulating an MAE film and found stiff samples have a lower
initial susceptibility compared to soft samples. In another work
focusing on magnetic gels by Ryzhkov et al.,>® the MD simulations
showed that different particle arrangements impact the magneti-
zation behavior of samples with magnetic chains of various sizes.
The samples with long chains of particles showed a lower magne-
tization compared to the samples with shorter chains. While MD
provides valuable insights into the changes in magnetic and
mechanical properties of MAEs, it comes with some drawbacks.
The method is computationally expensive and restricted to micro-
scopic and mesoscopic simulations, making it incapable of
accounting for the effects of a sample’s shape on the behavior.
Consequently, making quantitative comparisons with experi-
mental data using MD remains challenging.

Recently, we have introduced a unified mean-field mode
based on analytical homogenization,* which accounts for micro-
structure evolution and its impact on the behavior of MAEs. The
model is computationally efficient and has the ability to take into
account the macroscopic shape effects on the behavior of the
sample in addition to microscopic effects. In previous works,**®
we demonstrated that this model is not only capable of accurately
predicting experimental observations of the magnetorheological
effect and magnetically induced deformation of MAEs using just
a few physically meaningful parameters, but also offers valuable
insights into how microstructure evolution influences these
phenomena.

For magnetic composites that do not undergo microstructure
evolution due to a stiff matrix, the magnetization behavior is
predominantly governed by the magnetization of the particles,
their volume fraction, and their initial distribution.?® However, in
composites where micro-particles can move under magnetic load-
ing, the effective properties are less straightforward to determine.

1,24
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For magneto-rheological fluids (MRFs), the impact of microstruc-
ture evolution has been extensively studied, revealing that the
effective susceptibility of the material becomes dependent on its
viscosity.”” The effect of microstructure evolution on the magne-
tization behavior of isotropic MAEs was first examined experimen-
tally by Stepanov et al."* using two samples with elastic moduli of
60 and 400 kPa. Their results indicated higher susceptibility in the
softer sample, leading the authors to conclude that particle motion
is responsible for the active properties of MAEs, as evidenced by
the correlation between magnetic and mechanical hysteresis. In
another approach, Stepanov et al”® immobilized the particles
within an MAE by cooling it to 200 K and compared its magnetiza-
tion to a sample at 290 K, where particle motion is less hindered.
They also froze a sample under applied magnetic field and showed
that while the sample frozen outside the magnetic field has a lower
initial susceptibility, the magnetic behavior of the sample at 290 K
is very close to the sample frozen under magnetic field. Later,
Bodnaruk et al** confirmed the results of Stepanov et al*® by
performing similar experiments with different cooling tempera-
tures. Additionally, they measured the magnetic anisotropy of MAE
samples with microstructure evolution. Borin and Stepanov’°
conducted systematic measurements of initial susceptibility in
MAEs with different particle volume fractions and matrix types
(liquid, elastic, and quasi-solid) allowing various degrees of particle
mobility. The authors found that initial susceptibility depends on
both matrix elasticity and particle volume fraction. Recently, Borin
et al*' investigated the effect of matrix elasticity on the magnetiza-
tion and differential susceptibility of MAEs as well as magnetic
hysteresis and how repeated magnetization cycling of the samples
affects the magnetic behavior. The study demonstrated that the
magnetic properties of soft MAEs are affected by reversible and
irreversible particle mobility in the sample.

To date, theoretical models that consider the effect of
microstructure evolution on the magnetic behavior of MAEs
made with magnetically soft particles have primarily focused on
explaining the magnetic hysteresis phenomenon. For example
Zubarev et al.**> developed a lattice based dipole model for soft
magnetic gels to capture the macroscopic magnetic hysteresis of
these materials. Also, Vaganov and Raikher®® utilised first-order
reversal curve analysis and a model based on two particles in an
elastomeric matrix to study the magnetic hysteresis of soft MAEs.
However, only few theoretical studies have examined how matrix
stiffness affects the degree of microstructure evolution and mag-
netization in MAEs. Clark et al** experimentally measured the
magnetization of MAE samples with magnetically soft particles
and varying matrix stiffness, complementing these measurements
with a simple two-dipole model that captures the trends of the
observed phenomena.

