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Nano-sized gas bubbles have attracted significant interest in electro-chemical applications due to their
durability and longevity. Accurately predicting nanobubble formation and their size is critical for
advancing technologies such as electrolysis and fuel cell systems. This study presents an integrated
framework combining molecular dynamics (MD) simulations and thermodynamic modelling to
determine nanobubble formation and size in a closed system under isothermal-isobaric condition.
Assuming the nanobubble consists of a van der Waals (vdW) gas, the vdW constants are extracted from
MD simulations of pure gas systems. A thermodynamic model is then developed for a closed system by
combining the vdW equation with the assumption of chemical and mechanical equilibrium, which
establishes a predictive relationship between nanobubble size and gas concentration. To validate the
framework, MD simulations are performed for hydrogen in water under supersaturation, and the results
are compared with thermodynamic model predictions. Comparisons are also made with experimental
reports of nanobubbles. Our findings reveal that nanobubbles only form above a critical supersaturation
threshold. The framework accurately predicts nanobubble radii in hydrogen—water systems, matching
MD results while requiring minimal computational effort. When the pressure inside the nanobubble is

approximated from the vdW equation of state, the Young—Laplace equation is shown to be valid even at
Received 15th October 2025 b-10 L ith ligible Tol l th | trast th ti ¢ ideal )
Accepted 12th November 2025 su nm scales, with a negligible Tolman length. In contrast, the assumption of an ideal gas in

thermodynamic modelling leads to considerable discrepancy with MD simulations. Overall, the proposed

DOI: 10.1039/d5ra07908; approach—bridging MD and thermodynamic modelling—paves the way toward a quantitative

rsc.li/rsc-advances understanding of nanobubble formation and size in supersaturated liquids.

The International Standard ISO-20480-1-2017 defines nano-
bubbles as bubbles with a diameter of less than 100 nm that

1. Introduction

Nanobubble technology has been experiencing a huge growth
over the past two decades, emerging as a valuable global market
with applications in energy, food, biomedical, and environ-
mental sectors." Nanoscopic bubbles are categorized into
surface nanobubbles or bulk nanobubbles,*> with bulk nano-
bubbles showing strong potential to enhance processes in
various industries.®* However, despite their positive impact,
basic knowledge regarding the formation, stability, size and
dynamics of bulk nanobubbles, are still limited, which is the
focus of this study.
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remain suspended in liquid and undergo Brownian motion,
unlike larger bubbles that rise to the surface and burst.* The
exceptional stability and high surface area-to-volume ratio of
nanobubbles result in unique properties, such as enhanced gas
solubility, which distinguish them from both dissolved mole-
cules and macroscopic bubbles.»®® Due to their distinctive
characteristics, nanobubbles can alter fluid properties resulting
in more efficient heat transfer in geothermal systems.” They can
enhance nutrient permeability in skin care product, leading to
effective anti-aging treatments.® Of particular interest are
hydrogen nanobubbles, which are becoming important in
various industries® due to their ability to neutralize reactive
oxygen species, coupled with high cell penetration and biolog-
ical compatibility.” Hydrogen nanobubbles are typically gener-
ated via electrochemical methods, such as electrolysis, where
hydrogen is produced in hydrogen evolution reactions—found
in processes like water splitting—and subsequently forms
nanobubbles.»'* Understanding bubble properties and
dynamics in hydrogen-based applications are crucial for
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optimizing energy use and enhancing process efficiency in such
systems.*®

Classical theories predict that nanobubbles should either
collapse or grow once they reach a critical radius.™ According to
the Young-Laplace model, internal pressures in nanobubbles
should be exceptionally high (e.g., ~300 atm for a 5 nm radius
bubble), leading to rapid dissolution."** However, experimental
observations reveal that nanobubbles can persist for weeks or
months under favourable conditions.'** Techniques, such as
dynamic light scattering,>'* zeta potential analysis,'® and cryo-
electron microscopy,” have advanced the understanding of
nanobubble behaviour, yet the prediction of their properties
such as size and shape continue to be elusive and debated
topics. For instance, while some studies attribute nanobubble
longevity to charged liquid-gas interfaces and concentration
gradients,"” others emphasize surface polarization independent
of bubble charge.'* Measuring nanobubble size and under-
standing its dependence on gas supersaturation are unan-
swered questions in both experimental and computational
studies. In addition, bridging molecular view of nanobubbles
with their thermodynamic understanding remains a challenge.
On this front, some statistical mechanical models have been
developed to include molecular interactions into free energy
formulations. For example, Yu and Wu" proposed a density
functional approach that combined the modified fundamental
measure theory for hard-sphere interaction with Wertheim's
first-order thermodynamic perturbation theory (TPT1) for
studying inhomogeneous associating fluids. This framework
was applied in Zhou et al.*® to predict the interfacial properties
and bubble nucleation of air-water mixtures near a hydro-
phobic wall. Compared with classical theories, such models are
more detailed and capable of predicting non-uniform density
distributions of gas and liquid in the system, while requiring
more computations.

