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Viscotaxis of beating flagella†

Shubham Anand, Jens Elgeti * and Gerhard Gompper *

Many biological microorganisms and artificial microswimmers react to external cues of environmental

gradients by changing their swimming directions. We study here the behavior of eukaryotic flagellated

microswimmers in linear viscosity gradients. Motivated by the near-surface motion of many micro-

swimmers, we consider flagellar swimming in two spatial dimensions. We employ a model of flagellum

consisting of a semi-flexible filament with a travelling wave of spontaneous curvature to study generic

aspects of viscotaxis of actively beating flagella. The propulsion of the flagellum in a fluid due to a

hydrodynamic friction anisotropy is described by resistive-force theory. Using numerical simulations and

analytical theory, we show that beating flagella exhibit positive viscotaxis, reorienting themselves toward

higher viscosity areas. We quantify this behavior by characterization of the dependence of the rotational

velocity on gradient strength, beat amplitude, swimming speed, and wave length. We also examine the

effects of asymmetric flagellar wave forms, which imply circular trajectories in the absence of viscosity

gradients; here, large asymmetry leads to trochoid-like trajectories perpendicular to the gradient in the

form of drifting circles. Flagellar deformability strongly reduce the beat amplitude and the viscotatic

response. The viscotatic response is shown to be captured by a universal function of the sperm number.

1 Introduction

Sperm cells move in complex environments to find and reach
the egg, such as the female reproductive tract for species with
internal fertilization, or open water for species with external
fertilization, where both eggs and sperm are released into the
bulk fluid. This process poses several key challenges for sperm
motion: how do sperm steer? How do they change their swim-
ming direction? How do sperm sense and react to different
environmental cues? How do environmental patterns such as
flow or viscosity gradients influence their trajectory? These are
important issues to be clarified in order to understand how
sperm can navigate their tortuous journey towards the egg.1,2

For an active steering response, two mechanisms have been
proposed:3 an average intrinsic curvature of the flagellum
(which leads to a curved or helical trajectory4,5) and higher
harmonic-beat frequencies.6 Also, buckling of the flagellum
under the load of the propulsion force of the flagellum has
been suggested.7 This steering response can be purposefully
employed by the cell for spatial orientation, for example in

chemical gradients.8–11 This chemotactic behavior is typically
controlled by biochemical processes in the cell.

In general, the movement of biological microswimmers,
such as sperm, can also be significantly influenced by changes
in the physical properties of their environment,12,13 where
microswimmers can reorient in external gradients by physical
forces exerted on their bodies. Such physical mechanisms –
which of course also apply to synthetic microswimmers –
include phenomena like rheotaxis,14–16 where microswimmers
can swim upstream in flow through microchannels, and
gravitaxis,17 where they move against the gravitational field.

We focus here on the much less explored effect of viscotaxis,
the motion of microswimmers in viscosity gradients. Several
recent theoretical and numerical studies18,19 have demon-
strated that various kinds of microswimmers respond to the
viscosity gradients, depending on their shape or hydrodynamic
propulsion mechanisms. Three-bead model microswimmers
have been shown to display positive viscotaxis due to a friction
imbalance,18 while squirmers display negative viscotaxis due to
enhanced surface-propulsion forces in high-viscosity fluids.19,20

Experimental studies of viscotactic behavior have been performed
already in the late 1970s for the prokaryotes Leptospira
and Spiroplasma,21,22 and more recently for the green algae
Chlamydomonas rheinhardtii using modern microfluidic techni-
ques.23,24 Significant attention has been paid, both theoreti-
cally and experimentally, to the behavior at sharp viscosity
changes, as they occurs at soft, penetrable interfaces in binary
mixtures of two fluids with different viscosities.24–26
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In our study, we numerically and theoretically investigate
the movement of active eukaryotic flagella, with a snake-like
beat pattern, in fluids with spatially varying viscosity. Here, the
flagellum is modelled as a semi-flexible filament subject to a
traveling bending wave.27 Our explicit modelling of the beating
flagellum allows detailed predictions of viscotaxis in terms
of the physical properties of the flagellum, such as bending
rigidity of the flagellum, average spontaneous curvature, beat
frequency, and wave length, as well as the magnitude of the
viscosity gradient.

Here, it is interesting to note that the inherent spontane-
ous curvature of flagella is an important parameter in sperm
navigation. Indeed, sperm cells of various species exhibit a
range of morphological shapes, which are often not symme-
trical. This asymmetry of some sperm cells facilitates direc-
tional steering toward favorable environments, e.g. sea urchin
sperm have been shown to utilize spontaneous curvature to
actively adjust their movement in chemotactic response.3,28,29

Sperm often move along surfaces, as their propulsion and
hydrodynamic interactions imply an effective, dynamic attrac-
tion to surfaces.30–32 We model this swimming-near-surfaces
behavior by considering flagellar motion in two spatial dimen-
sions. Our simulations reveal that individual, symmetrically
beating flagella generally exhibit positive viscotaxis, i.e. they
reorient to align with a viscosity gradient, moving toward
regions with higher viscosity. However, asymmetrically beating
flagella, with average spontaneous curvature, can swim at finite
angles with the gradient or move in drifting circles perpendi-
cular to the gradient direction. These results are valuable for
controlling sperm motion in microfluidic devices.33–37