In the following, we demonstrate that our unified mean-field
model quantitatively describes the effects of microstructure
evolution on the magnetization of MAE samples with varying
matrix stiffness and particle volume fraction, in agreement with
experimental data. To achieve this, we rely on analytical homo-
genization of the magnetic properties which takes into account
the evolution of microstructure due to the formation of columnar
structures under a magnetic field. The magnetization of nine
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samples, made with three distinct matrix stiffness levels and three
particle volume fractions, was measured using a vibrating sample
magnetometer (VSM). We compare the magnetization curves and
differential susceptibilities obtained from the experiments with
theoretical predictions. The extent of microstructure evolution,
which our model quantifies as an increased particle volume
fraction within columnar structures, and the resulting magneto-
rheological effect are investigated.

2 Unified mean-field theory

We model the magneto-mechanical behavior of MAEs using a
self-consistent field approach that captures the evolving mag-
netic and elastic properties simultaneously.”® This method
efficiently incorporates both macro-scale (sample shape and
deformation) and micro-scale (particle arrangement and its
evolution) contributions to these coupled properties.

Here, we study disk shaped samples that are completely
clamped, so they cannot deform (for details see the experiment
section). The samples are placed in a uniform magnetic field
H, generated between the electromagnet poles of a VSM. The
symmetry axis of the disks aligns with the direction of the
magnetic field lines as shown in Fig. 1.

The general form of the free energy density of an MAE
sample can be written as:*®

Psae(F, H) = Pmecn(Fy H) + Vinag(F, H) + ¥ mic(H),

(1)

in which the mechanical energy ¥ ,..» accounts for the macro-
scopic deformation, ¥ ,,e accounts for the magnetic part of the
energy and Y., accounts for the microscopic mechanical
energy. ¥mic represents the energy to stretch, or deform, the
polymeric matrix when the particles rearrange into columnar
structures. In our case, since the sample is fully clamped, the
deformation gradient is constant, F = I (I is the unity tensor)

H=0
¢c:1

H>0
de <1

H>0
P 1

N

Fig. 1 Left: Schematics of an MAE disc between the poles of a VSM
device. The diameter and height of the sample are shown with D and h.
Right: Schematics of how our model implements microstructure evolution
under local magnetic field H. The formation of cylindrical particle-rich
regions (columns) is the result of the restructuring of the magnetized
particles inside the elastomeric matrix. An increase in the local magnetic
field H also increases the volume fraction of particles ¢, inside the
columns. In consequence, the fraction of columnar phase ¢. = ¢/¢p
decreases.
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and the macroscopic mechanical energy ¥ .. can be neglected.
The magnetic energy ¥ p,a¢ too does not depend on macroscopic
deformations anymore. Therefore, ¥y takes a simpler form
which is only a function of the magnetic field H:
¥aar(H) = 'Pmag(ﬁ) + Wonic(H). (2)
In the following we give a detailed definition of these two
remaining terms.

2.1 Magnetic energy

Assuming our sample becomes homogeneously magnetized
under the external magnetic field H,, the magnetic energy
density can be written only based on the scalar values of the
local magnetic field H and the external magnetic field H, (both
are along the x axis as shown in Fig. 1). The magnetic energy
density takes the form:

s = o~ [ e+ Jr - ). @

where M is the magnetization of particles (which is the same for
all the particles because of our homogeneous magnetization
assumption), ¢ is the volume fraction of the particles, and pu, is
the permeability of vacuum. The homogeneity assumption
can only be strictly valid for ellipsoidal shapes; however, for
disk-shaped samples, field inhomogeneities can arise at the top
and bottom edges.*® Nevertheless, we aim for a leading-order
approximation by neglecting field inhomogeneities, and the
resulting model remains highly capable of describing the
behavior for a quantitative comparison with experimental data,
as we show in the results section.

Following the leading-order approximation where field inho-
mogeneities are neglected, the particle magnetization M, the
external field H, and the local field H are related via:*®

H=H, — (1/3 — ¢fmacro 7fmicro)Ma (4)

where fiacro = 1/3 — N accounts for the effect of sample shape
on the local magnetic field and f,;cro accounts for the effect of
microstructure arrangement. The demagnetizing factor N of a
cylinder magnetized homogeneously along its symmetry axis
can be approximated by the following expression proposed by
Sato and Ishii:*’

Ny =1/(4p/vr+1), (5)

where y = /D (see Fig. 1) is the aspect ratio of the sample.