Molecular dynamics (MD) simulation is another tool used in
the literature to study the formation and stability of nano-
bubbles in liquid. Table 1 provides a detailed review of MD
simulations that investigated nanobubbles. In these works, the
term ‘stable’ describes a nanobubble that remains structurally
intact and exhibits no spontaneous dissolution over the dura-
tion of the MD simulations (tens of nanoseconds), a convention
that will also be used to describe nanobubble state in our MD
simulations. While providing valuable insights, such as nano-
bubble size, at the nanoscale,® studies listed in Table 1 rarely
compared the MD output with thermodynamic modelling to fill
the gap of scalability. When a comparison was made in some
works, the focus was often on the validity of the Young-Laplace
equation, and whether a Tolman correction was needed for the
surface tension.”** In the closest effort, Weijs et al.** attempted
to develop a connection between MD simulation and thermo-
dynamics modelling. The modelling was significantly simpli-
fied by considering a 2D gas cylinder instead of a 3D gas bubble.
A key gap exists in establishing a robust, generalized relation-
ship between the gas supersaturation and the resulting nano-
bubble size, a connection that has so far been accessible only
through MD studies on a case-by-case basis.
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In response to this challenge, we propose a streamlined
framework to predict nanobubble size by integrating molecular
properties of the gas, macroscopic parameters such as surface
tension, and thermodynamic conditions. The focus is on bulk
nanobubbles, without the presence of a nearby surface. Surface
nanobubble is another intriguing topic, with many ongoing
studies. For instance, Zhang & Lohse* combined MD with
a generalized Lohse-Zhang model that considers reaction-
driven gas influx and a real-gas (vdW) law, predicting the size
evolution and detachment of single electrolytic nanobubbles on
nanoelectrodes. Perez Sirkin et al.*® used MD to simulate the
nucleation and stationary states of gas bubbles on nano-
electrodes, by mimicking electrochemical production of gas at
the electrodes. In contrast to these studies, the present work
addresses nanobubble formation and size in a closed, non-
reactive system under isothermal-isobaric condition. While
involving both MD and thermodynamic modelling, our
approach does not invoke strict scale separation; rather, we
integrate MD outputs with thermodynamic relations calibrated
to those outputs.

The rest of the paper is organized as follows: Section 2
describes the theoretical framework including thermodynamic
modelling and MD simulation. Section 3 is dedicated to Results
and discussion including validation of the framework with MD
simulations and experiments. Finally, the conclusion is
provided in Section 4.

2. Theoretical framework

The theoretical framework begins by incorporating the vdw
equation of state, tuned for the specific gas using MD simula-
tions, into the thermodynamic model (Section 2.1) for a closed
system as illustrated in Fig. 1(a). This real-gas treatment
parallels recent surface-nanobubble theory at high Laplace
pressures.”” The values of constants in the vdW equation of
state are obtained by molecular simulation of pure gas without
any liquid (illustrated in Fig. 1(b)), and they reflect the inter-
molecular interactions that dictate nanobubble behaviour
(Section 2.2). Different MD simulations are undertaken to vali-
date the framework, following the methodology described in
Section 2.2. A generic picture of the gas-in-liquid simulations is
shown in Fig. 1(c) before nanobubble formation and in Fig. 1(d)
after nanobubble formation.

2.1. Thermodynamic modelling

Consider a closed system with controlled pressure and
temperature, ie., it operates under the isothermal-isobaric
(NPT) condition with prescribed pressure in the liquid Py
(Fig. 1(a)). Mass conservation of the gas implies

ngr = Ngp ¥ Ngr, 1)

where ngr, ngp and ng, are respectively the moles of gas in the
entire system, in the bubble and dissolved in the liquid,
respectively. Denoting the volume of the liquid (excluding the
nanobubble) by Vi, the molar concentration of the gas dissolved
in the liquid ¢y, is therefore

© 2025 The Author(s). Published by the Royal Society of Chemistry
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Table 2 Forcefield parameters in the Lennard-Jones (LJ) potential
ULalry) = delloy/ry)? — (o/r;)°). used in MD simulations listed in Table 1.
ry = distance between particles j and j

&; (keal mol™) oy (A) Ref.
Argon 0.240 3.4 24
Liquid 0.717 3.4 21
Gas 0.239 5 21
N of N, 0.069 3.26 27
O of O, 0.095 3.094 12 and 28
O of O, 0.086 3.159 30
N, 0.382 3.6 30
N of N, 0.072 3.32 2
H,0-CH, Stillinger-Weber potential 31
Helium Extended Tang-Toennies— 32

Sheng
Pb-Li Embedded-atom method 32

(a)

W

nan PgB: VgB

Fig.1 System design for theoretical modelling and MD simulations: (a)
system considered in the thermodynamic modelling with a single gas
bubble in liquid, (b) pure gas simulation, (c) initial configuration for
gas-liquid systems (gas shown with solid blue circle and liquid shown
with a transparent red colour), and (d) gas-liquid systems after a stable
nanobubble is formed.

n
. = Vit )

cqi. can be related to the pressure in the gas bubble (Pys) via
Henry's law, ¢g, = kPyp, resulting in

ngL = kPgpVyL, (3)

where k is the Henry's constant. The substitution of eqn (3) into
eqn (1) results in ngr = ngg + kPygVy. Considering the molecular
compositions in the liquid, V;, can be calculated as

VL = (ngLvgr + nLvi)Na, (4)
where vy, and vy, are molecular volumes of dissolved gas and

liquid, respectively. n;, is mole of liquid and N, is the Avogadro's
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number. While the value of v;, can be straightforwardly deter-
mined from experimental density of water, vy is determined
based on the molecular geometry of gas, as 477.¢/3, where Teg
is the effective molecular radius (often taken to be the vdw
radius). Together,

ngt = Neg + kPgp[(Mgr — Ngp)Ver + NLVL]NA. (5)

Assuming the gas-liquid interface has a uniform curvature,
and the system is free from external forces or dynamic effects,
then mechanical equilibrium holds and is described by the
Young-Laplace equation

20
PgB_PL:R_B7 (6)

where ¢ and Rg are respectively the surface tension of the liquid
and the bubble radius.

