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Collective motion and its connection to the
energy landscape in 2D soft crystals†

Md. Rakib Hassan, *a Sam R. Aronow,a Jack F. Douglas b and
Francis W. Starr *a

We examine the collective motion in computational models of a two-dimensional dusty plasma crystal and

a charged colloidal suspension as they approach their respective melting transitions. To unambiguously

identify rearrangement events in the crystal, we map the trajectory of configurations from an equilibrium

molecular dynamics simulation to the corresponding sequence of configurations of local potential energy

minima (‘‘inherent structures’’). This inherent structure (IS) trajectory eliminates the ambiguity that arises from

localized vibrational motion. We find that the evolution of the IS trajectory in the crystal can be split into

comparatively longer-lived ground states and shorter-lived discrete excited states. These discrete excited

energy levels are a consequence of discrete numbers of defect clusters in the crystal. We find that the

collective rearrangement occurs through different mechanisms: (i) small closed-loop motion in the ground

states without the facilitation of defects, and (ii) much larger and complex open-ended particle motions in

excited states that are facilitated by clusters of defects. In both cases, clusters of displacing particles can be

separated into much smaller groups of replacing particles with a loop-like structure. In contrast to glass-

forming liquids, the mass of the rearranging groups grows on heating towards the melting temperature

rather than cooling. We find that crystal melting in these systems can be anticipated by the merging of the

average time the crystal spends in the ground state with the average time in the excited states.

1 Introduction

Understanding the collective dynamics of particle rearrange-
ments in both amorphous and crystalline materials, including
supercooled liquids, gels, and colloidal systems, has been an
active research topic for many years.1–9 It is observed that the
constituent atoms, molecules, or colloids with the greatest
displacements over a specified time window are spatially cor-
related, often in the form of particle exchange motions termed
‘‘strings’’ because of their polymeric structure.10,11 However,
the continuum range of collective particle displacements on a
hierarchy of timescales often makes it challenging to unambigu-
ously identify specific groups of collectively rearranging particles.
This difficulty has led to various criteria for identifying clusters of
cooperatively rearranging particles.7,10,12–15 Typically, a fraction of
particles with the greatest displacement over a specific time window
are examined, where the displacement results from the accumula-
tion of multiple small displacements that are difficult to uniquely

identify. Nonetheless, a consistent picture has emerged regarding
how the average size of the rearrangements varies with temperature
or density/packing fraction. To improve the understanding and
quantification of this collective motion and its implications, it is
valuable to examine a system where rearrangement events can be
unambiguously identified in both space and time.

To this end, we investigate model crystalline materials
in two dimensions as minimal systems exhibiting collective
particle exchange motion; we consider two variations that
represent either a dusty plasma crystal (DPC) or a charged
colloidal crystal16–20 which exhibits similar dynamic features.
These crystals offer several simplifying features that make them
ideal model systems: crystals have well-defined lattice positions
that provide an underlying template for stable locations and
two-dimensional materials allow for convenient visualization
and quantification of dynamic heterogeneity in both space and
time. We can further simplify the identification of rearranging
groups by mapping the snapshots of a trajectory of particles
onto the so-called ‘‘inherent structure’’ (IS) trajectory through
energy minimization of each snapshot.21 The combination of
these factors allows us to directly relate the collective motion to
discrete states in the potential energy landscape (PEL).

The spatial and temporal heterogeneity in particle displace-
ments of quasi-2D DPC and colloidal crystals have been widely
examined,6,22–24 and it is known that string-like collective
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particle exchange motion is prevalent.23,25,26 Large-scale particle
rearrangements have also been observed in 3D.24,27–29 van der
Meer et al.30,31 identified two mechanisms of collective motion in
2D colloids: (i) closed-loops of particles and (ii) open-ended string-
like particle rearrangement facilitated by pairs of high- and
low-density defects, also termed vacancy (low-density) and inter-
stitial (high density) defects. Qi et al.32 simulated the dynamics
of melting in a 2D dusty plasma crystal (DPC) and found that, by
mapping the real trajectory to the IS trajectory, defects can be
labeled as either stable (if they persist in the IS) or unstable (if they
do not persist in IS). In other words, defects in the actual trajectory
may be associated either with local vibrational motions or with
genuine particle rearrangement events involving irreversible par-
ticle displacements, and thus it is important to distinguish these
distinct types of motions and associated defects.