Chougale et al.*® used mean-field approximation to estimate
the microstructure factor fi,icro for columnar structures (right
part of Fig. 1) that takes the analytical form:

¢ — ¢
fmicro =-L 3 . (6)

In our model, ¢, and ¢ indicate the local particle volume
fraction and the total volume fraction of particles in a sample
(see Fig. 1). They are linked to the volume fraction of the

This journal is © The Royal Society of Chemistry 2025
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columnar structures ¢. through the following relation:

¢

(bc:ap'

)

In the absence of magnetic loading, the sample is isotropic
¢p = ¢, resulting in fiicro = 0. The value of fi.,;r, increases as the
particles condense more and more into the columns. This
results in the magnetic energy decreasing as fmicro increases,
and thus we can conclude that columnar structures are more
favorable in terms of the magnetic energy compared to an
isotropic state in which the particles are randomly distributed.

The relation between M and H is a material property of the
magnetizable particles. The carbonyl iron particles used in the
experiment show a negligible magnetic hysteresis, as measured in a
previous study.*® Therefore, we use the Fréhlich-Kennelly function
to capture the saturating non-hysteretic behavior in this work:*

oY ——— 0
1+ Am
where y and M., denote the initial magnetic susceptibility and
saturation magnetization of the particles, respectively.

2.2 Micro-mechanical energy

As explained previously, the formation of columns within the
sample is magnetically favorable. In our previous works, we
demonstrated that a mechanical energy penalty is necessary to
regulate microstructure evolution, because without such penalty
the particles form dense columns even in vanishingly small
magnetic fields. This micro-mechanical energy function, for both
initially isotropic and anisotropic magneto-active elastomers, is
presented in our previous works***® as the Hookean form:

1
lpmic = Ekm Giso( micro 7fn(1icro)27 (9)

where the microstructure factor fiico (eqn (6)) is used as a
descriptor of microscale deformations caused by the particle
rearrangements. If the sample is made in a way that it has
columnar structures before magnetic loading, the initial state of
the microstructure can be taken into account with fcro. In this
work, the samples are initially isotropic and therefore fricro = 0.
Detailed investigation on the form of this function revealed that
using the elastic modulus of the columns G (¢;,) instead of the
initial modulus of the sample Gis(¢) describes the phenomenon
of microstructure evolution much better. We believe this is
because under magnetic loading, the particles are in the elastic
medium of the columns which is reinforced much more than the
initial isotropic state (¢, > ¢). Considering this, eqn (9) is
transformed to:
1 2
Vinic = EkaC micro* (10)

The micro-mechanical parameter k., in eqn (9) and (10)
provides the ability to tune the degree of microstructure
evolution.
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To calculate the elastic modulus of the columns, we use an
effective medium theory recently presented by Lefevre and
Lopez-Pamies®® for composites made with spherical inclusions:

Gm

G. — ) ) 5</’g.a,x’
(oo ()02
(11)

where G, is the shear modulus of the elastomeric matrix, ¢, is
the volume fraction of inclusions inside the columns, ¢4 is the
tight packing volume fraction of the particles, « and f are two
fitting parameters that determine the initial slope of reinforce-
ment function.>® Since the tight packing volume fraction for
monodisperse spherical inclusions is estimated to be @max =
0.64, a value of ¢, = 0.7 is reasonable for the polydisperse
inclusions we use to fabricate the samples. The value of G, for
each sample is obtained experimentally, while o« and f are
determined through the fitting procedure.

3 Experiment

MAE samples for the experiments were made of two-component
silicone rubber Elastosil RT623 (Wacker Chemie AG, Germany).
To adjust the stiffness of the matrix, it was diluted with M1000
silicone oil (GE Bayer Silicones, Germany) in different propor-
tions before crosslinking. BASF CC carbonyl iron powder with
magnetically soft spherical micro-particles (average diameter of
~4 pm) was used as magnetic filler. The procedure for man-
ufacturing the samples is reported in detail elsewhere.*® The
samples fabricated for the experiments had matrix stiffnesses
(shear modulus) of ~10, 40, and 110 kPa and particle volume
fractions of ~0.05, 0.2, and 0.35. The specified values of the
matrix shear modulus were obtained within a quasi-static
torsion test of a reference non-filled specimens considering
the linear response of the material.*!

The magnetic measurements were carried out at room tempera-
ture (T = 23 °C) using the Lake Shore VSM 7407s vibration
magnetometer calibrated with a nickel sphere. In the measure-
ments, a disc shaped sample with a diameter of ~4.65 mm and
height ~1 mm was fixed on the LakeShore 730933 sample holder
with a disc flat bottom perpendicular to an external magnetic field.

