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The pendant drop experiment for aggregates of
cohesive granular particles†
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Kari Dalnoki-Veress *ab

The pendant drop experiment can be used to study the interfacial tension of a liquid. Here we perform a

similar experiment for a granular system. When a dense aggregate of cohesive particles extrudes from

an orifice, a cluster of particles detaches, similar to the detachment of a liquid drop. We investigate the

volume of the clusters formed from close-packed cohesive oil droplets in an aqueous solution. Our

findings reveal that the volume of the clusters depends on the size of the orifice as well as the cohesion

strength. Interestingly, we observe that the droplet size does not significantly impact the average cluster

volume. We establish a simple scaling law that governs the size of a granular cluster which differs from

that of a classic pendant drop. We propose that the key difference between continuum and granular

systems is the constraints on rearrangements within the cohesive particles that prevent the clusters from

adopting a minimal surface structure, as is the case for a classic pendant drop.

Introduction

The contrast between pouring ketchup slowly from a bottle and
water dripping from a faucet raises the question: what deter-
mines the size of drops in these distinct cases? While the answer
to this question is solved for simple molecular liquids by Tate in
1864,1 the answer is not so obvious for the case of complex
fluids, cohesive granular materials, suspensions and emulsions.
Extrusion of dense aggregates of cohesive particles and foams is
commonplace. Of particular interest is the size of clusters of
dense drop-like aggregates as they extrude from an orifice due to
gravity or other driving forces. These granular aggregate ‘drops’
are relevant to many industrial applications, such as spraying,
ink-jet printing and the food industry.2–4 In addition, clusters of
granular particles and suspensions play a vital role in advanced
technologies such as drug delivery5 and bioprinting,6,7 where
precise control over cluster size is paramount.

The classic pendant drop experiment is a simple method for
studying the surface or interfacial tension of liquids.8 Typically
a needle, connected to a reservoir, is filled with a liquid. The
liquid is slowly pushed through the needle such that the system
remains in a quasi-static state, and a drop of liquid forms at the
tip of the needle. The capillary force stabilizes the drop against

gravity. As the pendant drop grows, gravity eventually over-
comes capillarity and the drop detaches from the needle. The
volume of the detached drop, V, is obtained from a simple force
balance between the gravitational and capillary forces, as
determined experimentally by Tate in 1864, and commonly
referred to as Tate’s Law.1

Multiple studies have shown that the presence of cohesive
forces in granular materials can lead to properties which are
reminiscent of liquids with surface tension (see the review by
Sharma and Sauret9). For example, the breaking up of a jet of
granular particles into drop-like clusters downstream,10–13 is
strikingly similar to the Plateau–Rayleigh instability seen when
a thin jet of water breaks up into drops. Cohesive forces are the
primary origin of cluster formation, regardless of the source of
cohesion: be it capillary bridges, van der Waals forces, or even
both,10,12,13 surface charges, and even geometrical constraints
between particles.14 Collectively, one can conclude that the
interparticle cohesion in granular materials can result in effects
that are analogous to the capillary forces in molecular liquids;
although the underlying physics is different and the aggregates
do not necessarily minimize their surface area.

The pendant drop experiment can be used to study drop
formation of complex fluids like suspensions, dispersions, and
cohesive granular materials. In the granular version of the
pendant drop experiment, an aggregate of cohesive particles
or a suspension with desired particle density is slowly pushed
through an orifice. Gravity pulls on the aggregate and the
cohesion among the particles stabilizes the formation of a
dense drop-like cluster, similar to the role of surface tension
in liquids. The cluster grows until a certain size is reached, after
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which the cluster detaches from the orifice. However, when the
thermal energy of the particles is small and Brownian motion is
insignificant, the system is athermal, and the particles do not
readily rearrange. If the system is athermal, the stress acting on a
cluster must be large enough to cause a wholesale rearrange-
ment for the detachment of a cluster. Considering the yield
stress characteristics of such amorphous materials, it is instruc-
tive to investigate how drop-like clusters form in these systems.15

