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Nonlinear behavior of stochastic athermal fiber
networks with elastic–plastic fibers†

Syed N. Amjad, Nishan Parvez and Catalin R. Picu *

Stochastic fiber networks form the structural component of network materials, which are broadly

encountered in engineering and biology. Apparent elastic–plastic behavior, characterized by a yield point

and softening at larger strains, is observed in some of these materials. A range of mechanisms, some of

which being unrelated to fiber plasticity, may cause this behavior. In this work we investigate network

plasticity caused by the plastic deformation of fibers and develop a comprehensive perspective on its

relationship with network structural parameters. We determine the scaling of the yield stress and yield

strain with network parameters emphasizing differences between the affine and non-affine deformation

regimes. The non-linear response of the network is more complex when fiber plasticity takes place than

in the purely elastic case. We describe four non-linear regimes and their dependence on network

parameters. Further, we evaluate the dissipation and residual strains resulting upon loading–unloading

cycles for a variety of networks and discuss design strategies for maximizing energy dissipation. Finally,

we provide guidelines for the interpretation of experimental results and discuss ways to distinguish

between various mechanisms that may cause a yield point and apparent elastic–plastic behavior.

1. Introduction

Many biological and man-made materials have a stochastic
network of fibers as their main structural component. Exam-
ples include the extracellular matrix,1 connective tissue2 and
blood vessel walls,3 whose mechanical behavior is defined by
their underlying collagen and elastin networks, as well as
nonwovens,4 paper and cellulose products5 and various types of
nanopapers6–12 made from diverse types of fibers including
polymeric, cellulose, chitin and carbon nanotubes. These
diverse materials have mechanical behavior defined by the
respective networks, a unifying view of which is presented in
ref. 13.

When tested in shear or uniaxial tension, network materials
exhibit one of two types of response: biological materials show,
in general, hyperelastic-type behavior, with increasing tangent
stiffness with stretch,14–16 while many of the engineering
materials listed in the previous paragraph show a concave
stress–stretch curve, with an apparent yield point followed by
softening.17–21

The non-linear behavior of networks with linear elastic fibers
and non-dissociating crosslinks is generally understood.22–25

The response is linear elastic at small strains and is charac-
terized by Young’s modulus E0 (regime I). Exponential stiffen-
ing is observed in regime II; in this regime, the tangent
stiffness, Et, is proportional to the (nominal) stress, S, Et =
dS/dl B S (l is the stretch in uniaxial loading, which is related
to the uniaxial strain, e, as l = 1 + e). A subsequent regime III of
power law stiffening is reported at larger stretches when the
nominal stress is used, but this regime is absent if the Cauchy
stress is used instead.26 These conclusions apply to tensile and
shear loading.

Occurrence of diffuse damage may reduce the tangent stiff-
ness in any of the three regimes. Localization of diffuse damage
leads to the emergence of a peak stress in the nominal stress–
stretch curve, S(l), and eventually to global failure.27,28 Strain
localization is precluded in network materials without damage
due to the strong stiffening.

The key parameters used to define the network structure
include the network density (total length of fiber per unit
volume, in 3D, or area, in 2D), r, the crosslink number density,
rb, the mean connectivity (average number of fiber segments
connected at a crosslink), z, and fiber properties (e.g. for linear
elastic fibers of circular cross-section, the fiber material
modulus, Ef, and the diameter, d). This is a minimum set of
structural parameters for networks without preferential fiber
orientation, although the structure being stochastic, additional
parameters may be defined. These parameters may be used to
form non-dimensional groups which are then placed in relation
to the descriptors of macroscopic behavior,29–31 such as E0 and
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Et. For the type of networks considered in this work, the most
useful such parameter is w = log10(rd2).32,33 It has been
shown30,34 that deformation is approximately affine and
E0/Ef B rd2 when w is large, while in the opposite situation,
deformation is non-affine and E0/Ef B rxd4, with x = 2 for the
type of networks considered here. Exponent x depends on the
network structure and the dimensionality of the embedding
space.29–33,35 The affine-non-affine transition takes place in the
vicinity of a threshold w0; w0 = �0.6 for the networks consid-
ered here, as discussed further in Section 3.2. The fact that
E0 B Efd

2 B EfAf (where Af is the cross-sectional area of fibers)
in the affine limit, for w 4 w0, implies that the primary
deformation mode of fibers is axial. Likewise, E0 B Efd

4 B EfIf

(where If is the axial moment of inertia with respect to one of
the centroidal axes of the fiber cross-section) in non-affine
cases, for w o w0, implies that fibers deform predominantly
in bending.

Engineering athermal network materials, such as non-
wovens4,36–39 and nanopapers,6–12,40 exhibit softening at a point
of the stress–stretch curve, S(l), that resembles the yield point
of metals, Sn

y , while the peak stress, Sn
u, is larger and occurs

at larger stretches. This apparent yield point was attributed
heuristically to the onset of fiber plasticity. However, other
mechanisms may lead to the same macroscopic behavior.
For example, it was shown that friction in nonwoven mats of
thin elastic fibers leads to a yield point phenomenon and the
corresponding yield stress increases with increasing friction.41

This mechanism also provides strain hardening beyond the
yield point. Cohesive interactions between fibers promote fiber
bundling and the organization of the network of fibers into a
network of fiber bundles.42 The mechanical behavior of such
structures is controlled mainly by cohesive forces at relatively
small stretches, and by the network at larger stretches. However, it
was shown that cohesive interactions may also lead to the emer-
gence of an apparent yield point which increases with increasing
the strength of cohesion.43 Stiffening may be observed beyond the
yield point due to the continued fiber alignment during straining.
Yet, another type of yield point phenomenon is observed in
interpenetrating network (IPN).44,45 These are networks composed
of two sub-networks, each being formed by a different type of
fibers (or molecules, in the case of molecular IPN), with both sub-
networks percolating the problem domain. The two sub-networks
may be crosslinked to each other, or many be entirely indepen-
dent (although excluded volume interactions, at contacts between
fibers, may take place). At small strains, the sub-networks forming
the IPN are mechanically active and act in parallel leading to large
stiffness. The tangent stiffness drops abruptly when the network
of lower strength breaks, which leads to the emergence of
an apparent yield point.46,47 This provides additional kinematic
freedom to the remaining stronger network which may exhibit
stiffening beyond the yield point.

