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Theoretical study of the impact of dilute
nanoparticle additives on the shear elasticity of
dense colloidal suspensions†

Subhasish Chaki, ade Benito Román-Manso,f Larissa Senatus,f Jennifer A. Lewisf

and Kenneth S. Schweizer *abcd

Motivated by basic issues in soft matter physics and new experimental work on granule–nanoparticle

mixtures, we systematically apply naive mode coupling theory with accurate microstructural input to

investigate the elastic shear modulus of highly size asymmetric, dense, chemically complex, colloid–

nanoparticle mixtures. Our analysis spans four equilibrium microstructural regimes: (i) entropic depletion

induced colloid clustering, (ii) discrete adsorbed nanoparticle layers that induce colloid spatial dispersion,

(iii) nanoparticle-mediated tight bridging network formation, and (iv) colloidal contact aggregation via

direct attractions. Each regime typically displays a distinctive mechanical response to changing colloid–

nanoparticle size ratio, packing fractions, and the strength and spatial range of interparticle attractive

and repulsive interactions. Small concentrations of nanoparticles can induce orders of magnitude elastic

reinforcements typically involving single or double exponential growth with increasing colloid and/or

nanoparticle packing fraction. Depending on the system, the elementary stress scale can be controlled

by the colloid volume, the nanoparticle volume, or a combination of both. Connections between local

microstructural organization and the mixture elastic shear modulus are established. The collective struc-

ture factor of the relatively dilute nanoparticle subsystem exhibits strong spatial ordering and large

osmotic concentration fluctuations imprinted by the highly correlated dense colloidal subsystem. The

relevance of the theoretical results for experimental mixtures with large size asymmetry, particularly in

the context of 3D ink printing and additive manufacturing, are discussed.

I. Introduction

Nanoparticles (NP) are frequently used as dilute additives to
enhance the mechanical and other properties of dense colloidal
suspensions via manipulation of their concentration, size, and
tunable attractive and repulsive NP–NP and NP–colloid
interactions.1–6 A significant challenge lies in the rational control
of such multi-faceted modifications, how the colloid spatial
organization is modified, and its impact on bulk properties.

The NP (or small nonadsorbing polymer) induced entropic
depletion attraction between colloids due to excluded volume
repulsions7–9 is always present in mixtures with large size
asymmetry, and its impact on structure, phase transitions, and
emergent amorphous solid states (glasses, gels) has been exten-
sively studied.10–24 However, at high colloid packing fractions,
complex many body effects emerge25 that introduce new physics
not present in the classic depletion scenario formulated for
dilute colloidal suspensions and non-interacting small objects.
For example, if colloids are at very high concentration, the
nanoparticles can less efficiently explore the interstitial regions
between colloids and must exhibit nontrivial spatial correlations.

In many synthetic and biological systems, multiple competing
and tunable energetic interactions can qualitatively modify sus-
pension microstructure and mechanical properties. These include
not only the classic DVLO26,27 van der Waals attraction due to
dielectric property mismatch and Coulomb repulsion if the
colloid surface is charged, but also NP-mediated interactions.
The latter include attractions of diverse chemical origins such
as NP–colloid van der Waals, Coulomb, hydrophobic, and poly-
mer brush coatings in poor solvents. Such attractions can drive
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colloid and/or NP clustering, physical bonding, and gelation or
‘‘attractive glass’’ formation at ultra-high concentrations.21–24,28,29

In addition, NP–colloid interfacial attractions can lead to NP
adsorption on the colloid surface, possibly inducing steric stabili-
zation of the large colloids, and/or NP-mediated tight bridging of
colloids which can result in a network-like amorphous solid.5,30–34

Complexity can also arise from repulsive NP–NP and NP–colloid
interactions.

In many real materials of diverse chemical constitution and
solution conditions, multiple interactions are simultaneously
present. Their consequences on mixture microstructure and
mechanical properties is in general not additive, and depends
on size asymmetry and packing fractions. A similar complexity
arises in polymer nanocomposite (PNC) melts,12,35,36 though
the nature of interactions is somewhat simpler since such
materials typically do not involve solvent and the fillers and
polymers are uncharged. Moreover, the nanoparticles in PNCs
are present at high concentrations, rather than as dilute
additives, to achieve the desired property modification.

The most elementary mechanical property is the linear
elastic shear modulus. For very dense size asymmetric mixtures
it remains poorly understood at the microscopic level, despite
its high engineering importance for 3D printing and additive
manufacturing,37–41 and high relevance to the yield stress
required to induce a solid-to-fluid transition. Though non-
equilibrium cluster formation via irreversible aggregation and
fractal geometry considerations are important in lower solids
packing fraction suspensions,42–48 these are not leading order
effects for the highly concentrated colloidal systems of present
interest.

Progress in understanding the structure and dynamics of
dense size asymmetric mixtures has been made using molecu-
lar dynamics (MD) and Monte Carlo (MC) simulations,4,49–55

although computation of the amorphous solid shear modulus
is rare. Moreover, such tools become increasingly difficult or
intractable to employ for systems with large size asymmetry,
especially in very dense mixtures in the presence of strong
attractive interactions where additional equilibration issues
often arise. Theoretical advances have been made in developing
a microscopic understanding of the shear modulus of quies-
cent (undeformed) kinetically arrested size asymmetric dense
mixtures based on force-level statistical mechanical approaches
such as the microscopic ideal mode coupling theory (MCT)56–58

and its single particle naive analog (NMCT).31,59,60 These
approaches can be predictive since the time persistent forces
and stresses underlying emergent elasticity are quantified
using integral equation theory (IET)13,17,61 to determine the
necessary structural correlation input. However, the accuracy of
IET depends on the choice of approximate closure relations for
the Ornstein–Zernike (OZ) equations, which can significantly
affect the elastic modulus predictions.

The crucial importance of having accurate microstructural
information to theoretically predict the elastic shear modulus
has been recently demonstrated for 1-component ultra-dense
hard sphere fluids and colloidal suspensions.62,63 Adoption of
the classic Percus–Yevick (PY) closure61 for computing the

structural input to NMCT leads to the prediction of a single
exponential growth law for the shear modulus at high packing
fractions. This agrees with experiments64 up to a high packing
fraction of B60%, then qualitatively fails since a second, much
steeper exponential growth regime emerges at higher concentra-
tions but well below random close packing (RCP). Two of the
present authors have shown63 this can be understood as a
consequence of qualitative structural changes upon approaching
the RCP state as captured by adopting the modified Verlet (MV)
closure.65,66 The MV closure incorporates longer range correla-
tion effects arising from a many-body entropic attraction
between hard particles. The predictions of NMCT combined
with OZ–MV theory are in excellent agreement with experiments
and simulations for the equation of state, compressibility, radial
distribution function, and dynamic elastic modulus.62,63 The
superior accuracy of OZ–MV theory for the equilibrium proper-
ties of size asymmetric dense colloidal mixtures and melt poly-
mer nanocomposites in the presence of strong short range
attractive interactions has also been validated based on compar-
ison to simulations of model systems.32,67

Building on the above theoretical advances, we aim to broaden
and deepen understanding of the elastic shear modulus in kine-
tically arrested, globally homogenous, amorphous solid states
(dense gels, attractive glasses, repulsive glasses) of size asymmetric
colloid–NP mixtures. We focus on dilute NP concentrations, and
show they can induce orders of magnitude enhancement of the
mixture elastic modulus at high packing fractions.

The high-level motivation of this study stems from both the
fundamental soft matter science, and its relevance to 3D
printing applications using Brownian colloidal and also non-
Brownian granular mixtures.68–73 For the latter systems, it is
interesting to note that recent experimental studies have found
intriguing effects of nm-scale local chemistry and temperature
despite their granular nature.39,74–77 Here, we present elastic
shear modulus data for a new experimental realization of a
dense granular suspension in the presence of dilute Brownian
nanoparticles relevant to printing applications. We believe our
theoretical analysis provides qualitative insights relevant to this
system which consists of a low concentration of polymer-coated
30 nm silica nanoparticles in dense suspensions of glass
granules. Specifically, we have experimentally discovered that
the shear modulus exhibits a bi-exponential increase with
granule loading, with a crossover around a packing fraction
of 50% to a much steeper exponential growth. Such behavior is
qualitatively similar to the recent experimental and theoretical
studies of Brownian hard sphere colloid suspensions.63,64 More
generally, our new experimental system is chemically and
structurally complex with many competing interactions. The
present theoretical study seeks to explore the connection
between tunable interactions, structure, size asymmetry, NP
composition, and colloid concentration on shear elasticity.