2 Model and methods

The sperm flagellum is modelled as an actively beating semi-
flexible filament in two dimensions, constructed of N beads
connected by bonds to form a linear chain, see Fig. 1(a). The
structure and dynamics of the flagellum is described by
the position vectors ri and velocity vectors vi of each bead.
The total force fi acting on each bead includes the bond force, a
curvature-elastic force, and a viscous force due to friction with

the embedding medium. The dynamics of each bead within the
flagellum is then governed by the equation of motion

dri

dt
¼ vi;

dvi

dt
¼ f i

m
: (1)

Here, a small mass m is used for computational efficiency.
Effectively, using a finite mass and velocity allow us to use
velocity-Verlet integration, corresponding to using a higher-
order integrator with a physically interpretable control para-
meter, the mass m.38 However, care has to be taken to repro-
duce overdamped dynamics, which is achieved by setting mass
m and friction coefficient x such that the viscous relaxation
time m/x is much shorter than all other relevant timescales, in
particular the beat period t. We have checked numerically that
m/x in our simulations is at least by a factor 3 to 5 lower than
the threshold value where inertia effects can be detected.

A constant separation between neighboring beads is deter-
mined by a harmonic bond potential,

Ubond ¼
k

2

XN�1
i¼0

riþ1 � rij j � bð Þ2; (2)

where b is the rest length of the spring. To impose a smooth
flagellar shape during the beating motion, and a propagating
wave in the beat pattern, we employ the bending potential

Ubend ¼
k
2b3

Xn�3
i¼0

Riþ1 �< bCflag

� �
Ri

� �2
(3)

where Ri represents the bond vector that connects two neigh-
bouring monomers, with Ri = ri+1 � ri, and k is the bending
rigidity.

The local spontaneous curvature Cflag is incorporated by the
rotation matrix < bCflag

� �
in eqn (3), which rotates a vector anti-

clockwise by an angle of bCflag. A time-dependent local sponta-
neous curvature27

Cflag(s,t) = C0 + Ac sin(�ot + qs) (4)

then creates a propagating bending wave along the flagellum,
where t is time, and s the position along the flagellum, o = 2p/t
(with beat period t) is the beat frequency, and q = 2p/l the beat
wave number (with wave length l). Eqn (4) also contains the
curvature amplitude Ac, and a constant average spontaneous
curvature C0 of the flagellum. (Parameters employed in the
simulations of this model are collected in Table S1 of the
ESI.†)39

In previous studies, it was observed that the beating pattern
of bull sperm40 and of human sperm6 can be well approximated
by a single beating mode. Thus, the single mode in eqn (4)
captures the essential characteristics of the beat motion.

The bending wave propagates along the flagellum, creating
backward fluid motion in the embedding viscous medium, and
thereby simultaneously propelling the flagellum forward.
We do not model the fluid explicitly in our simulations, but
employ resistive force theory (RFT) instead. Here, propulsion is
facilitated by the fact that a slender object in a viscous fluid
with viscosity Z experiences unequal friction coefficients x8 and

Fig. 1 Model and swimming geometry in a viscosity gradient. (a) Graphical
representation of the model for actively beating flagellum, where ri is the
position vector of particles and Ri is the bond vector. (b) Schematic of the
swimming geometry in a viscosity gradient, with polarity vector P,
viscosity-gradient direction ey, and orientation angle y, where sin(y) = P�ey.
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x> (both depending linearly on Z) for motion tangential and
perpendicular to its contour. In the limit of large aspect ratio,
the friction anisotropy of a stiff filament is x>/x8 = 2.41–46

Experimental data for bull sperm5 yields a somewhat smaller
value of x>/x8 = 1.81, which we adopt in our simulations.
We apply resistive force theory to each bead in our chain,
where the force depends on the local tangent and normal
directions of the flagellum, with

fr
i= � (x>n̂in̂

T
i + x8t̂it̂

T
i )vi, x>, x8 B Z (5)

We employ flagellum length L = Nb and beat period t as the
basic length and time scales in the simulations, respectively. To
ensure a realistic representation of sperm flagella, we select
parameters that imitate the shape of the natural flagellum beat.
A large spring constant kb2 is employed to keep the bond length
nearly constant. To ensure that the dominant deformation is
bending rather than stretching, we choose k/L { kb2, typically
k/L = 3.18 � 10�4 kb2. A curvature amplitude AcL = 6.28
generates beat amplitudes Ab of about 15% of the flagellum
length L. For more details about the parameter selection in the
simulations, see (ESI†),39 in particular Table S1. Using these
parameters, symmetrically beating flagella propel with constant
velocity, as expected.

For small enough beat amplitudes, the velocity is well
described by42

vflag ¼ �
1

2

x?
xk
� 1

� �
Ab

2oq (6)

for the beat pattern y(x,t) = Ab sin(�ot + qx), where Ab is the beat
amplitude (see ESI† for details39). In addition, Ac and Ab are
related by Ab = l2Ac/4p2 for small beat amplitudes.

3 Flagellar motion in viscosity
gradients

The main focus of our study is the dynamics of flagellar motion
within spatially varying viscosity fields. We model a slowly
varying viscosity as a simple linear gradient in viscosity,

Z(y) = Z0(1 + a(y � ycm)/L), x>, x8 B Z(y), (7)

where ycm ¼
P
i

miyi

�P
i

mi represents the y-coordinate of the

center of mass. Here, a is the (dimensionless) viscosity gradient
coefficient and a o 1. The spatial variation in viscosity is small
on the scale of flagellum length L.