It is common in the literature to model the gas in the system
using the ideal gas law, which only accurately predicts gas
behaviour at low pressure and high temperature. The nano-
bubble can hold a very high pressure“** at room temperature,
and hence an equation of state that captures intermolecular
interactions is more appropriate. In this work, the vdW gas law
is adopted for the gas in the bubble,

2
Ngp
P, B + [l< £ >
g VgB
where a and b are vdW constants, R is the gas constant, and T'is

the absolute temperature. Vg is the bubble volume which can
be calculated from eqn (8) assuming a spherical shape:

4
3 ’TERB3 . [8)

[VgB — bngB] = R’Tl’lgB7 (7)

Ve =

Theoretically, eqn (5)-(8) can be used to collectively solve ngg,
P,g, Rg and Vg, provided that other parameters in these equa-
tions are prescribed. However, to reduce the total number of
physical quantities and regulate their magnitude in numerical
calculations, the equations are non-dimensionalized using the
following definitions, with quantities carrying a bar being
dimensionless.

— 20

— 20 — —
Pev =P 5 PL=PL s Re= Ry Vol V=V Vo,
9)
where V, = vy, Na. Based on this normalization, eqn (5)
becomes
Ngp + kP (”gT — ngp + T) = Ngrs (10)
where
k=20 V,*’k, ‘c:nLv—L. (11)
ng
Likewise, eqn (6) and (8) can be recast as
— — 1
P — PL = —, 12
w—P= o (12)
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— 4
VgB = g’TCRB3, (13]

while eqn (7) can be simplified to

2
Py +a (;l/i) [TgB - B”’gB} = Mg, (14)
gB
where
a - b RT
a= , b= —, 2= ———. 15
“ 20V, Vo 25V,%3 (15)

For the purpose of comparison and emphasizing the
importance of a good gas model, the results for ideal gas will be
obtained by setting the vdW constants 2 = b = 0 in eqn (14),
leading to

Py Vin = Aty (16)

Fig. 2 shows the flowchart to establish a relationship
between the normalized nanobubble radius Rz and the amount
of gas in the system, ngr. Rather than specifying n,r and solving
for Rg, which is numerically more challenging, the strategy here
is to specify Rg and solve the corresponding ngr. With a given
Rg, the normalized gas pressure (Pgz) and volume (Vgg) can be

View Article Online
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calculated directly using eqn (12) and (13), for a specified liquid
pressure (Pr). Next, parallel paths are taken to calculate ngp via
eqn (14) and (16), respectively for the vdW and ideal gases. The
determined n,y value is then fed into eqn (10) to calculate ngy.
This process is repeated for a range of Ry, establishing its
relationship with ngr. Other relationships can be easily deter-
mined based on Ry vs. ngr, e.g., between Ry and ¢gr. In Experi-
mental settings, it is often not possible to separately measure
the amount of gas in the bubbles and that in the liquid. Alter-
natively, the total mass concentration of the gas in the system
(in g L") can be calculated from the aforementioned quantities
by

ngr M,

Cr =
gT VL )

(17)
where M, is the molecular weight of the gas. Table 3 summa-
rizes all the parameters used in the thermodynamic modelling,
their normalization, and prescribed values for the examples to
be shown later.

2.2. Molecular dynamics

Molecular dynamics simulations are conducted, following
a structured workflow that includes three main steps: selecting
forcefields, designing the simulation systems, and defining
system settings. These steps are described in detail below,

Pick a R value in
the given range

nputs from Table 3

v

Calcuale Py (Eq. 12) and Vg (Eq. 13)

I

Real gas

(vdW)

Ideal gas

Next Ry in the

given range
N N Calculate ngp (Eq. 14)

Calculate ngp (Eq. 16)

v

'

Calculate ngr (Eq. 10)

Calculate ngr (Eq. 10)

'

Relation between R and ngy for
bothreal and ideal gases

Fig. 2 Flowchart to determine the relationship between normalized bubble radius Rg and total moles of gas, ngr, in the system.

© 2025 The Author(s). Published by the Royal Society of Chemistry

RSC Adv, 2025, 15, 46449-46464 | 46455


http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5ra07908j

Open Access Article. Published on 26 November 2025. Downloaded on 4/1/2026 7:53:16 PM.

Thisarticleislicensed under a Creative Commons Attribution-NonCommercial 3.0 Unported Licence.

(cc)

View Article Online

RSC Advances Paper
Table 3 Parameters in thermodynamic modelling with normalization and prescribed values if applicable
Prescribed or
Parameter Definition solved? Prescribed value Normalization
R Gas constant Prescribed 8.314 Jmol 'K ! N/A
Ny Avogadro's number Prescribed 6.022 x 10*? mol " N/A
k Henry's constant Prescribed 7.8 x 10 " mol L " atm ™ for H, k = 2kaV,2?
a vdW constant Prescribed 17.2577 L?> kPa mol ? for H, = _“
20V,
b vdW constant Prescribed 0.0193 L mol ™ for H, 7 b
=7
a Surface tension Prescribed 72 mN m~" for water N/A
VoL Volume occupied by one gas molecule Prescribed 1.13 x 10> m® for H, N/A
dispersed in the liquid
VL Volume occupied by one liquid molecule Prescribed 3.07 x 102° m? for H,0 N/A
Py Pressure in the liquid Prescribed 1 bar _ PV, /3
L 20
T Temperature Prescribed 300 K N/A
ny, Mole of liquid (water) Prescribed 4.98 x 102" t0 5.5 x 10 ° mol N/A
Ry Bubble radius Prescribed 0.1-10” nm = Rg
B = W
Tgp Mole of gas in the bubble Solved N/A N/A
g1, Mole of gas in the liquid Solved N/A N/A
Ny Total mole of gas in the system Solved N/A N/A
Py Pressure inside the nanobubble Solved N/A = Py V,\/3
g8 20
Ven Volume of gas bubble Solved N/A T Ve
8B — Vo
Vi Liquid volume Solved N/A N/A
Cor, Molar gas concentration in liquid Solved N/A N/A
Cer Total mass concentration of gas Solved N/A N/A

