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Computational self-assembly of a six-fold
chiral quasicrystal

Nydia Roxana Varela-Rosales *ab and Michael Engel *a

Quasicrystals are unique materials characterized by long-range order without periodicity. They are

observed in systems such as metallic alloys, soft matter, and particle simulations. Unlike periodic crystals,

which are invariant under real-space symmetry operations, quasicrystals possess symmetry that requires

description by a space group in reciprocal space. In this study, we report the self-assembly of a six-fold

chiral quasicrystal using molecular dynamics simulations of a two-dimensional particle system. The

particles interact via the Lennard-Jones–Gauss pair potential and are subjected to a periodic substrate

potential. We confirm the presence of chiral symmetry through diffraction patterns and order para-

meters, revealing unique local motifs in both real and reciprocal space. The quasicrystal’s properties,

including the tiling structure and symmetry and the extent of diffuse scattering, are strongly influenced

by substrate potential depth and temperature. Our results provide insights into the mechanisms of chiral

quasicrystal formation and the role and potential of external fields in tailoring quasicrystal structures.

1. Introduction

A periodic crystal is considered chiral if it cannot be super-
imposed onto its mirror image by a proper isometry. A proper
isometry is a distance-preserving transformation that maintains
handedness, and it can be expressed as a combination of a transla-
tion and a rotation. The space group of a chiral crystal includes only
proper isometries. Notably, only 65 out of the 230 three-dimensional
space groups and 5 out of the 17 two-dimensional space groups, also
known as wallpaper groups, exhibit this property. Although chiral
crystals are relatively rare, they possess unique properties that
make them valuable in various applications,1 such as the
rotation of polarized light in optical devices, the efficacy and
safety of enantiomer-specific drugs in pharmaceuticals, and the
facilitation of second harmonic generation in nonlinear optics
for advanced laser technologies.

Chirality becomes even more intriguing in aperiodic crystals
and tilings. A notable example is the hat monotile, also known
as ‘Einstein’, a chiral 13-sided convex polygon. Tiling the plane with
the hat tile produces an aperiodic tiling that is distinguishable from
its mirror image.2,3 Another example is the surface of certain
families of viruses,4 which can be described by a finite tiling on
the surface of a sphere created from a quasicrystal through the
action of a chiral phason strain field. Discussing chirality in
quasicrystals requires extending classical crystallographic concepts,

as quasicrystals do not repeat and lack a space group defined in real
space. Instead, the Fourier transform of a quasicrystal, with its
dense set of sharp peaks, reveals regular features that can be used to
generalize the concept of symmetry,5,6 associating quasicrystals with
a space group in reciprocal space.7,8 This allows for the considera-
tion of chiral quasicrystals as those quasicrystals with a chiral space
group. While chirality in aperiodic tilings has been considered for
some time in the mathematics community,9–11 we are not aware of
chiral quasicrystals reported to form spontaneously in either experi-
mental or simulation studies.

In our search for a chiral quasicrystal, we utilize a two-
dimensional model system of particles interacting via the
Lennard-Jones–Gauss potential, which is known to form multiple
achiral quasicrystals.12,13 Similar achiral two-dimensional12,14–23 and
three-dimensional24–27 quasicrystals have commonly been self-
assembled in simulations involving particle mixtures of varying
sizes or multiple wells in the interaction potential. To induce
chirality, we introduce an additional periodic substrate potential.
In a previous study,28 we examined the effects of weak substrate
potentials on the stability of various approximants of the dodeca-
gonal quasicrystal and other incommensurately modulated phases,
as indicated by satellite peaks in the diffraction patterns. In this
study, we demonstrate that significantly stronger substrate poten-
tials, compared to our previous work, cause the achiral quasicrystal
to spontaneously transform into a chiral quasicrystal (Fig. 1).

