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A refined mechanistic model for swelling kinetics
of starch granules†

Botong Li, a Lanxin Mo,b Vivek Narsimhan, *c Ganesan Narsimhan d and
John M. Frostad*be

This paper investigates the gelatinization of individual starch granules using numerical simulations,

validated against experimental microscopy data from a ParCS apparatus. We show that the dynamics of

starch-granule swelling can be captured by a diffusion equation for mass transfer of water into the

granule, with the equilibrium water content captured by a Flory–Rehner theory of a cross-linked

network in which the fraction of cross-linked chains is made to vary as an empirical function of

temperature. Having the cross-link density vary with temperature is vital to capture the swelling behavior

at large and small swelling extents (i.e., close to and far away from the gelatinization temperature). The

theory produces excellent agreement with both equilibrium swelling data and dynamic swelling data for

red bean starch. Further, we show that the model is able to reproduce a previous experimental finding

that swelling data from different granules from red bean, chickpea, green lentil, and yellow pea starches

can be collapsed onto a universal curve with only two empirical parameters. The simulations are then

used to predict the relationship between the empirical parameters in the master curve and the true

material properties. The modified theory presented here is a major step forward in the fundamental

understanding of starch gelatinization and the ability to use predictive models for optimization of

industrial manufacturing processes.

1 Introduction

Starch is the main source of carbohydrates for humans in their
diet, and makes up a significant portion of their caloric intake.1

Starch is obtained from agricultural products such as rice, corn,
potato, and legumes,2 and determines the texture, mouth-feel,
shelf life and consistency of many foods.3 Starch naturally
exists in the form of discrete, insoluble, semi-crystalline gran-
ules that differ in size and shape depending on the plant origin.
These granules may range from around 1 mm to more than
100 mm,4 and the shape can be ovoid, disc-like, polyhedral or
irregular.5 The granules themselves are mostly composed of
unbranched amylose and highly branched amylopectin.1 The
relative amounts of these two polymers and their molecular

structure lead to fundamental variability in the physical proper-
ties of different starch varieties,1 and result in differences in
how the different starches behave during processing, as well as
the attributes of the final product.6

One of the major changes that occurs during starch proces-
sing is gelatinization, which is the sudden intake of water into
their granules above a critical temperature that occurs between
60 1C and 80 1C for most starch varieties.7,8 It is known that
starch gelatinization is affected by many factors such as the
heating rate, heating time, moisture, and presence of other
ingredients.9–11 Experimentally, gelatinization is characterized by
many methods. Rheometry is widely used to obtain bulk measure-
ments of gelatinization temperature, while differential scanning
calorimetry is used to obtain this quantity as well as the gelatini-
zation enthalpy.12–16 To examine gelatinization at the individual
granule level, optical microscopy can be used to monitor mor-
phological changes during heating.17–19 Recent studies have
suggested that there is considerable variability in gelatinization
between granules from the same starch sample, causing the study
of starch gelatinization to be a complex undertaking.19–21

Besides experimental analysis, theoretical analysis and
quantitative prediction of starch gelatinization are in great
demand and significant effort has been made in this area.
For example, recently Desam et al. proposed a first-principles
model for the swelling kinetics and gelatinization behavior of
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waxy maize starch.22 This model consists of three elements:
(a) a Flory–Rehner theory23–27 for the equilibrium swelling of
starch granules (treated as a polymer network), (b) a heat and
mass transport model for water diffusion into granules to
describe swelling kinetics towards equilibrium, and (c) a popu-
lation balance model to describe how the granule size distribu-
tion evolves over time. Subsequently, these ideas have been
used to describe the swelling of many other starches (potato,
rice),17,22,28 as well as forecast the rheology of starch disper-
sions during the initial stages of swelling.28 In other work,
Evans et al. used the Flory theory to explain the effect of
solutions on the gelatinization temperature of potato starch.29

While these models are promising, more work is needed to
validate them and improve them. For example, Flory theories of
polymer swelling often assume reversible swelling, when in fact
starch swelling is known to be irreversible. Additionally, Flory
theories assume the granule is a loosely cross-linked polymer net-
work, which is reasonable during the late stages of swelling but may
not be the case during the early stages when the granule is tightly
packed. Prior to the present work, it has not been clear if these
considerations need to be taken into account to improve modeling.

With this motivation in mind, this study aims to make a
systematic comparison between the theoretical Flory models of
Desam et al.22 and recent experimental measurements from our
group.19 The experimental study described in ref. 19 performed
measurements of swelling kinetics for hundreds of individual
granules during gelantinization from four different legume
plants (red bean, chickpea, green lentil, and yellow pea). The
data showed that all of the data from the hundreds of granules
can be described by a single empirical function with only four
free parameters, where two parameters correspond to the initial
and final granule size. Because of this, the data obtained in that
study present a highly convenient case for validation of theore-
tical models that can predict granule swelling. New experi-
mental data were also gathered for the swelling of red bean,
to be compared against existing models.

In this work, we will test the experimental data against the
model from Desam et al.22 to see if the model can be validated.
If necessary, the assumptions made in the model will be
revisited and the model revised. We hypothesize that the
theoretical model of Desam et al. can be non-dimensionalized
in such a way that (with appropriate constraints) it will also
result in a universal curve as found experimentally by Mo et al.
in ref. 19. We further hypothesize that it will be possible to
make a clear mathematical connection between the theoretical
model parameters of Desam et al. (based on material proper-
ties) and the empirical model parameters of Mo et al.

2 Methods and materials
2.1 Materials

Starch from red bean (Vigna angularis) (President’s Choice
Canada) was isolated following a the method outlined in
ref. 30 with some minor modifications. Briefly, 100 g of dried
beans was soaked in 200 mL of 0.5 wt% sodium bisulfite

solution for 20 h at 4 1C, then drained and blended with
500 mL of distilled water for 5 min. The mixture was filtered
through a 125 mm sieve, then centrifuged at 1500g for 15 minutes.
The supernatant was discarded and the starch was resuspended in
distilled water for centrifuging again under the same conditions.
The top non-white layer in the centrifuge tube was removed and
discarded. Finally, the starch was dried at 40 1C for 24 h and gently
broken into a powder using a mortar and pestle.