3.1 Symmetric flagellar beat

3.1.1 Dynamics of flagellar orientation. To gain insights
into the behaviour of a beating flagellum in viscosity gradients,
we first consider a flagellum with a symmetric beat, i.e. without
an average spontaneous curvature, C0 = 0 in eqn (4). Then,
symmetry requires that flagella do not rotate without a gradient.
The exemplary simulation trajectories in Fig. 2 (see Movie M1,
ESI†)39 show that the flagellum adapts its motion in a viscosity
gradient and migrates toward regions of higher viscosity, denoted

as positive viscotaxis. This migration is achieved by reorientation
with rotational velocity O due to the presence of the gradient.

To quantify the viscotactic behavior, we study the time
dependence of the orientation angle y(t), which is the angle
between the polarity vector (swimming direction) P and the
positive x-axis, as shown in Fig. 1(b). For a flagellum, which is
initiated to swim in the positive x-direction, perpendicular to
the gradient, i.e. y(0) = 0, the orientation angle (averaged over
the periodic oscillations due to beating) increases roughly
linearly in time – until it saturates at y = p/2 for very long times
(see Fig. S2(a) in ESI†).39 We define the rate of reorientation (or
angular velocity) O(y,a) = dy/dt. The orientation rate O increases
with increasing viscosity gradient a (see Fig. S2(b) in ESI†),39 as
expected.

Symmetry dictates that O(y,a) must be an odd function in a
and a 2p-periodic even function in y—mirror symmetry to the
gradient (sperm facing ‘‘left’’ or ‘‘right’’ of the gradient both
rotate towards the gradient) implies O(y) = �O(p–y)—hence
O(y,a) can be expressed as a cosine expansion, i.e.,

Oðy; aÞ ¼ O1a cos yþO a3
� �

; (8)

in excellent agreement with simulation results, see Fig. 3. Thus,
O1 is the key viscotactic response coefficient. It quantifies how
strong the sperm react to a viscosity gradient.

3.2 Viscotaxis mechanism and analytical estimate of
reorientation rate

We conjecture that the main underlying mechanism for re-
orientation in viscotaxis is the drag imbalance of the high- and
low-viscosity sides of the swimming flagellum, as illustrated in
Fig. 4. This imbalance in forces results in a torque, causing the
flagellum to rotate. To calculate this torque analytically, we
imagine the beating filament as its sinusoidal shape traveling
at constant speed v. This calculation is performed in a body-
fixed reference frame, denoted by (x0,y0), where the x0-axis is the
long axis of the flagellum. In this reference frame, the viscosity
gradient appears with a tilt angle y, which results in a reduced

Fig. 2 Flagellum motion in viscosity gradient. Superimposed snapshots of
a symmetric beating flagellum under stroboscopic illumination demon-
strating the progressive motion of the flagellum in viscosity gradient, with
a = 0.4, C0 = 0 and AcL = 6.28, compared to the motion without gradient
(a = 0.0). Snapshot are separated by 10 beat periods t. See also Movie M1
(ESI†).39
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viscosity difference between the two sides of the flagellum in
the body-fixed y0-direction, i.e. an effective gradient coefficient
a0 = a cos(y). The drag forces acting on the flagellum dependent on
the local viscosity, and are dominated by x8 for small beating
amplitudes, as the motion through the fluid is such that the local
tangent is essentially always almost parallel to velocity vector and
thus to the x0-axis. The torque around the center of mass then reads

TA ¼
ðAb

�Ab

y0�r y0ð Þvxka cosðyÞy0dy0
�
L (9)

with the time-averaged and y-projected mass density of the beating
flagellum

�r y0ð Þ ¼ 1

t

ðt
0

ðL
0

d y0 � Ab sin qx0 � otð Þð Þdx0dt ¼ L

p
Ab

2 � y02
� ��1

(10)

Combining eqn (9) and (10), we obtain

TA ¼
1

2
a cosðyÞvxkAb

2 (11)

This torque is balanced by the viscous rotational drag xR,FO
of the flagellum. For small beat amplitudes, the rotational drag
coefficient of the flagellum is approximately equal to that of a
rod of the same length, xR,rod = x>L3/12. It is important to note
that as long as the pivot point for the rotation is the geometric
midpoint of the flagellum, the rotational drag is not affected by
the viscosity gradient, as the increased friction on one half is
exactly balanced by the reduced friction on the other half.
However, the pivot point shifts toward the higher viscosity side,
by a distance proportional to a. Therefore, gradient effects
contribute only to the higher-order terms in a, which are not
considered here. By generalizing the Gray–Hancock calculation
to the case of a viscosity gradient along the flagellar swimming
(x0) direction, we can also show analytically that gradient
contributions cancel out, so that the swimming speed v in
eqn (11) is independent of a. Moreover, if the polarity vector P
(swim direction) is not perpendicular to the gradient, but is
inclined at an angle y, then it is the projection of mass
distribution onto the axis perpendicular to the gradient direc-
tion (rZ)/Z0 which is relevant. The balance of these two torques
finally results in (see ESI† for details39)

O ¼ 6
v

L

xk
x?

Ab

L

� �2

a cosðyÞ ¼ 6v
xk
x?