The concept of using substrates to design new quasicrystals
has been explored for some time. Thin films can be induced
into quasiperiodic order when grown on substrates with quasi-
periodic symmetry.29–32 Another approach involves templating
quasicrystals by tuning the interference patterns of laser
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beams.33–37 Strong laser beam intensity can force particles to
adhere to the symmetry of the laser field, whereas weak fields
allow particles to retain their native, periodic configuration. By
adjusting the laser field strength, one can interpolate between
these cases,38 creating a competition between the symmetry of the
template and the native symmetry that the particles prefer in the
absence of the template. This method can also target approxi-
mants (periodic crystals approximating the structure of a quasi-
crystal) by using substrates to favor specific tiles or tile patches.39,40

2. Methods
2.1. Molecular dynamics simulations

We performed two-dimensional molecular dynamics (MD)
simulations using the HOOMD-blue simulation package.41,42

The particle systems were modeled with the Lennard-Jones–
Gauss (LJG) potential

VLJGðrÞ ¼
1

r12
� 2

r6
� eLJG exp

� r� r0ð Þ2

2s2

 !
: (1)

The parameters were chosen as eLJG = 1.8, r0 = 1.42, and s2 =
0.042 based on our previous study13 where a dodecagonal quasi-
crystal was observed. Simulations were conducted in the NVT
ensemble using a Nosé–Hoover thermostat and effectively open
boundary conditions on the simulated crystal. The Boltzmann
constant was set to 1. To mimic the effect of a substrate with
hexagonal lattice symmetry, we applied an external potential,

Vext ¼
eeLJG
6T

X2
i¼0

cos 2pki � r=lð Þ (2)

with ki = (cos(pi/3), sin(pi/3)). The parameter e represents the
substrate potential depth, and l is the substrate periodicity. To
maintain consistency with our previous work and to align the
assembly diagram in Fig. 2 with that in Fig. 5 of ref. 28 we set the
substrate periodicity to l = 0.5 and measure substrate potential
depth relative to kinetic energy, i.e., use the prefactor e/T.
Incorporating this scaling factor allows higher temperatures, with
increased thermal energy, to reduce the impact of the substrate
potential. Conversely, at lower temperatures, the decreased ther-
mal energy heightens the effect of the substrate potential.

Particles were initially positioned within a central circle at a
number density of 0.3. Over time, the systems crystallized into
circular clusters exhibiting solid-gas coexistence. This setup
was chosen to ensure open boundaries around the crystalline
cluster. To construct an assembly diagram across varying e and
T parameter values, we performed extensive MD simulations,
each comprising 108 MD integration steps. This duration was
sufficient for the potential energy to reach a plateau, allowing
us to accurately determine phase boundaries. These bound-
aries serve as a guide to understanding the system’s phase
behavior.

2.2. Diffraction symmetry order parameters

Diffraction patterns are crucial for characterizing quasicrystals.
In this section we discuss their significance and methodology in
detail. For a given system of particles, we construct a continuous
particle density r(r) by either time-averaging multiple snapshots
or by applying a narrow Gaussian convolution to smear the
particle positions in a single snapshot. The Fourier transform of
this density is computed as rðkÞ ¼

Ð
Bexpðik � rÞrðrÞdr, where the

Fig. 1 MD simulation snapshots of the CQC at the parameter sets (a) (T, e) = (0.25, 0.5) and (b) (T, e) = (0.3, 0.4). In these snapshots, nearest-neighbor
bonds create a tiling pattern, where triangle tiles are colored red and square tiles are colored green. The insets show diffraction patterns, time-averaged
to reduce phonon noise and with chiral symmetry and six-fold symmetry features highlighted using small red and blue circles, respectively. In snapshot
(b), the solid-gas interface is wetted by square tiles and diffuse scattering is a more pronounced compared to (a).
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integration is performed over the simulation box B. From this
transformation, we obtain the structure factor or diffraction
pattern, denoted as S(k) = 8r(k)82. Diffraction patterns are
generated using the INJAVIS visualization package,43 with para-
meters set to a zoom factor of 0.5, an image size of 10242 pixels,
and a peak width (Gaussian smearing) of 5 pixels.