Section II briefly describes new motivating experimental
results for the linear elastic shear modulus of a granular-
nanoparticle mixture. Section III presents the theoretical meth-
ods and interaction potential models employed. A systematic
numerical study of the elastic modulus across a broad chemical
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parameter space at a fixed large size asymmetry is given in
Section IV. Section V examines the effect of size ratio. Example
results for the microstructural correlations, and their relation
to the elastic modulus trends, are presented in Section VI. The
paper concludes in Section VII with a summary and future
outlook. The Appendix summarizes a technical theory aspect.
The ESI† presents additional theory and experimental figures
that complement or buttress our scientific statements and
conclusions, and a review of the derivation of the theoretical
expression for the elastic shear modulus of mixtures.

II. Experiments
A. Suspension formulation

Dense granular-nanoparticle suspensions were created using
the following materials and procedure. First, a stock suspen-
sion of polyethylenimine (PEI, branched, Mw = 1200, poly-
sciences) coated silica nanoparticles (NPs) at pH B 6 was
created. PEI was dissolved in a commercially available NP
suspension [LUDOX TM-50 colloidal silica (Sigma-Aldrich),
which has a specific surface area of 140 m2 g�1, an average
diameter of d = 30 nm, and particle loading of 50 wt% in water
at pH B 9] to achieve a surface coverage of 1 mg of PEI per m2

of SiO2 NPs. The resulting suspension is then sonicated (Ultra-
sonic cleaning bath, M series 2800, Branson Ultrasonics) for
60 s prior to adjusting its pH in a stepwise fashion with a HCl
solution (6 M hydrochloric acid, VWR) to a final value of pH B
6. After each HCl aliquot is added, the suspension is sonicated
for 300 s followed by speed mixing (SpeedMixer DAC 600.2;
FlackTek, Inc.) for 180 s at 2100 rpm.

Granular–NP suspensions were then prepared by adding an
appropriate amount of an aqueous hydroxyethyl cellulose
solution (HEC, 2-hydroxyethyl cellulose, Mw = 1.3 � 106,
5 wt% in DI water) to the PEI-coated NP stock suspension. This
dilute polymeric additive increases the solution viscosity, which
is necessary to enable 3D printing of granular–NP inks. The
resulting suspension is then speed mixed for 120 s at 1800 rpm.
Next, granular particles (GPs, silica-based glass spheres, aver-
age diameter of D = 40 mm, MO-SCI) are added to this suspen-
sion in two steps, followed by speed mixing at 2100 rpm after
each step. The polydispersity of the granular particles is rela-
tively low, with 80% of the particle diameters ranging from 38–
53 microns. At pH B 6, bare GPs and PEI-coated NPs are
oppositely charged; hence, it is expected that PEI-coated NPs
will strongly absorb onto GPs forming a monolayer coating that
drives their charge reversal. Finally, a divalent salt (ammonium
sulfate (NH4)2SO4, ultrapure 99+%, ThermoFisher Scientific) is
added to the suspension to induce an attractive interaction
between PEI-coated NPs (both those NPs that are free in
suspension as well as those adsorbed on the GPs), followed
by speed mixing for 60 s at 2100 rpm. A schematic of the
experimental system is shown in Fig. 1.

Using the above approach, we have produced GP–NP sus-
pensions composed of varying GP packing fractions fG = 0.20–
0.60, at a fixed NP packing fraction of 0.015, a (NH4)2SO4 : PEI

weight ratio of 0.2, a PEI : SSANP ratio of 1 mg m�2, and a
HEC : water weight ratio of 0.02. We expect these mixtures will
influenced by (a) van der Waals attractions and Coulomb
repulsions between GPs resulting from dielectric mismatch
and GP surface charge, respectively, (b) GP–NP Coulomb attrac-
tions, and (c) salt-mediated NP–NP attractions.

In all cases studied, there is no evidence of macroscopic
phase separation or gravitational-induced sedimentation. An
example optical micrograph is shown in Fig. 2a which provides
evidence for the adsorption of nanoparticles on, and bridging
of them between, the large granular particles.

Though not studied experimentally here, the GP–NP and
NP–NP attractions can be reversed to a Coulomb repulsion
by removing the cationic polyelectrolyte and salt, respectively.
The direct DVLO-like interactions can be potentially turned off
in an oily solvent or polymer melt. Additionally, the 40-micron
GP can be replaced by Brownian colloids of the same chemis-
tries. These systematic variations will be studied in future
experimental work, and here serve to motivate the diverse
interaction models studied theoretically.

B. Rheological measurements

Oscillatory shear measurements are carried out on the suspen-
sions at 22 1C using a hybrid rheometer (discovery HR-3 hybrid
rheometer; TA Instruments) equipped with a customized
8-bladed vane (15 mm diameter, 38.5 mm height, 1.3 mm blade
thickness, 4 mm gap) and a solvent trap to prevent evaporation.
After the suspensions are loaded into the cup, a 300 s equili-
bration step is carried out. The storage (G0) and loss (G00)
moduli are measured as function of applied stress (ranging
from 0.1 to 3000 Pa) at an oscillation frequency of 1 Hz. Our
focus here is only the linear elastic modulus measured from the
low stress plateau of G0. For all granule packing fractions, the
material responds as an elastic solid in that G0 4 G00. Fig. S1
(ESI†) shows representative frequency sweeps that illustrate the
rather weak evolution of the elastic modulus over the range
from 0.01–1000 Hz, especially for the highest granular packing
fractions systems of most interest. This near frequency-
independence in the high packing fraction range is important
when discussing how the experimental findings compare to the
theoretical results discussed below.

Fig. 1 Schematic silicate glass granules and PEI-coated silica NP mixtures
before (left) and after (right) the addition of a divalent salt.
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Our results for the linear shear modulus are shown in Fig. 2b
as a function of GP packing fraction. Interestingly, it exhibits a
bi-exponential dependence, following G0 p exp(AfG), where A is
defined as an ‘‘elastic fragility index’’. For the data in Fig. 2b, we
find A B 12 and 46, with a crossover around fG E 0.47.

Although not the focus of the present article, the shear
modulus is found to evolve in a weakly non-monotonic manner
with NP volume fraction at very high granular particle loading
(see Fig. S2, ESI†). Such behavior is reminiscent of the so-called
‘‘elastic glass melting’’ of ultra-dense hard sphere colloids
mixed with low concentrations of small nonadsorbing
polymers.22,24 This phenomenon has been recently predicted
and understood based on microscopic statistical mechanical
theory.78 But athermal depletion systems are controlled entirely
by repulsive forces and entropic considerations, which differs
from our granular–NP mixture. Hence, the physical mechanism
for the non-monotonic shear modulus evolution in Fig. S2
(ESI†) may be different, and is also not captured in the model
theoretical calculations discussed below.

We emphasize that the primary goal of the present paper
is a broad theoretical exploration of the impact of many
controllable variables on the elastic shear modulus of size

asymmetric dense colloid–nanoparticle mixtures. The specific
granular-nanoparticle mixture discussed above serves as a moti-
vation and has guided at a high level our choice of theoretical
model parameters related to the system chemistry. More directly,
we believe the presented results are broadly applicable to size
asymmetric chemically complex Brownian colloid–nanoparticle
mixtures. Our major theoretical objectives include addressing
several key questions. (i) Can the behavior of Brownian colloids
and nanoparticles be relevant to our experiments on non-
Brownian granules mixed with Brownian nanoparticles? (ii) Is
the appearance of two regimes of elastic modulus growth with
granule packing fraction related to the mechanism observed in
recent experiments,64 and to the theoretical understanding we
developed, for ultra-dense Brownian hard sphere colloidal
suspensions?63 (iii) How sensitive is the mixture elastic modulus
to NP concentration in the dilute ‘‘additive’’ regime? (iv) What
governs the elementary absolute scale of elastic energy storage in
the mixture: the diameter of the large colloids, the small
nanoparticles, or some combination of both?