Some of these mechanisms may be ruled out in specific
material cases. For example, if one does not work with IPNs and
the fiber diameter is rather large (e.g. d 4 10 mm), inter-fiber
cohesion makes a weak contribution to the overall mechanics,
but friction remains a factor. These conditions apply to

nonwovens, which generally exhibit a well-defined yield point,
large hysteresis in loading–unloading cycles, and residual
strain upon unloading. Therefore, the yield point observed in
nonwovens4,37–39 may be due to either or both the plastic
deformation of fibers and/or friction. A yield point and loading–
unloading hysteresis are observed in a cellulose networks,28,48

particularly in conditions of elevated humidity; in this case yield is
likely due to the plasticity of fibers and crosslinks. Yielding
observed in cellulose nanopaper6,7 may be due to both cohesion
and the plastic deformation of fibers. Collagen is known to
deform plastically due to the relative sliding of micro-fibrils
within collagen fibers.49 This was observed to lead to plastic
deformation of collagen networks.50,51 In most of these cases it
is difficult to determine experimentally which mechanism
controls the yield point.

Several works have been dedicated to exploring the effect of
fiber plasticity on the behavior of the network. 2D models of
Mikado networks of elastic–plastic fibers have been considered
in ref. 52 and 53. These models were defined in the affine range
of the network. It is reported that the network yield strain is
approximately equal to the fiber yield strain and the yield stress
increases in proportion with the network stiffness. These
models exhibit large residual strains upon unloading. Similar
models were used in ref. 54 to evaluate the effect of fiber crimp
on the elastic–plastic transition, but since these models are also
affine, similar scaling results are obtained. Quasi-2D mats of
elastic–plastic fibers with damage were modeled in ref. 28, 55
and 56, and probed both in tension and compression.56 The
focus of these works was not on evaluating the elastic–plastic
transition, and parameters were selected such that damage
obscured the contribution of fiber plasticity. Non-affine 3D
network models (diluted periodic structures) of elastic–plastic
fibers were considered in ref. 57 as being representative for
collagen-based extracellular matrix. This study indicates that
only a small fraction of fibers become plastic and residual
strains upon unloading are small. The non-linear response was
strongly influenced by the stiffening rate of the fiber material,
which makes the interpretation of the response difficult, but
these aspects were not analyzed in detail. The respective study
focuses on the extracellular matrix-mediated cell–cell inter-
action and not on scaling relations between network behavior
and system parameters.

Although not leading to a yield point, the coupling of the
fiber material non-linearity with the intrinsic geometric non-
linearity of the network deformation modifies the overall, net-
work scale non-linear behavior (relative to the case in which the
fiber material is linear elastic). This has been studied in many
works, including.55,58–60

In the work reported here we consider fiber plasticity in
isolation from other mechanisms that may cause an apparent
yield point and determine the effect of various system para-
meters on the yield stress, Sn

y , and stretch, ln
y , and on the non-

linear deformation of the network. We distinguish between two
types of network-scale elastic–plastic behaviors, applicable to
affine and non-affine networks, respectively. We explain the
sharp distinction between the typical response of dense and
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densely crosslinked networks, such as nanopapers and some
nonwovens,38,52,61 and that of lower density networks composed of
thin fibers, such as collagen gels and connective tissue.22,23,62,63

The network yield strain, en
y , is identical to the yield strain of the

fibers, ef
y, if the network is affine, en

y = ln
y � 1 = ef

y, and it is larger
than ef

y if the network is non-affine. As the degree of non-affinity
increases (w decreases, i.e. the network density decreases and/or
fibers are rendered softer in bending), ln

y increases and yielding
may never happen within the range of stretches experienced by
real network materials. Further, we characterize the complex non-
linear response, which combines features of the networks of linear
elastic fibers with aspects associated with fiber plasticity and
compute the energy dissipation during loading–unloading cycles
in terms of network parameters. These results provide a unifying
interpretation of phenomenological observations made with
different network materials and facilitate the identification of
the mechanism causing a yield point-like phenomenon in specific
experimental situations.

2. Model definition and
parametric space

We consider 3D athermal networks of initially straight cylindrical
fibers having identical diameter, d. The crosslinks transmit forces
and moments between fibers and are of ‘welded’ type, i.e. the
angles formed by pairs of fibers connected at a crosslink are
maintained fixed. No crosslink failure and dissociation/association
behaviors are considered. Fibers may deform in the axial, bending,
torsion and shear modes. The crosslinks store no strain energy.
There is no embedding matrix to restrict the bending deformation
of fibers. Contacts between fibers occur infrequently when loading
in tension structures of low fiber volume fraction (the volume
fraction of the fibers is j = rAf = rpd2/4), as in the models
considered here.35 Therefore, in this work we do not account for
contact formation during loading.