Ab

L

� �2

P�r Z
Z0

� �
: (12)

The approximation of the rotational drag coefficient xR of
the flagellum by xrod of a stiff rod can be improved for larger
beat amplitudes Ab by a correction factor for the rotational drag
coefficients xR,rod/xR,F, which is obtained directly from simula-
tions. We calculate the rotational torque for a simulated
configuration to obtain an angular velocity O, and relate it to
the rotational friction as

xR;F ¼ TR=O ¼ �
X
i

f i � ri � rcð Þ
" #,

O (13)

Finally, this is averaged over one beat period, hxR,Fit. The
rotational friction coefficient xR,F is smaller than xR,rod, because
the beating flagellum is less extended, and some parts have
orientational components parallel to the rotational velocity.
Thus, for further analysis and quantitative comparison with
simulation data, we use a modified form of O with an addi-
tional factor xR,rod/xR,F, i.e.,

O ¼ 6
v

L

xR;rod
xR;F

xk
x?

Ab

L

� �2

a cosðyÞ (14)

This rotational velocity is influenced by three key factors:
(i) the magnitude of the viscosity gradient a cos(y) p rZ, as
already shown above to nicely agree with the simulations,
(ii) the beat amplitude Ab, and (iii) via the velocity, on the
wavelength l.

In order to test the validity and accuracy of our analytical
prediction (14) for O, we compare it with simulation data.

Fig. 3 Quantifying visotactic behavior. Rotational velocity O(y) as a func-
tion of orientation angle y for various viscosity gradients a. Solid points are
the simulation data, dashed lines are fits to eqn (8). The single fit parameter
O1t = 0.02196 is the viscotactic response coefficient. Error bars are smaller
than the symbol size.

Fig. 4 Swimming in viscosity gradients. Sketch of sperm swimming in
viscous gradients in a body-fixed reference frame. The flagellum swims in
the x0-direction; the blue small ‘‘head’’ represent the point from which the
propagation of the wave takes place. Note that in the body-fixed reference
frame, the viscosity-gradient direction appears under an angle y with
respect to the y0 axis. P1 is further up the gradient than P2, thus F1 (longer
maroon arrow) is larger than F2 (shorter blue arrow), resulting in a torque
toward the gradient.
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We consider first the dependence of O1 on the beat amplitude
Ab, while keeping all other parameters constant. Taking into
account that the velocity depends quadratically on Ab and
inversely on wavelength l, see eqn (6), the rotational velocity
(14) is expected to scale as

O1t B ot(Ab/L)4L/l. (15)

The simulations results (see Fig. 5(a) and Fig. S3 in ESI†)39

demonstrate that indeed O B Ab
4. Thus, viscotaxis is predicted

to display a very pronounced dependence on the beat
amplitude.

Fig. 5 illustrates the dependence of the reorientation rate O1

on the flagellar length L. Here, the flagellar length is varied for
constant wavelength l. For L 4 l (L o l) there is more (less)
than a single wave on the flagellum. The comparison in
Fig. 5(a) demonstrates that there is in general good agreement
between the analytical results (14) and simulation for L 4 l. For
L o l, the observed deviations can be attributed to the
assumptions inherent during the derivation of the analytical
model; in this regime, the flagellar shape is no longer a

travelling sine wave, but rather a short rod-like filament
oriented in the swimming direction, which bends left and right
periodically. This dependence of O1 on L/l can be seen more
clearly in Fig. 5(b). For L/l 4 1, the decrease of O1 with
increasing L is due to the increasing rotational drag xR,F p L3,
as described by eqn (14). For L/l o 1, swimming is impaired
due to the absence of a travelling wave, as explained above, so
that O1 - 0 for L/l - 0. This implies that the wave length for
optimal viscotasis is l C L, as confirmed by the simulation
results in Fig. 5(b).

3.3 Asymmetric flagellar beat

3.3.1 Viscotaxis for a flagellum with spontaneous curva-
ture. We model asymmetric beat shapes by introducing a non-
zero average spontaneous curvature C0 in eqn (4). This asym-
metry reflects the experimental observation that sperm swim in
circles or on helical trajectories3 in the absence of a viscosity
gradient. The spontaneous curvature generates beat patterns
that break the symmetry and leads to a non-zero rotational
velocity O0 of the flagellum in eqn (8) in the absence of a
viscosity gradient, and consequentially to a circular trajectory of
the center of mass with clockwise and anti-clockwise motion
for C0 4 0 and C0 o 0, respectively.3 Our analysis focuses
on the scenario where the average spontaneous curvature C0 is
constant and does not vary in reaction to environmental
conditions.

We examine the effect of beat asymmetry on the viscotactic
response. The simulation results in Fig. 6 illustrate that the
rotational velocity curve O(y) is shifted upwards or downwards
for C0L o 0 or C0L 4 0, respectively. Therefore, the total
rotational velocity O can be described as a superposition of

the contributions from C0 and r Z
Z0

� �
,

O = O0 + O1a cos(y). (16)

Fig. 5 Viscotatic response coefficient O1 as a function of beat amplitude
and flagellum length. (a) Rotational velocity O1t as a function of normalised
beat amplitude Ab/l across different flagellum lengths L/l for simulation
(dotted lines) and analytical results (solid lines). The dashed lines are the fit
to simulation data. (b) Dependence of rotational velocity O1t on flagellum
length L/l, for a fixed wavelength l and normalized amplitude Ab/l = 0.16,
here red solid line with red dot markers represents the simulation data and
analytical result is shown by the blue solid line with blue squares markers.