To analyze symmetry in quasicrystal patterns, we calculate
order parameters in reciprocal space. The similarity between
two diffraction patterns, S1 and S2, is quantified using the
Pearson correlation coefficient

CorrðS1; S2Þ ¼
CovðS1; S2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

CovðS1; S1Þ CovðS2; S2Þ
p ; (3)

where the covariance is defined as

CovðS1;S2Þ ¼
ð
S1ðkÞS2ðkÞdk: (4)

To evaluate rotational symmetry, we use the n-fold
rotation matrix

Rn ¼
cos

2p
n

� �
� sin

2p
n

� �

sin
2p
n

� �
cos

2p
n

� �
0
BBBB@

1
CCCCA: (5)

Perfect n-fold rotational symmetry requires the diffraction
pattern to remain invariant under this rotation, expressed

mathematically as S((Rn)mk) = S(k) for all integers m and wave
vectors k. This can be concisely stated as S3Rm

n � S. By defini-
tion, diffraction patterns are always invariant under two-fold
rotation, i.e., S3R2 � S. We define order parameters for six-fold
and twelve-fold rotational symmetry by averaging over certain
equivalent orientations as

r6 = Corr(S3R6 + S3R2
6, S), (6)

r12 = Corr(S3R12 + S3R5
12, S). (7)

For the six-fold symmetry order parameter r6, we avoid trivial
correlations due to the exact relationship S3Rm

2n � S3Rn+m
2n .

Similarly, for the twelve-fold symmetry order parameter r12,
we exclude correlations caused by the presence of lower rota-
tional symmetries.

Quantifying chiral symmetry involves additional steps. We
use the mirror operation matrix

My ¼
�cosð2yÞ sinð2yÞ

sinð2yÞ cosð2yÞ

 !
(8)

where the mirror axis is rotated by an angle y relative to the x-
axis. Because the orientation of the mirror axis is unknown, we
define the chiral order parameter w as the solution to an
optimization problem,

w ¼ 1�
maxy2½0;pÞ CorrðS �My;SÞ � r6

1� r6
; (9)

Fig. 2 (a) Assembly diagram constructed from simulation snapshots. The chiral quasicrystal (CQC) phase is observed at low temperatures and high
substrate potential depths. Other identified phases include the quasicrystal (QC), approximants (APP), square phase (SQ), and square modulations (SQM).
The white region indicates the coexistence of CQC and SQM phases. Two cross-like symbols mark the positions in the stability diagram corresponding to
the snapshots shown in Fig. 1. (b) CQC probability score obtained from the CNN model. Order parameters quantify the presence of different symmetries:
(c) six-fold order is prominent in the QC, CQC, and APP regions. (d) Chiral order is particularly high in the region where the CQC with low diffuse
scattering is found. (e) Twelve-fold order is significant in the QC region.
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which is solved numerically. The subtraction of r6 and normal-
ization enhances the detection of chirality in two-dimensional
structures with six-fold symmetry. We propose that similar
strategies can be applied to quantify chirality in other particle
structures with n-fold symmetry by appropriately modifying the
term r6.

2.3. Neural network classification

We employed a convolutional neural network (CNN) to classify
regions within the e–T parameter space where the chiral qua-
sicrystal is present. This CNN is designed for binary classifica-
tion, using diffraction patterns of the chiral quasicrystal as
training data. The model architecture comprises five convolu-
tional layers with increasing complexity, featuring filter sizes
ranging from 32 to 512. Each convolutional layer is followed by
a 2 � 2 max pooling layer to reduce spatial dimensions and
highlight important features. Following the convolutional
layers, the model includes a dense network segment consisting
of four fully connected layers with 1024, 512, 256, and 128
neurons, respectively. To prevent overfitting a dropout layer
with a rate of 0.2 is included. The network concludes with a
sigmoid activation layer that outputs the probability of the
input being classified as part of the chiral quasicrystal class.
The Python code implementing this CNN architecture is avail-
able in the Zenodo repository accompanying this work.