III. Model and theories

The basic theoretical tools employed have been previously
discussed in detail in the literature60,79 and are only briefly
recalled here.

A. Binary mixture model and equilibrium structure

We consider a binary mixture of size asymmetric hard spheres
where species i and j interact via the model pair potentials with
distances of closest approach of rc:

Uij rð Þ ¼
1; ro rc

�eij exp �
r� rc

a

� �
; r � rc

8<
: (1)

Our notation is the larger colloid has a diameter D and will be
indicated by the subscript ‘‘m’’ (for ‘‘microsphere’’), and the
smaller nanoparticle (NP) has a diameter d and will be indi-
cated by the subscript ‘‘n’’. The solvent is treated implicitly, and
the interactions between all species include additive hard-core
excluded volume repulsions. The distance of closest approach

of a colloid and nanoparticle is rc ¼
Dþ d

2
. The ‘‘chemistry’’

variables are encoded in the pair potentials Uij beyond the
contact distance, which are modeled using the two-parameter
exponential form in eqn (1). The variable strength parameter at
contact eij (in thermal energy units, kBT) can be positive or
negative depending on whether it represents an attraction or
repulsion, respectively. The corresponding spatial range para-
meter a is fixed to be the same for all species and expressed in
units of the colloid diameter. We note that a can vary in
magnitude relative to the NP size depending on the physical
origin of the attraction or repulsion, but in all cases remains
small compared to the colloid diameter. The force scale

between two species is simply
eij
a

. Initially we treat the colloids

as hard spheres (emm = 0) to focus on NP-related effects

Fig. 2 (a) SEM image of a granular-nanoparticle mixture of 60% granule
packing fraction and 1.25% nanoparticles with all other system parameters
the same as discussed in the text. The micrograph shows a near monolayer
of nanoparticles adsorbed onto the granular particle surfaces with the
excess nanoparticles accumulating at the granule–granule contact points
during drying. (b) Linear elastic shear modulus in Pascals as a function of
granule packing fraction. In all cases G04 G00 (not shown), so the mixture is
an elastic material under the low applied stress equilibrium conditions of
the measurements. Exponential fits of the data are shown, along with
values of the elastic fragility indices A.
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(variable emn, enn), thereby defining our family of ‘‘baseline’’
systems. We shall also briefly consider the effects of direct
colloid–colloid attraction and repulsion. A schematic of the
theoretical model is shown in Fig. 3.

The mixture pair structure is determined using OZ integral
equation theory,61

hij rð Þ ¼ Cij rð Þ þ
X2
k¼1

ð
drCik r� r0ð Þrkhkj r0ð Þ (2)

with the previously well tested ‘‘triple’’25,49 (for the binary
mixture model) modified–Verlet (MV) closure approxi-
mation:65,66

gij rð Þ ¼ exp �bUij rð Þ þ gij rð Þ þ bij rð Þ
� �

;

bMV
ij rð Þ ¼ �

AgijðrÞ2

1þ B gij rð Þ
�� ��

(3)

where gij(r) � hij(r) � cij(r) and A = 1/2 and B = 4/5. The MV
closure interpolates between the PY and HNC approximations,
and can work well for short-range repulsions (e.g. hard-sphere)
and attractions, and also longer-range interactions.31,32,67 Here
Cij(r), gij(r) � hij(r) + 1, and ri are the interparticle direct
correlation function, pair correlation function, and site number
density of species i, respectively. The Fourier space dimensional
collective partial structure factors are Sij(k) = ridij + rirjhij(k). The
diagonal elements of the matrix of partial structure factors are
nondimensionalized via division by ri. In all calculations of the
elastic shear modulus and structure the mixture is in a homo-
geneous one phase state. The coupled integral equations are
solved numerically using either the Picard or a Newton–Raph-
son algorithm.61

B. Quiescent naı̈ve mode coupling theory of mixtures

NMCT is a self-consistent, force-level, microscopic theory for
single particle dynamic localization into an amorphous Ein-
stein solid.80 Each particle dynamically vibrates in a harmonic
manner around its mean spatial location with an amplitude

that defines its localization length. For a binary sphere mixture
in the absence of external forces, the well-known two coupled
NMCT localization equations can be written as:79,81

KaarLa
2/2 = 3kBT/2. (4)

Here, in the long-time limit associated with the ideal MCT
predicted solid state, rLa is the dynamic localization length of
species a, and Kaa is the arrested component of the total force –
total force time correlation function of a single particle of
species a associated with forces exerted on it by all other
particles in the system. It can be viewed as an effective spring
constant for a harmonic Einstein solid,79

Kaa ¼
1

3b

ð
dq

ð2pÞ3q
2e�

q2rLa
2

6
X2
j;k¼1

Caj qð ÞSjk q; t!1ð ÞCka qð Þ (5)

The localization lengths follow from the coupled self-consistent
equations as:79,81

rLa
�2 ¼ 1

9

ð
dq

ð2pÞ3q
2e�q

2rLa
2=6
X2
i;j¼1

Cai qð ÞSij q; t!1ð ÞCja qð Þ;

a ¼ 1; 2

(6)

where Sij(q, t - N) is the long-time arrested component
(nonzero if a solid is predicted) of the concentration-
concentration fluctuation structure factor for species i and j,
and depends on the dynamic localization lengths. Analytic
expressions for Sij(q, t - N) are well known79,81 and given in
the Appendix. There are 3 types of possible solutions to eqn (6).
The fluid state (rLm and rLn are infinite), a singly localized state
(finite rLm but infinite rLn), and a double localized state (finite
rLn and rLm).

The elastic shear modulus for a sphere mixture is computed
based on the well known exact statistical mechanical expres-
sion evaluated with the approximate MCT projection of stresses
onto pair collective density fluctuation variables and factoriza-
tion of 4-point correlations into products of 2-point correla-
tions. The result is:79,82

G0 ¼ kBT

60p2
X2
g;g0¼1

X2
d;d0¼1

ð1
0

dq q4
dCgd qð Þ

dq

dCg0d0 qð Þ
dq

�

�Sgg0 q; t!1ð ÞSdd0 q; t!1ð Þ
�

(7)

The theoretical basis of eqn (7) is reviewed in the ESI.† Adop-
tion of the ideal solid description of MCT implies our calcula-
tions of the elastic modulus are most relevant to measurements
in a regime where the frequency dependence of G0(o) is
minimal or non-existent. Note all our elastic modulus calcula-
tions assume structure is equilibrated, and hence the issue of
nonequilibrium ‘‘residual stress’’ is not relevant.

The above binary mixture model is characterized by 9
control parameters: the colloid to nanoparticle diameter size
ratio (D/d, where D 4 d), NP packing fraction fn { 1 (per the
‘‘additive’’ cases of interest), colloid packing fraction fm, and
the 6 parameters that define the strength and spatial range of
exponential interactions between all species beyond contact.

Fig. 3 Schematic illustration of different possible spatial organizations
(mediated by adsorbed NPs, bridging NPs, free NPs) of big colloidal
particles (red) in the presence of small nanoparticles (green) with different
type of interactions.
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Colloid–NP and NP–NP attractions are often strong and
short-range, which motivates our ‘‘baseline’’ model choice of
parameters: contact interaction strength of 3kBT and 4kBT with
the range parameter a = 0.002D. Our major focus is on hard
colloids where interactions beyond contact are solely
nanoparticle-mediated, although a few model calculations are
presented where there is a direct non-contact interaction
between the larger colloids.