2.2 Equilibrium granule swelling measurements

Starch samples with 20 � 5 mg were dispersed in 17 mL of
deionized water in a 20 mL vial. After shaking by hand, a small
amount of solution was injected into the ParCS chamber
(custom instrument described in ref. 31) using a syringe. The
temperature was monitored and controlled by a platinum series
universal benchtop PID controller (OMEGA Engineering, Nor-
walk, CT, USA) to achieve a sequence of increasing temperatures.

The temperature was controlled according to the following steps.
First, the chamber was equilibrated to 55 1C (328 K) and maintained
for 4 h, after which we assumed that equilibrium was reached and
the size of the granule was recorded. Then, the temperature was
increased to 333 K, 338 K, 340.5 K, 343 K, 345.5 K, 353 K, 355.5 K,
and 358 K in sequence. Each increment in the temperature was
completed within 30 s and each temperature was maintained for 7 h
before recording the size and then increasing the temperature.

The swelling process of the individual starch granules was
captured by camera and image analysis was done using a custom
Python script. Using the Python script, the boundaries of the
granules were manually outlined and the projected area (A) was
computed. The equivalent spherical diameter (d) of the starch
granules was then calculated using the following formula:

d ¼ 2

ffiffiffiffi
A

p

r
: (1)

It was noted during method development that there was a fair
amount of variation in the equilibrium granule size for starch
granules with different swelling ratios. Therefore, when preparing
the data for comparison to theory, granules were only included in
the data set if the swelling ratio (ratio of swollen and unswollen
granule diameters) was 2.15 � 0.24 (approximately 10% variation
about the mean). Due to the painstaking nature of making this
measurement, data from only 12 granules were included in this
manuscript due to the need to restrict the range of swelling ratios,
and this was found to be sufficient for the present purpose.

3 Theory and numerical methods
3.1 Equilibrium granule swelling (Flory–Rehner theory)

The Flory–Rehner theory states that the free energy of a polymer
network is determined by the competition between water–
polymer mixing and the elastic stretching of the polymer
chains. In this work, we will assume that a starch granule can
be modeled as a polymer network that can be swollen in water,
throughout the gelatinization process. We will also assume that
the granule is neutral and the internal granule architecture is
uniform. A number of more refined assumptions related to the
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actual structure of starch granules could be made based on
previous theoretical work.32–45 However, incorporating these addi-
tional assumptions is not trivial in light of our specific objectives
and hypotheses, and so will be reserved for future work.

At equilibrium, the chemical potential of water within the
granule (m1) must be equal to its chemical potential outside the
granule (m1,b). In this work we assume that the expression for the
chemical potential difference is given by the following equation:

m1 � m1;b
RT ¼ lnð1� fÞ þ fþ wðTÞf2 þ n� f1=3 � f

2

� �
: (2)

In eqn (2), f is the volume fraction of starch in the granule,R, T,
w(T), n* denote the ideal gas constant, temperature, the Flory–
Huggins parameter, and the fraction of cross-linked chains,
respectively. The first two terms on the right hand side of
eqn (2) are derived from mixing entropy, the third term from
mixing enthalpy, and the fourth one from elastic entropy due to
polymer stretching. In the elastic portion of the model, we have
assumed that the reference state (unstretched state) corresponds
to a fully dry granule (f = 1), though other assumptions are
possible and will be explored in future work.40

Since starch swelling occurs mainly above the gelatinization
temperature Tg, the molar enthalpy of interaction with water, w,
will be assumed to be constant below Tg, and only dependent on
temperature. Others have shown that under certain circum-
stances, w is effectively independent of temperature.32 However,
in this work we have elected to use the temperature dependence
from the lattice model used in Flory–Huggins solution theory:46,47

@w
@T
¼ DHmix

RT2

where DHmix is the enthalpy of mixing between starch segment
and water. In this model, we will assume that the enthalpy of
mixing DHmix is equal to enthalpy of gelatinization DH, although
this may overpredict the variation of w with temperature.

Lastly, we also assume that w is independent of composition,
though we will revisit that assumption in future work. Thus, we
can treat the Flory–Huggins parameter w(T) as a piece-wise
function as done in ref. 22:

wðTÞ ¼
w0 if T � Tg

w0 �
DH
RTg

1� Tg

T

� �
if T 4Tg

8><
>: ; (3)

where DH is the enthalpy of gelatinization (typically determined by
DSC). An individual granule will reach an equilibrium state when the
chemical potential inside and outside the granule are equal –, that is,
the left-hand side of eqn (2) is zero. The equilibrium starch volume
fraction is thus the solution of the following nonlinear equation:

ln 1� feq

� �
þ feq þ wðTÞfeq

2 þ n� feq
1=3 �

feq

2

� �
¼ 0: (4)

Further, the conservation of starch inside the granule
requires that:

Req ¼ R0
f0

feq

 !1
3

; (5)

where feq is the equilibrium starch volume fraction, f0 is the
initial starch volume fraction, and R0 is the initial granule size.
Solving the nonlinear eqn (4) for starch volume fraction and
plugging into eqn (5) allows one to determine the equilibrium
granule size. The inputs to this theory are the temperature T,
initial starch composition f0, initial radius R0, cross-linking
density n*, starch–water interaction parameter w0, and gelatini-
zation temperature and enthalphy of gelatinization (Tg, DH).

3.2 Kinetics of granule swelling (diffusion equation)

When a starch granule is heated, gelatinization occurs. During
this process, the difference in water’s chemical potential
between the outside and inside of the granule leads to mass
transfer of water into the granule. This process occurs until the
granule reaches chemical equilibrium. The temporal evolution
of chemical potential of water inside a spherical granule m1 can
be described by a diffusion equation:22

@m1
@t
¼ 1

r2
@

@r
Dr2

@m1
@r

� �
0 � r � RðtÞ: (6)

Here t and r denote the time and radial position, respectively; D
is the empirical diffusion coefficient of water into the granule;
and R(t) is the granule radius which increases in time.