Our findings both reaffirm and extend these prior observations.
We show that closed-loop replacement motions of dust particles can
occur without facilitation by stable defects, but these motions
contribute minimally to the overall rearrangement within the
crystal; these loops span a very short time duration and occur
independently of each other. Much larger string-like particle rear-
rangement events can be identified by longer-lived energy excita-
tions away from the ground state and are apparently facilitated by
stable defect clusters. These excitation events provide the dominant
contribution to displacements within the crystal. In particular, our
results show that motion facilitated by only a single pair of vacancy-
interstitial defect clusters (as described by van der Meer et al.30,31)
occurs only in the first excited state. Far from melting, this is
the dominant mechanism for motion, but the picture becomes
increasingly complex approaching the melting transition where
higher energy levels become important. We show that the
number of stable defect clusters grows linearly with the energy
level and that the motion cannot be described solely by the
creation of pairs of vacancy-interstitial defect clusters. The
defects in higher energy excited states can take a variety of
structures, including dipoles and trimers with differing stability.
The size of both small loops and large string-like rearrangement
events grows approaching the melting transition. We also find that
the temperature T dependence of the mean time in the ground
state between excitations, a measure of the temporal heterogeneity,
directly tracks the T dependence of traditional measures of the
heterogeneity time scale. In contrast, the mean time in excited
states has opposite T dependence, and the time scales for ground
and excited states coincide near the melting transition. Our
findings offer an avenue to better understand how earlier mea-
sures of dynamic heterogeneity relate to directly observed collective
displacements within our model crystalline material. At the same
time, we recognize that the origin of the collective motion in the
crystalline context is not necessarily the same as in amorphous
glass-forming materials, but it is our expectation that insights from
one system are instructive for the other.

2 Model and simulation details

We simulate 2D crystal systems using intermolecular pair
potentials that mimic the properties of (i) a dusty plasma

crystal33–35 and (ii) a colloidal crystal.31 To carry out our
simulations, we use the LAMMPS (large-scale atomic/molecular
massively parallel simulator) simulation package.36 We first
describe the model and simulations for the dusty plasma,
followed by the colloidal system.

In the DPC case, repulsive interactions among the dust
grains dominate due to an excess of electrons that accumulate
on the dust grain surface, which are attenuated by positive ions
in the plasma. We will refer to these grains as particles to avoid
potential confusion with ordered grains in semi-crystalline
materials. Despite the complexity of the dusty plasma, the
interactions among the particles can often be reasonably
described by a simple Yukawa potential37–40

UðrÞ ¼ Q2

4pe0r
e�kr; (1)

where Q denotes the net charge on a particle and k = 1/l
represents the screening parameter characterizing the shielding
due to the plasma between two particles separated by a distance r.
The dust particles are so small compared to the lattice spacing
that core interactions can be neglected. To mimic the DPC studied
in ref. 35, we use parameters Q = �15 700e (where e is electron
charge) and k = 2.38 mm�1. The crystal state is defined by a
triangular lattice with area number density of dust particles, nd =

3.5 � 106 m�2 and a 2D Wigner–Seitz radius of a ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffi
ðpndÞ

p
¼

0:303 mm, which corresponds to a lattice spacing of

ð2p=
ffiffiffi
3
p
Þ1=2a � 1:90a. The dust particle mass m = 5.2 � 0.5 �

10�13 kg. We emphasize that this form of pair potential approx-
imates dusty plasmas in three dimensions and that our choice of
potential is made to apply to quasi-two dimensional dusty plasma
materials.

For our simulations, we use N = 3286 particles in a nearly
square box with dimensions 30.99 � 30.59 mm, and we invoke
periodic boundary conditions in both directions. We carry out
our simulations using the natural units of the DPC; specifically,
we measure the length in units of the Wigner–Seitz radius
a, mass in units of the dust particle mass m, and energy in
units of U0 = Q2/4pe0a, which then defines time in units of

t� ¼ ð4pe0ma3=Q2Þ1=2 ¼
ffiffiffi
2
p

o�1pd , where opd = 89 s�1 is the

inverse dust plasma frequency. Temperature is measured in
units of U0/kB, where kB is Boltzmann’s constant and tempera-
ture is controlled using the Nosé–Hoover method. Our simula-
tions cover a temperature range of 0.0052 r T r 0.0065.
We use a time step dt = 0.107, and all systems are at fixed
density nd = 1/p. To provide sufficient statistics, at each
temperature, we simulate 40 independent samples for 50
million time steps.