While drop formation and pinch-off of simple liquids has
been studied extensively,16 formation of drop-like clusters
consisting of granular particles, which we refer to as ‘granular
drops’, is not fully understood. Unlike a drop of liquid with the
number of molecules approaching Avogadro’s number, granular
drops may be composed of tens-to-thousands of particles. Given
the relatively low particle number, heterogeneities, like local
variations in packing fraction, as well as specific local rearrange-
ments are important. The formation of granular drops has been
studied over the years, using different granular systems, and
with suspensions of varying particle densities. Current studies
on granular pendant drops mostly focus on the effect of granu-
larity on the dynamics of pinch-off.17–21 Our focus is on the
volume of the granular drops which is relevant to advanced
applications, such as drug delivery5 and bioprinting.6,7

Here we use densely packed oil droplets with controlled
cohesion in an aqueous solution. The effect of gravity on the
buoyant oil droplets causes the aggregate to extrude slowly from
an orifice, while the cohesive interaction, resulting from the
depletion interaction,22 stabilizes the growing granular drop. We
characterize the volume of the detached clusters, while varying
the cohesion strength, the orifice size, and the droplet size. We
find that the average volume of the clusters is proportional to the
orifice area, which is in contrast with the case of the classic
liquid pendant drop experiment, where the volume depends
linearly on the orifice perimeter. Moreover, the volume depends
on a parameter that emerges from a balance between the
cohesion strength and the effective buoyancy, termed the gran-
ular capillary length, d.23 Note that for brevity we refer to the
effective buoyancy, with which we imply the contribution of both
the force of gravity (dependent on the density of the droplet), and
the buoyancy (dependent on the density of the aqueous
solution). We conclude that the overall properties of our cohesive
granular system is reminiscent of viscoplastic materials under
tensile stress,24 and that the average volume of the granular drop
follows a simple scaling law, despite the nuances due to gran-
ularity. We note that the granular drop is composed of small oil
droplets which are the granular particles: To avoid confusion we
refer to the mesoscale aggregate as the cluster or drop, while the
granular particles will be referred to as droplets i.e. it is the
cluster of oil droplets that make up the granular drop.

Methods
The experimental setup

A schematic diagram of the experimental setup is shown in
Fig. 1(a). The experiment is carried out in a cuvette (BRAND,

Germany), which is filled with an aqueous solution of a
surfactant, sodium dodecyl sulfate (SDS)(BioShop), and NaCl
(Caledon). A layer of mineral oil is added on top of the solution,
to prevent evaporation and ensure a constant concentration.

The surfactant serves two purposes. First of all, SDS stabi-
lizes the oil droplets against coalescence. Second, since SDS
forms micelles above the critical micelle concentration (CMC),
the SDS induces a tuneable short-range cohesion due to the
depletion interaction.22 A higher concentration of micelles in
solution leads to a stronger cohesive interaction between
droplets.23 The volume fraction of micelles is given by fm =
(C�CCMC)NA/Na, where NA is Avogadro’s number, CCMC is the
critical micelle concentration,25 and the number of SDS mole-
cules in one micelle, Na E 120.26 We use Cm = C�CCMC as the
control parameter in the experiments presented, since this
quantity is directly proportional to the micelle volume fraction
fm. Brochard-Wyart and de Gennes showed that the cohesive
force between two vesicles is linearly proportional to the
product of the micelle concentration and the droplet radius.27

This relationship was directly validated by Ono-dit-Biot et al.23

for the system presented here. Ono-dit-Biot et al. found that that
the cohesive force, Fadh, is linearly proportional to the micelle
concentration, as well as the droplet size, rd: Fadh p rdCm.
The SDS concentration ranges from B23 mM to 173 mM. Based
on previous experiments,23 this range of SDS concentration gives
rise to cohesion strengths, A ¼ Fadh=rd, of 2.87 mN m�1 to
21.62 mN m�1. As SDS is an ionic surfactant, NaCl is added
to the solution to screen electrostatic interactions among SDS
molecules. The NaCl concentration is held constant at
B260 mM (1.50% (w/w)) for all the experiments. It has been
shown that the presence of NaCl in an aqueous solution of SDS
decreases the CMC from 8 mM for SDS in pure water, to B1 mM

Fig. 1 (a) Schematic of the experimental setup. A cuvette is filled with an
aqueous solution. (i) is the funnel, where droplets accumulate, (ii) is the funnel
holder. (iii) is the lid that seals the funnel. (iv) is the micropipette that produces
the droplets and (v) is an oil layer that prevents any evaporation. (b) An optical
microscopy image, showing the tip of the funnel at the bottom and a cluster
of oil droplets. The cluster rises because of buoyancy. The specific parameters
in (b) are: Cm = 104 mM, R = 44 mm and rd = 12.6 mm. The scale bar on the
right is 250 mm. The edge of the cluster is shown in blue. The cluster height
hmax and width of the cluster at height z, wz are shown.
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for the NaCl concentration that we work with.28,29 Therefore,
CCMC = 1 mM is used to obtain Cm.