The chemical potential m1 is related to the local starch
volume fraction f(r,t) through the Flory–Rehner equation
(eqn (2)). The starch volume fraction is related to the granule
size R(t) through conservation of mass:

�fðtÞRðtÞ3 ¼ f0R0
3; �fðtÞ ¼ 3

RðtÞ3
ðRðtÞ
0

fr2dr; (7)

where �f is the average starch volume fraction in the granule.
Lastly, the effective diffusivity D is assumed to have a dependence
on temperature that follows the Arrenhius equation, as well as a
dependence on the porosity and tortuosity45,48 as follows:

DðTÞ ¼ Dref exp �E
1

T
� 1

Tref

� �� �
1� �f
	 


1� c ln 1� �f
	 
; (8)

Here, E = 1890 K�1 and Tref = 323 K are chosen to provide the best
fit to diffusivity data for pure water (i.e., when �f = 0),44 and can be
regarded as constants in the model. The effective diffusivity is
taken to be proportional to the porosity (1 � �f) and inversely
proportional to tortuosity as is commonly done in a Darcy model
of a porous medium, and the tortuosity is related to porosity
according to an empirical model proposed in ref. 45, and here we
set c = 0.77 as done in that work.

We assume that the temperature inside the starch granule is
uniform and equal to the outside water temperature. This
assumption is reasonable when the Lewis number (ratio of
thermal diffusivity to mass diffusivity) is very large, as is
expected here. In other words, the timescale of heat transfer
is much smaller than that of molecular diffusion of water.
Thus, the temperature equation describing the heat conduction
in the granule is neglected in this study, and thermal equili-
brium is assumed throughout the process. In turn, this means
that the kinetics of swelling (as opposed to the equilibrium
effects) can only be governed by mass transfer.
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The following dimensionless variables are adopted to re-
write eqn (6)–(8):

r� ¼ r

R0
; m�1 ¼

m1;b � m1
m1;b � m10

; t� ¼ Dref t

R0
2
; D� ¼ D

Dref
; (9)

where m1,b denotes the chemical potential of pure solvent at the
edge of granule, while m10 is at the initial state. Eqn (6) can then
be recast as:

@m�1
@t�
¼ 1

r�2
@

@r�
D�ðTÞr�2@m

�
1

@r�

� �
0 � r� � R�ðtÞ; (10)

which is subject to dimensionless initial and boundary conditions:

t� ¼ 0; m�1 ¼ 1; (11)

r� ¼ 0;
@m�1
@r�
¼ 0; (12)

r� ¼ R�ðt�Þ; m�1 ¼ 0: (13)

In eqn (13), R*(t*) = R(t)/R0 is the dimensionless granule radius at
dimensionless time t* and is the result of assuming the granule
surface is in equilibrium with water when the external resistance to
mass transfer is negligible.

The chemical potential is related to the volume fraction
through the Flory equation. In dimensionless form, we have:

m�1 ¼
lnð1� fÞ þ fþ wðTÞf2 þ n� f1=3 � 1

2
f

� �

ln 1� f0ð Þ þ f0 þ wðTÞf0
2 þ n� f0

1=3 � 1

2
f0

� � (14)

while for conservation of mass we have:ðR� t�ð Þ

0

fr�2dr� ¼ 1

3
f0 (15)

Eqn (8)–(15) must be solved simultaneously to obtain the
granule size as a function of time as it approaches equilibrium.

3.3 Simulation details

All the simulations are performed using Python on a laptop
with Intel(R) Core(TM) i7-9750H CPU@2.60 GHz and 16.0 GB
RAM. In the calculation, dimensionless eqn (10) subject to the
conditions in eqn (11)–(13) are solved firstly by adopting an
implicit finite difference method:

m�1 rj ; tnþ1
	 


� m�1 rj ; tn
	 


t
¼ 2D�

rj

m�1 rj ; tnþ1
	 


� m�1 rj�1; tnþ1
	 


h

þD�
m�1 rjþ1; tnþ1
	 


� 2m�1 rj ; tnþ1
	 


þ m�1 rj�1; tnþ1
	 


h2

(16)

where tn = nt, n = 0, 1, . . ., rj = jh, j = 0, 1, . . ., and t and h are time
step and space step sizes, respectively. At the beginning of the
simulation, D*(T) was set to be the diffusion coefficient at the
initial temperature T0, while R*(t*) in the boundary condition,
eqn (13), is the dimensionless granule radius at initial time t0.
The diffusion coefficient and granule radius were evaluated

and updated at each tn as discussed in details in the following
paragraph.

Given a radius R*(tn) and diffusion D*(tn) at time tn, we
compute the chemical potential m�1 at time tn+1 using the implicit
finite difference method in eqn (16). With the chemical potential
m�1 obtained from eqn (10), Flory–Rehner theory eqn (2) is utilized
to obtain the starch volume fraction f at time tn+1 by using the
‘‘root’’ function from the scipy module in Python. The average
starch volume fraction �f(t*) at time tn+1 is calculated as:

�f t�ð Þ ¼ 3

ð1
0

x2f x; t�ð Þdx (17)

By substituting �f(t*) into eqn (7), the starch granule size R*(tn+1)
at time tn+1 is obtained. We compute D*(tn+1) using eqn (8), and
replace the diffusion coefficient D*(tn) in eqn (10) and granule
size R*(tn) in eqn (13) with the new D*(tn+1) and R*(tn+1). Having
computed all quantities at tn+1 and updated all equations, we
repeat the procedure to compute quantities at the next time step
tn+2, and so on. Thus, an iteration is constructed until the size of
starch granule at a set time is acquired. The parameter values
that are not changed in any of the simulations are given in
Table 1 and reflect the values in ref. 22. The default values for all
other parameters, when not being varied for analysis, are given
in Table 2.