To illustrate in the simplest context how the energetic
‘‘chemistry variables’’ impact the effective colloid–colloid orga-
nization, Fig. 4 shows calculations of the NP-mediated potential
of mean force (PMF) between two dilute hard sphere colloids
dissolved in a NP fluid of fn = 0.025. Results are shown for 5
choices of interactions: the athermal depletion system (emn =
enn = 0), a NP–colloid short range attraction or repulsion (emn =
�4kBT, enn = 0), and a NP–NP short range attraction or repul-
sion (enn = �4kBT, emn = 0). The form of the PMF can be
repulsive, weakly contact attractive, strongly contact attractive,
or repulsive at contact with a strong non-contact bridging
minimum. These diverse forms of the PMF illustrate the
qualitatively sensitivity of the NP-mediated colloid effective
interaction to the tunable microscopic interaction energies.

IV. Chemistry driven variations of the
shear elastic modulus

The numerical solution of coupled nonlinear integral equations
becomes increasingly difficult, and eventually impossible, as
the size asymmetry gets larger. This difficulty is more pro-
nounced at the very high packing fractions, and for systems
with very short-range strong non-contact interactions, of pri-

mary interest in this work. Thus, a size ratio of
D

d
¼ 10 is chosen

as the largest we can broadly study. The NP packing fraction is

varied in the dilute additive regime, with a focus on fn = 0.025.
These parameters define the ‘‘baseline’’ system for exploring
the consequences of changing the chemistry variables.

As a reference state for assessing how nanoparticles can
provide elastic reinforcement, Fig. 5 shows results for the
elastic shear modulus of the pure hard sphere system. The
theory predicts it grows exponentially with packing fraction,
G0 p exp(Afm), up to fm = 0.6 with an ‘‘elastic fragility index’’
of A E 33. The structural origin of this behavior83 has been
theoretically shown to arise from the scaling of the shear
modulus as the inverse 6th power of the equilibrium structural
correlation length, x, associated with medium range order. The
latter is determined from the non-random part of the pair-
correlation function, h(r) = g(r) � 1, with x growing exponen-
tially with packing fraction. At even higher packing fractions,
but still well below RCP, a second stronger exponential regime
is predicted and observed64 (not shown) for f 4 0.60 with
A E 60. These two regimes, and the location of the crossover,
are in good agreement with experiment.63 The present study
does not focus on this second ultra-high packing regime.

A. Baseline mixtures

We begin by examining in detail the dependence of the elastic
shear modulus on the chemistry variables in the baseline
mixtures where the direct colloid–colloid interaction is pure
hard sphere. The main frame of Fig. 5 demonstrates that
introducing a small amount of nanoparticles (fn = 0.025) with
colloid–NP and NP–NP attraction strengths of bemn ¼ benn ¼ 3

of a short range amn = ann = 0.002D (2% the NP diameter) results
in a shear modulus exhibiting two exponential growth regimes.
The nanoparticles are dynamically delocalized (i.e., fluid), while
the colloids are a localized solid. This double exponential

Fig. 4 Dilute limit colloid–colloid potential of mean force, W(r), in units of
thermal energy for a size ratio of 10, and fn = 0.025 for the indicated
different colloid–NP and NP–NP interactions with a spatial range a = 0.1d.

Fig. 5 Log–linear plot of the nondimensionalized elastic shear modulus
as a function of the colloid packing fraction, fm at a fixed NP packing
fraction fn = 0.025 for a size ratio of 10 with 3kBT NP–NP and NP–colloid
attractions and a range a = 0.02d. Inset: Nondimensionalized modulus as a
function of fn at fixed high colloid packing fraction of fm = 0.60 at the
same size ratio and attraction strengths and range used in the main plot.
Exponential laws are shown by solid lines, and the corresponding values of
the elastic fragility indices, A, are indicated.
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behavior is distinct from that of 1-component hard spheres63

which emerges beyond f = 0.60, as discussed above. In the
present colloid–NP mixtures, the double exponential behavior
is driven by interfacial NP–colloid attractions that favor NP
adsorption and NP-mediated tight bridge formation between
colloids. Interestingly, up to fm B 0.51, the mixture shear
modulus closely matches that of the 1-component hard sphere
system. Beyond a crossover at fm B 0.52, a much steeper
exponential growth regime is predicted with an elastic fragility
index nearly twice as large as that of hard spheres, A E 60. This
clearly illustrates the strong effect on elasticity of adding a low
concentration of nanoparticles. Hence, mechanistically, a dou-
ble exponential form for the modulus can be realized at lower
packing fractions and via a different microscopic mechanism
than for dense hard sphere suspensions.

The packing fraction dependence of the elastic modulus in
Fig. 5 resembles the experimental data in Fig. 2. However, it
is unclear whether this a causal connection. Nonetheless, the
possibility it could be cannot be dismissed given that
the experimental mixture does involve attractions between the
large and small particles and also between nanoparticles.
Recall that Fig. 2 shows a representative optical micrograph
that indicates there is nanoparticle adsorption on, and bridging
between, the large granules.

The inset of Fig. 5 shows the evolution of the shear modulus
with NP concentration at fixed fm = 0.60. Interestingly, the
mixture is predicted to undergo an abrupt dynamic transition
for NP loadings beyond fn = 0.025, resulting in the localization
of both colloids and nanoparticles, and the formation of a
bridged network solid. This transition is the origin of the
predicted discontinuous jump in the shear modulus.

To further investigate the rich chemical space of this size
asymmetric mixture, we study the evolution of its elastic
modulus at fixed NP packing fraction (fn = 0.025) and size
ratio of 10 at the same absolute magnitude of the energy scale
and spatial range of non-contact interactions (if present) in
eqn (1). Fig. 6 shows results for 8 distinct systems based on

different choices of the competing interactions, where the
(repulsive or attractive) energy scale is 3kBT and 4kBT for a
spatial range of 2% the NP diameter. Our goal is to study the
consequences of the presence of only one (4 examples) or two
(2 examples) non-contact interactions, with the specific choices
motivated by the many possibilities inherent to the experi-
mental system of Section II. Results are also shown for the
athermal entropic depletion mixture to illustrate the conse-
quences of pure excluded volume interactions, and the refer-
ence pure hard sphere system.

We first discuss the results in Fig. 6a. For all systems and
colloid packing fractions, the larger colloids are localized
beyond a threshold value of packing fraction where solidity
first emerges (as indicated by where the curves begin), while
the nanoparticles remain fluidized. Hence, for these partially
localized systems, all elastic energy is stored in the colloidal
subsystem. Consider first the athermal depletion mixture. The
large size asymmetry induces a strong entropic attraction
between colloids, resulting in a shear modulus that becomes
up to two decades larger than the reference hard sphere system
at high fm. A detailed analysis of the shear modulus (Fig. S3,
ESI†) reveals two exponential regimes, G0 p exp(Afm) with
elastic fragility indices of A = 82 and A = 58, and a crossover at
fm = 0.52. Physically, at the highest fm values there is little
open space between colloids for the nanoparticles to explore
and gain entropy in contrast to the classic picture of the driving
force for depletion. The classic depletion mechanism is thus
frustrated, resulting in a reduction of the rate of growth of
modulus reinforcement with packing fraction as indicated by a
weak bending over of the curve in Fig. 6a. Notably, the direction
of this change in slope is opposite to that in the data of Fig. 2.

The other mixtures in Fig. 6a are characterized by entropic
depletion effects and the competing consequences of non-
contact energetic interactions: (1) colloid–NP repulsion, (2)
NP–NP attraction, (3) NP–NP repulsion, and (4) symmetric
colloid–NP and NP–NP repulsions. Remarkably, the growth of
the shear modulus with fm for all 4 systems is quite similar to

Fig. 6 Log–linear plot of the dimensionless elastic modulus as a function of colloid packing fraction, fm at a fixed NP packing fraction fn = 0.025 and
size ratio of 10. The curves correspond to different interaction strengths (attractive for positive e and repulsive for negative e), with interaction ranges all
equal to 0.02d. The absolute value of the interaction strengths are: (a) 3kBT and (b) 4kBT.
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each other in magnitude and functional form, and closely
resembles the depletion system. Such a ‘‘degeneracy of conse-
quences’’ behavior seems surprising. A physical interpretation is
that what the different chosen microscopic interactions have in
common is they all favor colloid–colloid contacts, as we have
verified by examining the predicted structural correlations.