The droplets, with radii B10 mm, are made using a micro-
pipette. To prepare the micropipettes, we pull glass capillary
tubes with an outer diameter of 1.00 mm, and an inner
diameter of 0.58 mm (World Precision Instruments, USA),
using a pipette puller (Narishige, Japan), so that a long tapered
end forms (see schematic in Fig. 1(a)), with a tip opening in the
range of tens of micrometers. We then bend the micropipette
with heat to 901 at two points. With the micropipette located
appropriately within the experimental chamber, the droplets
are produced and fill a capped funnel as shown in Fig. 1(a).
Light paraffin oil (Sigma-Aldrich) is pushed through the micro-
pipette via tubing (inner diameter 1/3200; Tygon S3, formula E-
3603), that is connected to a reservoir open to atmospheric
pressure. The height of the reservoir controls the pressure at
the pipette tip and determines the rate of droplet production
via the snap-off instability.30,31 When the pipette is immersed
in the solution, droplets are produced at a frequency of about
1 Hz. Once the droplet production starts, it can continue for
days. This method is a reliable way of making highly mono-
disperse droplets.30 We note that the degree of polydispersity is
bounded by the uncertainty of droplet size measurement,30

which is approximately 0.4 mm in this study. Barkley et al.30

have shown that the size of the droplets produced by the snap-
off method is proportional to the size of the micropipette tip.
We control the droplet size by controlling the size of the
micropipette tip and produce droplets with radius, rd, that
ranges from B5.0 mm to 13.5 mm.

The funnel is manually made by heating a glass pipette
(outer diameter: 1.8 mm, inner diameter: 1.5 mm)(Kimble,
USA) over an alcohol burner, then manually pulling it. We cut
the pulled glass at a certain length with desired width, then
heat it again, so that the glass gently melts to form a small and
smooth circular orifice, without the orifice closing. The tip is
then polished so that the orifice is flat and perpendicular to the
pipette using sandpaper (grit 600 up to 1000). This process can
be used to fine-tune the orifice size. Here we use three different
funnels with orifice radii, R, of 44 mm, 70 mm and 93 mm. The
funnel is covered by a removable lid that is 3D printed using
PLA, so an aggregate of droplets can form. When the aggregate
is big enough to produce B200 clusters, we remove the lid and
start the experiment. A microscope, consisting of a camera
(ThorLabs, USB2.0 Digital Camera) equipped with an objective
(4�, Nikon) records images, as shown in Fig. 1(b). Videos of
typical experiments can be found in the ESI.†

Cluster characterization

Image analysis is performed using custom code and direct
length measurements were done on Fiji ImageJ.32 The occupied
volume of the clusters is found as follows. Fig. 1(b) shows a raw
image of a sample cluster. The edge of each cluster is detected,
using a code, based on the Sobel filter.33,34 Knowing the
coordinates of the edge, we determine the width of the cluster,
wz, at any vertical coordinate z. Using the edge detection results,
we also find the maximum height of the cluster, hmax.

Since we image along one projection and the funnel is
axisymmetric, we assume that the clusters do not have a
directional bias and are thus axisymmetric as well. As a result,
the cross section of the cluster is estimated as a circle with
diameter wz, and the volume element will be a disc with the
diameter wz and the thickness dz, which is one pixel: dV = (pwz

2/
4)dz The volume of the granular cluster that is occupied by
droplets, V, depends on the packing fraction, f. To find the
volume of the cluster occupied by droplets we simply do a
discreet integration of the volume of each disc, over the height
of the cluster:

V ¼ f
ðhmax

0

pwz
2

4
dz: (1)

For simplicity, we assume that f is constant for all experi-
ments. The value of f for the packed aggregate is a number
between random close packing and hexagonal close packing,
ranging from 0.64 to 0.74. For all the results shown in this
article, we have chosen the packing fraction to be f = 0.7.