Fig. 6 Rotational velocity with spontaneous curvature. Variation of Ot as
a function of y for various values of spontaneous curvature, with a = 0.4.
The peak value, O(0)t, increases with decreasing C0L o 0 and decreases
with increasing C0L 4 0.
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3.3.2 Phase diagram and stability. The stability analysis of
the fixed points of eqn (16) reveals a double saddle-node
bifurcation, as shown in Fig. 7. For |O0| o |O1a|, there are a
stable and an unstable fixed point y* with O(y*) = 0, so that

cos y�ð Þ ¼ � O0

O1a
(17)

at which the flagellar trajectory is asymptotically a straight line.
For O0 = 0, the flagellum moves up the gradient at the stable
fixed point with y = p/2, while it moves down the gradient at the
unstable fixed point with y = �p/2. As spontaneous curvature
and O0 decreases (O0/(O1a) - �1), both fixed points move
towards y = 0 (bifurcation point). At O0 = �O1a, the two fixed
points meet, resulting in a straight trajectory perpendicular to
and to the right of the gradient direction. The second bifurcation
happens accordingly in the opposite direction for O0/(O1a) - +1.
For |O0| 4 |O1a|, no fixed point exist, and the flagellum
constantly rotates, resulting in a trochoid-like47 trajectory, as
discussed below. With this classification and numerical results,
we can construct the phase diagram displayed in Fig. 8.

To illustrate this behavior, we select two curves from Fig. 6,
with two spontaneous curvatures C0L = � 0.0157 with O0 o O1a
and two fixed points, and C0L = �0.0628 with (O0 4 O1a) and
no fixed point. The corresponding trajectories are shown in
Fig. 9. At the stable fixed point, cos(y*) = �O0/O1a, the two
curvature mechanisms oppose each other, and the flagellum
moves on an asymptotically straight trajectory with inclination
y*. For large O0, the spontaneous curvature dominates, and a
trochoid-like trajectory emerges, with drifting circular motion
perpendicular to the gradient.

3.3.3 Self-propelled particle model and perpendicular
drift. To characterize the trochoid-like drift motion in the phase
diagram of Fig. 8 in more detail, we analyze the pitch and the
drift direction, which are affected by the viscosity gradient a
and spontaneous curvature C0.

The dynamics described by eqn (16) is the motion of a self-
propelled particle (SPP) in the non-thermal limit, with constant

Fig. 7 Stability analysis of fixed points. Variation of the fixed points (y) as a
function of the ratio (O0/O1a). Stable fixed points from simulation data are
indicated by blue circles, while unstable fixed points are represented by red
squares. The theoretical prediction given by (cos�1(�O0/O1a)) is shown as a
black dotted line. The stability of the fixed points changes with (O0/O1a),
highlighting the transition between stable and unstable regimes in the
dynamics.

Fig. 8 Phase diagram of trajectory types. Regions of linear and trochoid-
like trajectories in a parameter space defined by dimensionless quantities
|O0|L/v and |O1a|L/v. The separatrix |O0|/|O1a| = 1, as indicated by the black
dashed line, separates the two distinct regimes. For |O0|/|O1a| 4 1 the
system exhibits trochoid-like47 motion, while for |O0|/|O1a| o 1 the system
remains stationary.

Fig. 9 Trajectory of flagella with spontaneous curvature. Trajectory for
the center of mass of beating flagella with average spontaneous curvature
(a) C0L = �0.0157 with a stable fixed point, moving on an asymptotically
straight trajectory, and (b) C0L = �0.0628 with no fixed point, showing
period motion on a trochoid-like47 trajectory. In both cases, a = 0.4. See
also Movies M2 and M3 (ESI†).39
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speed v and a propulsion direction e(t), which in polar coordi-
nates is e = (cos(y),sin(y)) with inclination angle y. Under the
effect of a redirectional torque, the orientational motion of this
particle is governed by

_y = O0 + O1a cos(y) (18)

The particle position r(t) is then obtained from the equation
of motion

:r(t) = ve(t) (19)

The trochoid-like motion is a periodic motion, compare
Fig. 9(b), with time period DT. The pitch, denoted as P, defined
in analogy with the pitch of a helix, is the distance between two
equivalent points on the periodic trajectory along the drift
direction. It is calculated over one complete cycle or one time
period, from y = 0 to 2p, i.e.,

P ¼ DrðtÞj j ¼
ðDT
0

_rðtÞdt
����

���� (20)

The time period DT of each cycle can be calculated from
eqn (18) as

DT ¼
ð2p
0

dy
1

O0 þ O1a cosðyÞ
¼ 2pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

O0ð Þ2� O1að Þ2
q (21)

where |O0| 4 |O1a|. The explicit dependence of t(y) on y is
obtained from the indefinite integral of eqn (18) (see ESI† for
detail39). This shows that increasing O0 reduces the cycle time,
while increasing O1a extends the cycle time. The cycle time
diverges as the fixed point is approached.

To quantify the pitch, we employ perturbation theory, with
expansion parameter e = O1a/O0, which measures the deviation
from purely circular motion. Thus, we study the equation

dy
dt
¼ O0 1þ e cosðyÞð Þ: (22)

by employing the ansatz y(t) = y0(t) + ey1(t). For e = 0, the
solution of eqn (22) is y0(t) = O0t, describing a circular trajec-
tory. The leading-order contribution y1 for small e is then
determined by

dy1
dt
¼ O0 cos O0tð Þ (23)

The solution y1(t) = sin(O0t) is used to calculate the
translational drift

Dx ¼
ðt0
0

v cosðy0 þ ey1Þdt ¼ �vpe=jO0j (24)

Dy ¼
ðt0
0

v sinðy0 þ ey1Þdt ¼ 0 (25)

where, e = O1a/O0 and t 0 ¼ 2p
.