The magnetic moment of the samples was measured using a
VSM in continuous data acquisition mode, with an averaging
period of 1 second per point. The magnetization was calculated
based on the sample volumes; however, the exact volumes slightly
differ from the mold dimensions due to manufacturing variations.
Ideally, samples with the same particle volume fraction should
exhibit identical saturation magnetization at high magnetic fields.
In practice, however, we observe small discrepancies in saturation
magnetization, caused by these volume differences. To resolve this
issue, we slightly adjust the calculated height of each sample to
ensure that samples with the same particle volume fraction ¢ have
identical saturation magnetization:

M%, = 0.98pM.,, (12)
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where M, is the particle saturation magnetization assigned to the
magnetization function of our model (eqn (8)). We multiply M,
by 0.98 because the magnetization function in our model reaches
M, at an infinite magnetic field, which is not experimentally
achievable. We found that assuming the experiment reaches 98%
of M, in the particles is a reasonable approximation in this case.
Furthermore, magnetization values were smoothed using LOESS-
algorithm as described in a previous publication.**

4 Results and discussion

The values of applied magnetic field Hy, matrix shear modulus
G, volume fraction ¢, and aspect ratio y of the samples are fixed
by the experimental conditions. The volume fraction of particles
inside the columns ¢, can be obtained by minimizing the free
energy given in eqn (2). Knowing ¢, we can calculate the local
magnetic field H and the magnetization of the particles M using
eqn (4) and (8). The magnetization of the sample M, = ¢ M is then
compared to the experimentally acquired magnetization values.
The saturation magnetization of the particles was experimentally
determined to be approximately M., = 1500 kA m™", and this
value is used in our model. The parameters that are used to fit the
experiment in our model are: the initial susceptibility of the
particles y, the micro-mechanical parameter k,,, and the effective
medium theory parameters o and f. Their values are found using
the least square curve fitting technique and are presented in
Table 1. This set of fit parameters is used to evaluate the model for
comparison with the experimental results for all the samples.

The increase of local volume fraction ¢, with an increasing
external magnetic field serves as an indicator of microstructure
evolution in our model. The behavior of ¢,(H,) is depicted in Fig. 2
for the magnetization fit to the experiment. The horizontal dashed
lines represent the sample’s volume fraction ¢, while the colors
indicate the matrix stiffness according to experimental character-
ization. Blue lines correspond to samples with a matrix shear
modulus of Gy, = 10 kPa, red lines with G, = 40 kPa, and green
lines with G, = 110 kPa. This color coding is retained through all
the figures for consistency. The most visible trend in this figure is a
reduction in the magnitude of microstructure evolution for sam-
ples with higher volume fraction of particles ¢. An increase in
matrix stiffness Gy, also results in a smaller magnitude of micro-
structure evolution. Also, for higher values of G, the external
magnetic field H, at which ¢, reaches a plateau (indicating no
further microstructure evolution) increases.

In Fig. 3, we show the measured magnetization for disk
shaped MAE samples and the corresponding values predicted
by our model. Each sub-plot corresponds to samples with the

Table1 The values of the dimensionless model parameters used to fit the
experiment

Parameter Description Value
b4 Initial susceptibility of the particles 84.7
ke Micro-mechanical parameter 1.8
o Effective medium theory parameter 0.7
p Effective medium theory parameter —2.0
1420 | Soft Matter, 2025, 21, 1416-1425
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0 200

600 800 1000 1200

H() kA/m
Fig. 2 The predicted evolution of local volume fraction ¢, for samples

with different volume fraction of particles (¢) and varying matrix stiffness:
Gm = 10 kPa (blue), G, = 40 kPa (red), G, = 110 kPa (green).

400

same volume fraction of particles. In the sub-plots, we see that
the slope in the linear zone (near H, = 0) of the magnetization
curves is similar. Their behavior also coincides in the satura-
tion zone (near H, = M, ) by design as explained in the
experiment section. However, we observe that the stiffness of
the matrix influences the behavior in the transition zone
(the magnetic fields at which the behavior changes from linear
to saturating). The samples with a softer matrix have a higher
magnetization in this zone compared to the samples with a
stiffer matrix. We see that the sensitivity of the magnetization
behavior to matrix stiffness is more pronounced for samples
with lower fractions of particles. This experimentally observed
phenomenon is captured by our model too. It can be explained
by considering the microstructure evolution in Fig. 2. There, we
observed that the samples with the lowest volume fraction have
the most microstructure evolution. Also, among the samples
with low ¢, the softest sample experiences the highest increase
of ¢p,. From eqn (4) and (6), we can conclude that an increase in
¢p directly leads to an increase in the local magnetic field H
which is responsible for particle magnetization. In the satura-
tion zone, no effects of matrix stiffness on magnetization are
observed due to two effects: (1) microstructure evolution has
stopped, and (2) particle magnetization reaches saturation and
no longer changes with increasing magnetic field.