4 Results and discussions
4.1 Missing physics in standard Flory–Rehner theory

In the process of validating the theory outlined in Section 3, we
observed a non-physical result that stems from the Flory–
Rehner portion of the model. In this section, we present the
results of some of the simulations of granule swelling (radius
vs. time) that illustrate the deficiency of the model. In each of
the simulations in this section we examined a starch granule
with the physical parameters listed in Table 1 and a

Table 1 Model parameters used in the simulations that are constant for all
simulations

Parameter Value

f0 0.586
R0 3 � 10�5 m
Dref 3.98 � 10�9 m2 s�1

Tref 323 K

Table 2 Default values of the model parameters used in the simulations
that are used when not being explicitly varied

Parameter Value

nN 0.012
a 0.5 K�1

T0 323 K
Tg 339 K
DH 1.35 � 104 J mol�1

w0 0.497
c 0.9
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gelatinization temperature of Tg = 339 K. The granule was
exposed to a temperature profile that increased linearly in time
as T = T0 + bt, with four different heating rates b, from an initial
temperature T0 = 323 K to a final temperature Tf = 363 K where
the temperature was then held steady.

In Fig. 1(a), we see that the granule size undergoes two
distinct stages. The first stage occurs when T o Tg and the
granule swells rapidly to an intermediate size and then stops
increasing. The second stage occurs when T 4 Tg and the
granule swells again to its final size corresponding to the
equilibrium size at T = Tf. In experiments, only the second
stage is observed, and to our knowledge previous modeling
efforts have also only shown the second stage (e.g., ref. 22).
However, stage 1 shown here using the same physics as ref. 22,
is inconsistent with experiments, as granule swelling should
not occur appreciably below the gelatinization temperature.

To illustrate what is happening in stage 1 more clearly, we
plot the average starch volume fraction �f(t*) vs. time in Fig. 1(b)
for two of the heating rates. Fig. 1(b) reveals that the volume
fraction will drop rapidly from the given initial value f0 to a
steady state value before the gelatinization temperature is
reached. This suggests that the specified initial starch volume

fraction of the granule does not correspond to the equilibrium
value calculated from Flory–Rehner theory for temperatures
below the gelatinization temperature.

To verify that the initial volume fraction does not corre-
spond to an equilibrium condition, we plot the equilibrium
starch volume fraction feq as a function of temperature in
Fig. 2(a). The values of feq in this plot are calculated from the
Flory–Rehner theory using eqn (4). The data show that below
the gelatinization temperature T o Tg the equilibrium starch
volume fraction is constant at feq E 0.17, which is much
smaller than typical initial conditions of f0 4 0.5 (and f0 =
0.586 in this case) and hence drives strong swelling. In actu-
ality, the equilibrium volume fraction for T o Tg should be very
close to f0 so that no appreciable swelling will be observed.

Before jumping to the conclusion that this points to a flaw in
the theory, it is important to determine if this discrepancy is
simply the result of poorly chosen material parameters (e.g.,
Table 1). To check this, we examined the effect of the two
material parameters that influence feq at T0: the density of
cross-links n* and the starch–water interaction parameter w0.
Fig. 2(b) shows that feq at T0 is rather insensitive to w0, but
quite sensitive to n*. However, we found that if n* is adjusted so

Fig. 1 Demonstration of a problem with the standard Flory–Rehner theory when applied to starch granules. (a) Dimensionless granule radius R* versus
dimensionless time t* showing the impact of changing the heating rate, where b is the heating rate (K s�1) according to T = T0 + bt. (b) Average starch
volume fraction �f versus dimensionless time showing the impact of varying the heating rate. Both plots show that there is an initial swelling that occurs
for T o Tg, when in actuality no appreciable swelling should occur.

Fig. 2 (a) Illustration of the narrow range of equilibrium starch volume fractions that are possible with the standard Flory–Rehner theory. (b) Illustration
of the impact of cross-linking density parameter n* and the solvent interaction parameter w0 on the equilibrium starch volume fraction at initial
temperature T = T0.
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that feq = f0 at T0, swelling is severely restricted and it is not
possible to reach realistic values of the final volume fraction.
Thus, we can conclude that there is a deeper problem with the
use of Flory–Rehner theory for this application.

We propose that the problem with the standard Flory–Rehner
model is that it is likely a missing piece of the underlying physics.
Generally, Flory swelling theories assume constant material prop-
erties (e.g., n* and w0 are constant), while in reality the cross-link
density in a starch granule, n*, may decrease during swelling as
some of the physical cross-links break, which break much more
easily than chemical cross-links. In turn, the starch–water inter-
action parameter, w0, could also change since more starch–water
sites would be exposed as the cross-links break. We assume that
from a microstructural viewpoint, the granule can be considered
to appear initially as a tightly-packed polymer glass that under-
goes a phase transition to become a loosely-packed polymer
network as the degree of gelatinization increases.38,39

With this physical picture of a granule that undergoes a
phase transition, it makes sense that a single cross-link density
would be incapable of accurately describing the polymer net-
work both before and after gelatinization as shown in Fig. 2.
Specifically, if we fix w0 = 0.497, the cross-link density that
results in the correct initial volume fraction for T o Tg is n* =
0.23. Similarly, the cross-link density that results in the correct
final volume fraction after gelatinization at 363 K is n* = 0.0042.
Therefore, we hypothesize that a simple modification to the
Flory–Rehner theory that allows for a variable value of the cross-
link density will allow us to qualitatively capture granule
swelling from the unswollen size to the final granule size.

Here, we will test this hypothesis by examining four of the
simplest possible dependencies of the cross-link density on
temperature. These four functional relationships are depicted
in Fig. 3(a) and given by:

(1) a step function

n�ðTÞ ¼
n0 if T � Tg

n1 if T 4Tg

(
; (18)

(2) a linear function

n�ðTÞ ¼

n0 if T � Tg

alinear T � Tg

	 

þ n0 if T 4Tg

n1 if n�ðTÞo n1

8>>><
>>>:

; (19)

(3) a negative exponential function

n�ðTÞ ¼

n0 if T � Tg

2n0 � n1 � e
T
Tg

ln n0�n1ð Þþaexp T�Tgð Þ
if T 4Tg

n1 if n�ðTÞo n1

8>>>><
>>>>:

;

(20)

and (4) a modified logistic function

n�ðTÞ ¼

n0 if T � Tg

n1 þ
n0 � n1

1þ T

Tg
� 1

� �
ea T�Tgð Þ

if T 4Tg

8>>><
>>>:

: (21)

In these four empirical models Tg is the gelatinization
temperature, n0 is the cross-link density at T o Tg that sets
the initial starch volume fraction f0, nN is the cross-linking
density that sets the equilibrium swelling at the final tempera-
ture T = Tf, and alinear, aexp, and a are free parameters to be
determined.