A Voronoi tessellation procedure is used to generate the
network. Points are generated at random in a cubic domain of
edge length 2L and are used as seeds for the tessellation. The
resulting edges are considered fibers and the nodes are cross-
links. Hence, each fiber has two crosslinks, one at each end.
The model thus generated is then trimmed to a cubic box of
edge length, L to reduce boundary effects associated with the
tessellation procedure. The fiber orientation distribution is
uniform over the unit sphere. The density, r, is defined as
the total length of fibers divided by L3. The nominal connec-
tivity number for this network is z = 4, i.e. four fibers merge into
each crosslink. Fiber length distribution is Poisson and the
mean of this distribution, i.e. the mean segment length, lc, is
related to the density as rlc

2 E 1.64

The fiber material is considered elastic–plastic. The linear
elastic component is characterized by Young’s modulus Ef and
Poisson ratio nf. Plastic deformation begins once the fiber
material yield stress is reached, Sf

y. The yield strain is ef
y =

Sf
y/E

f and the corresponding fiber stretch at yield is lf
y = ef

y + 1.
Linear hardening defines the plastic component of fiber

behavior, with the tangent stiffness Ef
p being constant. The

non-dimensional hardening modulus is %Ef
p = Ef

p/Ef. Fig. S1
(ESI†) shows a typical stress–stretch curve of the fiber material.

Fibers are modeled as Timoshenko beams and represented
by B31 elements in Abaqus. The solution is obtained with the
commercial code Abaqus 2022 (ver. 6.22).65 An explicit method
based on forward marching integration is used to obtain
the solution. Quasi-static conditions are ensured by applying
adequate damping such to keep the effect of inertia forces
vanishingly small and the kinetic energy smaller than 5% of the
strain energy.

The response is determined by applying uniaxial tension.
Displacements are imposed in the loading direction, x1, on two
opposing faces of the cubic model: the nodes on one face are
held fixed in the x1 direction, while the x1 displacement of the
nodes on the opposite face is prescribed. The lateral faces of
normal x2 and x3 are kept traction free (no specified displace-
ments or rotations). The degrees of freedom of the nodes on the
two faces of normal x1 in directions x2 and x3 are also kept
traction free. The rotation of fiber ends co-located with the
model boundary is not constrained (and hence no moments are
applied). We compute the nominal (first Piola–Kirchoff) stress,
S, based on boundary tractions (computed forces corres-
ponding to the degrees of freedom for which displacements
are imposed) and the area of the respective model faces in the
undeformed configuration. S has only one non-zero compo-
nent, S11, the normal stress in the loading direction, which is
denoted below by Sn, for brevity. The fiber material stiffness, Ef,
is taken as the unit of stress. Hence, the stiffness and all stress-
like quantities are normalized by Ef.

The values of structural parameters are varied in a broad
range: the non-dimensional parameter w ranges from �0.63 to
�5.03; this variation is realized by changing r by a factor of 3
and the fiber diameter by two orders of magnitude. d/lc varies
by a factor of 40, %Sf

y = Sf
y/E

f ranges from 0.0009 to 0.015, while
%Ef

p ranges from 0.016 to 0.5.
This parametric space is sufficiently broad to be representa-

tive of many network materials. For example, polymer fiber
nonwovens have basis weight in the range 10 to 300 g m�2

which, with a density of the polymer of approximately
0.9 g cm�3, is equivalent to w A (�4.8, �3). Fiber properties
vary from polymer to polymer, e.g. for polypropylene fibers the
stiffness is in the range Ef A (600, 2000) MPa, the yield stress is
Sf

y A (20, 60) MPa, (%Sf
y A (0.01, 0.1)) and %Ef

p A (0.01, 0.5), with
material parameters from ref. 66 and 67. Paper has a basis
weight in the range 40 to 200 g m�2 which corresponds
approximately to w A (�4.5, �3.5). With the data from ref. 28
one obtains %Ef

p A (0.1, 0.5) and %Sf
y D 0.005. Collagen fibers in

blood vessels have diameter in the range 3 to 25 mm;68 the
fibrils forming the fibers have diameters in the range 20 to
500 nm. Typical collagen concentration of 0.5 to 4 mg ml�1

corresponds to w A (�3.3, �2), assuming a density of the
collagen within fibers of 0.5 to 1 g cm�3. Individual fibrils have
been tested and the following ranges are reported: Ef A (2, 5) GPa,
Ef

p A (1, 2) GPa, Sf
y A (100, 200) MPa,69 which correspond to

%Ef
p A (0.2, 1) and %Sf

y A (0.02, 0.1).
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3. Results and discussion
3.1 Qualitative dependence of the response on network non-
affinity

To qualitatively demonstrate how the network response
changes with the degree of non-affinity of the network, Fig. 1
shows stress–stretch curves for networks of different w. The
network leading to the response shown in Fig. 1a is approxi-
mately affine, with w = �0.63 (d/lc = 0.48) and %Sf

y = Sf
y/E

f = 0.005,
0.01 and 0.015, and %Ef

p = Ef
p/Ef = 0.01. The purely elastic

response (Sf
y -N) of the same networks is shown with dashed

line. The curves exhibit well-defined yield points and concave
shape. The yield stretch of the network is similar to that of the
fibers, as shown by the dotted line which is shifted relative to
the elastic branch (dashed line) by 0.2%. Unloading is per-
formed from two maximum stretches of 1.22 and 1.5 for the
network with %Sf

y = 0.01. Residual stretches which are a large
fraction of the maximum applied stretch are observed in both
cases. Similarly large residual stretches result upon unloading
in the %Sf

y = 0.005 and 0.015 cases. This behavior, familiar
from metal plasticity, is generally observed in nonwovens38,52

and nanopapers.70

Fig. 1b shows similar data for non-affine networks with
w = �4.63 { w0 and %Sf

y = Sf
y/E

f equal to 0.005, 0.01 and 0.015,
and %Ef

p = Ef
p/Ef = 0.01. The purely elastic response shown with

dashed line is hyperelastic and exhibits the stiffening regimes
discussed in the Introduction. The shape of the elastic–plastic
curves is significantly different from that of the affine networks
in Fig. 1a. Unloading is performed from stretches of 1.22 and
1.5 for the network with %Sf