3. Results
3.1. Discovery of a chiral quasicrystal

We investigated substrate potential depths in the range of 0 r
e r 0.5, which is significantly broader than previously studied
ranges.28 Numerous MD simulations were conducted, and the
final snapshots were analyzed through visual inspections of
tilings and examination of diffraction patterns. The observed
phase behavior is summarized in an assembly diagram
(Fig. 2a). This diagram extends Fig. 5 of ref. 28 to significantly
higher e values, confirming the presence of the chiral quasi-
crystal (CQC). It also includes the previously reported square
phase (SQ) and its modulated version (SQM) at higher tem-
peratures, as well as the achiral dodecagonal quasicrystal (QC)
and various approximants (APP).

Two snapshots from the CQC region are shown in Fig. 1. The
first snapshot (Fig. 1a) was taken deep within the CQC region at
T = 0.2 and e = 0.5. Nearest-neighbor bonds form a tiling
composed of triangle tiles (red), square tiles (green), and
pentagon tiles (white). This self-assembled tiling exhibits
long-range order but lacks periodicity. The colored tiles inter-
connect in a meandering manner, creating a spiral-like network
pattern. While the tiling does not exhibit a clear inflation
symmetry in real space, the diffraction pattern reveals distinct
peaks along with weak diffuse scattering. The set of diffraction
peaks can be indexed by four basis vectors (Fig. 3) and displays
six-fold symmetry without mirror symmetry (Fig. 1a). The
absence of mirror symmetry indicates chiral symmetry in
reciprocal space. Together, these observations are sufficient to

identify the pattern as a chiral quasicrystal. The second snap-
shot (Fig. 1b) was taken closer to the stability boundary of the
CQC with SQM at higher T and lower e. Here, the solid-gas
interface of the self-assembled tiling becomes populated with
patches of square tiles. Simultaneously, the number of triangle
tiles decreases within the CQC, suppressing the meandering
network responsible for the chiral nature of the CQC. Because
of a higher number of structural defects in the second snap-
shots, the diffraction pattern exhibits more pronounced diffuse
scattering.

We delineate the stability region of the CQC using a CNN
model trained to recognize CQC patterns (Fig. 2b). The CNN
analysis confirms that the CQC spans a significant portion of
the assembly diagram at low temperatures (T t 0.3) and high
substrate potential depth (e \ 0.1). Clearly, the CQC forms
robustly over a broad parameter range. Furthermore, the CQC
is not a unique crystallographic structure specified by a single
tiling. As we move through the parameter range, the tile
composition changes continuously (visible also in Fig. 1). This
adaptability allows the CQC to respond flexibly to thermody-
namic constraints (T) and the constraints imposed by the
external potential (e).

Finally, we apply the diffraction symmetry order parameters
introduced in Section 2.2 to quantify the presence of crystal-
lographic symmetries. The six-fold symmetry order parameter
(Fig. 2c) effectively identifies six-fold symmetry in the CQC, QC,
and APP regions. All approximants in this system exhibit six-
fold symmetry.28 Six-fold order decreases toward the coexis-
tence region with SQM due to the formation of surface patches
with square tiles, as illustrated in Fig. 1b. Similarly, the chiral
order parameter (Fig. 2d) shows a strong correlation with the
six-fold order parameter in the CQC region and follows a

Fig. 3 Analysis of peak positions in the diffraction pattern of Fig. 1(a). qi are
four basis vectors spanning the reciprocal lattice. Square, triangle, and
rhombus tiles are overlaid onto the diffraction pattern. Each tile can
undergo further substitution (right side) with irrational inflation factor

1þ
ffiffiffi
3
p� �� ffiffiffi

2
p

. This demonstrates that each diffraction peak position can

be written as an integer multiple of the four basis vectors.
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similar trend. Other phases in the assembly diagram do not
exhibit chirality. Lastly, the twelve-fold order parameter
(Fig. 2e) shows significant values only in the QC region, with
the APP and CQC regions lacking notable twelve-fold symmetry.