followed by the post-processing calculations applied to analyze
the simulation outputs and relate them to thermodynamic
modelling.

2.2.1. Forcefield selection. Water is chosen as the liquid
phase and among the available water models, the SPC/E, TIP4P/
Ew, and TIP4P/2005 models exhibit strong agreement with
experiments on surface tension. To the best of our knowledge,
TIP4P/2005 provides the highest accuracy, as reported by Vega
et al®* Hydrogen is selected as the gas in the simulations.
Tsimpanogiannis et al.** evaluated various hydrogen forcefields
in the presence of water with the TIP4P/2005 forcefield, and
identified the Buch forcefield*® as the most reliable for pre-
dicting hydrogen behaviour. Guided by these findings, we
adopted the TIP4P/2005 water model and the Buch forcefield for
hydrogen. The accuracy of the forcefields is further confirmed
by comparing the gas density of stable hydrogen bubble ob-
tained in MD simulation with density reported for hydrogen at
the same temperature and pressure in the NIST database (see
SI).

2.2.2. System design and simulation setting. All MD
simulations are performed using the GROMACS 2023 package.*”
Two types of closed systems are designed: pure hydrogen
(Fig. 1(b)) and hydrogen-water (Fig. 1(c)).

The pure hydrogen system is simulated to extract the vdW
gas constants required in the thermodynamic modelling. In
these simulations, the number of hydrogen molecules remains
constant (500), while pressure and temperature are varied

46456 | RSC Adv, 2025, 15, 46449-46464

across a specified range: temperature (200, 250, 300, 325, 400 K),
pressure (0.1, 5, 7.5, 10, 15, 20, 25, 30, 35 bar). Arbitrary
combinations of these temperature and pressure values lead to
a total of 45 simulations. Each simulation starts with a cubic
box (initial side length of 3 nm), and undergoes three steps:

Table 4 Hydrogen—water systems designed for MD simulation. S:
small system with 3000 water molecules, M: medium system with
6000 water molecules, |: intermediate system with 9000 water
molecules and L: large system with 12 000 water molecules

Initial box side

System #H,0 #H, Cyr(gL™") Supersaturation length (nm)
S1 3000 175 6.53 4157.89 5
S2 3000 200 7.46 4751.88

S3 3000 225 8.39 5345.86

S4 3000 250 9.33 5939.85

M1 6000 300 5.60 3563.91 6
M2 6000 350 6.53 4157.89

M3 6000 400 7.46 4751.88

M4 6000 450 8.39 5345.86

1 9000 450 5.60 3563.91 7
12 9000 525 6.53 4157.89

13 9000 600 7.46 4751.88

14 9000 675 8.39 5345.86

L1 12000 600 5.60 3563.91 7.5
L2 12000 700 6.53 4157.89

L3 12000 800 7.46 4751.88

L4 12000 900 8.39 5345.86

© 2025 The Author(s). Published by the Royal Society of Chemistry
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minimization, NVI/NPT equilibration and NPT production run.
The simulation begins with energy minimization using the
steepest descent algorithm to stabilize the system and reduce
the maximum force in the system to below 100 k] mol ' nm™".
The second step is equilibration under the NVT ensemble for
1.5 ns to adjust the temperature, followed by equilibration
under the NPT ensemble for 10 ns to stabilize the system and
reach the target temperature and pressure. Once equilibration
is completed, a 10 ns production run under NPT is performed to
collect data. Temperature control is achieved using the V-
rescale thermostat with coupling time constant of 0.1 ps. Pres-
sure is maintained using the C-rescale barostat with coupling
time constant of 2 ps. System compressibility is set to 3 x 1073
bar~' following the data from NIST.* Periodic boundary
condition is applied in all three directions to mimic infinite
bulk behaviour and eliminate edge effects. The cut-off radius for
short-range non-bonded interactions is set to 1.2 nm. Since the
hydrogen beads in the Buch forcefield have zero charge, there
are no electrostatic interactions. The leap-frog integrator with 1
fs time step is used to solve the equations of motion.

The second set of systems containing both hydrogen and
water are designed to study bubble dynamics across a range of
hydrogen concentrations. Four distinct system sizes of small
(3000 water molecules), medium (6000 water molecules),
intermediate (9000 water molecules) and large (12 000 water
molecules) are considered each with four different hydrogen
concentrations (Table 4). The hydrogen molecules are initially
randomly dispersed in the water box using the Packmol
package,*® which ensures optimal spatial distribution of mole-
cules within the simulation box while avoiding overlaps. Table 4
also shows the initial box dimension for each system. The
determination of Cyr and supersaturation follows the same
method specified in the footnote of Table 1, with the saturation
concentration of H, = 0.00157 g L™, extracted from NIST data.®
This calculation of Cyr is consistent with the definition in eqn
(17) for the thermodynamic model, provided that the volume of
dissolved gas is much smaller than the volume of the liquid.