As in the experiments, melting is driven by temperature, and
the dusty plasma remains crystalline for T t 0.0059 in our
reduced units. In simulations, it has been shown that the
crystal transitions to an intermediate hexatic phase before
becoming fluid; this is a subject of some controversy, particu-
larly in the experimental system. Our intent is to focus on the
dynamics in the crystal state, and not to debate the precise
nature of the melting transition.
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For the charged colloidal crystal case, the colloid charge inter-
actions are attenuated by the embedding solution so that a
Yukawa potential again captures most of the essential interactions.
Unlike the dusty plasma, the colloidal core interactions cannot be
neglected, and hence the potential can be described by,30,41,42

UðrÞ ¼ U0

kBT

e�kðr�sÞ

r=s
; (2)

where U0 is the overall strength of the interaction and s is the
particle diameter. Following the parameters used by van der Meer
et al.,30,31 we take U0/kBT = 235 and ks = 2.25. In this case,
temperature is fixed and crystal melting is driven by changing

the packing fraction f ¼ N

A

ps2

4
. We use reduced units where mass

is in units of the mass of a colloidal particle and length is in units
of particle diameter. Like the DPC, we use N = 3286 colloidal
particles and the box size varies from 145.098� 146.997 (f = 0.121)
to 138.92 � 140.74 (f = 0.132). To emulate the solvent forces in a
colloidal suspension we use Brownian dynamics where the
LAMMPS damping parameter time scale tdamp = 1.0 and the
timestep dt = 0.005; we need a smaller time step than the plasma
system due to the core interactions. We also considered Nosé–
Hoover dynamics and found that our qualitative findings were not
affected by the choice of the integration method. To provide
sufficient statistics, at each packing fraction, we simulate 20
independent samples for 65 million time steps.

Now that we have defined both systems, we next examine
the change in potential energy and diffusion coefficient (with
temperature for the dusty plasma and with packing fraction for
the colloidal system) to gain an initial understanding of the
dynamics in different phases. Fig. 1(a) shows that the approx-
imate location of melting in the DPC is evident from the
increase in potential energy or the diffusion coefficient D
(determined from the mean-squared displacement (MSD)
hr2(t)i, see Fig. S1, ESI†). Previously, van der Meer et al.31

reported that the colloidal system is crystalline for f 4 0.128,
which is consistent with our simulation results. Because melting
is driven by changing f, which in turn alters the interparticle
spacing, the potential energy is a very strong function of f;
consequently, the potential energy provides a less apparent
indication of melting. Thus, Fig. 1(b) only shows the diffusion
coefficient, which increases due to melting. Like the DPC, the
fluidization appears to occur via an intermediate hexatic phase,
which has been discussed in van der Meer et al.31 We consider
other more precise metrics to identify melting in the final
discussion section of the manuscript.

Even in the crystalline state, it can be difficult to distinguish
large local vibrations from hopping among crystal locations.
To better separate these types of motion, we map the real
trajectory R(t) of particles to the ‘‘inherent structure trajectory’’’.21

The term inherent structure (IS) refers to the configuration at the
nearest potential energy minimum to a given instantaneous
configuration,43,44 and in practice the IS is found by energy
minimization. In LAMMPS, we minimize energy using the con-
jugate gradient method. The IS trajectory RI(t) results from energy
minimization of the configurations of the original trajectory R(t),

yielding two parallel time series as illustrated in Fig. 2. In the IS
trajectory, the system evolves from one IS to another, eliminating
local vibrations. Deep in the crystal state, the IS trajectory primar-
ily stays in the defect-free ground state with short-lived excitations
due to defects; the duration of excited states increases as melting
is approached, as will be discussed in detail.

3 Results and discussion

To explore the nature of collective motion in these crystals, we
first need an unambiguous way to identify those particles that
have moved from their lattice positions. To do so, we calculate
the probability density of particle displacements 2prGs(r, Dt)

Fig. 1 (a) The average potential energy as a function of temperature (black)
and the diffusion coefficient D (red) for the DPC. Both quantities drop
sharply upon crystallization. (b) The diffusion coefficient of the colloidal
system drops sharply due to crystallization. We do not include the potential
energy because it is a strongly dependent function of the packing fraction,
making it difficult to identify the location of the phase change.

Fig. 2 Schematic representation to explain how the inherent structure
trajectory RI(t) is generated from the real trajectory R(t), adapted from
Schrøder et al.21 All dynamics occur in R(t), which are mapped to RI(t) via
energy minimization at each time tn.
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where Gs(r, Dt) is the self-part of the van Hove correlation
function. In Fig. 3, we plot Gs(r, Dt) of the DPC for both the
real R(t) and IS RI(t) trajectories at the lowest temperature
(T = 0.0052) and a higher temperature (T = 0.0058) near the
melting transition at Dt = 1750; the precise value of Dt does not
matter, provided it is large enough that one can distinguish
distinct peaks of 2prGs(r, Dt). For the real particle trajectory,
the distinction between the first and second peaks in the
displacement distribution is difficult to identify due to lattice
vibrations. In contrast, the displacement distribution in the IS
trajectory shows a broad minimum from 0.7 t r t 1.3 where the
probability is reduced by several orders of magnitude, providing
a clear distinction between a particle that is localized near its
starting lattice position and one that has moved to a new lattice
location. The broad minimum means that we can select a
displacement cutoff to distinguish localized versus displaced
particles anywhere in the range 0.7 t r t 1.3 without qualita-
tively altering our findings; we choose the lower bound rcut = 0.7
to capture as many displaced particles as possible. A similar
analysis for the colloidal systems shows that a cutoff of 1.5
clearly distinguishes displacing particles from local vibrations.