The advantage of these four models is that they have at most
one free parameter that cannot be determined from material
properties alone. The functions were chosen in such a way that
they have increasing smoothness of the transition between
different cross-link densities. Also, all of the models are designed
to produce a relatively sharp transition in the cross-link density
after T 4 Tg since prior work showed a reasonable agreement for
the latter stages of granule swelling with a constant value of the
cross-link density equal to nN.22 Fig. 3(b) shows how each of
these four models influences the equilibrium starch volume
fraction feq as a function of temperature.

Fig. 3 (a) Five different models that allow n* to vary as a function of temperature. For the functions plotted here, the following parameters were used for
convenience to make visualization easier: n0 = 0.23, nN = 0.0042, Tg = 339 K, alinear = �0.04, aexp = 0.23, and a = 0.82. (b) Plot of feq vs. temperature
calculated from each of the models in (a). For both plots, the following common parameters are used: w0 = 0.497, DH = 1.281 � 104 J mol�1.
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4.2 Comparison of modified theory to experimental results

Next, we examined the ability of each of the four empirical
models for cross-link density (eqn (18)–(21)) to improve the
accuracy of the numerical simulations of granule swelling. In
Fig. 4, we study how the four different models compare against
granule swelling data from literature. In ref. 19, gelatinization
of individual starch granules from four types of legume
starches (chickpea, red bean, green lentil, and yellow pea)
was observed, and it was shown that all of the data from
hundreds of granules of each type could be described by a
universal curve (after appropriate normalization). We will first
attempt to validate our model against these dynamic swelling
measurements.

In the experiments, the heating was done via a quadratic
function of time as follows:

T = T0 + T1t � T2t2 (22)

where the initial and final temperatures are T0 = 323 K and
Tfinal = 363 K, respectively, T1 = 0.1759 K s�1, and T2 = 1.92 �
10�4 K s�2. Because the final granule size varies from granule to
granule, we compare the simulations for the two extremes
observed in the experiments of ref. 19, with granule swelling
ratios (i.e., ratio of final granule size to initial granule size):
Rf/R0 = 3.21 and Rf/R0 = 1.69. The free parameters used in each
of the four empirical models, as well as all the other free
parameters listed in Table 2 were optimized49,50 to produce

the best fit against the data for each model (i.e., the values were
allowed to be different for each model). In the optimization
scheme, the following cost function was minimized:

Sglobal ¼
Xn
1

R
exp
i � Rnum

i

	 
2
(23)

where differences at n points between the numerical result
Rnum

i and experiments Rexp
i are accumulated. The values of

Sglobal observed for the four models are shown in Table 3, and
it can be clearly seen from both Fig. 4 and Table 3 that numerical
simulations using the modified logistic function for varying the
cross-link density give the best fit to the experimental data.

Based on the comparison between simulations and data in
Fig. 4, we can conclude that, indeed, allowing for the cross-link
density to vary with temperature results in a significant
improvement in the ability of the simulations to capture the
dynamics of granule swelling. However, Flory–Rehner is inher-
ently an equilibrium theory and therefore it is important to also
compare this modification against equilibrium granule swel-
ling. To do this we measured the equilibrium granule size as a
function of temperature for 12 individual red-bean, starch
granules that all had a similar swelling ratio (see Section 2.2).
Because we do not have a way of directly measuring the initial
starch volume fraction, we assumed that all granules start with
an equilibrium starch volume fraction of 0.586. We then
calculated the equilibrium starch volume fraction as a function

Fig. 4 Comparison of the best fit to the experimental data using the four different empirical models for the two extreme values of the swelling ratio: (a)
Rf/R0 = 3.21 and (b) Rf/R0 = 1.69. (c) and (d) show the error between the different models and the experimental data from (a) and (b), respectively.
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of temperature and the results of these measurements are
shown in Fig. 5.

As with the dynamic data from simulations, it is clear from
Fig. 5(a) that the Flory–Rehner theory with a constant cross-link
density is unable to adequately describe the data. However, it is
also evident that a modified logistic function for the cross-link
density is not a perfect fit either. Therefore, we also proposed
the following fitting function for describing the data with a
relatively simple analytical expression:

feq ¼
A

1þ e�dðT�DTÞ
�mT þ b (24)

where the optimal parameter values are: A =�0.33, d = 0.78 K�1,
m = 0.0066 K�1, b = 2.75, DT = 341.24 K.

By substituting this fitting function (eqn (24)) into eqn (4),
we can also back-calculate n*(T) to compare it to the modified
logistic function for the cross-link density as shown in Fig. 5(b)
and (c). As with a comparison of feq(T), the data do not agree
perfectly with the modified logistic function and the inherent
differences in the functional form cause large differences in
cross-link density both at low and high temperature. However,
the data do support the idea that the current Flory–Rehner
theory is inadequate and that using a variable cross-link density
that varies sigmoidally with temperature is a significant
improvement. Interestingly, the degree of gelatinization for
rice starch was also found to vary sigmoidally with temperature
through DSC experiments,37 though in that work it is unclear if
the sigmoidal character is related to the phase transition or due
to intrasample variability (see ref. 19 for a discussion of
intrasample variability).