Each hydrogen-water system is first subjected to energy
minimization using the steepest descent algorithm, to reduce
the forces below 100 k] mol™" nm™'. Equilibration is then
conducted using the NPT ensemble for 20 ns with a Nose-
Hoover thermostat and a Parrinello-Rahman barostat,
controlling the system's temperature and pressure at 300 K and
1 bar, respectively. The subsequent production phase, 80 ns for
data collection under the NPT ensemble, uses the same ther-
mostat and barostat. Bond constraints for water molecules are
applied using the LINCS algorithm. Periodic boundary condi-
tions are applied in all three dimensions, and short-range non-
bonded interactions are cut off at 1.2 nm. Long-range electro-
static interactions are handled using the Particle Mesh Ewald
(PME) method. The leap-frog integrator is used to solve the
equations of motion with a 2 fs time step. Trajectories are saved
every 100 ps for post-simulation analysis. Equilibrium indica-
tors (e.g., energy and pressure fluctuations), are evaluated using
built-in GROMACS tools.

2.2.3. Analysis of MD results. In the pure hydrogen simu-
lations, the final hydrogen density is extracted for each

© 2025 The Author(s). Published by the Royal Society of Chemistry
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combination of temperature and pressure. The Nelder-Mead
optimization algorithm is applied to fit the vdW equation of
state to the MD data and obtain the a and b values that mini-
mize the discrepancy. This step is critical to ensure the ther-
modynamic properties of hydrogen are accurately represented
in the hydrogen-water systems.

Bubble size in the hydrogen-water systems is determined by
first detecting the nanobubbles. A distance-based criterion,
derived from the radial distribution function (RDF), is intro-
duced to identify the nanobubbles. Fig. 3 shows the RDF
between hydrogen molecules for two systems of M2 and L4,
representing the fundamental characteristics of all systems. A
prominent peak in the RDF is observed between 0.2 and 0.6 nm,
which corresponds to the close packing of hydrogen molecules
within a nanobubble. The distance of 0.6 nm is therefore
selected within which two hydrogen molecules are considered
to be in the same nanobubble. Custom Python scripts,* built on
the MD analysis library," complement this analysis by visual-
izing and validating nanobubble formation. Once the nano-
bubbles are detected, the radius (Rp) of each nanobubble is
calculated based on its gyration radius (Rg). Specifically, by
approximating each nanobubble as a sphere, Rz and Rg are
related by

RB = RG X 5/3 (18)

The calculated Rg is substituted into eqn (8) to calculate the
bubble volume, V,p. Attempt is also made to compute Vg by
approximating the nanobubble as an ellipsoid, leading to
Ve = 4/31 /5°A1A2A;, where (A, A, 43) are the principal
moments of the gyration tensor. Comparison between the two
approaches shows less than 3% difference, confirming the val-
idity of the spherical nanobubble assumption.

1 — M2
] — L4
a4
3 \

—_

r

h—d -

= ] \
2
1
O.V..J'.yl'y.y.'lv-.l
0.0 0.2 0.4 0.6 0.8 1.0

Distance (nm)

Fig. 3 Radial distribution function between hydrogen molecules for
two systems of M2 and L4 showing 0.6 nm as the upper limit to
consider hydrogen molecules in the same nanobubble. Pressure = 1
bar and temperature = 300 K.
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3. Results

3.1. Extracting van der Waals constants from MD
simulations

The Nelder-Mead algorithm is used to iteratively determine the
vdW constants a and b, based on initial guesses adopted from
experimental values reported for hydrogen: a = 24 L* kPa mol >
and b = 0.01 L mol". The optimization renders a = 17.2577 L* kPa
mol 2 and b = 0.0193 L mol . Fig. 4 shows the good agreement
between the MD-calculated hydrogen density, the fit to the vdW
equation of state, and the density reported from NIST database.*

3.2. Existence of minimum supersaturation for bubble
formation

Our investigation begins with the S systems presented in Table 4.
At low hydrogen concentrations (simulations are also conducted
for 50, 75, 125 and 150 hydrogen molecules in addition to those
listed in Table 4), the initially dissolved molecules remain
dispersed throughout the simulation. However, as the concen-
tration increases, clusters begin to form, eventually resulting in
a stable nanobubble when the number of H, molecules reaches
200. At this critical concentration (Cgr = 7.46 g L") the bubble
persists throughout the simulation timeframe. Simulations with
225 and 250 hydrogen molecules are then performed to provide
three data points for this system size. A similar approach is used
for system sizes of M, I and L, presented in Table 4, and
a concentration of 6.53 g L™ " is identified as the threshold above
which stable nanobubbles exist for these systems.