Having established a simple criterion to distinguish loca-
lized from displaced particles, we simply visualize the particles
in the DPC that displace from their initial lattice location as a
prototypical example of collective motion observed in a much
broader class of materials. In previous studies, displaced
particles were identified by comparing two configurations
separated by a characteristic time scale for motion; Fig. 4(a)
shows an example of the displaced particles using such an
approach. Unfortunately, this representation loses information
about when the displacements actually occur over the time
interval. Because our crystals are in 2D, it is comparatively easy
to show the full space-time evolution of particle displacements,
as shown in Fig. 4(b), where the horizontal axis represents time.
It is apparent from the image that, in the present case, the

particle displacements occur primarily in two temporally dis-
tinct periods. In this sense, it is apparent that there is hetero-
geneity in both the spatial distribution of particle motions and
the times during which motion occurs. Fig. 4(c) shows the
corresponding time series for the inherent structure energy
EIS(t), demonstrating that periods of large-scale motion corre-
spond directly to an increase in EIS from the ground state. The
same feature occurs for the colloidal system.

We can relate the displacing groups more directly to the
energy state by evaluating the time series for the displacement
between consecutive configurations

DRIðtÞ ¼
XNd

i¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðriðtþ dtÞ � riðtÞÞ2

q
(3)

in the IS trajectory of the Nd displaced particles. Fig. 4(c and d)
affirms that transitions of EIS(t) from the longer-lived ground
state to comparatively short-lived excited states (highlighted by
light-blue shading) coincide with large displacements quanti-
fied by DRI(t). The figure also shows an example illustration of
those particles that moved during the excited state, consistent
with the observations of Fig. 4(a). In other words, the excited
states correspond to large-scale particle rearrangements. While
the excited state displacements are the dominant feature, DRI(t)
also shows very short-lived peaks in DRI(t) that do not corre-
spond to excited states. Examination of these transient peaks
reveals that they result from comparatively small and nearly
simultaneous closed-loop rearrangements within the ground-
state crystal which occur independently. These rapid loop
exchanges can occur without surmounting any energy barrier
in the IS trajectory. Hence, we identify two distinct channels for
motion: (i) small simultaneous loops of particles in the ground
state, and (ii) much larger scale rearrangements that occur in
longer-lived excited states. We point out that the distinction
between motion in the ground and excited states is different
from what has been observed in glass-forming materials21

where motion tends to occur at the transitions between IS with
little or no motion within an IS.

Using our approach to identify transient particle motion, we
next seek to quantify the average size and structure of groups of
rearranging particles in the DPC. Since the size and structure of
displacing particle groups in the ground and excited states are
qualitatively different, we analyze the motions in the ground
and excited states separately. First, for each excitation from the
ground state (a rearrangement event), we evaluate the number
of particles that have displaced at any time during the event. If
a particle moves multiple times during the event, it makes
multiple contributions to the overall number of displacing
particles in that event. This also means that a particle may
displace from and return to the same location; in practice, such
returning particles are infrequent, comprising less than 3% of
all displacing particles. Typically, a rearrangement event is
dominated by a single large cluster. These large clusters can
be decomposed into sub-groups of particles that have replaced
each other. Such clusters of geometrically exchanging particles
are commonly referred to as strings10 because of the quasi-

Fig. 3 The self part of the van Hove correlation function for the
DPC plotted in the crystal state at T = 0.0052 and T = 0.0058 (near the
melting transition). The plots for T = 0.0058 are shifted vertically by 103 for
better visualization. This plot illustrates how the vibrational effects are
reduced by energy minimization and gives an unambiguous choice of
distance threshold to identify the hopping motion. Similar results occur for
the colloidal crystal.
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linear topology of the particle exchange clusters. Two particles
belong to the same string if one particle is replaced by another
within a spatial tolerance of d r 0.5 (much less than the
separation between neighboring particles); in addition, the dis-
placements must occur within Dt o 1700 (less than the time for
diffusion to emerge from the MSD). We tested that the spatial
thresholds for replacement have a minimal quantitative effect on
our findings for 0.50 o d o 1.60. As qualitatively indicated
above, this definition confirms that displacement events in the
ground state only occur in closed loops of replacing particles.
Hence, all groups of displacing particles, whether in the ground
or excited states, can be sorted into distinct strings.