y = 0.01. The residual stretches are
shown by arrows pointing to the horizontal line and are much
smaller (as a fraction of the unloading stretch) than in the
approximately affine case shown of Fig. 1a. The dependence of
the residual stretch on the degree of non-affinity (parameter w)
is discussed further in Section 3.4. Note that the difference
between the elastic–plastic and purely elastic S(l) curves is
smaller in the case of non-affine networks compared with the

affine ones. This and the small residual stretch may lead in
some experimental situations to the conclusion that fiber
plasticity does not take place, despite its actual occurrence.
Therefore, we suggest that the conclusion of whether plasticity
takes place or not in a specific application (for which the purely
elastic response is not available) should not be made based
on the stress–stretch curve. An alternative is proposed in
Section 3.3.

3.2 Scaling of the yield stress and strain with network
parameters

To understand the relationship between fiber and network
yield stresses and strains, several analytic considerations are
in place. In affine networks, fibers deform axially and each fiber
experiences the network-scale applied strain. This mandates
that the network and fiber yield strains coincide:

en
y = ef

y. (1)

The force in a generic fiber at yield is Ff
y = Sf

yAf. On the other
hand, the force in the fiber scales with the network stress as Ff

B Snlc
2. This relation follows from the observation that the

mean area corresponding to one fiber (as well as to one cross-
link) in the plane normal to the applied stress, Sn, is lc

2, with lc

being the mean segment length. At the yield point of the
network, Sn

y B Sf
yAf/lc

2, which implies:

Sn
y

Sf
y

� d

lc

� �2

� rd2: (2)

The second proportionality relation follows from the rela-
tion between mean segment length and density, rlc

2 E 1,
mentioned in Section 2. Note that this analysis does not require
the network response to be linear up to yielding. However, if
this condition applies, eqn (2) follows directly from eqn (1)
which can be written as en

y = Sn
y /E0 = ef

y = Sf
y/E

f, and by consider-
ing that in the affine range E0/Ef B rd2 B (d/lc)2, as reviewed in
the Introduction.

Fig. 1 Nominal stress–stretch curves for (a) approximately affine networks with w = �0.63, and (b) non-affine networks with w = �4.63, for various
normalized fiber yield stress, %Sf

y = Sf
y/E

f. In both cases, %Ef
p = 0.01, i.e. close to elastic-perfectly plastic fibers. Unloading branches are shown for the network

with %Sf
y = 0.01. The arrows pointing to the horizontal axis in (b) indicate the residual plastic strain for the two unloading branches shown. The dotted line in

(a) marks the 0.2% offset strain. Each of these curves is obtained with a single realization of the network.
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A similar argument can be used to derive equivalent relations
for non-affine networks. In such cases, fibers deform mainly in
the bending mode. The stress in a bending fiber is proportional to
Md/If, where M is the applied moment.71 Fibers yield in bending
when Sf

y = Mf
yd/2If, where Mf

y is the moment loading the fiber at
yield. The mean fiber moment scales with the mean network
stress as Mf B Snlc

3, and at yielding Mf
y B Sn

y lc
3. Combining these

relations leads to:

Sn
y

Sf
y

� d

lc

� �3

� rd2
� �3=2

: (3)

Inferring the ratio of the network and fiber yield strains is
less straightforward since yielding of the network does not have
to happen in the linear regime I. Hence, while one may write at
the fiber scale ef

y = Sf
y/E

f, a linear relation between en
y and ef

y may
not apply. If this restriction is nevertheless imposed, en

y /ef
y =

(Sn
y /Sf

y)(E
f/E0) and using the non-affine network modulus E0/Ef B

rxd4 with x = 2 for Voronoi networks (see the Introduction),

eny
efy
� lc

d
: (4)

Eqn (1) and (4) indicate that the network yield strain is equal
to the fiber yield strain in the affine limit, but it may be many
times (equal to the fiber aspect ratio) larger than the fiber yield
strain in non-affine cases. Since fiber segments (between suc-
cessive crosslinks along given fiber) of aspect ratio 10 or larger
are common in network materials, the yield strain of non-affine
networks may be easily one order of magnitude larger than the
yield strain of the fiber material; see Fig. 1. This indicates
that low density and low crosslink density networks may never
yield, within the range of stretches normally encountered in
applications.

Simulations have been performed considering networks
with a broad range of d/lc values to test the predictions of
eqn (1)–(4). However, before proceeding, it is necessary to
discuss the method used to identify the yield point. We use

in this work the 0.2% offset strain criterion commonly
employed to determine the yield point in (hard) engineering
materials. Nevertheless, we acknowledge that this is conven-
tional and discuss further below its applicability to soft
materials.

Fig. 2a shows the variation of the network yield stress, Sn
y ,

normalized by the fiber material yield stress, Sf
y, with the fiber

aspect ratio, d/lc. It results that Sn
y /Sf

y B (d/lc)y, with y E 3 in the
non-affine range, in agreement with eqn (3). The affine range is
harder to reach in physical systems of athermal fibers with
circular cross-section and simulations are less accurate in that
range. We include several data points in the non-affine to affine
transition range shown by the yellow vertical band in Fig. 2. The
transition to the slope of 2 predicted by eqn (2) is not well
defined since the range of close-to-affine conditions that may
be accurately simulated is small.