3.3. Validity of Young-Laplace equation

In continuum theory, surface tension is considered size-
independent. However, at the nanoscale, surface tension may

35 /——
m MD @ 200K J
4 MD @ 250K J E
MD @ 300K
30]| # MD @ 325K /
MD @ 400K A
O NIST @ 200K L, W
O NIST @ 250K // ,/ Q
25]| A NIST @ 300K A P
% NIST @ 325K L &
O NIST @ 400K S/ (/ A
o - < s ‘%
E/ ’ /,’
§,2° 4 ﬁ"
¥ S oa a °
z o’ ¥ e
a1 R o
g /// ’// /,/ o
w4 e
10 AP,
L
R
s B g7
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P
2
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Fig.4 Comparison of the pure hydrogen density from MD simulations
(filled shapes), NIST data (hollow shapes), and fitting using the vdW
equation of state (dashed lines).
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exhibit deviations from its macroscopic counterpart, raising
questions about the applicability of the Young-Laplace equa-
tion in this regime.** To investigate this effect, the internal
pressure, Pz, of each nanobubble is calculated from its volume
using the vdW equation of state (eqn (7)), with a and b values
derived from MD simulations (Section 3.1). This should be
recognized as an approximation (although more realistic than
the ideal gas model used in many studies), since the gas inside
a nanobubble is not uniformly distributed, and strictly speaking
pressure inside the nanobubble is a position-dependent prop-
erty. The pressure difference across the hydrogen-water inter-
face, AP, is then computed as AP = P, — P;, where P;, = 1 bar.
AP is plotted against 1/Rp for all systems in Fig. 5. For each
system, all data during the last 25 ns of the simulations are
shown by scattered point and represented by a distinct marker
type and color. The variability in the data is due to the dynamic
nature of the nanobubble where the hydrogen molecules in the
bubble can exchange with those in the bulk liquid. The pressure
and bubble radius averaged from all the data are obtained for
each system and shown with a hollow symbol in Fig. 5. The
averaged data reveal a linear trend with little deviation from the
black dash line plotted using the Young-Laplace equation (eqn
(6))and ¢ = 72.0 mN m ™ *. An attempt is also made to fit the data
using the Tolman correction:*

20 ( ! ) )
Ry Ry
where ¢, = 72.0 mN m ' is the macroscopic surface tension
and 6 is the Tolman length. This analysis yields a Tolman length
of = 0.9 A, more than one order of magnitude smaller than the
bubble radii. Given this small value, the results indicate that the
effect of curvature on surface tension is negligible. Conse-
quently, the Young-Laplace equation with nanobubble pressure

approximated from vdW equation of state holds remarkably
well at the nanoscale.

AP =

(19)

3.4. Prediction of bubble size

Using the thermodynamic model established in Section 2.1, the
nanobubble radius (Rg) is calculated as a function of Cgr and
the analytical predictions are plotted in Fig. 6 for systems with
different amount of water using either solid (assuming vdW
gas) or dashed (assuming ideal gas) lines. Average Ry from the
last 25 ns of the MD trajectory is shown in the same figure,
along with the corresponding standard deviation. The results
reveal a nearly perfect alignment between the simulation data
and the theoretical predictions based on the vdW equation of
state (solid lines). While the theoretical predictions based on
the ideal gas model (dashed lines) deviate significantly from the
simulation data. This comparison underscores the robustness
of the framework in predicting nanobubble size when inter-
molecular interactions are taken into account. Notably, solving
bubble size using the numerical scheme in Fig. 2 is highly
efficient, without the computational expense of simulating each
molecular system individually.

An important observation in Fig. 6 is the absence of simu-
lation data on the lower branch of the theoretical curves. For the

© 2025 The Author(s). Published by the Royal Society of Chemistry
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Fig. 5 The pressure difference (AP) as a function of 1/Rg for various systems studied in this work. Each colour corresponds to a different system,
and the average value is shown with a hollow distinct shape. The black dashed line represents a linear fit to the data, using the Young—Laplace

equation and a surface tension of 72 mN m™1,

range of hydrogen concentrations studied in our MD simula-
tions, this branch corresponds to nanobubbles with radii
between 2.5 and 3.4 A. Such radii represent minuscule clusters
containing only 2-3 hydrogen molecules, which lack the cohe-
sive interactions required for stability, leading to rapid disso-
lution into the bulk liquid.

3.5. Comparison with experiments

Before our attempt to make a comparison with existing experi-
ments in the literature, it is acknowledged that while our model
predicts the size of a single nanobubble, in an experimental
setup there is usually a distribution of nanobubbles which can
co-exist with larger bubbles due to the more complex experi-
mental conditions. It is hence extremely difficult to isolate
a single bubble in experiments for direct comparison. However,
it is possible to consider the model prediction as a representa-
tive nanobubble size in the experimental system, mimicking the
situation where individual nanobubbles are not strongly inter-
acting with each other.

In one set of experiments by Michailidi et al.,”® air and
oxygen nanobubbles were generated using a low-energy nano-
bubble generator based on hydrodynamic cavitation. Their
setup operated under an elevated pressure of approximately 3
bar (=3 atm), and the nanobubble size distribution was

© 2025 The Author(s). Published by the Royal Society of Chemistry

determined using dynamic light scattering (DLS) along with
stability analyses via {-potential and free radical measurements.
In a separate study by Wang et al.,* nanobubbles containing N,,
0O,, and CO, were produced by a periodic pressure change
device. The device first pre-saturated the solution with gas and
then induced pressure fluctuations—where the pressure in the
U-tube was observed to increase by roughly 0.8 atm above the
ambient (=1 atm), yielding an effective pressure of about 1.8
atm during the pressurization phase.