Using these definitions for the sizes of displacing particle
events and the constituent string subgroups, Fig. 5(a) shows
that the average size of strings hsi in the ground state grows
only weakly with heating, and the behavior of the total number
of displacing particles is similar; the number of displacing
particles is slightly larger than the string size since, occasionally, a
displacing particle group in the ground state can be decomposed
into multiple strings. The average size is modest, only exceeding
10 near melting. In the excited states, the properties of the
rearranging groups are quite different from those of the ground-
state rearrangements. First, since the number of displacing
particles in an excited state rearrangement event can be split into
many strings, the average string size hsi (Fig. 5(b)) in the excited
state is smaller by an order of magnitude than the number of
displacing particles (Fig. 5(c)); the string size in the excited state is
larger than the string size in the ground state by a factor of E4.
In addition, the T dependence of the size of displaced particles
and strings is quite different. The average string size hsi grows
only modestly on heating (E20%), similar to the scale of growth

of the strings in the ground state. In contrast, the number of
displacing particles grows by nearly a factor of 3, which requires
that the number of strings, rather than their size, increases rapidly
as we approach the melting transition. While there are collective
rearrangements in both the ground and excited states, the
collective rearrangements in the excited state are by far the
dominant contribution to the MSD and hence the diffusion
coefficient. We include the same data for the colloidal crystal in
Fig. 5(d–f), and the conclusions that we made for the DPC are

Fig. 4 (a) All the displaced particles in 2D within a slice of the time window of Dt = 20, (b) space-time visualization of the displaced particles in 3D over
the same time interval where the time axis runs horizontal and allows one to see both where and when displacements occur. (c) The time evolution of the
IS energy EIS(t) and (d) the configuration-to-configuration displacements DRI(t). The highlighted blue regions show that excited energy states correspond
to extensive particle displacements, illustrated by the example clusters of red and blue particles. In addition, there are much smaller and short-lived
closed-loop rearrangements that can occur in the ground state, illustrated by the green particles. Panels (a) and (b) were generated using OVITO.45

Fig. 5 The mean size of (a) groups of displaced particles (Black) and strings
(Red) in the ground state, (b) strings in the excited states, and (c) groups of
displaced particles in the excited states. (a)–(c) are for the DPC and (d)–(f)
are for the colloidal crystal. All data are limited to the crystalline phase. In the
DPC the variation of collective motion is plotted against 1/T and in
the colloidal crystal, the variation is plotted against the packing fraction f.
The scale of collective motion becomes larger as the crystal approaches the
melting transition. The lines are intended as a guide for the eye.
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generally the same for this case. The growth of the size of
rearranging regions on heating contrasts with the temperature
dependence of the size of collective motion in the alpha-
relaxation time scale of glass-forming fluids (which grow on
cooling); that said, smaller collective motion at the vibrational
time scale (‘‘stringlets’’) that grow on heating have been pre-
viously observed.46

Having established the growing size of rearranging particle
clusters as we approach melting, we next seek to quantify the
average duration of the ground and excited states and how these
time scales relate to other common measures of relaxation and the
time scale for dynamic heterogeneity. We first evaluate the average
time the system spends in the ground states tgr and in the excited
states tex. As might be expected, Fig. 6 shows that, on heating
toward the melting transition, tgr decreases while tex increases
(opposite T dependence), consistent with the growing importance
of excited states for melting. The distribution of tgr values is
approximately exponential, indicating that transitions from the
ground to excited states are governed by a Poisson process. It is
instructive to compare the ground state time tgr to other character-
istic relaxation times, including the ‘‘diffusive time scale’’ (D/T)�1

(obtained from hr2(t)i), the relaxation time t of the self-
intermediate scattering function Fs(q0,t) (where q0 is the wavenum-
ber of the first peak of the structure factor), and the characteristic
timescale t* of the non-Gaussian parameter a2(t), a commonly
used measure of the timescale for dynamic heterogeneity. The data
for hr2(t)i, Fs(q0,t), and a2(t) are all provided in the ESI.† These
characteristic times are also plotted in Fig. 6, from which it is
apparent that these times have a very similar Arrhenius tempera-
ture dependence to tgr. That said, there are small differences in the
T dependence of these characteristic times, although it is not
readily apparent from Fig. 6. By parametrically plotting each of
these time scales as a function of the ground-state time tgr (see
Fig. S4, ESI†), we find that t* scales linearly with tgr. Thus, the
heterogeneous distribution of ground-state times leads to tgr

proportional to t*, consistent with the expectation that t* should

capture the temporal nature of heterogeneity of molecular dis-
placements. In contrast, t and (D/T)�1 have slightly different
T dependence from that of tgr. We observe a power-law relation
(D/T)�1Btgr

1.08, and a similar result for t. The difference of the
exponent from 1 is small, so the deviation from linearity is modest,
indicating a rather strong coupling among all these dynamic
time scales. Previous studies8,9,47 found that the diffusive timescale
(D/T)�1 and relaxation time t varies proportionally with tempera-
ture in the crystal state (so that there is a linear parametric relation
between them), and the same holds here. These qualitative
observations are also true for the colloidal crystal.