Although, it would not be feasible as a general strategy, we
also attempted to use eqn (24) directly for the simulations to
see if this resulted in better predictions of the dynamics of
swelling. To do this, we used the values of n*(T) calculated from
eqn (24) in the swelling simulations. Fig. 6 shows the results of
this simulation and from this we learn the following. First, the
swelling dynamics are extremely sensitive to minor variations

Table 3 Global differences between predictions from four empirical
models and experimental data along with the best fit parameters for each
model that resulted in these values. The units of each parameter are as
follows: alinear [=] K�1; aexp [=] K�1; a [=] K�1

Model (free parameters)

Sglobal Best fit parameter

Rf

R0
¼ 3:21

Rf

R0
¼ 1:69

Rf

R0
¼ 3:21

Rf

R0
¼ 1:69

Step 1.5394 1.9032 — —
Linear (alinear) 1.2509 0.7216 �0.0625 �0.0230
Negative exponential (aexp) 1.2677 0.7540 0.2573 0.0857
Modified logistic (a) 0.0381 0.0445 0.6068 0.4884

Fig. 5 (a) Comparison between experimental values of the equilibrium volume fraction of red bean starch granules (labeled as ‘‘data’’ in the legend) and
the prediction of three different models. The experimental data correspond to 12 different granules. (b) and (c) Comparison of n*(T) and 1/n*(T) from the
modified logistic function and eqn (24) fit to the data. Note, the free parameters used in the modified logistic function shown here correspond to the best
fit for a swelling ratio of 2.15 to match the data set.
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in the value of n* at later stages of swelling, as evidenced by the
differences in the shape of the swelling curve for temperatures
above 340 K where the differences in n* are small between the
data and the logistic function. We also learn that, in contrast to
the effect at higher temperatures, very large differences in the
value of n* make only a small difference at lower temperatures
when swelling is just beginning to occur.

In summary, we have considered multiple options for cor-
recting the missing physics in the model. It is clear that a
variable cross-link density is necessary and that the modified
logistic function captures this in a way that produces realistic
swelling dynamics. Therefore, we conclude that it is reasonable
to proceed to perform simulations where n* varies sigmoidally
with temperature and in the remainder of this paper will use
the modified logistic function in all simulations.

4.3 Relationship between modified Flory model and
experimental master curve

As discussed in the previous section, we determined that by
using a modified logistic function for the cross-link density n*(T)
in the Flory–Rehner swelling model, one can reasonably predict
dynamic experimental swelling data. In a previous paper, we also
found that for a given heating profile (eqn (22)), the experimental
swelling data for four types of starch granules follow a universal
curve with only two empirical parameters:

RðtÞ � R0

Rf � R0
¼ exp � exp �kG t� � tGð Þ½ �ð Þ (25)

where the dimensionless parameter kG is related to the char-
acteristic time scale for gelatinization; while the dimensionless
parameter tG relates to the time – and by extension the tempera-
ture – at which swelling is rapid. Therefore, in this section we
will attempt to determine if the empirical parameters (kG and tG)
can be related to physical parameters in the theoretical model.
To do this, we will vary the model parameters that remain after
non-dimensionalizing the governing equations and attempt to
collapse the resulting swelling curves. Unless specified other-
wise, all model parameters used in the simulations for this
section will be the same as those listed in Tables 1 and 2.

In the sections that follow, we will systematically vary the
parameters, one at a time, and generate dynamic swelling
curves. We will then attempt to collapse the resultant numerical
data onto a master curve by shifting the time and/or rescaling
the time according to eqn (25) in order to collapse the numer-
ical data onto a master curve. Finally, we will examine the
relationship between the empirical parameters and the theore-
tical parameters to determine what relationship may exist
between them. Ideally, such relationships will be obtained as
some specific, but as yet unknown, mathematical functions as
follows:

tG = f (a,nN,f0,Tg,T0,DH,w0,c) (26)

kG = g(a,nN,f0,Tg,T0,DH,w0,c) (27)

4.3.1 Effect of empirical parameters used to vary cross-link
density: a, nN, and /0. In this section we vary the free
parameter used in eqn (21), a, to determine what impact it
has on the dynamics of swelling. While a is a fully empirical
parameter, we may presume that it does represent
material properties and therefore may vary from one type of
starch to another. From Fig. 7(a) and (b) we see that, we are
unable to successfully collapse all the data onto a
master curve.

The inability to collapse the curves can be interpreted in at
least two ways. First, it may suggest that the empirical function
obtained in ref. 19 may not be applicable to all starches.
Second, it may suggest that there is only one value of a that
is physically realistic. However, recall that a is not based on a
known material property and instead only used to smoothly vary
the cross-link density as a function of temperature. Therefore, we
elect to proceed in our analysis by adopting the latter interpreta-
tion and assume that a must be selected such that the swelling
curve has the same qualitative shape as eqn (25).

Next we recall that in Section 4.2 we found that the optimal
value of a was different for different values of nN. From this we
assume that a is a function of nN alone and determine this
relationship by obtaining the best fit for a at four different values
of nN as shown in Fig. 7(c). From the results in Fig. 7(c), we find
that the relationship between the optimal value of a and nN can
be approximated by the following power-law function:

a = 0.341nN
�0.0750 (28)

We see that the resulting swelling curves shown in Fig. 7(d) are
nearly identical with only a very small time shift, if any,
required to collapse them. Thus for the remaining simulations,
we will not consider a to be an independent parameter and
control its value using eqn (28).