3.2. Bond network in the CQC

To better understand the intricate structure of the CQC tiling,
we analyze the radial distribution function (RDF). The RDF
represents the average particle density in a ring around a
reference particle and changes significantly with the substrate
potential depth e (Fig. 4a). As we transition from the APP regime
(eo 0.1) to the CQC regime (e4 0.1), the first peak in the range
0.85 r r r 1.05 splits into what we term short nearest-neighbor
bonds (red shaded range in the inset) and long nearest-neighbor
bonds (blue shaded range). Additionally, a secondary nearest-
neighbor peak emerges at r E 1.2 (green shaded range). We call
all bonds associated with these three ranges as nearest neigh-
bors, because they form the backbone of the tiling pattern. The
changes in the RDF with e indicate a more diverse local order
and thus a higher structural complexity of the CQC compared to
the APP. Similar splittings of the first peak have been reported
in other quasicrystal-forming simulations.44,45 The observation
that the changes in the RDF are continuous throughout the CQC
regime confirms that the CQC structure is not a single unique
tiling but can change continuously across the parameter regime
in the assembly diagram where it is the preferred structure.

To interpret the significance of the first RDF peak splitting
and the secondary peak, we colored the bonds in a simulation
snapshot according to the three shading colors in the RDF. The

resulting colored tiling is shown in Fig. 4b. The figure demon-
strates that triangles and squares have various types of bonds,
often of mixed type in a single tile. Pentagons most commonly
have three red bonds, one blue bond, and one green bond. This
implies that the tiles are slightly deformed in the CQC. It also
shows how the CQC can adapt to the geometric constraints
induced by the periodic substrate by rearranging locally. The
availability of multiple competing local environments increases
the possibilities for the CQC to respond to these constraints.

Plotting the bond networks for the three colors separately
(Fig. 4c–e), provides additional insights. The bond network
reveals larger-scale structures, which may hint at weak inflation
symmetry and some regular order on a larger scale. It remains
unclear whether the tiling can eventually transform into new
types of chiral approximants at low temperatures or form a more
ordered chiral quasicrystal than the random tiling with high
degree of randomness we typically observe in our simulations.
We also observe chirality more clearly in the bond networks of
individual colors. The red bond network displays three-legged
motifs resembling a triskelion, with counter-clockwise triske-
lions dominating in Fig. 4c. The green bond network features
wavy lines forming open triangular cages. These cages have
three narrow openings consistently arranged counter-clockwise
near the tips, thus exhibiting chiral symmetry (Fig. 4e).

3.3. Variation of substrate periodicity

In this section, we explore how the substrate periodicity para-
meter l influences the stabilization of the CQC. We compare
simulations using the primary value of l = 0.5 from this study

Fig. 4 (a) RDFs averaged from MD trajectories at various e values with T = 0.2. The inset provides a detailed view of the short-distance range. Shaded
areas indicate the cutoffs used to construct bond networks, highlighting short nearest-neighbor bonds (red), long nearest-neighbor bonds (blue), and
secondary peak bonds (green). (b) A simulation snapshot at e = 0.5, illustrating the three types of bonds identified in the RDF. In pentagon tiles, there are
typically three red bonds, one green bond, and one blue bond. (c)–(e) The same snapshot as in (b), with each panel displaying only one type of bond: (c)
short nearest-neighbor bonds (red), (d) long nearest-neighbor bonds (blue), and (e) secondary peak bonds (green).
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with simulations at higher and lower values, l = 0.58 and l =
0.43, respectively. Our analysis of the diffraction patterns
reveals a clear correlation between l and specific diffraction
peaks (Fig. 5). The diffraction patterns are highly sensitive to
changes in substrate periodicity. Sharp diffraction spots appear
only at l = 0.5, whereas the other l values produce patterns with
significant diffuse scattering, indicating structural disorder.
This suggests that l = 0.5, a parameter initially chosen some-
what accidentally, albeit inspired by an experimental system,28

is nearly optimal for the emergence of the CQC. Deviations
from l = 0.5, whether higher or lower, result in the disappear-
ance of the CQC.