Cluster selection

To promote cluster formation rather than extrusion of droplets
in a jet, we maintain a low flow rate for aggregates exiting the
orifice with Reynolds number, Re B 0.01 (this is obtained using
the speed at which the cluster forms, not the motion of the
cluster in the solution as it rises). This low flow rate is
controlled by two factors: first, the dome-shaped geometry of
the funnel, which restricts the flow,35 and second, limiting the
number of droplets in the funnel to reduce the hydrostatic
pressure exerted by the aggregate in the funnel.

We choose a time-window of each experiment for analysis
based on two criteria: first, we select clusters from the later
stages of the experiment because the lower hydrostatic flow
results in slow cluster production; second, we plot the cluster
volume time series for each experiment and ensure that the
volume of clusters does not meaningfully change. This
approach provides enough clusters for a reliable statistical
analysis while minimizing the effect of hydrostatic pressure
on cluster size and ensuring that we are in a quasi-static regime
for cluster pinch-off.

An example is shown in Fig. 2(a), where we plot the volume
of the clusters in chronological order for a typical experiment.
To show the long-term trends in the cluster volume, we smooth
the data by plotting the simple moving average for 20 conse-
cutive clusters. The total average cluster volume is shown as a
reference. The moving average shows that the volume fluctu-
ates around a mean value and is not impacted by the small
hydrostatic pressure acting on the aggregate in the funnel. The
volume distribution is shown in Fig. 2(b), and the volume
fluctuation is in part due to the granular nature of the system,
which affects the dynamics of cluster pinch off.21 For each
experiment, we take the average cluster volume as the char-
acteristic volume and the standard deviation as the ‘error’.

Another consideration in cluster selection is the formation
of small satellite clusters, which can be seen in Fig. 3. These are
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the smaller clusters that occasionally form when the main
cluster is pinching off. Due to rearrangement of the droplets
in the thin neck, packing fraction varies locally, leading to
break up at multiple points and leaving a smaller cluster
trailing the main cluster. Since the size of these small clusters
is not set by balance between cohesion and the effective buoy-
ancy, which is the focus of this work, we exclude the small
fragments of satellite clusters.

Results and discussion

In the pendant drop experiment for a molecular liquid (con-
tinuum liquid), the volume of a detached liquid drop is given by
Tate’s Law, and obtained from a simple force balance between
the gravitational and capillary forces.1,38 The detached drop
volume is proportional to Rg/(rg), where g is the surface
tension, r is the density of the liquid, R is the orifice radius,
and g is the gravitational acceleration. The capillary length38 is
a length scale that characterizes the importance of gravity

compared to surface tension, and is given by lc ¼
ffiffiffiffiffiffiffiffiffiffi
g=rg

p
. We

can then rewrite the volume of the detached molecular-liquid
drop as p Rlc

2.

Although continuum and granular pendant drops share
similarities, they differ significantly in particle rearrangement.
In the classic pendant drop, the liquid molecules rearrange
rapidly compared to the time scale of drop formation. This
rapid reorganization, driven by thermal motion, enables the
liquid to minimize surface area through capillary forces. As a
result, a spherical drop with minimum surface-to-volume ratio
forms upon detachment resulting in the linear scaling with R
for Tate’s Law (i.e., gR holds the drop to the orifice).

In contrast, the particles in the granular pendant drop
studied here do not rearrange readily because they are ather-
mal. Furthermore, the cohesive, monodisperse droplets in the
granular case form relatively stable poly-crystalline structures
upon aggregation. For wholesale rearrangement to occur,
bonds between neighbouring droplets must break, requiring
an external stress on the aggregate. When stresses remain
below a threshold determined by the macroscopic cohesion
strength,39 the aggregate retains its shape. Ono-dit-Biot and
colleagues studied the rearrangement of a single layer of
monodisperse oil droplets under compression, observing that
the aggregate withstands compressive stress up to a yield
point,40 after which a wholesale rearrangement occurs. This
resistance to rearrangement influences the shape of the result-
ing cluster. In the present study, dense aggregates extrude from
a circular orifice. Therefore, the aggregate adopts a near-
cylindrical shape as it exits. Due to lack of sufficient compres-
sive stress in the vertical direction, the cluster retains its shape.
As the cluster detaches, a long neck starts to form, due to the
tension in the vertical direction and gives rise to the spindle-
like shape of the cluster shown in Fig. 3.