To illustrate the impact of varying nN, we have replotted the
data from Fig. 7(d), without rescaling the granule radius, in
Fig. 8(a). As expected, we see that the final granule radius is
directly controlled by the final cross-link density. Plotting the
value of nN as a function of the swelling ratio Rf/R0 in Fig. 8(b),
we find that it is also possible to approximate their relationship

Fig. 6 Comparison of the swelling process simulated using the modified
logistic function for n* with the swelling process simulated using eqn (24).
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using another power-law function:

Rf

R0
¼ 0:742� n1�0:186 or n1 ¼ 0:201

Rf

R0

� ��5:38
: (29)

The final parameter that is involved in the cross-link density
is the initial starch volume fraction f0. Fig. 9(a) shows the
swelling curves when f0 changes from 0.5 to 0.65 when nN =
0.012. The results show only slight differences, revealing that f0

has little impact on the swelling process. Applying a time shift,
these curves collapse very well, as presented in Fig. 9(b). When

the same time shifting procedure is applied at different values
of nN, Fig. 9(c) shows how the required time shift varies with f0

in each case.
From the data in Fig. 9(c), we find that tG appears to depend

linearly on f0 and, after examining the best fits to a line at
different values of nN, we see that the dependence of both
parameters is well approximated by the following type of
function:

tG ¼ n1n�n21 þ k1n�k21 f0; (30)

where the following values produce the best fit: n1 = 539,

Fig. 7 (a) The swelling curves obtained when a is varied with all other parameters held constant and the swelling ratio is 1.69 (nN = 0.012), (b) the best
possible rescaling and shifting of the time to collapse the curves in (a). (c) The relation between the optimal value of a and nN on log–log axes. (d) The
swelling curves simulated when a is varied with nN to produce the best fit to the experimental data.

Fig. 8 (a) Swelling curves from Fig. 7(d) replotted to show the impact of nN on the dimensionless radius. (b) Swelling ratio vs. nN on log–log axes.
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n2 = 0.0430, k1 = 217, and k2 = 0.0860. However, it is important
to remember that with more parameters one can always obtain
an artificially better fit. Therefore, seeing that n2 is quite small,
we instead propose that the functional dependence can be
simplified to the following function:

tG ¼ C1 þ k1n�k21 f0; (31)

where the following values produce the best fit: C1 = 682, k1 =
105, and k2 = 0.212.

4.3.2 Effect of gelatinization temperature Tg and initial
temperature T0. In this section we examine the influence of the
model parameters related to the temperature. First, we vary the
gelatinization temperature Tg while holding the initial tempera-
ture constant at T0 = 323 K. It is known that the gelatinization
temperature of the starch will impact swelling, and indeed
Fig. 10(a), shows that Tg results in changes to the swelling curve.
By applying a time shift to the different curves, we see in Fig. 10(b)
that the data can still be collapsed onto a single curve. This result
is qualitatively unsurprising since the difference in time corre-
sponds directly to the difference in temperature at which swelling
begins because of the way heating is performed.

As in Section 4.3.1, we see that the time shift required to
collapse the curves depends both on the gelatinization tem-
perature and the cross-link density as shown in Fig. 10(c).
Quantitatively, we find that the relation between tG and Tg

can be well described by a second order polynomial where the

prefactors each may depend on nN as follows:

tG ¼ m1n�m2
1 þm3n�m4

1 Tg � 323
	 


þm5n�m6
1 Tg � 323
	 
2

; (32)

where the following values produce the best fit: m1 = 204,
m2 = 0.0905, m3 = 35.1 K�1, m4 = 0.0319, m5 = 0.284 K�2, and
m6 = 0.0830. However, again we wish to avoid excessive use of
free parameters to fit the data, and we find that we can simplify
the function to the following form and still describe the data
reasonably well:

tG ¼ C2n�C3
1 þ k3 Tg � 323

	 

; (33)

where the following values produce the best fit: C2 = 182, C3 =
0.0914, and k3 = 37.1 K�1.

Next, we vary the initial temperature T0 while holding the
gelatinization temperature at Tg = 339 K. Fig. 11(a) reveals the
influence of initial temperature T0 on the swelling process. Similar
to Tg, changes in T0 also only require time shifts to collapse onto a
single curve in as shown in Fig. 11(b). Fig. 11(c) also reveals a very
similar relationship between tG and Tg (refer to Fig. 10(c)).

Therefore, we again find that the same type of second order
polynomial in eqn (34) fits the data very well:

tG ¼ m1n�m2
1 þm3n�m4

1 339� T0ð Þ þm5n�m6
1 339� T0ð Þ2; (34)

with m1 = 189, m2 = 0.0956, m3 = 25.9 K�1, m4 = 0.00803, m5 =
0.317 K�2, and m6 = 0.0868 providing the best fit. For the same

Fig. 9 (a) Swelling curves simulated for various values of f0 for a swelling ratio of 1.69 (nN = 0.012). (b) Illustration of the collapse of the curves from (a)
by changing tG. (c) Illustration of the optimal values of tG needed to collapse the swelling curves for different values of f0 at different values of nN on log–
log axes. (d) Data in (c) collapsed onto a single curve given by eqn (31).
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reasons as above, we also simplify the function to the
following form:

tG ¼ C2n�C3
1 þ k3 339� T0ð Þ; (35)

with C2 = 164, C3 = 0.0969, and k3 = 38.4 K�1.
From the best fit parameters to eqn (33) and (35), we observe

that the dependence of tG is very similar for the same difference
between Tg and T0. For this reason, both Fig. 10(c) and 11(c)
were plotted versus the temperature difference Tg � T0, even
though in each case one of the two values was held constant.
Given the high degree of similarity when varying the two
parameters independently, we combined all of the data from
both cases and fit them to the following function:

tG ¼ C2n�C3
1 þ k3 Tg � T0

	 

: (36)

When all of the data in both plots are combined, the following
parameters provide the best fit: C2 = 153, C3 = 0.117, and k3 =
36.5 K�1.

4.3.3 Effect of other parameters: DH, v0, and c. Aside from
the parameters directly related to gelatinization, there are three
other material parameters that appear in the dimensionless
equations: w0 and DH in the Flory–Huggins parameter expres-
sion (eqn (3)), as well as c in the diffusion coefficient (eqn (8)).
From Fig. 12(a) we see that changing DH by several orders of
magnitude reveals that a larger DH makes swelling faster,
since more enthalpy change is involved in the interaction

between starch and water, but this effect is very modest.
Similarly, varying w0 and c within the range of physically
meaningful values we see almost no change in the swelling
curve (see Fig. 12(b) and (c)). Thus, we may safely say that these
three parameters are unrelated to the empirical factors (tG and kG)
used to collapse the data onto a master curve.