Another interesting trend, when Fig. 3 is compared to Fig. 2,
is that the magnetization of the samples saturates at a higher
external magnetic field than the field at which microstructure
evolution stops. This is related to the form of the micro-
mechanical energy function presented in this study. In our
previous work,?® we used the sample’s shear modulus Gjs, in
the micro-mechanical energy, which remains unchanged under
a magnetic field. However, in this work, the shear modulus of
the columnar structures G, is used, as explained in the theory
section, and it increases during magnetic loading since it is a
function of ¢,,. In our previous work,”® it was predicted that the
magnetization saturates at the same external field at which
microstructure evolution stops, because fiicro Was the only

This journal is © The Royal Society of Chemistry 2025
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Fig. 3 Model predictions (solid lines) of the effective magnetization Mg
compared to experimental data (symbols) for samples with different

volume fraction of particles and varying matrix stiffness: G, = 10 kPa
(blue), G = 40 kPa (red), G, = 110 kPa (green).

0 200 400

parameter depending on ¢, in the micro-mechanical energy.
However, in this study, both G. and fyjcr, are functions of ¢y,
introducing a greater penalty to microstructure evolution. This
explains the different external field strengths at which micro-
structure evolution halts and magnetization saturates.

By taking the derivative of the sample magnetization M, with
respect to H,, we obtain the differential susceptibility of
the samples, as plotted in Fig. 4. In each sub-plot, the samples
have the same volume fraction of particles but differ in matrix
stiffness. This representation clearly shows that samples with the
same volume fraction exhibit the same initial magnetization
slope, but then the softer samples experience an uptake in their
susceptibility. This uptake is most pronounced for the sample
with the lowest volume fraction (¢ = 0.05) and the softest matrix
(Gm = 10 kPa). Higher particle volume fractions or increased
matrix stiffness result in a reduced uptake of susceptibility, as

This journal is © The Royal Society of Chemistry 2025
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Fig. 4 Model predictions (solid lines) of the differential susceptibility
compared to experimental data (symbols) for samples with different
volume fraction of particles and varying matrix stiffness: G,, = 10 kPa
(blue), G, = 40 kPa (red), G, = 110 kPa (green).

both factors create a stiffer medium around the particles, restrict-
ing their movement (lower microstructure evolution as seen in
Fig. 2). In the experimental results (symbols), the stiffer samples
show a very low uptake in their susceptibility, whereas our model
still predicts a noticeable uptake (solid lines). This discrepancy
arises from the form of the micro-mechanical energy term, which
is based on coarse approximations. Using a more complex func-
tion for Y ;. than the one presented in eqn (10) would possibly
allow for a closer agreement with the experiment. Such improved
relationship could be developed through further micro-
mechanical simulations but is beyond the scope of this work.
Another observation from Fig. 4 is that the decreasing slope
immediately after the uptake becomes steeper for softer samples
and lower values of ¢, as seen both in experimental results and
model predictions. Additionally, the susceptibility curves for
samples with the same volume fraction cross each other at the
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same point after the uptake. This crossing happens at lower
magnetic fields for samples with lower particle volume fractions:
~310 kA m™* for ¢ = 0.05, ~390 kKA m™* for ¢ = 0.2 and
~460 kA m™* for ¢ = 0.35. As the samples with lower volume
fraction have a larger uptake in low magnetic fields, they reach
saturation magnetization faster and thus their susceptibility
decreases more steeply before saturation.

To evaluate our model’s performance across extreme ranges
of matrix stiffness, we consider two more cases in the appendix:
an MRF sample and a sample of epoxy resin with infused
particles. Magnetorheological fluids, where magnetic particles
are highly mobile, undergo significant microstructure evolution.
In contrast, for MAE samples with rigid matrices, like epoxy,
particle movement is strongly restricted, preventing microstructure
evolution. The measured magnetic behavior of these samples,
along with the model predictions, is presented in Appendix A.