Fig. 6a also shows results for two other model mixtures that
are qualitatively distinct from the ones discussed above. Their
behavior is controlled by attractive colloid–NP interactions that
promote NP adsorption on, and tight bridges between, the
colloids. The simultaneous presence of NP–NP attractions has
minor effects, but does result in additional reinforcement that
can plausibly be physically interpreted as strengthening of NP-
mediated tight bridges. The shear moduli of these two systems
are lower at high packing fractions than in the athermal
depletion and other 4 systems discussed above. Two exponen-
tial growth regimes are predicted with a crossover at fm = 0.52.
At the lower packing fractions, the elastic fragility index is
similar to that of the hard-sphere system, while at high packing
fractions it quite similar to the depletion mixture and systems
(1)–(4) above. This overall behavior indicates that bridge for-
mation is predominantly driven by cross-attraction between
colloids and nanoparticles, and resembles the experimental
dependence of the elastic shear modulus on granule particle
packing fraction in Fig. 2.

We now increase the dimensionless energy scale by only one
thermal energy increment from 3kBT to 4kBT. Fig. 6b shows the
corresponding shear moduli of systems (1)–(4) remain largely
unaffected. In qualitative contrast, this modest increase of
colloid–NP attraction leads to a dramatic double localization
transition of colloids and nanoparticles, resulting in a tight
bridging network solid. This network-like solid has a shear
modulus four decades larger than that of hard spheres at high
colloid concentrations. On the other hand, the shear modulus
for the doubly localized state is much less elastically fragile
compared to the analogous systems in Fig. 6a. Furthermore,
introducing a larger NP–NP attraction does not significantly
alter the behavior for mixtures with only a colloid–NP cross

attraction, only modestly augmenting the elastic strength of the
bridging network, similar to the trends observed in Fig. 6a.

Fig. 7a and b explore the impact of varying NP packing fraction,
fn, in the dilute NP regime at a fixed high fm = 0.60, corresponding
to the same chemical systems in Fig. 6a and b, respectively. Fig. 7a
shows that the elastic modulus for the depletion system grows
roughly exponentially with fn, with a very steep elastic fragility
index of A E 173 (Fig. S5, ESI†) that remains largely unaffected for
the interactions that define systems (1)–(4). In all these mixtures,
the colloids are localized but the nanoparticles remain fluid. The
presence of a colloid–NP attraction reduces the depletion effect,
leading to a slower modulus growth with colloid packing fraction
with an elastic fragility index of A E 78 (Fig. S5, ESI†), and a lower
absolute magnitude. A transition from single to double localization
emerges beyond fn = 0.025 when both colloid–NP and NP–NP
attractions of 3kBT strength are present. In the doubly localized
solid state, the shear modulus becomes very high, but shows a
much weaker dependence on fn. In the language of glass physics,
this system is ‘‘elastically strong’’.

Fig. 7b shows the analogous shear moduli results as a function
of NP concentration for the larger attraction strength of 4kBT, again
at fm = 0.60. A much weaker change with fn is now found for
systems (1)–(4) compared to the pure athermal depletion system.
Notably, these mixtures exhibit double localization when attraction
exists only between the colloids and nanoparticles, and this beha-
vior remains unaffected by NP–NP attraction.

In both Fig. 6 and 7, we find that the interaction models with
only an attraction between the nanoparticles leads to spinodal
phase separation at intermediate colloid packing fractions (these
states are not studied dynamically). But we emphasize that the
emergence of glass or gel-like solids predicted by NMCT (driven
by caging or bonding), and the corresponding shear modulus, is
not casually coupled to the long wavelength concentration
fluctuations that emerge close to the phase separation.84

B. Effect of direct colloid–colloid interactions

In experimental systems, there can be a direct van der Waals
attraction between large particles due to dielectric constant

Fig. 7 Log–linear plot of the dimensionless elastic modulus as a function of NP packing fraction, fn at fixed colloid packing fraction fm = 0.60, size ratio
10, and the various indicated interactions all with a spatial range 0.02d. The absolute value of the interaction strength are (a) 3kBT and (b) 4kBT.
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mismatch, and/or a direct repulsion which could be, for
example, of a Coulomb origin if the surfaces are charged or
of a steric origin if the surfaces are coated with grafted poly-
mers brushes under good solvent conditions. Of course, if the
silica-based granules (or large colloids more generally) are
dissolved in an oily solvent or a polymer melt so they remain
neutral and the dielectric constant and refractive indices are
(nearly) matched, these interactions can potentially be turned
off. The latter situation is effectively what was analyzed in the
preceding subsection, and can be studied experimentally by
adjustment of the chemical system.

A direct large particle attraction favors contact aggregation
that will compete with the NP-mediated interfacial attraction
that promotes bridges. To isolate the role of the former, we
consider in Fig. 8 a mixture model where there is a direct
exponential attraction between colloids while all other interac-
tions (NP–NP and colloid–NP) are purely excluded volume. The

size ratio
D

d
and NP packing fraction fn are taken to be

essentially identical with those in Fig. 6. All such model
systems are found to be singly localized where the nano-
particles remain a fluid and do not directly contribute to the
elastic shear modulus.

The elastic modulus predictions for different inter-colloid
direct attraction strengths and spatial ranges are shown in
Fig. 8a. Interestingly, the results for a 2kBT attraction are
parallel to that of pure hard spheres for the longest-range
attraction. The combined effects of depletion and direct bond
formation results in a much stronger solid by orders of magni-
tude, with the onset of solidity shifting to much lower packing
fractions. This reflects the tendency for strong contact aggrega-
tion and physical bond formation, but in a manner that the
growth of the shear modulus with densification remains nearly
the same as in the absence of this direct attraction. On the
other hand, the formation of direct bonds between colloidal
particles for a stronger 3kBT attraction reduces the elastic
fragility of the mixture, a rather generic trend associated with
a large increase of the absolute magnitude of the shear rigidity

via introduction of stronger interparticle attractions or physical
bonds. Fig. 8a also shows that the modulus systematically
increases with decreasing attraction range expressed in units
of colloid diameter, D. This trend could be interpreted as a
consequence of minimizing local free energy since entropy
can be gained via looser bonding without sacrificing
much energetic stabilization as the attraction range grows.
Moreover, a shorter attraction range at fixed strength implies
a stronger attractive force associated with bond formation,
which is relevant since it is effective forces that enter the NMCT
calculation of particle localization and arrested stress
correlations.85

Generically, and in the experiments of Section II, the large
particles can experience short range repulsions which may
locally result in more accessible voids, thereby allowing nano-
particles to more easily explore the interstitial regions between
the large particle surfaces in a dense suspension. Fig. 8b shows
example calculations of the elastic modulus motivated by this
scenario for different strengths and ranges of a direct exponen-
tial repulsion between colloids with all other interactions taken

to be hard core excluded volume. The size ratio
D

d
and value of

fn are the same as in Fig. 8a. All systems are singly localized
where the nanoparticles remain fluid.

We find that the direct short-range repulsion renders the
mixture more elastically fragile compared to the analogous
system with a direct attraction, and it displays a double
exponential like dependence of the shear modulus on colloid
packing fraction. From the perspective of depletion, colloids
tend to be pushed into contact with nanoparticles expelled
from the contact region, but NPs can still be present in the
interstitial region and form steric bridges (or ‘‘entropic bonds’’)
at very high colloid packing fractions. Therefore, the overall
behavior of the elastic modulus in this mixture behaves simi-
larly to the depletion system, but its absolute magnitude is
smaller at high packing fractions. As the range of the direct
repulsion grows, the modulus becomes smaller than in the
corresponding athermal depletion system, with the initial slope

Fig. 8 Log–linear plot of the dimensionless elastic shear modulus as a function of colloidal packing fraction fm at fixed NP packing fraction fn = 0.025,
size ratio 10, and emn ¼ enn ¼ 0 for (a) direct attractive, and (b) direct repulsive colloid interactions with the indicated strengths and spatial ranges.
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less than at high packing fractions, in contrast to the behavior
for the pure depletion system.