The above experimental reports did not specify the gas
concentrations in their systems. To enable the comparison of
experimental results with our theoretical model, the best we can
do based on the provided data is to estimate the molar
concentrations of dissolved gas in water (cy) using Henry's law,
eqn (2). Then, the nanobubble radii under the same cg, are
predicted from our analytical framework. The Henry's constants
are adopted from the literature as follows: O,: 1.3 x 107>, Ny:
6.4 X 107° air: 7.8 x 107%, and CO,: 3.4 x 10" *mol m 3 Pa~*.%
The volume of the liquid chamber in Michailidi et al.** was 4 L
and that in Wang et al.**> was 3 mL. These numbers are used to
obtain ny, required by the model. The analytical predictions are
compared with experimental measurements in Fig. 7, which
shows a systematic discrepancy: the analytical model yields
larger bubble radii than those observed experimentally. To

RSC Adv, 2025, 15, 46449-46464 | 46459
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quantify this deviation, we introduce a ratio c;L /Cat. est, Where C;L
is the effective gas concentration required in our model to
match the experimentally observed nanobubble radius, and
CqLest 1S the concentration estimated using Henry's law. As
shown in Fig. 7, this ratio is greater than one in all cases. For
example, in the study by Michailidi et al," the analytical and
experimental radii converge when the effective concentration is
about 1.6 times cgesr. This is likely because Henry's law
assumes ideal, equilibrium conditions, whereas experimental
systems are subject to dynamic mixing and local non-
equilibrium effects that may result in higher effective concen-
trations of dissolved gas.

Another source of discrepancy is the time over which the
experimental observations are made. Michailidi et al.*® observed
that the nanobubble size increased by approximately 1.5 times
after 3 months compared to its initial size after 5 days. This
temporal evolution indicates that prolonged equilibration leads
to bubble growth, which may result in better agreement with the
theoretical model built on strict enforcement of equilibrium.
Compared to Michailidi et al," the data from Wang et al.**
differ more from the analytical prediction, likely reflecting the
shorter equilibration time reported —48 hours for N, and O,,
and 24 hours for CO,—which prevented the system from
reaching full equilibrium. In view of these points, better
agreement is expected when parameter values in the model are
made more faithful to experimental conditions. For instance,
rather than applying the ideal Henry's law to estimate the di-
ssolved gas concentrations, one could use activity/fugacity-
based estimates tied to the actual gas partial pressures and
the true mixture composition (air as 0,/N,/CO, rather than
a single-component proxy). An effective v may be adopted to
reflect interfacial conditions present in the measurements (e.g.,
ionic strength, surface-active species, and dynamic changes in
interfacial tension).

Despite these deviations, the overall agreement between the
analytical predictions and experimental data remains within
a reasonable range, underscoring the robustness and adapt-
ability of our framework when extrapolated to larger systems.

3.6. Discussion

Fig. 6 not only validates our framework against MD simulations
but also reveals interesting behaviour when extended to larger
volumes. For each system size—from the smallest 1.25 X
107'° ml (MD simulation box containing 3000 molecules) to
a hypothetical 1 ml volume—the analytical solution yields two
mathematical branches. In MD simulation, only the upper
branch corresponds to a stable nanobubble. The lower branch,
which would imply radii of just a few angstroms, is thermody-
namically unfavourable and the nanobubble disappears rapidly
through dissolution. As system size grows, both branches move
upwards. For the 0.001 and 1 ml systems shown in Fig. 6, the
lower branch occupies a region that could, in principle, host
equilibrium bubbles on the order of tens to hundreds of
nanometres, while the upper branch corresponds to unreal-
istically large radii on the order of mm to cm. Therefore, for
large systems, it is expected that the lower branch would provide
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predictions that better align with experiments. Another inter-
esting observation from Fig. 6 is that once the lower branch
becomes physically accessible, its predicted radii for different
system sizes collapse onto a single curve. This is in contrast to
the separation of the upper branches which are physically
realistic for small systems. Therefore, in large systems, equi-
librium bubble size depends solely on the gas concentration
and not on the liquid volume, while in small systems, liquid
volume impacts bubble size, in agreement with findings previ-
ously reported in the literature.*"*

The sharp “elbow” in each analytical curve of Fig. 6 marks
the minimum gas concentration (Cyr) required for a bubble to
be in equilibrium. Below this concentration, the thermody-
namic model has no real solution for Rg, suggesting that gas
remains dispersed rather than forming a bubble. As system
volume increases, we observe that the minimum C,r steadily
decreases which means larger liquid reservoirs require a lower
degree of supersaturation to overcome the Laplace pressure
barrier. This negative correlation between the critical concen-
tration and system size is confirmed in our MD simulations: the
smallest (S) systems exhibit a threshold near 7.5 g L™, whereas
medium, intermediate, and large systems all transition around
6.5 ¢ L% Such a trend has also been reported in previous
computational studies****—for example, Park et al (2001)
observed stable bubbles at lower supersaturations for larger
simulation cells.*

Despite the overall agreement in trend, the MD-derived
thresholds lie substantially above the analytical predictions—
for instance, our large systems (containing 12 000 water mole-
cules) yield a minimum Cyr of ~6.5 g L™! in MD versus ~2.8 g
L' analytically. Several effects contribute to this gap. First, the
thermodynamic model assumes a perfectly smooth, spherical
interface with a constant macroscopic surface tension, whereas
in molecular simulations the bubble surface has rough edges,
and it is not perfectly spherical—both of which can increase the
local Laplace pressure and raise the barrier for bubble equili-
bration. Second, Henry's law is used to relate dissolved gas
concentration to bubble pressure which, strictly speaking, only
applies to ideal dilute solutions. Therefore, at high supersatu-
rations, the thermodynamic model may underestimate the di-
ssolved (and hence the total) gas concentration when an
equilibrium bubble is present. Finally, finite-size and periodic-
boundary effects in MD can introduce interactions between
periodic images, and hinder nanobubble stabilization.