Fig. 2b shows data equivalent to Fig. 2a, representing the
ratio of the network to fiber yield strains, en

y /ef
y, vs. d/lc. In the

non-affine range, en
y /ef

y B (d/lc)q with q E �1, in agreement with
eqn (4). The curve is expected to reach a horizontal plateau in
the affine range. Since the simulation and the identification of
the yield point in the transition regime are progressively less
accurate as d/lc increases, the numerical uncertainty increases.
A plateau seems to emerge at en

y /ef
y E 0.6, which is somewhat

below the prediction of eqn (1) according to which it should
occur at en

y /ef
y = 1.

In the context of heterogenous elastic–plastic continua, the
0.2% offset method for the identification of the yield point was
associated with the percolation of plastic subdomains.72 We
explore next whether the same physical consideration may be
used in the context of network materials to underscore the
conventional offset method. To this end, we use graph analysis
tools to probe the network at each load increment to determine
the presence of percolated paths of plastically deformation
fibers. We introduce two dummy nodes, P and Q, connected
to the nodes on the fixed and loaded faces of the network,
respectively, to create a disconnected undirected graph.

Fig. 2 (a) Network yield stress normalized by the yield stress of fibers, Sn
y/Sf

y, vs. d/lc, and (b) network yield strain normalized by the yield strain of fibers,
en
y/ef

y, vs. d/lc. The non-affine to affine transition is shown by the vertical yellow band and w0 is marked by the dotted line. Each data point corresponds to a
single realization. A total of 8 network realizations have been used to produce these plots.
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Fibers deforming plastically are iteratively added to this graph
at each load step and the existence of a path connecting P and
Q is probed on the updated graph. The load step where such
path first appears is taken as the percolation point. Percolation
of plastic paths takes place at strains approximately one order
of magnitude larger than those identified with the 0.2% offset
method. Fig. S2 (ESI†) shows the scaling of Sn

y /Sf
y and en

y /ef
y with

d/lc, where the yield point is associated with percolation. Using
percolation as the criterion for yielding on network scale does
not change the scaling of the yield stress and strain with d/lc.
However, the affine plateau of en

y /ef
y is approximately 10 times

larger than the equivalent plateau in Fig. 2b. The data in Fig. S2
(ESI†) indicates the range of variation of en

y /ef
y when the criterion

for identification of the network yield point is varied from 0.2%
offset strain to percolation of plastic paths.

A related consideration is that of the extrapolation of the
uniaxial test result to multiaxial loading. While the prediction
of yielding in metallic materials subjected to multiaxial loading
is based on classical empirical criteria such as von Mises and
Tresca, their extension to soft and compressible solids is not
straightforward. Alternative criteria that account for both the
strain energy of the hydrostatic and deviatoric deformation
modes have been used in ref. 73 and 74 for (non-isochoric)
cellular materials and applied to network materials in ref. 75.
The discussion of yielding under multiaxial loading conditions
is beyond the scope of the present article.

3.3 Non-linear behavior and structural evolution

The non-linear behavior of non-affine networks of elastic fibers
is well described in the literature and a brief review is provided
in the Introduction. Plasticity increases the complexity of this
response. The optimal way to inspect the uniaxial response is
by referring to the tangent stiffness–stress, En

t (Sn), version of the
stress–stretch plot, Sn(l). The tangent stiffness is computed as
En

t = dSn/dl.

Fig. 3a shows En
t (Sn) for networks with w = �3.54, %Ef

p = 0.07,

and several fiber yield stress values, �S
f
y ¼

Sf
y

Ef
¼ 0:0025; 0:005;

0:0075 and 0:015. The purely elastic case curve is shown for
reference. The elastic curve has three visible regimes (Fig. 3):
the linear elastic regime I at small stresses, where En

t = E0, and
regime II where En

t is proportional to the stress, which implies
exponential stiffening. A third regime of smaller strain stiffen-
ing rate is entered at large stress (and stretch). The transitions
between these regimes take place gradually and are shown
schematically in Fig. 3b.

The elastic–plastic curves follow the elastic curve up to
yielding. If the yield stress is sufficiently low, yielding takes
place within regime I, as is the case for the curve with %Sf

y =
0.0025. Otherwise, the network yield point is in regime II of
elastic stiffening. The 0.2% offset method indicates yielding at
the point where the elastic–plastic curve departs from the
purely elastic curve, marked by Y in Fig. 3a, for the curve with
%Sf

y = 0.0025. Yielding causes En
t of the elastic–plastic case to fall

below the tangent stiffness of the elastic case at strains above
the network yield strain. Percolation of the plastically deform-
ing fibers takes place at the points marked by the open
triangles (indicated as P on the %Sf

y = 0.0025 curve) for each %Sf
y.

Images of the network before and after percolation are shown
in Fig. S3 (ESI†). The tangent stiffness increases between Y and
P since most of the network fibers are elastic, and the stiffening
tendency of the purely elastic network is retained in the elastic–
plastic case. However, plastic percolation may cause some
reduction of the tangent stiffness if yielding takes place at
small stresses and provided %Ef

p is sufficiently small. Weak
softening is visible in Fig. 3a for segment P–S of the %Sf

y =
0.0025 curve. Stiffening takes place again beyond S. For large
enough %Sf

y, the strong stiffening of the background elastic
network dominates and En

t exhibits no reduction beyond
point P.