A total of 36 experiments are carried out with eight different
values of the micelle concentration, three funnel opening sizes,
and droplet sizes ranging from B5.0 mm to 13.5 mm. For each
experiment we obtain the average volume of the clusters,
hV(Cm,rd,R)i, as described above and shown in Fig. 2. Just as
gravity opposes the capillary force for the classic pendant drop
experiment, we assume that the forces that affect the cluster
volume are the cluster cohesion and the effective buoyancy. We
further assume that the quasi-static experiments minimize the
contribution of viscous dissipation. Furthermore, the droplets
can be treated as frictionless since we can assume no friction at
liquid interfaces.23,40–42

We first qualitatively investigate the role of cohesion
strength and funnel orifice size on the cluster volume. Fig. 4
(left box) shows typical clusters from two experiments in which
the droplet size and orifice size are kept constant, while the SDS
micelle concentration is varied. We observe that higher cohe-
sion leads to larger clusters. This observation makes sense in
the light of our assumptions: with R and rd held constant, the
number of droplets in contact at the orifice area is the same
between the two experiments. However, with a higher cohesion
the effective buoyant force needed for a cluster to detach must
be larger, resulting in the formation of a larger cluster.

Next we turn to the qualitative dependence of the cluster size
on the orifice size, while keeping the cohesion strength and
droplet size constant. As can be seen in Fig. 4 (right box), we

Fig. 2 (a) Volume of the clusters plotted for an experiment in chronolo-
gical order. The red line shows the average volume and the black line
shows the moving average over a window of 20 clusters. Despite the high
number of clusters (N = 187), no meaningful change is observed in cluster
volume. In this particular experiment, the parameters are: Cm = 156 mM,
R = 70 mm, and rd = 10.2 mm. (b) Volume distribution, from which an
average volume can be extracted.

Fig. 3 The formation of a cluster. The droplets rearrange to form a long
neck, similar to homogeneous liquids.36,37 The cluster forms a neck, which
can break up at multiple points to form a satellite cluster. The time interval
between any two consecutive image is 0.25 seconds. The parameters for
this particular experiment are: Cm = 173 mM, R = 93 mm and rd = 4.9 mm.
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observe that a larger orifice results in a larger cluster when
compared to the smaller orifice. This correlation is consistent
with the assumptions: even though the cohesive force remains
unchanged, as we increase the orifice size, the cross-sectional
area, and hence the number of droplets in contact at the orifice
area increases. Therefore, a higher effective buoyant force is
required to form a cluster emerging from a larger orifice.

The results for all the experiments are shown in Fig. 5(a),
where the average occupied volume of the clusters, hVi is
plotted as a function of Cm, which is proportional to the micelle
concentration. The data show that increasing cohesion results
in larger cluster volumes.

We can develop a simple model for the dependence of the
average cluster volume as a function of the experimental
parameters. In the experiments, an aggregate of oil droplets
experiences an upwards body force due to the effective buoy-
ancy which depends on the density difference Dr between the
oil droplets and the aqueous solution. Just as capillary forces
stabilize the drop in the classic pendant drop experiment, here
the forming cluster is stabilized by the cohesive force Fadh

between the droplets, which prevents the droplets from emer-
ging one-by-one. The cohesion strength in the granular pen-
dant drop is defined as A ¼ Fadh=rd; and dimensionally, this is
a force per unit length.23 This cohesion strength is analogous to
the surface tension of the liquid g in the classic pendant drop.
Thus, by analogy with the definition of the capillary length for

simple liquids, lc ¼
ffiffiffiffiffiffiffiffiffiffi
g=rg

p
, we can define the granular capillary

length, d, as:23

d ¼

ffiffiffiffiffiffiffiffiffi
A
Drg

s
: (2)

The granular capillary length sets a natural length scale for
our system of droplets,23,41 since it results from a balance
between the effect of cohesion among the droplets and the
effective buoyancy.