Despite examining the substrate potential and the CQC
structure in both real and reciprocal space, we have yet to find
an explanation the spontaneous appearance of chirality. Fig. 6
shows a simulation snapshot of CQC at T = 0.2 and e = 0.5. In
the top panel, the square and triangular tiles of the CQC are
displayed alongside the substrate potential peaks, represented
by blue particles. The bottom panel shows the corresponding
diffraction pattern, where blue circles mark the maxima of the

substrate potential superimposed on the CQC’s diffraction
peaks. The significance of l = 0.5 remains unclear. Future
research should investigate how the choice l = 0.5 effectively
shifts the system away from the QC phase and promotes six-
fold chiral symmetry. Understanding this mechanism will
further elucidate the factors contributing to CQC stabilization.

4. Conclusions

This study demonstrated the self-assembly of a six-fold chiral
quasicrystal through molecular dynamics simulations of a two-
dimensional particle system. The particles interacted via the
Lennard-Jones–Gauss pair potential and were influenced by a
periodic hexagonal substrate potential. Remarkably, they
formed a chiral quasicrystal despite the substrate’s achiral
nature. This unexpected formation underscores the complex
interplay between particle interactions and external fields in
quasicrystal formation causing a spontaneous breaking of
mirror symmetry.

Fig. 5 Diffraction patterns of simulation snapshots for three substrate periodicities l A [0.43, 0.5, 0.58] (vertical axis) and three temperatures T A [0.2,
0.3, 0.4] (horizontal axis), at fixed substrate potential depth e = 0.5. Each l value corresponds to a wave vector k = 2p/l, as indicated by the colored scale
bars. The diffraction patterns reveal characteristic peaks at these wave vectors, underscoring the significant role of substrate periodicity in shaping the
system’s structure. Additional notable diffraction peaks are highlighted with colored circles. Chirality is observed only at l = 0.5, whereas other l values
lead to significant diffuse scattering.
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We confirmed the presence of chiral symmetry using dis-
tinct diffraction patterns, unique local motifs, and a chiral
order parameter, which provided evidence of local chirality in
real space and global chirality in reciprocal space. Our analysis
of the radial distribution function revealed the emergence of
multiple nearest-neighbor bond lengths as the substrate
potential depth increased, indicating enhanced structural com-
plexity and diversity in local ordering. Additionally, the quasi-
crystal was stable only at an optimal substrate periodicity.

Chiral quasicrystal formation remains a relatively unex-
plored area in quasicrystal research. While our simulations

provided valuable insights into the self-assembly processes and
symmetry properties of chiral quasicrystals, further investiga-
tion is needed to elucidate the underlying mechanisms driving
their formation and to determine the optimal geometric
descriptions of their tiling patterns. Future research should
focus on exploring these mechanisms and the potential appli-
cations of chiral quasicrystals in materials science.
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Phys. Rev. Lett., 2013, 110, 118301.

41 J. Glaser, T. D. Nguyen, J. A. Anderson, P. Lui, F. Spiga,
J. A. Millan, D. C. Morse and S. C. Glotzer, Comput. Phys.
Commun., 2015, 192, 97–107.

42 J. A. Anderson, C. D. Lorenz and A. Travesset, J. Comput.
Phys., 2008, 227, 5342–5359.

43 M. Engel, INJAVIS – INteractive JAva VISualization, 2021, DOI:
10.5281/zenodo.4639570.

44 T. Mizuguchi and T. Odagaki, Phys. Rev. E, 2009, 79, 051501.
45 R. Ryltsev, B. Klumov and N. Chtchelkatchev, Soft Matter,

2015, 11, 6991–6998.

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

4 
D

ec
em

be
r 

20
24

. D
ow

nl
oa

de
d 

on
 1

2/
6/

20
25

 7
:3

4:
39

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

https://doi.org/10.5281/zenodo.4639570
http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm00933a