Fig. 3 Tangent stiffness–stress plots for networks with w = �3.54 with (a) same %Ef
p = 0.07 and different fiber yield stresses, and (b) same %Sf

y = 0.0025 and
different plastic stiffening rates, %Ef

p. Open triangles show plastic percolation, while filled circles indicate the asymptote in the large stress and stretch limits.
The dashed line corresponds to the purely elastic network of same w. Transitions between regimes I and II, and between regimes II and III are marked in
(b). Each curve represents the behavior of a single network realization. The variability from realization to realization for same network parameters
evaluated with 3 replicas is smaller than the size of the triangle symbols.
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As discussed in the literature on elastic networks,26,76 the
response in regime II is controlled by the emergence of stress
paths, i.e. of a relatively small subset of fibers that carry the
largest fraction of the applied load. Fibers in the stress paths
deform mostly in the axial mode, irrespective of the energy
partition in the small strain regime. If fibers are elastic–
plastic, the axially loaded stress paths eventually become fully
plastic. This leads to a limit behavior identical to that of the
purely elastic network but with a stiffness rescaled by the ratio
%Ef

p. This asymptote is shown in Fig. 3 by the filled circle
symbols (marked SP in Fig. 3a for the case with %Sf

y = 0.0025).
Therefore, the asymptote depends only on %Ef

p and is indepen-
dent of %Sf

y.
Fig. 3b shows the tangent stiffness–stress curves for net-

works with w = �3.54, identical %Sf
y = 0.0025 and various %Ef

p. The
regimes described in relation to Fig. 3a are visible. The network
yield stress is independent of %Ef

p, as expected. The same can be
stated about the stress at percolation and the transition stress
between the various regimes. The asymptote behavior in the
large stress limit is controlled by %Ef

p, as also observed in Fig. 3a.
Networks with perfectly plastic fibers, %Ef

p = 0, exhibit no stiffen-
ing beyond percolation, P, and their carrying capacity (max-
imum stress) is limited, since the only mechanism of stiffening
is fiber recruitment into the stress paths. For the same reason,
En

t does not vanish, even at large stretches.
To summarize, four regimes are observed after the network

becomes plastic: two stiffening regimes, marked Y–P and S–SP
in Fig. 3a, caused by the strong stiffening of the background
elastic fibers, an intermediate softening regime indicated as
P–S which is associated with the percolation of the plastically
deforming fibers, and an asymptotic regime at large stress, SP,
controlled by the fully plastic stress paths.

We remark that the yield point is better defined in the
representation of Fig. 3 than in the stress–stretch curves of
Fig. 1. Therefore, we recommend using the tangent stiffness–
stress plot to evaluate whether the non-linear response in an
experimental situation is compatible with fiber plasticity and to
determine the yield point.

The network-scale observations outlined in Fig. 3 can be
related to the evolution of the structure. Fig. 4 shows the
evolution of the fraction of plastic fibers, fp, during deforma-
tion for all networks discussed in Fig. 3. The curves in Fig. 4a
correspond to networks with different %Sf

y and same %Ef
p = 0.07,

while those in Fig. 4b correspond to networks with same %Sf
y =

0.0025 and different %Ef
p. The evolution of the fraction of plastic

fibers is essentially independent of %Ef
p. The points marking the

transition between the regimes of non-linear deformation
shown in Fig. 3a are also indicated in Fig. 4a for the same type
of network (%Sf

y = 0.0025 and %Ef
p = 0.07). The fraction of plastic

fibers increases beyond point Y. Percolation (point P) corre-
sponds to approximately 30% plastic fibers in all systems. This
should be close to the bond percolation threshold on the
Voronoi network, assumption supported by the fact that plastic
percolation depends neither on %Sf

y nor on %Ef
p. However, this

percolation threshold is not available in literature and the
cross-check is not possible at this time. The percolation point
is also the inflection point of the fp(l) curve, Fig. 4a. The plateau
at large strains corresponds to the asymptote SP, i.e. to the
formation of the load carrying stress path sub-network which,
at this stage, is fully plastic.

Fig. 5a shows the nematic order parameter based on the

second Legendre polynomial P2 ¼
1

2
3 cos2 y
� �

� 1
� �

, where y is

the angle between the end-to-end vector of a fiber and the
loading direction, and h i indicates averaging over all fibers in
the model, i.e. over the distribution of y. P2 = 0 and P2 = 1
indicate random orientation and perfect alignment of fibers in
the stretch direction, respectively. This parameter is computed
for a subset of the networks considered in Fig. 3 and 4. The
curve corresponding to the purely elastic limit is shown for
reference. The deviation from the elastic curve is modest and
hence plasticity does not modify significantly the deformation-
induced fiber alignment.

Fig. 5b shows the dependence of the fraction of plastic fibers
on the degree of orientation, fp(P2). This function is obtained at
percolation of plastic paths by dividing the fiber population in

Fig. 4 Fraction of plastic fibers vs. stretch for all cases shown in Fig. 3, i.e. for networks with w = �3.54 and (a) same %Ef
p = 0.07 and different fiber yield

stresses, and (b) same %Sf
y = 0.0025 and different fiber plastic stiffening rates, %Ef

p. Open triangles show plastic percolation.
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groups based on their P2, with fp being computed for each
group. The figure shows that, at given stretch, fp is larger for
fibers preferentially oriented in the stretch direction; fibers
forming the stress paths (which are approximately aligned with
the tensile loading direction) have a larger probability of
entering the plastic regime.

3.4 Residual stress and plastic dissipation

Plastic dissipation and the development of residual stresses are
explored by performing unloading from stretches larger than
the stretch at yielding, ln

y . Fig. 6a shows loading–unloading
curves, Sn(l), for networks with w = �2.9 and �3.4, and with %Sf

y

= 0.01 and %Ef
p = 0.5. Two unloading branches are shown for each

case. The area bounded by the loading and unloading branches
of each curve is the total energy dissipated per unit volume of
the network.