As discussed in the introduction, the magnetorheological
effect in MAEs is another important aspect of these materials
that our model can predict. Since fitting the magnetization data
with our model provides a measure of microstructure evolution
(as shown in Fig. 2), we can calculate the effective modulus of
the columnar structures inside the sample. This allows us to
assess the mechanical reinforcement resulting from the for-
mation of dense columns and its impact on the sample’s
modulus Ep, along the magnetic field direction. Using the rules
of mixture we estimate:*°

EL=(1 — ¢o)Em + e,

where E,;, = 3Gy, and E. = 3G,.. The value of E, calculated this way,
only accounts for mechanical reinforcement, neglecting any
changes in the modulus due to magnetic forces. In our previous
work,?® we calculated the modulus along the magnetic field by
taking the second derivative of the free energy with respect to
elongation in the field direction for a more accurate evaluation of
the magnetorheological effect. However, we have demonstrated in
prior studies®*** that magnetic forces contribute significantly less
to the magnetorheological effect compared to the mechanical
contributions. Having that in mind, the predicted magnetorheo-
logical effect in the MAE discs undergoing microstructure evolu-
tion, is depicted in Fig. 5. Here, we first show the absolute changes
in Ep, for samples with the same volume fraction of particles and
different matrix stiffness (Fig. 5 top), and follow that with the
relative magnetorheological effect (Fig. 5 middle) upon dividing E,
by the initial modulus of the samples. This modulus can be
estimated®® from eqn (11) as Eis, = 3G(¢). The bottom sub-plot
also shows the relative magnetorheological effect for samples with
the same matrix stiffness and different volume fractions.

In Fig. 5, we observe that the sample with the stiffest matrix
and highest particle volume fraction shows an increase of nearly
4 MPa (from 2 MPa to 6 MPa in Fig. 5, top) in its modulus
parallel to the magnetic field, representing the largest absolute
increase among the samples. The increase in modulus for the
softer samples, however, shows a monotonous decline with
respect to decreasing matrix modulus. When examining the
relative increase of the modulus E;/Eg;,, we find that the sample
with the softest matrix exhibits the highest magnetorheological

(13)
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Fig. 5 Model predictions of the change of the elastic modulus E, parallel
to the magnetic field due to microstructure evolution (magnetorheological
effect). Top: The evolution of E| with applied magnetic field for samples
with the same volume fraction (¢ = 0.35) and different matrix stiffness:
Gm = 10 kPa (blue), G, = 40 kPa (red), G, = 110 kPa (green). Middle: the
same as the top figure but all the values are divided by the initial modulus
of the samples £, to determine the relative magnetorheological effect.
Bottom: The relative magnetorheological effect for samples with the same
matrix modulus (G, = 10 kPa) and different volume fraction ¢ of particles.

0 200 400

effect, with a field-induced modulus increase that is 10 times
greater than the initial modulus of the sample without an
applied magnetic field. Here, the order of the curves with respect
to their matrix stiffness changes from the top sub-plot and we
see that the stiffest sample undergoes the smallest relative
magnetorheological effect. Looking at the effect of particle
volume fraction on the relative magnetorheological effect in
the samples with the same matrix modulus (Fig. 5 bottom), we
see that the samples with ¢ = 0.20 and ¢ = 0.35 have nearly
identical initial slopes of Ej/Eis, in low magnetic fields, but they
deviate from each other around H, ~ 200 kA m™*. The sample
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with the lowest volume fraction does not experience a significant
magnetorheological effect, despite having the largest increase in
¢, among all the samples (see Fig. 2). There are two reasons for
this. First, while the local volume fraction ¢, increases signifi-
cantly, the volume fraction of the columns ¢. decreases sub-
stantially according to the relation shown in eqn (7). Second,
although the lowest filled sample exhibits the largest increase in
¢p, the value of ¢, is still far from the tight packing volume
fraction ¢, at which the effective elastic modulus increases
dramatically. This also explains why the softest sample with the
highest particle volume fraction experiences the highest relative
magnetorheological effect, since despite not having the largest
increase in ¢y, its ¢, comes closest t0 Ppay.