V. Effect of size ratio on shear
modulus

How the results of Section IV depend on the colloid to NP size
ratio is of high interest. For 1-component Brownian hard
colloid systems the natural unit of elastic energy storage is
thermal energy divided by the particle volume or diameter
cubed. But for a size asymmetric mixture, with or without the
beyond contact energetic interactions, the analogous stress
scale is not obvious. Varying large particle diameter at fixed
NP diameter may affect not only the absolute magnitude of the
mixture shear modulus, but also change the dimensionless
spatial range for non-contact interactions and/or the strength
of the van der Waals interactions.

We briefly explore the above question within our computa-
tional limitations by studying size ratios of 5, 7.5, and 10. The
two most different chemistry scenarios are considered: (i) an
athermal depletion mixture where NPs remain fluid-like but
induce colloid contacts, and (ii) strong colloid–NP interfacial
attraction where NPs mediate bridges between colloids result-
ing in doubly localized network-like solids. To isolate the role of
size asymmetry, we perform calculations for different size
ratios at a fixed attraction range and strength for case (ii).

For the baseline NP packing fraction of 0.025, the elastic
moduli of the depletion mixture is plotted in Fig. 9 as a
function of colloid packing fraction for three size ratios. All
systems show single localization, where the NPs remain fluid.
The shear moduli non-dimensionalized by the colloid volume
collapse onto that of the 1-component HS system up to fm =
0.48 (inset Fig. 9a). However, upon replotting the same calcula-
tions but non-dimensionalized by the smaller NP volume, an
intriguing collapse is found beyond fm = 0.56. This suggests
the elastic modulus is a weak function of size ratio at both

lower and higher colloidal packing fractions (all high in an
absolute sense), with an elastic energy storage scale governed
by the colloid and NP diameters or volumes, respectively.

To further investigate the stress scale issue, Fig. 9b shows
how the elastic modulus depends on NP packing fraction at a
very high colloid concentration for three size ratios. The elastic
modulus grows significantly with NP concentration, in an
exponential (larger size ratio) or sub-exponential (smallest size
ratio) manner. To probe the size ratio scaling question, the
main panel and inset show the same calculations non-
dimensionalized by the volume of the nanoparticle and colloid,
respectively. Although the collapse is not perfect, the differ-
ences diminish in the same manner as found in Fig. 9a. This
suggests a crossover from elastic energy storage controlled by
colloids at lower NP packing fractions, to being controlled by
the nanoparticles at very high NP packing fractions.

The above crossover of the elastic energy storage scale for
the depletion mixtures is an intriguing finding. Determining its
physical origin from our ensemble-averaged numerical calcula-
tions is challenging. Based on the dilute large particle limit of
the depletion problem for the classic Asakura–Oosawa (AO)
model,7 the strength of the entropic attraction induced by a
dilute fluid of small nonadsorbing particles scales linearly with
both D/d and dilute NP concentration, with a spatial range set
by d. Of course, the ultra-dense colloids studied here involve
many body physics effects not present in the doubly dilute
(colloids and nanoparticles) AO model. Below we offer a spec-
ulative scenario for our prediction of a change of the elastic
energy storage scale based on geometric considerations and a
length scale crossover.

In a simplified picture, the mean surface-to-surface separa-

tion of a pair of large particles is H ¼ D
fmax

fm

� 	1
3
�1

2
4

3
5 where

fmax is a maximum colloid packing fraction in the mixture with
dilute nanoparticles. For the latter value, we adopt the pure
hard sphere RCP value predicted by63 OZ–MV theory of B0.78.

Fig. 9 Log–linear plot of the dimensionless elastic shear modulus scaled using the NP diameter cubed as a function of (a) colloid packing fraction at
fixed NP packing fraction 0.025, and (b) NP packing fraction at fixed colloid packing fraction 0.60. All results are for the athermal depletion mixture with
emm ¼ enn ¼ emn ¼ 0. Insets: Same results as the main panel with the dimensionless modulus scaled by the colloid diameter cubed.
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As fm increases from 0.44 to 0.66 in Fig. 9, we estimate H
decreases from 0.21D to 0.06D, corresponding to mean surface-
to-surface separations of 2.1d to 0.6d for D/d = 10, and 1.05d to
0.3d for D/d = 5. These numbers suggest a geometric crossover:
as the colloid packing fraction increases, the mean inter-colloid
separation changes from being larger than, to smaller than, the
NP diameter. This change in packing geometry implies that at
lower colloid packing fractions, nanoparticles can more freely
explore the spaces between large colloids. However, as the
colloid packing fraction becomes large enough, nanoparticles
become largely confined to the interstitial spaces between
densely packed colloids. This argument is speculative, but we
believe provides some insight for understanding the crossover
in the stress scale at high colloid packing fractions where the
NP size dominates the mixture shear modulus.

Fig. 10 examines a very different mixture system. Specifically,
the elastic shear modulus for two size ratios, 5 and 10, in the
presence of an interfacial attraction of 4kBT. Here the mixture is
doubly localized and the solid is a bridged network, in qualita-
tive contrast to the depletion mixture. The main frames of Fig. 10
use the colloid diameter to nondimensionalize the modulus,
while the insets employ the NP diameter. In both cases, we do
not find a collapse of the calculations. However, the deviations
are relatively modest, far less than the factor of 8 if colloid
diameter was the controlling factor. This suggests the possibility
of collapsing the theoretical results with a mixed volumetric
scale. Indeed, Fig. S7 (ESI†) shows that a perfect collapse can be

achieved by using a mixed stress scale of
kBT

D1:35d1:65
which

combines the colloid and NP diameters. Remarkably, this same
mixed scaling (non-integer dependence on the two particle
diameters) collapses the results in both panels of Fig. 10 which
examine the effect of size ratio on how the modulus grows with
colloid packing fraction and with NP packing fraction.

A fundamental understanding of the exponents in the
above mixed stress scale behavior of the shear modulus

(roughly 4/3 and 5/3) remains to be determined. The depletion
attraction between the colloidal particles is always present for
large size asymmetric mixture. On the other hand, NP–colloid
attractions promote bridging. We speculate that these two oppos-
ing effects change the structural organization in a nontrivial
manner, leading to a mixed effective volume for elastic energy
storage. Regardless of its microscopic origin, this intriguing result
may be relevant to understanding why granular-nanoparticle
mixtures, where the overwhelming majority species is the large
particles, can still exhibit a high MPa level shear modulus at very
high loadings as seen in the experimental data in Fig. 2.

VI. Structural correlations

The dramatic variation of the mixture shear modulus for
different interactions strengths and ranges documented above
invites the examination of the colloid pair correlation function
at high-packing fractions. Recall this information serves as the
critical input to the NMCT predictions for the shear modulus.
In this section we present selected structural results motivated
by some of our key findings in Sections IV and V.

Fig. 11a shows gmm(r) for the 5 homogeneous mixtures in
Fig. 6a which all display large modulus reinforcements at fixed
values of fm = 0.59 and fn = 0.025. Recall that nanoparticles are
not localized for these systems and do not contribute directly to
the elastic modulus. This motivates examining the colloidal
microstructure. The contact values of gmm(r) in Fig. 11a exhibit
3 different values, which correlates with their corresponding
moduli in Fig. 5a. These structural results support our view that
the similarity of the shear moduli of these systems is strongly
related to colloid contacts.

For the case of moderate interfacial attraction of e = 3kBT,
the inset of Fig. 11a shows that the contact value of gmm(r)
becomes smaller due to the emergence of a secondary near
contact peak at r = 1.11D associated with NP adsorption and

Fig. 10 Log–linear plot of the dimensionless elastic shear modulus scaled by the NP diameter cubed as a function of (a) colloid packing fraction at fixed
NP packing fraction 0.025, and (b) NP packing fraction at fixed colloid packing fraction 0.60 with a colloid–NP interfacial attraction of 4kBT and range
0.002D. Insets: Analogous plots but with the dimensionless elastic modulus scaled by the colloid diameter cubed. The collapse of the presented results
based on a mixed stress scale is shown in Fig. S7 (ESI†).
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bridging. This structural change may explain the higher shear
modulus of the depletion system than predicted for the mod-
erate interfacial attraction mixture. However, the appearance of
a relatively weak secondary bridging peak at r = 1.11D exists
even in the athermal depletion limit as shown in the inset of
Fig. 11a. This reflects an interesting steric frustration effect at
high colloid packing fractions, where a NP appears to form an
‘‘entropic bridge’’ due to the unavailability of sufficient free
volume to achieve the classic depletion configuration. Fig. 11a
also shows that NP attraction or repulsion has a relatively weak
effect on the depletion or interfacial attractive systems. Recall
again that nanoparticles are not localized for the systems
studied, and they affect elastic energy storage only via depletion
induced contact colloid clustering or NP-mediated bridging.

