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interaction in bilayer graphene:
the pivotal role of electron–phonon coupling and
external fields

Farshad Azizi *a and Hamed Rezania *b

In this work, the effects of electron–phonon coupling are uniquely integrated in a state-of-the-art study of

RKKY interaction in simple bilayer graphene. We investigate the Holstein model Hamiltonian using Green's

function approaches, taking into account three crucial parameters: an interlayer bias voltage,

a perpendicular magnetic field, and a chemical potential to regulate electron density. We provide

a detailed perspective of the behavior of the RKKY exchange interaction under different conditions by

first calculating the static spin susceptibility and then computing the interaction with great precision. Our

new method reveals how important the electron–phonon interaction strength is in forming this

magnetic coupling, and the results, which are backed up by a thorough graphical analysis, show how it

varies subtly depending on the parameters that are included. These discoveries open the door for

creative approaches to the creation of adjustable quantum systems for next-generation technologies

and greatly advance our understanding of indirect exchange in two-dimensional materials.
1 Introduction

By stacking two graphene layers on top of one another, bilayer
graphene is produced.1,2 Modifying the bandgap in reaction to
an external electric eld is one of the structure's distinctive
characteristics. Hence bilayer graphene is ideal for use in
optoelectronics and nanoelectronics.3,4 Due to the interplay
between interlayer coupling and external disturbances, this
tunability offers a versatile platform for studying quantum
processes in low-dimensional systems.5 Overall, the existence of
gap states and the small size of bilayer graphene limit its
performance in transistor applications, despite the fact that its
tunable band gap offers unique potential.6 These problems
must be xed if its use in electrical devices is to be maximized.
The work explores the transport properties of bilayer graphene
with a focus on conductivity and localization effects. It investi-
gates the consequences of an energy gap caused by interlayer
asymmetry by applying the effective mass model and the Born
approximation.7 Furthermore, bilayer graphene has exceptional
mechanical strength and exibility. Factors such as fracture
development and twist angles may alter its mechanical char-
acteristics.8,9 Recent advancements in experimental techniques
have further demonstrated its potential as a mechanically
robust material for exible electronics.10 The mechanical
properties of bilayer graphene enable effective performance in
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various scenarios, but its lower chemical reactivity compared to
monolayer graphene makes functionalization harder, poten-
tially complicating the chemical changes needed for specic
applications.11 Bilayer graphene is also used in a variety of
applications, including as transistors, sensors, and spintronic
devices.12–16 Its ability to produce high on/off current ratios in
transistors4 adds to its potential in digital electronics.17 Bilayer
graphene is acknowledged as a crucial component for devel-
oping contemporary technology when all is said and done.18–20

The manufacture of high-quality, large-area bilayer graphene
remains a challenge. The sizes generated by existing methods
are oen limited, and achieving uniformity in layer stacking is
a signicant obstacle.21

In solid-state physics, the electron–phonon interaction22 is
vital, affecting electrical resistance, superconductivity,23–26 and
hot electron dynamics. Furthermore, the magnetic properties of
layered materials must be adjusted by this interaction in order
to inuence phenomena like indirect exchange couplings.27 The
understanding of electron–phonon interactions is crucial for
improving heat transfer in microelectronics and thermoelectric
materials.28,29 This knowledge aids in the design of materials
with efficient heat management, which is essential for the
longevity and functionality of devices. According to a research
on theory and applications, electron–phonon effects including
mobility and superconductivity are predicted by ab initio
calculations.30 Electron–phonon interactions play a major role
in cavity quantum electrodynamics (QED) in silicon quantum
dots.31 They have an impact on the coherence and emission
characteristics of quantum states, which are crucial for creating
reliable quantum computing systems.32–34 Using a modied
© 2025 The Author(s). Published by the Royal Society of Chemistry
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Fig. 1 The structure of AA-stacked bilayer graphene, consisting of two
graphene honeycomb lattices positioned directly on top of each other,
separated by approximately 0.3 nm. The lower layer atoms are labeled
as 1, and the upper layer atoms as 2. The primitive lattice vectors a1 and
a2 are shown, with the armchair direction along the x-axis and the
zigzag direction along the y-axis, within a Cartesian coordinate system
(x, y, z), where the z-axis is perpendicular to the graphene planes.
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technique, researchers showed that photoexcited charge
carriers in silicon reduce thermal conductivity by scattering
phonons, revealing electron–phonon interaction's role in heat
transport and hinting at light-based thermal control.35 Across
our earlier research, we have systematically analyzed how spin–
orbit coupling,36,37 electron–electron interactions,38 and notably
electron–phonon coupling39–42 shape the electronic, magnetic,
and thermodynamic properties of diverse low-dimensional
materials.