4.4 Summary of parametric analysis

In Section 4.3 we hypothesized that the empirical parameters
that can be used to scale and shift the swelling data to produce
a universal curve could be predicted from material properties
and written as some function of the material parameters:

tG = f (nN,f0,a,Tg,T0,DH,w0,c) (37)

and

kG = g(nN,f0,a,Tg,T0,DH,w0,c). (38)

From our results we found that for a given value of nN, only one
value of a can produce a curve with the same qualitative behavior
seen in experiments. Thus, we determined that a is not an
independent parameter and we can eliminate a dependence on a
from both functions. We also found that neither tG nor kG depend
on DH, w0, or c, so those can also be eliminated from both functions.

Looking at the remaining parameters we see that none of
them influence kG, suggesting that the timescale of gelatiniza-
tion is entirely determined by the diffusive time scale. This is

Fig. 10 (a) Swelling curves simulated for various values of Tg for a swelling ratio of 3.21 (nN = 0.00038) and initial temperature of 323 K. (b) Illustration of
the collapse of the curves from (a) by changing tG. (c) Illustration of the optimal values of tG needed to collapse the swelling curves for different values of
Tg at different values of nN on linear axes.
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interesting, because it suggests that by fitting experimental
data, one can obtain an estimate of the diffusion coefficient
that is relevant to gelatinization. In turn, this will help deter-
mine if assumptions in our model about the diffusivity are
correct. This will be the subject of future work.

Further, tG was found to be adequately described by a linear
dependence on f0 and (Tg � T0) with a slope and an intercept,
respectively, that depend on nN, which in turn depends on the
swelling ratio. Thus, we can now revise eqn (37) and (38) to be:

tG ¼ k1f0

Rf

R0

� �k2

þk3 Tg � T0

	 

(39)

and

kG = 1. (40)

We can test the accuracy of eqn (39) by combining all of the
simulation data and fitting as shown in Fig. 13. We find that
the best fit results from the following values of the parameters:
k1 = 280, k2 = 0.732, and k3 = 37.8 K�1, with a maximum error of
6.6% and an average error of 1.6%.

Finally, we return to the functional dependence of the cross-
link density on temperature. We found that there appears to be
a power-law dependence of the parameter a on nN (eqn (28)),
and hence on the swelling ratio. This means that we can rewrite
the modified logistic function as follows:
From the previous fits to the data, we found the following values
of the fitted parameters: k4 = 0.201, k5 = 5.38, k6 = 0.409 K�1, and
k7 = 0.900.

4.5 Influence of heating rate and heating function

As a final point of discussion, we wish to point out that the
specific shape of the swelling curve must depend on the way in
which the temperature of the system increases with time. This
is a noteworthy point because our comparisons were done with

experimental swelling data obtained where the temperature
was increased quadratically with time, and other researchers
might instead increase the temperature linearly with time. In
Fig. 14, we have compared the swelling curves from simulations
in which the temperature was increased linearly with time as

Fig. 11 (a) Swelling curves simulated for various values of T0 for a swelling ratio of 1.69 (nN = 0.012) and gelatinization temperature of 339 K. (b)
Illustration of the collapse of the curves from (a) by changing tG. (c) Illustration of the optimal values of tG needed to collapse the swelling curves for
different values of T0 at different values of nN on linear axes.

n�ðTÞ ¼

n0 if T � Tg

k4
Rf

R0

� ��k5
þ

n0 � k4
Rf

R0

� ��k5

1þ T

Tg
� 1

� �
exp k6 T � Tg

	 
 Rf

R0

� �k7
" # if T 4Tg

8>>>>>>><
>>>>>>>:

: (41)
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T = 323 + bt at different rates, b in K s�1, against the original
parabolic heating function used in ref. 19. In each case, two
different values of the swelling ratio were used.

As expected, using different heating functions and rates has
a large impact on the shape of the swelling curve. Even a slight
difference in the heating function will result in different shapes
of the swelling curve and the ability to collapse the data onto
the function found in ref. 19 is clearly a special case. Never-
theless, the convenience of the functional dependence found in
ref. 19 has allowed us to make substantial progress in under-
standing which material properties will influence the swelling

process. Further, if other researchers utilize the same heating
function, the present analysis will likely enable them to extract
material properties directly from swelling data.

5 Conclusion

In this work we used numerical simulations based on a first-
principles model of the swelling of starch granules to help
understand a previously published experimental result19 in
which a universal curve was seen for the granule size as a
function of time. While validating the governing equations for
the simulations, we found that the standard Flory–Rehner
theory used in previous work22 was ill-suited to simulating
the initial stages of starch swelling near the gelatinization
temperature. However, we concluded that with a minor mod-
ification, in which we allow the fraction of cross-linked chains
in the granule to decrease as temperature increases, that the
Flory–Rehner theory can be used to successfully predict the
swelling process of legume-starch granules.

Using the modified theory and systematically varying the
model parameters, we found that the granule size as a function
of time from numerical simulations can also be collapsed onto
the same master curve found in experiments. We presented a
simple relationship between the empirical scaling and shifting
parameters used in experiments and the material properties
used in the modified theory. Of particular note is that once the
time is non-dimensionalized by the diffusion time scale, no
further rescaling is needed to collapse the swelling data.

Fig. 12 Swelling curves simulated for various values of DH (a), w0 (b), and c (c) for a swelling ratio of 1.69 (nN = 0.012).

Fig. 13 The accuracy of eqn (39) by comparing its prediction for tG with
those from simulation.
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Changes to all other model parameters only require a shift in
the time, to collapse the swelling data.

In summary, this is the first study to demonstrate that the
swelling of individual starch granules during gelatinization can be
described by a universal function that is generated from first-
principles. This will enable future experiments with granule swel-
ling to extract material properties such as the diffusivity, gelatini-
zation temperature, and initial starch volume fraction for
individual starch granules. Further, the framework we developed
will lend itself well to exploring the utility of using more sophis-
ticated variants of the Flory theory in future work.32,34,36,40,41

Finally, this work will enable more accurate predictions of the
behavior of starches during advanced processing operations, in
which the gelatinization of starch is critical to the functional
properties of the final product.
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