A natural question is whether excitations from the ground
state are driven by specific structural features or if they occur
more stochastically. This has been explored in glass-forming
systems, where Harrowell and colleagues developed the ‘‘isocon-
figurational ensemble’’ approach to test the correlation between
transient mobile regions in a liquid and the underlying fluid
structure.48 Here, we apply a similar approach to examine the
temporal correlation for the transitions from the ground state to
excited states. To do so, we consider configurations where a
transition to the excited state has just occurred. We then chose
configurations that preceded this transition by a chosen time
interval. For each such configuration, we generate an ensemble of
different sets of Gaussian-distributed velocities with the same
temperature, hence the term isoconfigurational ensemble. We
allow each member of the ensemble to evolve and track the
fraction of simulations that transition to an excited state within
a generous Dt = 1000. By doing this for many different intervals
preceding the original excited state, we can see how rapidly the
structural correlation to reach the excited state diminishes. As
shown in Fig. 7, the fraction of transitioning ensemble members
decreases exponentially as we increase the time preceding the
original transition. As the temperature increases toward melting,
the correlation time increases due to the overall higher probability
of making transitions to the excited states. That said, at all T the
correlation timescale is on the order of 101, shorter by several
orders of magnitude than any other timescale discussed earlier.
Thus, we can conclude that transitions at all T are dominated by
stochastic rather than structural considerations, which is also
consistent with the Poisson process indicated by the distribution
of ground state times.

Up to this point, we have only distinguished between the
ground and excited states. Examination of the excited states
shows that they are separated into well-defined discrete energy
bands, rather than a simple continuum of excitations. Fig. 8(a)
shows a scatter plot of all EIS values from different T and runs in
a single collected time series, from which distinct energy bands
clearly emerge for both the dusty plasma and colloidal systems.
The right panel of Fig. 8(a) shows the histogram of EIS values
exhibiting distinct peaks for each energy band; note that the
histogram is plotted on a logarithmic scale, emphasizing the
separation between the bands. In Fig. 8(b), we include the same
data for the colloidal crystal at different packing fractions.
Because the potential energy changes strongly with the packing

fraction, we normalize ÊISðfÞ ¼
EISðfÞ � EgrðfÞ

EgrðfÞ
to align the

Fig. 6 The variation of the relaxation time (t - black), the average
timescale spent in the ground states (tgr - blue), the timescale to reach
maximum non-Gaussian parameter a2 (t* - red), the average timescale
spent in the excited states (tex - green), and the diffusive timescale ((D/T)�1

- magenta) plotted against 1/T. All these timescales increase as we cool
down the system except tex.
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energy of each state across the packing fractions. It is apparent
that the energy bands are more sharply defined in the colloidal
system than in the dusty plasma. We attribute this difference to
the difference in the softness of the potentials; the DPC
potential is extremely soft, since there are no core interactions,
which allows for greater spread in the ground state energies,
whereas the core interactions of the colloidal system make the
ground state very sharply defined. The discretization of the

(purely classical) crystal energies is likely a general phenom-
enon, as first suggested by Stillinger and Weber.49 Nieves and
Sinno50 also observed energy quantization associated with
defect formation in 3D crystalline materials but did not con-
sider the relation to cooperative motion.

It is natural to expect that the quantization of EIS has a
structural origin. Indeed, it has already been established that
structural defects play a vital role in the emergence of collective
rearrangements,8,31,51,52 and these defects must affect the
system energy. In the ground state, there are no defects and each
particle has six neighbors. In excited states, defects are character-
ized by particles with either additional or missing neighbors,
most commonly leading to a particle having 5 or 7 neighbors
(sometimes referred to as a Stone–Wales defect).53,54 We identify
these defected particles by a Voronoi analysis. In the IS trajectory,
these defects do not form in isolation but rather emerge as
clusters of defects. One might naturally expect the formation of
5–7 defect pairs but defect clusters are typically more complex.

To show the connection between defects and the excited
energy states, Fig. 9 shows an example time series for EIS in
parallel to the number of defect clusters (rather than simply the
number of defects). These data suggest that the first excited
state consists of only a pair of defect clusters and that higher
energy excited states result from increasing numbers of defect
clusters and their interaction. We quantify this trend by plot-
ting the average number of defect clusters as a function of the
energy state index in Fig. 10(a) for the DPC and Fig. 10(b) for
the colloidal crystal. These data show an approximately linear
relationship between the number of defect clusters and the
energy state. These data also show that while the first excited
state emerges from the creation of a pair of defect clusters,
additional defect clusters are not necessarily generated in pairs.