O0j j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2ð Þ

p
 �
 �
. This results

demonstrates two important features of the trochoid-like
motion: (i) there is no drift along the y-axis, which shows that

the particle always drifts perpendicular to the gradient direction,
and (ii) the resulting pitch is P = �vpe/|O0| = �avpO1/(O0|O0|).

Note that the a - �a inversion symmetry implies that Dx,
Dy, and P are odd functions of a. Therefore next-leading terms
in eqn (24) and (25), and in the pitch, are of order O a3

� �
.

We can generalize this solution for the pitch by combining
the first-order perturbation theory with the observation that the
pitch must diverge for O1a - O0, and vanishes for O1a = 0,
O0 a 0, which results in the approximation

P ¼ �vO1ap

O0 O0j j
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� O1a=O0ð Þ2

q (26)

To investigate the quality of this analytical approximation,
we compare it with the simulation results, as shown in Fig. 10.
The agreement is quite satisfactory over the whole accessible
range of O1a/O0 values.

3.4 Effect of flagellar elasticity on viscotaxis

A flagellum is not a rigid object, but has a finite elasticity and
deformability. The elasto-dynamics of a flexible filament can be
conveniently characterized by a single dimensionless para-
meter, the sperm number Sp,48,49

Sp4 = Tv/t = L4x>o/k, (27)

which can be interpreted as the ratio of two-time scales, the
beat period t = 2p/o and the typical relaxation time Tv = 2pL4x>/k
of an elastic perturbation to propagate along the whole flagellar
length L in a viscous environment.

The effect of flagellar deformability has been studied pre-
viously for end-actuated flexible filaments44,49,50 and for trypa-
nosome parasites.51 However, these cases are more complicated,
either due to the highly inhomogeneous wave form, or the large
deformable body attached to the flagellum. Some numerical
results are also available for sperm.50

In order to investigate the dependence of the rotational
velocity on the activity-induced deformations of the flagellum,

Fig. 10 Pitch P of trochoid-like drift motion. Comparison between the-
oretical prediction and simulation results for the pitch O0|P|/v as a function
of the ratio O1a/O0. The full red line with markers represents the simulation
data, the dashed blue line the theoretical predictions. Good agreement is
obtained over the whole accessible range of O1a/O0.
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we study the relation between the rotational velocity O1 and the
sperm number Sp by variation of the beat frequency o for
several combinations of bending rigidity k and perpendicular
friction coefficient x>. In the limit of Sp - 0, rigidity dominates,
and the shape of the flagellum follows exactly the prescribed
curvature pattern, whereas at large Sp, viscosity dominates,
resulting in additional deformations of the filament.

These additional deformations of the filament change
the effective beating amplitude of the flagellum. In order to
predict this dependence, we employ the curvature energy
for the flexible worm-like filament as a function of its
conformation,52

H ¼ k
2

ðL
0

@x
2hðx; tÞ � C00ðx; tÞ

� �2
dx (28)

for a nearly straight flagellum parallel to the x-axis. Here, h(x,t)
represents small perpendicular excursions at a distance x
along the filament. C00ðx; tÞ denotes the local spontaneous
curvature, where a non-zero value means the filament would
spontaneously relax to C00, which is a minimum-energy
state. The local spontaneous curvature has the same role as
described in eqn (4). We ignore contributions from boundary
terms, as they do not influence the subsequent physics. The
dynamics of the filament is then governed by the local viscous
drag and bending force, derived from eqn (28), and is
described by the equation of motion

x?
@hðx; tÞ
@t

¼ � dH
dhðx; tÞ ¼ �k @x

4h� @x2C00
� �

(29)

To solve eqn (29) with a travelling spontaneous-curvature

wave, C00ðx; tÞ ¼ �C0e
iðqx�otÞ, we use a travelling-wave ansatz also

for the deflection, h(x,t) = h0ei(qx�ot), where h0 = |h0|eif repre-
sents the (complex) beating amplitude. This implies

x>ioh0 = k(q4h0 + q2 %C0) (30)

h0 ¼
q2 �C0L

4

iSp4 � q4L4ð Þ (31)

Therefore, the beating amplitude for the beating flagellum is

h0j j
L
¼ qLð Þ2 �C0Lð Þ

qLð Þ8þSp8

 �1

2

(32)

Eqn (32) shows that the beating amplitude increases line-
arly with %C0L and decreases monotonically as a function
of Sp4. In the limit of small sperm number (Sp - 0),
|h0|/L = p2l %C0L/4. A strong decrease of the beat amplitude
with increasing Sp, as predicted by eqn (32), is indeed
observed in the simulations, see Fig. 11(a). From eqn (31),
we can also extract the phase-lag f of the beat wave relative to
the spontaneous curvature wave,

sinðjÞ ¼ Sp4

qLð Þ8þSp8

 �1

2

(33)
This implies that f = 0 for Sp - 0, i.e. the beat and

spontaneous-curvature waves are in phase, while j ¼ p
2

for

Sp - N, i.e. the two waves have the maximum phase shift.