In Fig. 11b, a very large contact value of gmm(r) of 80 is
predicted when there is a direct short-range attraction between
colloids of strength 2kBT with no competing colloid–NP and

NP–NP attractions. The inset shows that for a short-ranged
direct repulsion of strength �2kBT and range 0.01d, the loca-
tion of the first peak of the gmm(r) shifts to slightly higher
values beyond the colloid diameter. This indicates the absence
of direct contacts between colloids and the importance of steric
stabilization due to NPs. A secondary bridging peak also
appears for both the short and longer ranged direct repulsion.
The comparable importance of entropic and energetic effects is
likely the origin of the double-exponential dependence of the
elastic modulus on colloid packing fraction. In contrast, a
single exponential dependence is predicted when strong phy-
sical bonding dominates.

Although the nanoparticles are dilute, the presence of a very
high density of large colloids significantly restricts the free
space available for nanoparticles. Moreover, the high degree of
local short range order of the dense colloidal subsystem can be
‘‘imprinted’’ on the spatial organization of the nanoparticles

Fig. 11 Colloid–colloid pair correlation function for a size ratio of 10, fm = 0.59, and fn = 0.025 for the indicated different colloid–NP and NP–NP
interactions with a range 0.02d (a), and direct colloid–colloid interactions in the presence of hard core interactions between colloid–NP and NP–NP (b).
Inset of (a) is an expanded view of the beyond, but close to, contact region of the correlation functions. Inset of (b) is the near contact region for the
purely hard core depletion model mixture.

Fig. 12 NP–NP collective static structure factor function for the (a) athermal depletion mixture and (b) a mixture with colloid–NP and NP–NP
interactions of emn ¼ 4; enn ¼ 0 with amn = 0.002D. In all cases, the size ratio is 10 and fn = 0.025.
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which populate the small interstitial regions and thus are
highly correlated with the colloids and with themselves.86 This
effect can be probed by calculating the NP–NP collective
structure factor in Fourier space, a quantity that is potentially
measureable using labelled scattering or optical methods.
Representative results are shown in Fig. 12 at a high and lower
colloid packing fraction, and display distinctive imprinting and
other features. For example, a large value of the dimensionless
osmotic compressibility, Snn(0), of the NP subsystem is pre-
dicted which indicates NP segregation into the spatially corre-
lated interstitial regions.

In detail, the increasing first peak of the NP–NP structure
factor with growing colloid packing fraction implies the nano-
particles become more spatially correlated as they become
more confined. Similar large increases of the first peak of the
structure factor have been recently reported for ultra-dense
equilibrated hard sphere systems, in both simulation62 and in
theory.63 At lower colloid packing fraction (fm = 0.46 and fn =
0.025), the large size ratio allows nanoparticles to relatively
easily explore the region between interstitial spaces. Conse-
quently, the first peak of the NP–NP structure factor in this
mixture does not align well with the first peak of the hard
sphere structure factor at f = 0.46, as shown in Fig. 12(a).
At higher colloid packing fractions (fm = 0.59 and fn = 0.025),
the depletion mixture shows bridging, as evidenced by the
radial distribution function in inset of Fig. 10(a). Here, the first
peak of the NP–NP structure factor aligns well with the first
peak of the hard sphere structure factor, reflecting how the
short-range order of colloids is imprinted on the interstitial
space occupied by NPs, as highlighted in Fig. 12(a).

Now, in the presence of a colloid–NP cross-attraction with a
strength of 4kBT, NP-mediated bridging between colloids
becomes more prominent, even at lower colloid packing frac-
tions (fm = 0.46 and fn = 0.025). This results in an alignment of
the first peak of the NP–NP and hard sphere structure factors,
as seen in Fig. 12(b). At larger colloid packing fractions (fm =
0.59 and fn = 0.025) with a colloid–NP cross-attraction, the first
peak of the NP–NP structure factor also aligns well with the
hard sphere structure factor, reflecting the imprinting of the
colloidal short-range order on the interstitial space occupied by
nanoparticles. Notably, the shape of the second peak at high
colloid packing fraction is unconventional in form (almost
resembling a jump discontinuity) compared to dense hard
sphere fluids. This feature becomes more pronounced as
colloid concentration increases, and may be the origin of the
strong fragility response of the elastic shear modulus in Fig. 6a.

VII. Summary and future outlook

Motivated by the general problem of shear rigidity in size
asymmetric, dense, chemically complex colloid–nanoparticle
mixtures, as well as the new experimental work in Section II,
we have systematically applied NMCT with the accurate MV
closure for structural input to numerically investigate the
elastic modulus of suspensions of spherical colloids and

nanoparticles. The effects of size ratio, colloid and NP packing
fractions, and diverse interparticle attractive and repulsive
interactions on the mixture elastic modulus were explored.
A concise summary of our findings in Sections IV–VI for a fixed
size ratio and interaction range, and the distinct scenarios
elucidated with increasing packing fractions, are as follows.

Athermal entropic depletion

At low NP concentrations, the elastic shear modulus exhibits a
bi-exponential growth law with increasing colloid packing frac-
tion, with a steeper initial slope or elastic fragility index. At very
high colloid concentrations, the modulus becomes strongly
dependent on NP packing fraction even in the dilute additive
regime of interest. Colloids are localized, whereas nano-
particles are delocalized.

High cross attraction (e = 4kBT)

At lower NP concentrations, the shear modulus is very high but
relatively weakly dependent on colloidal packing fraction
(low elastic fragility). Conversely, at high colloid volume frac-
tions, the shear modulus remains significantly elevated and
strongly dependent on NP packing fractions. Both colloids and
nanoparticles are localized, store elastic energy, and the micro-
structure is akin to a bridged network solid.

Moderate cross attraction (e = 3kBT)

At lower nanoparticle concentrations, the shear modulus increases
markedly with colloid packing fraction and shows a double
exponential, elastically fragile behavior. At high colloid packing
fractions, the shear modulus strongly depends on NP loading. The
colloids are localized, while nanoparticles remain a fluid.

Moderate cross attraction and nanoparticle attraction (e = 3kBT)

At lower NP concentrations, the shear modulus grows signifi-
cantly with colloid packing fraction, displaying two exponential
regimes with a smaller elastic fragility index at lower colloid
packing fractions. At high colloid concentrations, beyond a NP
packing fraction of B0.02 the shear modulus weakly depends
on NP concentration. The mixture displays only single colloid
localization when varying colloid packing fraction, but abruptly
transitions from single to double localization beyond a NP
packing fraction of 0.02.

Direct colloidal attraction

Strong contact aggregation between colloids amplifies the
effect of depletion driven attraction. This results in a less
elastically fragile, but significantly higher, elastic modulus than
that of dense hard sphere colloidal suspensions.

Direct colloidal repulsion

The amount of colloid contact aggregation is reduced via a
steric stabilization like mechanism. Double exponential depen-
dence of the mixture shear modulus on colloidal packing
fraction is predicted.

The observed two-exponential growth form of the shear
modulus with colloid packing fraction with a steeper slope at
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higher colloid concentrations is fascinating. It is theoretically
predicted not only for mixtures with colloid–NP and NP–NP
attractions, but also mixtures where there are longer range
direct repulsions between the colloids in the presence of a
small amount of nanoparticles. This is another indication that
at the high colloid packing fractions critical to applications
such as direct ink writing, the elastic stress scale is influenced
not only by entropic depletion effects via size asymmetry, but
also by NP concentration, colloid–NP attraction, and/or direct
colloid–colloid repulsion strength and range. Hence, one may
engineer the form of the elastic modulus growth with colloid
loading in many chemistry distinct manners. On the other
hand, the response of the mixture shear modulus to adding
nanoparticles at fixed colloid high packing fraction does
depend significantly on the chemistry variables.