It is not obvious that the number of defect clusters, as
opposed to the overall number of defects, is the relevant
parameter determining the energy state. Indeed, our initial
attempts focused on simply the number of defects, which does

Fig. 7 The propensity of the excited states decreases exponentially for
increasing time gaps preceding the excited state. The inset shows that the
characteristic time of the exponential decay increases on heating primarily
due to the increased likelihood of excited states at higher temperatures.

Fig. 8 Scatter plots of the EIS time series (left panels) indicate the banding
of energy minima into discrete states for (a) dusty plasma and (b) colloidal

system with normalized energies ÊISðfÞ ¼
EISðfÞ � EgrðfÞ

EgrðfÞ
. The histograms of

these energies (right panels) demonstrate the clear separation among states.

Fig. 9 (a) Example of the time evolution of the potential energy time
series (top panel) and (b) the number of defect clusters at the corres-
ponding times (bottom panel). This plot clearly shows that there are
defects only when the system is in the excited state.
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not show a simple relation to the energy level. The number of
defect clusters, rather than the number of defects, determines
the energy state because defect clusters come predominantly in
specific sizes.

Generally, defect clusters can be categorized by the change in
local density. Most commonly, defect clusters come in pairs with
one cluster having decreased density (also termed a ‘‘vacancy’’)
and the other having increased density (‘‘interstitial’’). Both Zhang
et al.8 and van der Meer et al. showed that collective motion in the
excited state (a reflection of what we observe in the IS trajectory)
can occur via the creation, migration, and annihilation of these
defects. The structure of these defects is variable in the instanta-
neous configurations.31 The structure of clusters in the minimized
configurations is far simpler to understand. For the colloidal
system, nearly all defect clusters are size 6 (three 5–7 defect pairs),
where vacancies feature a 6-membered ring with a hole in the
middle, and interstitials have an extra (non-defect) particle at the
center of the ring. For the DPC where the lack of core interactions
makes the potential comparatively soft, the situation is somewhat
more complex. In this case, most defects are created in pairs of
clusters of size 6 and 4 (two 5–7 defect pairs); in this case, clusters
of size 6 are predominantly interstitials (85%), while clusters of
size 4 are predominantly vacancy clusters (60%). We note that
vacancy clusters in the DPC do not exhibit an explicit hole, but are
simply locally less dense. In addition, the DPC also features a non-
trivial fraction of clusters of size 3 (one 5–8–5 defect string) and
dipoles of a single 5–7 defect pair, which we quantify in the ESI.†

Since experiments cannot readily use energy minimization
to distinguish stable and unstable defects, it is helpful to note

that defect structure distinguishes most unstable defects in
the instantaneous configurations. Specifically, nearly all the
unstable defects in the instantaneous configurations have the
form of two 5–7 defect pairs (clusters of four defected particles
total) which have a nearly square shape (see ESI† for an
illustration). For the colloid case where all stable defects are
clusters of size six, one can immediately identify these unstable
4-clusters in the instantaneous configuration. For the dusty
plasma, there are a number of such 4-clusters that are stable, so
one cannot eliminate all unstable clusters just based on the
structure in this case. It would be valuable to examine this
criterion with experimental data.

The simple picture of defects consisting of a single inter-
stitial–vacancy pair of clusters does not hold at higher energy
levels. Beyond the first excited state, dipole clusters in parti-
cular become important. This is apparent from the fact that
near melting, where higher excited states are common, the
fraction of defects in the form of chains of dipoles becomes
substantial; this is perhaps not surprising since the chaining of
dipoles is the natural mode of self-assembly in dipolar
fluids.55,56 Such geometrically polymeric dynamic structures or
‘‘strings’’ have often been observed in dusty plasmas and other
near two-dimensional particulate crystalline materials57 but do
not seem to be predicted by conventional models of melting of
two-dimensional crystals. These dipole clusters do not contribute
to the collective rearrangements via ‘‘walking’’ through the crystal
in the way that the larger 4- or 6-member clusters do. Instead,
dipoles usually occur in nearby (but distinct) pairs of dipoles that
quickly annihilate each other. The correlation between dipoles
can be seen in Fig. 11, which shows the pair correlation function
g(r) between the center-of-mass of dipole clusters, as well as g(r)
for all other clusters: for dipoles, g(r) is very strongly peaked at r E
4.5. In contrast, g(r) for all other clusters is nearly featureless,
showing that non-dipole defect clusters behave as a nearly ideal
gas within the crystal; for r t 8, g(r) vanishes because defect
clusters can annihilate when they are close.