Residual stretches, lres, are observed in both cases. These
increase with increasing the unloading stretch lmax, as
expected, and increase with increasing w. Fig. 6b shows the
variation of lres with lmax for networks of various w (eight w
values are considered). The dependence of lres on lmax is
approximately linear (goodness of fit R2 value is between 0.98
and 1 for all w values shown). The more interesting observation
is the dependence of the residual stretch on the degree of non-
affinity of the network characterized by w. As w decreases, the
yield stretch of the network increases (Fig. 2b) and lres

decreases. This implies that, for sufficiently non-affine net-
works, lres resulting upon unloading from realistic maximum
stretches may be too small to be measured, even though the
network experiences plastic deformation. Such behavior was
observed in soft collagen networks in ref. 57, where it is
reported that a residual stretch could not be measured despite
the occurrence of plasticity. Note that this is fundamentally
different from the response of approximately affine networks,
Fig. 1a, for which the residual strain is a large fraction of the
maximum strain.

Residual strain energy is stored in the unloaded networks.
This is reported in Fig. 6c for the same range of parameters
used in Fig. 6b. The figure shows the strain energy density after
unloading (zero global stress), Ures, normalized by the strain
energy density at the maximum stretch applied, lmax, denoted
by Umax. The residual field is self-equilibrated and is due to the
(structural and mechanical) heterogeneity of the network. The
fraction Ures/Umax increases with lmax, and increases with
increasing w. Ures/Umax appears to reach a plateau at large lmax.
However, the fraction remains smaller than 5% in all cases
considered. Furthermore, the residual field is a pre-stress
which may cause network stiffening77 upon reloading in the
direction of the initial load. However, the pre-stress is too small
to lead to a detectable increase in network stiffness. This is
particularly the case in more non-affine networks.

The ability of the network to dissipate energy during load-
ing–unloading cycles is important in applications where cellu-
lar and fibrous materials are used to absorb mechanical energy,
e.g. in protective gear and damping applications. The present
data may be used to guide the design in such applications.
Therefore, it is of importance to determine the dependence of
the specific energy absorption on network parameters. To this
end, dissipation in networks with different parameters may be
compared based on tests in which either the maximum stress,
Smax, (‘stress control’), or the maximum stretch, lmax, (‘strain
control’) are imposed. For proper comparison, we keep %Sf

y and
%Ef

p identical in all these cases (%Sf
y = 0.01, %Ef

p = 0.5).
We consider first the situation in which Smax is imposed.

Fig. 7a shows the scaling of the dissipation per unit volume of
the network and per (first) loading–unloading cycle, D, with
networks parameters. The dissipation per cycle, D, is plotted
against the stress at unloading, Smax/E

f, and the nondimensional
group d/lc. This normalization brings together data for various
non-affine networks with a broad range of w. It results that:

D � Smax
2 lc

d

� �2

� Smax
2

rd2
(5)

Fig. 5 (a) Orientation parameter, P2, computed relative to the stretch direction, vs. stretch, for networks with w = �3.54 and fiber yield
parameters shown in the legend. The dashed red line shows P2(l) for the purely elastic network. (b) Fraction of plastic fibers out of the fibers with
specified P2, fp(P2), for networks with different %Sf

y and %Ef
p. The fraction is evaluated at the stretch corresponding to percolation of plastic paths for each

parameter set.
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The specific energy dissipation, per unit mass, is �D = D/(rfj) =
D/(rfrAf) B D/rd2, where j is the volume fraction of the network
and rf is the density of the network material. Hence,

�D B Smax
2/(rd2)2. (6)

Further, we consider the situation in which lmax is imposed,
which is more often encountered in practice and more mean-
ingful in the case of soft materials. Networks with various r and
d are compared in Fig. 7b, where D/Ef is plotted versus rd2 B
(d/lc)2 for two maximum stretches, lmax = 1.11 and 1.25.
It is seen that:

D B (rd2)a (7)

where a = 2.0 for lmax = 1.11 and a = 1.38 for lmax = 1.25.
Therefore, the dissipation per unit mass becomes:

�D B D/rd2 B (rd2)a�1. (8)

This result can be understood by observing that, at small
stretches, imposing the maximum stress is equivalent to
imposing the maximum strain since, in this limit, Smax = E0emax;

then, eqn (5) leads to D B E0
2/rd2 B (rd2)3 and �D B (rd2)2,

i.e. a - 3. No such guidance is available for large stretches,
where exponent a is seen to decrease.

At large stretches, �D is essentially independent of rd2, since
a is close to 1. This is the trivial scaling expected for systems in
which dissipation increases in proportion with the mass,
i.e. with the increase of the number of dissipative elements.

The fraction of the work performed which is dissipated due
to plastic deformation under small strains increases with w.
Also, this fraction increases with increasing lmax for all w in the
non-affine range. Therefore, as a design recommendation for
applications in which energy dissipation is desired, better
performance is expected when using networks with large w.

4. Discussion

As outlined in the Introduction, the non-linear behavior of fiber
networks not embedded in matrix is complex. In networks of
low fiber volume fraction (i.e. most network materials, with the
exception of those with densely packed fibers such as regular

Fig. 6 (a) Stress–stretch curves showing loading and unloading from two stretch levels for networks with w = �2.9 and �3.4 with %Sf
y = 0.01 and %Ef

p = 0.5.
Arrows pointing to the horizontal axis indicate the residual stretch after unloading. (b) Variation of the residual stretch after unloading, lres, with the
maximum applied stretch, lmax, for networks with eight different w values and with %Sf

y = 0.01 and %Ef
p = 0.5. (c) Ratio of the residual strain energy density

after unloading, Ures, to the strain energy density at lmax, Umax, function of lmax, for networks with eight different w values and %Sf
y = 0.01 and %Ef

p = 0.5. Each
data point corresponds to a single realization of the network.
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paper and nanopapers), the dominant contribution is the
geometric non-linearity associated with the large rotations
and deformations (in bending) of fibers. Formation of contacts
between fibers is an important non-linear mechanism, but the
number of contacts forming when the material is loaded in
uniaxial tension and simple shear is relatively small and hence
the contribution of this mechanism to the overall behavior
is weak.