In order to formulate a quantitative description for the
occupied volume of the granular pendant drop, we use a simple
scaling argument. There are three natural length scales in our

system: the droplet radius, rd, the orifice radius, R, and the
granular capillary length, d. Given the relatively large number of
droplets in each cluster, as stated earlier, we assume that the
packing fraction is independent of the size of the droplets.
Hence, the cluster size is also independent of the size of the
droplets, i.e. rd does not affect the volume of oil in the clusters
which causes the effective buoyancy. As will be shown below,
this assumption is validated by experiments. In 3D we can then
write that V p R3�ada. The vertical scale of the cluster depends
on the balance between the effective buoyancy and adhesion,
given by d, suggesting a linear dependence of the volume on d
with a = 1. We conclude then that the occupied cluster volume
can be written as:

V = xR2d, (3)

with x a constant of proportionality of order 1. We note that the
R2 dependence of the cluster volume is intuitive: First, the
droplets are cohesive and the aggregate takes on and maintains
the shape of the orifice – the cross-sectional area of the cluster
is set by the area of the orifice and the aggregate has paste-like
properties. Second, the dependence of the cluster volume on
the cross-sectional area indicates that the number of droplet-

Fig. 4 Left box: The effect of micelle concentration on the cluster size.
Both the orifice size and droplet size are kept constant at R = 44 mm and
rd = 13 mm. Cohesion strength among the droplets is lower in (a) than in (b).
As a result, clusters in (a) are smaller than in (b). Right box: The effect of
orifice size on the cluster size. Both the micelle concentration and droplet
size are kept constant at Cm = 104 mM and rd = 13 mm. Orifice size is
smaller in (c) than in (d). As a result, clusters in (c) are smaller than in (d).

Fig. 5 (a) Average cluster volume plotted versus Cm which is proportional
to the cohesion strength. The error bars in all the plots represent the
standard deviation of the data. (b) Average cluster volume is plotted versus
d to show an intermediate collapse in accordance with eqn (3), where the
data from any orifice falls on the same line. Darkest line corresponds to the
smallest orifice and lightest corresponds to the largest orifice. (c) Average
cluster volume as a function of R2d as suggested by eqn (3) with x = 2.58 �
0.15. (d) Normalized cluster volume versus droplet radius. The line of best
fit shows a negligible correlation with a slope of �0.06 � 0.04.
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droplet contacts – which must be broken during pinch-off – is
paramount. The clusters do not adopt a spherical shape, as one
would expect for a simple liquid, but take on a spindle-like
shapes as they extrude from the circular orifice, similar to
viscoplastic materials, such as mayonnaise and toothpaste.24

We can test the proportionality relation of eqn (3) by plotting
the average occupied volume hVi first versus d for an intermediate
collapse and then versus R2d. The results are shown in Fig. 5(b)
and (c). We see an excellent collapse of the data for the 36
experiments. The best fit lines are given by eqn (3) with x =
2.58 � 0.15. We note that as expected from the model, x indeed
emerges as a constant of order 1. Lastly, above we made the
assumption that rd does not play a role in determining the average
cluster volume and only emerges though the value of d. We can
test this assumption by plotting the normalized volume hVi/R2d
versus rd. The results in Fig. 5(d) show that the data is consistent
with no dependence of the cluster volume on the droplet size; if
there is a dependence, the dependence is clearly weak.

Conclusion

In conclusion, we have developed an experimental setup to
replicate the pendant drop experiment for dense aggregates of
cohesive droplets. We have studied the resultant cluster size as
a function of cohesion strengths, orifice, and droplet sizes. We
find that the volume of the cluster is proportional to the orifice
area multiplied by the granular capillary length, a characteristic
length of the system that emerges from a balance of cohesion

and buoyancy, d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A=Drg

p
. The emergence of the granular

capillary length as a critical parameter has appeared in other
works as well.23,41 The scaling law in this cohesive and friction-
less granular system, V p R2d, is different from that of the
classic pendant drop, where Tate’s Law shows that V p Rlc

2.
The crossover from the linear dependence on R for a molecular
liquid, to the dependence on R2 for the granular system, is due
to the wholesale rearrangements of particles required in the
athermal system, which leads to the paste-like response of the
droplet aggregates. Thus we find a difference in the shape of
the granular pendant drop and the scaling law, when compared
to molecular liquids. We expect that as one decreases the size of
particles that make up the granular aggregate and reduces the
cohesion, thermal effects become important enabling rearran-
gements within the system. One would expect a crossover from
a square dependence on the orifice size to a linear dependence
when the system becomes thermalized, akin to the molecular
system.
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