4 Discussion and conclusions

We have examined the spatio-temporal features of dynamic hetero-
geneity in soft 2D crystals which allowed us to directly connect the
dynamic heterogeneity to the states sampled in the potential energy
landscape. The mapping of the equilibrium trajectory to the IS
trajectory of locally stable states greatly facilitates the analysis, as it
eliminates trivial defects from the equilibrium crystal leaving only
‘‘stable’’ defect clusters that go hand-in-hand with particle rearran-
gements. This analysis also reveals the existence of discrete energy
levels of the defects, a phenomenon first suggested in the energy
landscape analysis of crystals by Stllinger and Weber.49 It is perhaps
surprising that particle rearrangements can occur even in the
ground state of the crystal; these rearrangements necessarily take
the form of closed loops so that no defects (which would increase
the energy) are created in the process. (Technically, there must be
some very short-lived defect in the structure as the rapid hop occurs,
but capturing such an effect would require very frequent sampling

Fig. 10 The variation of the average number of defect clusters in excited
states for (a) dusty plasma and (b) colloid system. The insets show the
variation for the average number of defects in the excited energy states
has a more complex dependence. This plot shows that the energy state of
the system at any particular moment is determined by how many defect
clusters are present in the system.
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of configurations). Open-ended particle rearrangements occur in the
excited states of the crystals where defects accompany the motion.
In a chicken-versus-egg discussion, one cannot meaningfully assign
causation: in the IS trajectory, defects and (open-ended) rearrange-
ments occur together and are inexorably linked. Similar large-scale
particle rearrangements have been observed in experiments and
connected to changes in the relaxation and modulus in both
colloidal crystals28 and glass-forming materials.29

Overall, the defect energies somewhat resemble a quantum
anharmonic oscillator where the regular spacing of energies
occurs at low energies, gradually giving rise to a nearly contin-
uous density of energies as the melting limit is approached. The
observation of quantized energies of excited energy states has
been reported before in simulations of ordered nanoparticles58

and folded proteins59 so energy quantization in these classical
dynamical systems seems to be a common phenomenon at low
temperatures where the material approaches a non-ergodic
integrable dynamics60–62 state at which relaxation times become
formally infinite. A similar phenomenon may also be possible in
glass-forming liquids at sufficiently low temperatures.63

Obviously, these particle rearrangements must ultimately
lead to the melting of the crystal when the number of particles
in these dynamic structures becomes sufficiently large. In this
sense, the balance between the defect-free ground state and the
excited states where motion occurs must have a connection to
melting. Fig. 6 already showed that the average time in the
ground tgr and excited tex states have opposite T dependence
as we approach the melting transition. By extending these
data to higher T, Fig. 12(a) shows that tgr and tex cross T E
0.00595, coinciding with the melting of the crystal. To more
carefully assess this possibility, we evaluate the translational
order parameter

cT ¼
1

N

XN
j¼0

eiG�rj (4)

where G is the primary reciprocal lattice vector, as well as the
associated susceptibility

wT = N(h|cT|2i � h|cT|i2). (5)

Fig. 12(b) shows that |cT| drops suddenly and wT has a peak
at T E 0.00595 in the DPC, confirming that the crystal state is
no longer present. We include the same data for the colloidal
crystal in Fig. 12(c and d), where the crystallinity of the system
vanishes at f E 0.128. In 2D crystals, this is typically under-
stood as a transition to the hexatic phase, with an additional
transition to the fluid at higher T (smaller f). Our point here
is not to debate whether the melting occurs via an intermediate
hexatic phase or a first-order crystal–liquid transition, but
rather to recognize that crystal melting occurs when the average
time in ground and excited states become nearly equal.
In future work, it will be valuable to assess if the observed
crossing of time scales is robust in more ordinary melting of 3D
crystals, and how this crossing may relate to the equilibrium
melting temperature or a stability limit of the crystal on
superheating.

Fig. 11 The pair correlation function of defect clusters excluding the
dipoles (black) and the pair correlation function of the dipoles only (red).
These data indicate that the dipoles are strongly correlated in space with a
characteristic length dr E 5, whereas all other types of defect clusters are
distributed in a nearly gas-like fashion.

Fig. 12 (a) The T-dependence ((c) the f -dependence) of the average
lifetime spent in the ground state (tgr) and excited state (tex). tex crosses tgr

at the crystal-to-hexatic phase transition in the dusty plasma (the colloid
system). (b) The location of the crystal-to-hexatic transition is identified
by the drop in the magnitude of the translational order parameter |cT| and
the corresponding peak in the translational susceptibility wT at T E
0.00595 for dusty plasma. (d) The same thing was found for the colloid
system at fE 0.128. The susceptibility data was adopted from the work of
Meer et al.31
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