The non-linear behavior of fibers has a strong effect on the
overall network non-linearity. The response of thermal mole-
cular networks is largely controlled by the non-linearity of the
mechanical behavior of the constituent molecular chains.
Various models have been considered for this purpose, includ-
ing freely rotating78 and worm-like chain models79,80 and their
effect on network response is well-known.81,82 Likewise, a
variety of models have been considered for athermal fibers:
bilinear models in which the fibers are loaded axially and the
response in compression is much softer than that in tension,83

hyperelastic fibers that strain stiffen in tension,59 and fibers
with other types of non-linearity. These models do not lead
to a yield point and hence the respective mechanisms cannot
be considered responsible for the yield point observed in
experiments.

This work focuses on the mechanism underlying the yield
point. Fig. 1 shows that the effect of fiber plasticity on the
overall network response depends strongly on whether the
network is affine or non-affine. As discussed in Section 3.2, in
affinely-deforming networks the stress–stretch curve exhibits a
clear yield point, similar to what is typically seen in metals, and
the yield strain is identical or close to that of the fiber material.
Consequently, the yield strain of the network is independent of
the network density and hence, the yield stress scales with
network parameters similarly with the scaling of the small
strain stiffness, E0, with the same parameters. The residual
stretch is a large fraction of the maximum stretch before
unloading, Fig. 1a. Numerical studies in the literature that
consider approximately affine networks demonstrate these
trends.52–54 We discuss next the extent to which the present

results may be used to identify fiber plasticity as the origin of
the network scale yield point.

An apparent yield point may be induced by friction.41 This is
seen in mats of athermal fibers, such as nonwovens. In this
case too, the yield strain is independent of the density and the
friction coefficient, while the yield stress increases with increas-
ing friction and with increasing network density. The depen-
dence on density of the yield stress is similar to that of the
small strain network modulus, E0. These dependencies are
similar to those introduced by fiber plasticity and hence these
parameters (yield stress and yield strain) cannot be used to
distinguish between the two mechanisms. The distinction can
be made if the friction coefficient can be changed in the
experiment, while maintaining the network density constant,
case in which the yield stress would be insensitive to this
modification if the controlling mechanism is fiber plasticity.

In non-affinely deforming networks, the stress–stretch curve
S(l) does not exhibit a clear yield point and fiber plasticity may
not be observable based on such plot, Fig. 6a. The yield strain
of the network is larger than the yield strain of the fiber
material and increases with decreasing network density,
Fig. 2b. The yield stress scales with the network density
differently than the scaling of E0 with the same parameter, as
shown in Fig. 2a and eqn (3). These observations should be
sufficient to allow determining experimentally whether a net-
work behavior is affected by fiber plasticity. In addition,
inspecting the non-linear response using the tangent stiff-
ness–stress plot is also revealing for this purpose, Fig. 3. Four
non-linear regimes are described in Section 3.3. The presence
of these regimes in the experimental data would be indicative
of the operation of this mechanism.

Most of these features of the non-linear response are distinct
from those introduced by friction.41 Also, if friction is strong
enough to produce a yield point in a soft, non-affine network,
it would also lead to large residual strains (as commonly seen in
nonwovens37,38,52,61). This contrasts with the effect of fiber
plasticity, which tends to cause small residual strains in the
non-affine case, Fig. 6.

Fig. 7 (a) Dissipation per loading–unloading cycle and per unit volume of the network during stress control loading of non-affine networks with a broad
range of w and with %Sf

y = 0.01 and %Ef
p = 0.5, function of d/lc and the stress at unloading, Smax. (b) Dissipation per loading–unloading cycle and per unit

volume of the network during strain control loading for a range of d/lc and two maximum stretches, lmax = 1.11 and 1.25.
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Cohesive forces between fibers may cause an apparent yield
point in non-affine networks.43 We distinguish two situations:
cohesive forces are weak and do not lead to bundling, and the
opposite extreme case in which cohesion organizes the network
into a network of fiber bundles.84 In the first case, the non-
linear network response at strains larger than the yield strain is
similar to the response of the network without adhesion43 and
hence, the absence of the complex non-linear behavior
described in Fig. 3 would indicate that fiber plasticity is not
the dominant mechanism. The second case is more complex
since fiber bundles may deform plastically by relative fibril
sliding within bundles. This mechanism, which is expected to
operate in collagen networks, should lead to a phenomenology
similar to that described in this work.

5. Conclusions

A qualitative and quantitative evaluation of the effect of fiber
plasticity on the mechanical behavior of network materials is
presented in this article. The network yield stress and strain are
evaluated in terms of fiber properties and network structural
parameters. While the yield strain of affinely deforming net-
works is equal to the yield strain of fibers and hence is
independent of network parameters, the yield strain of non-
affine networks increases with increasing degree of non-affinity.
This implies that network scale yielding may not happen in the
most non-affine cases at experimentally-relevant stretches.

In affine networks the yield stress is proportional to the
small strain modulus and hence is proportional to the network
density and the fiber cross-sectional area, i.e. rd2. In non-affine
networks, the network yield stress is proportional to (rd2)3/2.
Plasticity modifies the non-linear response beyond the network
yield point. Four non-linear regimes are identified and are
placed in relation with structural changes taking place in the
network during deformation. Plasticity leads to residual strains
and residual strain energy stored in the network, which both
decrease with increasing degree of non-affinity. The specific
(per unit mass) energy dissipated during a loading–unloading
cycle increases with increasing degree of affinity.

A discussion of other mechanisms that may produce a yield
point phenomenon is presented and arguments that may be
used to identify the controlling mechanism in an experimental
situation are provided. The data outlines the importance of the
fiber plasticity mechanism in the mechanics of stochastic
athermal networks.
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