While our primary focus is hydrogen-based nanobubbles
due to their importance in various applications, the method-
ology is broadly applicable to nanobubbles formed by other
gases. When we substitute nitrogen or oxygen for hydrogen in
the large system (12 000 water molecules), the same two-branch
trend emerge (Fig. 6), but the predicted bubble sizes shrink. At
the same Cyr, bubble radii for the three gases follow the order of
H, > N, > 0,.

Within the nanobubble literature, the closest research to
ours was performed by Weijs et al.,* but with differences in
three fundamental aspects. First, the bubbles were modeled as
2D cylinders in Weijs et al.>* while we consider 3D geometry
which is more realistic. Second, while Weijs et al. employed an
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ideal gas description in their continuum model—focusing on
diffusive shielding effects in nanobubble clusters—we explicitly
incorporate non-ideal gas behavior using the vdW equation of
state. This modification is critical because nanobubbles expe-
rience extremely high internal pressures, where the ideal gas
law becomes inadequate. Fig. 6 shows the importance of
considering the non-ideal gas law when predicting the bubble
size. The third improvement is the incorporation of parameters
derived at microscopic scale into a macroscopic model. These
parameters include molecular volumes for the liquid and di-
ssolved gas, vy, and vgr. Under the isothermal-isobaric condi-
tion, the pressure in the liquid is prescribed while the system
volume is not known a priori. Incorporating vy, and vy, in the
model removes the need for an empirical equation of state for
the liquid that specifies a relationship between pressure and
volume. In addition, while the vdW constants a and b can be
determined using experimental sources (e.g., NIST database®®),
they are calibrated in our work using MD simulation data, an
approach that can be extended to any gases (in pure or mixed
forms) especially when experimental data are unavailable. This
integration of molecular-level details into a thermodynamic
framework enhances the predictive capability of our model for
the nanoscale systems studied.

It is important to recognize the practical constraints of MD
simulations in exploring the full range of nanobubble behav-
iour. While our theoretical curves in the inset of Fig. 6 indicate
that ever-larger bubbles should form as Cyr increases, intrinsic
limitations in box size and computational cost prevent MD from
reaching those regimes. For example, at Cyr = 13.50 g L™ ' the
model predicts a bubble radius of 34.8 A, yet a cubic simulation
cell with side length L = 80.4 A cannot physically accommodate
such a bubble without significant interaction between periodic
images. In this example, L — 2R = 10.8 A, which falls below the
12 A cut-off distance for nonbonded interactions. Under such
conditions, the bubble is artificially distorted into a cylindrical
shape, as shown in the inset of Fig. 6. The thermodynamic
framework, on the other hand, does not have these limitations
or the high computational cost of MD, offering reliable bubble-
size predictions across supersaturation levels and volumes far
beyond current simulation feasibility.

As acknowledged earlier, the gas density inside a nano-
bubble is intrinsically non-uniform. A rigorous route for pre-
dicting the radial density profile together with the curvature-
dependent interfacial tension is provided by classical density
functional theory (cDFT). For example, Peng and Yu showed
that c¢DFT can self-consistently capture non-uniform gas
densities and interfacial properties at nanometre scales.** In
contrast, the present study adopts a simplified but practical
closure: the nanobubble's internal pressure is assumed to be
uniform and approximated from a real-gas (vdW) equation of
state whose parameters are calibrated to MD. This approach
trades some microscopic details for computational efficiency
and direct comparability with MD outputs. Extending our
framework to a cDFT-based description of the gas phase and
interface is a natural direction for future work and may further
improve quantitative accuracy when strong inhomogeneities
are present.
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In addition, it is worth investigating whether the strong
applicability of the Young-Laplace equation, discovered here
for hydrogen in water, is also valid for other gas/liquid combi-
nations or corrections for nanoscale effects might be required.
Moreover, the application of Henry's law warrants careful
discussion. Our MD calculations yield dissolved gas concen-
trations ranging 0.697-1.658 ¢ L', which are significantly
higher than the saturation concentration (0.00157 g L™" (ref.
33)), thereby violating the dilute-solution assumption under-
lying Henry's law. Despite this, the model appears to capture the
nanobubble behavior well, both qualitatively and quantitatively.
Future improvements could involve adopting a modified solu-
bility law or incorporating non-linear concentration depen-
dencies into the thermodynamic model, thereby providing
a more accurate description of the equilibrium states in
supersaturated systems.

4. Conclusions

An integrated framework is developed that synergistically
combines molecular dynamics (MD) simulations of pure gases
with a van der Waals gas-based thermodynamic model to
predict the equilibrium size of nanobubbles in supersaturated
liquid. Our results indicate that equilibrium bulk nanobubbles
emerge only when the gas concentration exceeds a critical
threshold, below which bubble formation is thermodynamically
unfavored. The Young-Laplace equation, with nanobubble
pressure approximated from the van der Waals equation of
state, effectively captures the interfacial pressure jump even at
radii as small as a few nanometers, without the need for Tolman
correction. The van der Waals constants tuned to the MD data
enable this framework to reproduce nanobubble radii observed
in hydrogen-water simulations with significantly reduced
computational overhead. The comparison between theory and
simulation highlights the importance of considering intermo-
lecular interactions when the gas is under ultra-high pressure
inside a nanobubble. Henry's law, although originally formu-
lated for dilute solutions, can still offer a reasonable baseline
for modelling gas solubility in nanoscale contexts. Overall, this
work underscores the robustness and flexibility of uniting
molecular and continuum descriptions to investigate nano-
bubbles. Future research could integrate effects such as
dynamic gas exchange, external fields, and interfacial charge to
address a broader array of conditions with potential applica-
tions across energy, biotechnology, and soft matter systems.
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