Our theoretical analysis of the shear modulus is based on an
approach that directly relates it to the microscopic interactions
and pair correlations between all species in the mixture. At a
high level, the choice of interaction models corresponds to four
qualitatively different microstructural regimes: (i) entropic
depletion induced colloid clustering, (ii) discrete adsorbed NP
layers that induce good colloidal dispersion, (iii) a NP-mediated
tight bridging network formation, and (iv) colloidal contact
aggregation via direct attractive interactions. These regimes are
associated with changes in the strength of the interfacial
colloid–nanoparticle attraction from zero (entropy dominated)
to an intermediate level where energetic and entropic effects
are comparable and compete, to a strong interfacial attraction
energetic bonding controlled regime. At high colloid packing
fractions, a secondary-bridging structural feature is predicted
for the entropy dominated depletion system and the direct
short-ranged inter-colloid repulsion system. This reflects nano-
particles being sterically forced to be close to colloidal surfaces
at very high density due to the lack of available open space. For
the doubly localized state induced by a strong short-ranged
interfacial attraction, the colloids and nanoparticles form a
tightly bridged network, with a collective elastic energy storage
mechanism. On the other hand, systems with singly localized
colloids and fluid-like nanoparticles exhibit different elastic
behaviors since nanoparticles modulate the spatial organiza-
tion of the colloids without directly contributing to the stress.
The collective structure factor of the relatively dilute NP sub-
system reveals strong spatial ordering and large osmotic
concentration fluctuations. This behavior is likely linked to
the significant role of NP size in determining the stress-scale of
the modulus.

Beyond the rich dependence of the elastic shear modulus
dependence on colloid and NP packing fractions, the colloid–
NP size asymmetry ratio is also important. At a fixed low
concentration of nanoparticles, the athermal depletion mixture
modulus data collapses as a function of the colloid packing
fraction for various size ratios if scaled by the diameter cubed
of the colloid at lower colloid packing fractions, or the NP
diameter cubed at higher colloid packing fractions. This sug-
gests a transition from a regime of elastic energy storage
dominated by colloid caging, to a regime dominated by tightly

localized or confined nanoparticles. The latter perhaps sug-
gests a basis for understanding our experimental observation of
a large MPa magnitude shear modulus in the granular-
nanoparticle mixtures discussed in Section II.

The above stress scale and collapse behaviors are not general
to significant variation of NP packing fraction at high colloid
concentrations for different size ratios. Most importantly, in the
presence of strong colloid–NP attractions that promote double
localization, bridging, and a network solid formation, the growth
of the now much higher elastic modulus becomes of a far weaker
exponential form than for the depletion mixtures, and exhibits a
qualitatively different dependence on size ratio. Specifically, a
combination of the NP and colloid diameters enters the relevant
volume that dimensionalizes the elastic modulus leading to a
rather remarkable collapse of both the modulus growth with
colloid packing fraction at fixed NP loading, and its growth with
NP packing fraction at high values of colloid packing fraction.

Finally, we return to our motivating experiments for granular-
nanoparticle mixtures in Section II. Our present theoretical work
has only scratched the surface of the underlying physics of this
system which is characterized by a vast tunable parameter space
of high relevance to ink printing. One issue is the attractive
and repulsive interactions between the granules, the granules
and nanoparticles, and even between nanoparticles, remain
challenging to precisely know. A second complicating issue is
the non-Brownian nature of the granule subsystem in experi-
ment, versus the Brownian nature of the colloidal subsystem in
our theoretical analysis. Despite these complexities, our simple
theoretical model based on a two-parameter (strength and range)
beyond contact exponential interaction does capture the experi-
mentally observed double exponential dependence of the elastic
shear modulus on the large particle packing fraction, including
the steeper slope under ultra-concentrated conditions. However,
our broad theoretical exploration of parameter space shows this
double exponential dependence can arise from different micro-
scopic mechanisms.

Another issue is at high granular volume fractions, the experi-
mental elastic shear modulus reaches very high magnitudes on the
order of MPa, suggesting the elastic energy storage is predomi-
nantly governed by the nanoparticles. In our theoretical model, the
size ratio reaches only a value of 10, compared to experimental
ratio of order 1000. Consequently, the elementary stress scale
associated with our theoretical results for the elastic modulus
cannot generally be literally mapped onto the experimental sys-
tems. On the other hand, at high colloidal packing fractions in
athermal depletion mixtures, the theory does predict a collapse of
the elastic shear modulus results across different size ratios where
the elementary stress scale involves only the smaller nanoparticle
diameter. This suggests a surprising emergent irrelevance of the
large particle diameter for determining the modulus stress scale.
However, this collapse behavior does not persist when colloid–
nanoparticle and nanoparticle–nanoparticle attractions are
included. Further exploration of this issue is crucial for better
connecting our theoretical work with the discussed experiments.

The presented theoretical results are guiding the formula-
tion of new rationally designed mixture formulations and
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rheology experiments using modifications of the experimental
system introduced in this article. Ongoing measurements com-
bined with our theoretical efforts hold the promise of revealing
a broad physical understanding of engineering relevance.
Extension of the present theoretical and experimental work to
address the nonlinear rheology of such size asymmetric ultra-
dense mixtures, especially the yield stress and strain, is also
underway.

Data availability

The main text, or ESI† contains all the data.
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Appendix
Collective Debye–Waller factors

The determination of the required Debye–Waller factors in
eqn (6) for a binary mixture within NMCT is well known.60,79

The starting point is the evolution equation for the time domain
partial collective dynamic structure factor matrix S(q, t):

d

dt
S q; tð Þ ¼ �q2H qð ÞS�1 qð ÞS q; tð Þ (A1)

In the absence of many particle hydrodynamic interactions, the
mobility matrix is diagonal, Hij(q) = (kBT/zs,j)dij, with zs,j the short-
time friction constant for species j. The partial collective static
structure factors are:

S�1(q) = (I � C*)�1 (A2)

where C�ij qð Þ � riCij qð Þ Defining a 2 � 2 matrix X(q), eqn (A1)
then becomes

d

dt
S q; tð Þ ¼ �X qð ÞS q; tð Þ

Oij qð Þ �
kBT

zs;i
q2 dij � riCij qð Þ

 � (A3)

Eqn (A2) can be solved using Laplace transforms and for binary
mixtures one obtains

S11 q; tð Þ ¼ aI qð Þe�GI qð Þt þ ac qð Þe�Gc qð Þt (A4)

S21 q; tð Þ ¼ bI qð Þe�GI qð Þt þ bc qð Þe�Gc qð Þt (A5)

with amplitudes

aI qð Þ ¼
GI qð Þ � O22 qð Þð ÞS11 qð Þ þ O12 qð ÞS21 qð Þ

GI qð Þ � Gc qð Þ (A6)

bI qð Þ ¼
GI qð Þ � O11 qð Þð ÞS21 qð Þ þ O21 qð ÞS11 qð Þ

GI qð Þ � Gc qð Þ (A7)

The amplitudes ac(q) and bc(q) follow from aI(q) and bI(q) by
interchanging the labels I and c. The corresponding relaxation

rates are:

GI qð Þ ¼ Oav qð Þ � Oav
2 qð Þ � D qð Þ


 �1
2 (A8)

Gc qð Þ ¼ Oav qð Þ þ Oav
2 qð Þ � D qð Þ


 �1
2 (A9)

where Oav(q) � (O11(q) + O22(q))/2, D(q) � O11(q)O22(q) �
O12(q)O21(q). The S22(q, t) and S12(q, t) then follow from
eqn (A3)–(A8) by interchanging the labels 1 and 2. Finally, the
collective Debye–Waller factors required in eqn (6) are then
obtained via the mapping79 6kBTz1

s,jt - r2
L,j.
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