5 Summary and outlook

In summary, we have applied our unified mean-field model to
predict the magnetization behavior of MAEs undergoing micro-
structure evolution using few and physically meaningful para-
meters. The magnetic energy contribution is taken into account
with dipolar mean field approach. Since the samples are clamped
during magnetic loading, the macro-scale mechanical energy
contribution is disregarded. The energy spent on the microscale
to move the particles inside their elastomeric surrounding is
crucial in modeling these materials. A very effective way to model
this microstructure evolution is by assuming columnar structures
forming from randomly distributed particles upon the application
of an external magnetic field. The micro-mechanical energy is
introduced to regulate the extent of microstructure evolution based
on key factors such as the magnetic field strength, volume fraction
of particles, and the elastic modulus of the matrix. In previous
works,”**® we have shown that a simple Hookean-spring formula-
tion for this micro-mechanical energy is sufficient in explaining
magnetorheological effects and huge deformations in these mate-
rials. In this paper, we refine this formulation by making the
micro-mechanical energy a function of the elastic modulus of
the columns rather than the modulus of the isotropic samples.
This adjustment allows us to explain the increase of susceptibility
in low magnetic fields for very soft MAE samples as measured by
VSM. A closer evaluation of how well our model predicts the
experimental magnetic behavior is made by analyzing the deriva-
tive of magnetization with respect to the external magnetic field
(differential susceptibility). The model accurately predicts the
magnetization response for the softest sample. However, for
stiffer samples, the model does not sufficiently suppress the
magnetization uptake, as seen in the experiments. We attribute
this discrepancy to the simplified form of the micro-mechanical
energy, which likely has a more complex relationship with elasti-
city and particle volume fraction. Another potential source of
discrepancy could be our assumption of homogeneous magnetic
field inside the samples. Looking ahead, more detailed microscale
simulations of microstructure evolution could provide more clarity
on the form of the micro-mechanical energy term, leading to a
more precise description of the macroscale magnetization beha-
vior of MAEs. Additionally, this term could account for the

This journal is © The Royal Society of Chemistry 2025
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observed magnetic hysteresis in MAEs caused by microstructure
evolution. Finally we estimated the magnetorheological effect for
all the samples. This can be useful in predicting the magnetically
reinforced modulus of these materials in situations where
mechanical testing is not possible.
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Appendix

Model performance for extreme matrix
stiffness ranges

To evaluate the performance of our model across extreme
ranges of matrix stiffness, we examine an MRF sample and
an MAE sample with an epoxy matrix, both with a particle
volume fraction of 0.05. The magnetization and differential
susceptibility for these samples are compared. The model
predictions for these cases are based on the same parameters
as those applied to the elastomer-based samples discussed in
the main text (see Table 1). Moreover, for the MRF sample, the
matrix shear modulus G, is set to a very low value (1 pPa) to
reproduce an environment in which microstructure evolution is
not hindered at all. For the epoxy-based sample, G,, is set to
1 GPa to reproduce an environment in which microstructure
evolution is strongly suppressed.

As it is seen in the top part of Fig. 6, the saturation
magnetization in the measurements is matched to the pre-
dicted values by varying the sample heights. This is to make
sure that the measured value of the sample’s saturation mag-
netization matches ¢ M, and agrees with the behavior of the
elastomer samples with the same volume fraction in Fig. 3.
In the bottom of Fig. 6, we observe that the sharp measured
peak in susceptibility for the MRF sample is not fully captured
by our model. This discrepancy may be due to the fully mobile
particles in the fluid which can easily touch and form clusters.
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Fig. 6 (Top) Magnetization and (bottom) differential susceptibility of an
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In such cases, the assumption of dipolar interactions between
particles may no longer hold. Instead, higher-order
interactions,**® which are significantly stronger, may dominate,
leading to a much sharper susceptibility peak due to microstructure
evolution. Despite this limitation, the predictions of our model
agree well with the magnetic data measured after this peak.

For the epoxy sample, we notice that the initial susceptibility
is slightly higher than that of elastomer-based samples with the
same particle volume fraction. This can be explained by the fact
that micro-particles in epoxy resin are mixed much worse than
in silicone matrix, also due to rapid polymerization. Therefore,
particle agglomerates are present in the material, resulting in
higher initial susceptibility and a slight uptake in susceptibility.
This increase occurs despite the absence of microstructure
evolution, as the particles are fixed in the stiff matrix. Except
this uptake, the model predictions agree well with the experi-
mental measurements. This highlights the robustness of our
model in predicting magnetization behavior across a spectrum
of samples, from liquid to rigid.
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