Fig. 11 Universal master curves for dependence of beat amplitude, pro-
pulsion velocity, and viscotatic response on sperm number Sp4. (a) Scaled
beat amplitude Ab/L of a flagellum for a = 0.0, x�?0

�
x?0 ¼ 1:0 and k/k0 = 1.0.

(b) Dimensionless propulsion velocity v/L for a = 0.0. (c) Normalized
rotational velocity as a function of Sp4 (with variation of the beat fre-
quency). The dashed lines are the analytical predictions for O1. As the
sperm number decreases with decreasing beat frequency, the rotational
velocity approaches a plateau. The symbols show simulation data. In (b)
and (c), data for different set of parameter pairs (x>,k) are displayed.
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The reduction of beat amplitude with increasing Sp implies
a qualitatively similar behavior for the swimming speed, as
indicated by the low-amplitude approximation42 v B Ab

2,
compare eqn (6). This is well confirmed by our simulation
results for a = 0.0, (Fig. 11(b)), in qualitative agreement with the
earlier numerical results for sperm.50

Furthermore, the analytical dependence of beating ampli-
tude on Sp4, eqn (32), can be combined with the swimming
speed as a function of Sp4, to theoretically predict (by employ-
ing eqn (14)) the viscotactic response coefficient O1 as a func-
tion of Sp4. The simulation results in Fig. 11(c) show that O1t
for various beat frequencies o and friction coefficients x> all
fall onto a single master curve, which is described by a
universal scaling function G, with

O1t = G(Sp4). (34)

Note that the existence of a master curve already follows
from a simple dimensional analysis, as the sperm number Sp is
the only dimensionless combination of the parameters o, k,
x>, and L.

Moreover, the simulation results closely match the analytical
result for the shape of the master curve, see Fig. 11(b). In
addition, O1t is found to approach a finite value in the limit
Sp - 0, achieved by decreasing the beat frequency o- 0. This
is a non-trivial limit, because the rotation frequency vanishes,
while the beat period diverges. The fact that the product Ot
remains finite indicates that the rotation of the flagella does
not require a dynamic deformation of the flagellum, i.e. the
rotational motion is not a consequence of changes in the shape
during its beating motion, but due to the friction asymmetry
discussed in Section 3.2 above, see eqn (12).

The reduced viscotatic response of the flagellum due to
elasticity and deformability is mainly due to a decreasing beat
amplitude, which leads to a decreasing friction asymmetry and
also a reduced propulsion speed (Gray and Hancock estimate
v/o B Ab

2). The combined effect on the viscotactic response is
very pronounced due to the strong dependence O1 B Ab

4 on the
beat amplitude, compare eqn (15). This effect also manifests
itself in the angular dependence of the rotation rate O(y) in
Fig. 12, where the magnitude of O decreases both at the
minima and maxima – in contrast to the case of spontaneous
curvature, where the whole O(y) curve shifts upwards. This
implies that for elastic flagella, motion perpendicular to the
gradient in either direction implies a slower reorientation in
the gradient direction due to deformability.

The deformability of the flagellum also affects rotational
friction coefficient xR. The results (see Fig. S4 in ESI†)39 show
that xR,F increases with increasing flexibility. This contributes
to the decrease of O1, because O1 B 1/xR,F, compare eqn (14). In
analogy with the rotational friction of a stiff rod, xR,rod B L3, we
can attribute the increase of xR,F to an increment of the
projected length, i.e. xR,F B Leff

3, where Leff is end-to-end length
of the flagellum due to its deformation. Of course, the increases
of the projected length of the flagellum and the decrease of the
beat amplitude are geometrically related for fixed contour

length of the flagellum, with L � Leff = p2(Ab/L)2 for l = L to
leading order in Ab/L (see ESI† for details39).

4 Discussion and conclusions

We have studied the viscotactic behavior of flagella by simulat-
ing semi-flexible filaments with an active bending wave in two
spatial dimensions. Our theoretical and simulation study
focuses on the motion of the flagellum in an environment with
a linear viscosity gradient. The flagellum is found to reorient
toward regions of higher viscosity, where the rotational velocity
increases for steeper gradients. We derive an approximate
analytical expression for the reorientation rate, which matches
our simulation data very well. Additionally, flagella with asym-
metric beat determined by an average spontaneous curvature
exhibit enhanced viscotaxis. For strong spontaneous curvature,
positive viscotaxis is replaced by a trochoid-like drift motion
perpendicular to the gradient direction. Flagellar deformability,
characterized by the dimensionless sperm number Sp, is found
to reduce the beat amplitude, swimming speed, and the visco-
tactic response.

It is now of course interesting to see which threshold
viscosity gradient indices a* = O0/O1, which correspond to the
boundary between linear (positive viscotaxis) and trochoid
(neutral viscotaxis) trajectories in Fig. 8, are predicted for sperm
of various species – under the assumption that our flagella
results provide reasonable estimates for sperm. Experimental
characteristics and resulting estimates are collected in Table 1.
These numbers imply the following conclusions and specula-
tions: (i) for circling sperm (bull, sea urchin), the threshold
viscosity coefficient a* is quite large, so that large viscosity
gradients are required to induce positive viscotaxis; it is there-
fore unlikely that viscotaxis plays a significant role in fertiliza-
tion. In fact, it is known that for sea urchin the circling is
intimately connected to the sensing of chemotactic gradients.
(ii) In contrast, for human sperm, the threshold viscosity
coefficient a* is small, so that already small viscosity gradients
can have a significant effect on guiding the sperm motion.

Fig. 12 Rotational velocity vs. orientation. Rotational velocity Ot as a
function of orientation y at different Sp4 for C0L = 0 and a = 0.4.
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Note, however, that human sperm is also spinning around its
long axis, which makes the behavior more complex. (iii) It is
tempting to speculate that the likely trochoid motion of circling
sperm might also play a role in fertilization, as it might prevent
positive viscotaxis, and rather make sperm to move ‘‘side-wise’’
in a viscosity gradient, thereby avoiding regions of high visc-
osity where they may get stuck. In fact, this avoidance effect
of high-viscosity regions of trochoid motion may also be an
interesting design criterion for microbots.13

An important aspect of low-Reynold-number hydrodynamics
and overdamped dynamics in a viscous environment is the time
reversibility of motion. This may not seem to be the case in
viscotaxis – as swimming up-gradient turns in to swimming
down-gradient upon time reversal or inversion of swimming
direction. However, a closer look reveals that there is no
contradiction, as some time is required for flagella to reorient
from arbitrary initial condition and to turn up-gradient. Math-
ematically, this is reflected in the invariance of eqn (8) under
time reversal. We denote time-inverted variables with a prime.
Under time reversal, velocity is inverted, i.e. y0 = y + p, and
O0 = �O. Then, it follows from eqn (8) that�O0 =�O1a cos(y0 � p)
= �O1a cos(y0), i.e. O0 = O1a cos(y0).

It is important to note that the viscosity gradient and the
local viscosity is kept constant in our study. This is of course
not possible in a real system, when the flagellum shows positive
viscotaxis. In a real system, with constant viscosity gradient qyZ
and initial conditions corresponding to the ‘‘positive visco-
taxis’’ region of the phase diagram of Fig. 8, the flagellum
moves to regions of higher viscosity, which implies that a =
L(qyZ)/Z in eqn (12) decreases along the trajectory, until it
reaches y = 0 (or y = p) and moves perpendicular to the gradient.
This happens when the separatrix in Fig. 8 – equivalent to the
condition a = |O0/O1| – is reached. This uniquely determines
the asymptotic y*-position given implicitly through

Z(y*) = L(qyZ)|O1/O0|. (35)

This implies, in particular, that for deep penetration into a
region of higher viscosity, it is advantageous to have a small O0,
i.e. a small spontaneous curvature and an nearly symmetrical
beat.

This study can be extended in several directions. First,
sperm has not only a flagellum but also a head, which adds a

frictional load to the flagellar propulsion. This affects the
motion in a viscosity gradient in several ways. As the head
reduces the beat amplitude in the front part of the flagellum,
the amplitude increases from front to tail. Also, pushing the
head down-gradient becomes easier than up-gradient (compare
ref. 18). Preliminary simulation results show that negative
viscotaxis becomes indeed possible in such a case. More studies
are required to characterize this behavior in detail. Second, sperm
move in the vicinity of surfaces, which is one of the motivation for
our modelling in two spatial dimensions. However, motion in two
spatial dimensions of course cannot capture all relevant effects of
swimming near surfaces, where the head is typically close to the
wall and the beating plane can assume various orientations with
respect the wall.4 Third, most biological fluid are not Newtonian,
but often highly viscoelastic. For example shear-thinning could
have a significant effect on viscotaxis, as it can modify the local
viscosity gradient. Forth, sperm (and many microswimmers) often
swim near surfaces, but of course not always. Therefore, it would
be very interesting to investigate and characterize the motion in
linear viscosity gradients in three dimensions. This case is
significantly more complex compared to viscotaxis in two dimen-
sions, as the behavior now depends on the orientation of the
beating plane relative to the viscosity-gradient direction. Finally, it
would be important to study sperm motion in more complex
viscosity landscapes.
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Table 1 Various experimental characteristics of several sperm species. Typical values for the total length L, swim speed v0, scaled beat amplitude Ab/L
(estimated from the distance between minimum and maximum amplitudes of the beat), scaled intrinsic circling rate O0L/v0, scaled viscotactic
reorientation rate O1L/v0 (calculated from eqn (12)), and threshold viscosity gradient coefficient a* = O0/O1. The medium viscosity is given in units of
water viscosity at 20 1C

L/mm v0/(mm s�1) Z/Zw (20 1C) Ab/L O0L/v0 O1L/v0 a* = O0/O1 Ref.

Bull
In water (36 1C) 60 117 0.7 0.34 1.59 0.385 4.2 5 and 53
In Ficoll 400 60 43 10 0.27 0.84 0.242 3.5

Sea urchin
In water 50 200 1.0 0.2 1.5 0.133 11.3 54 and 55

Human
In water (36 1C) 50 62 0.7 0.13 0–0.05 0.056 0–0.9 7 and 56
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H. Löwen and C. Bechinger, Nat. Commun., 2014, 5, 4829.
18 B. Liebchen, P. Monderkamp, B. Ten Hagen and H. Löwen,
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38 R. E. Isele-Holder, J. Jäger, G. Saggiorato, J. Elgeti and

G. Gompper, Soft Matter, 2016, 12, 8495–8505.
39 URL_will_be_inserted_by_publisher.
40 I. H. Riedel-Kruse, A. Hilfinger, J. Howard and F. Jülicher,
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