In 1954, Ruderman and Kittel originally proposed43 the
Ruderman–Kittel–Kasuya–Yosida (RKKY) interaction, an indirect
quantum mechanical exchange mechanism that Kasuya44 and
Yosida45 later improved. It explains how conduction electrons in
a host material mediate the magnetic coupling between localized
spins (such as magnetic impurities). Depending on the density of
electronic states at the Fermi level, the RKKY interaction in
ordinary metallic systems exhibits either ferromagnetic or anti-
ferromagnetic behavior as it oscillates with the distance between
spins.46 This interaction's classical form is provided by HRKKY =

J(r) S1× S2 where J(r) is the oscillatory exchange coupling function
dependent on the distance r between two localized spins S1 and
S2.47–50 In bilayer graphene, the RKKY interaction differs from 3D
materials due to its 2D nature and symmetry. The slower decay
(e.g. 1/r2) in bilayer graphene, which may be adjusted by electric
elds or doping, is caused by its parabolic band structure and
effective mass, in contrast to single-layer graphene, where J(r)
decays as 1/r3 and is antiferromagnetic owing to linear density of
states. The reliance of the RKKY interaction in twisted bilayer
graphene on the twist angle is another intriguing feature.
According to theoretical research, the density of states sharply
rises at particular angles, such the magic angle (∼1.1°), resulting
in the creation of at bands.51–53 These at bands can enhance the
RKKY interaction, resulting in unexpected magnetic behaviors
that are amplied in the presence of Holstein phonons. By
introducing scattering and changing electron mass, Holstein
phonons further affect this. Bilayer graphene is a perfect testbed
for examining quantum magnetism because of the added
complexity introduced by the interaction between these phonons
and electronic degrees of freedom.54 A complex subject of both
basic and applied importance is the RKKY interaction in bilayer
graphene, especially whenHolstein phonons are present.55–59 This
interaction, which is inuenced by the electrical and vibrational
characteristics of the material, provides a means of advancing
knowledge and technological advancement. Moreover, external
elds such as magnetic elds can further tune this interaction,
offering a pathway to control magnetic order at the nanoscale.60

Previous work by our group has investigated the Ruderman–Kit-
tel–Kasuya–Yosida (RKKY) interaction in a variety of material
systems, including graphene and its derivatives,61–63 with a focus
on clarifying how lattice dynamics, in particular electron–phonon
interaction,64–66 inuence this basic magnetic exchange process.

A technique for calculating the spatial dependency and
Lindhard function of the RKKY interaction for any dimension n
is presented in an article, exposing sign shis in metallic layers
that promote antiferromagnetic stacking.67 In another work
researchers studied the RKKY interaction between magnetic
impurities in graphene using perturbation theory in imaginary
© 2025 The Author(s). Published by the Royal Society of Chemistry
time, evaluating its symmetry on a bipartite lattice at half lling
via real-space spin susceptibility.68 The RKKY interaction in
CNTs and graphene nanoribbons, inuenced by spin–orbit and
magnetic elds, varies by sublattice in metallic CNTs and is
ferromagnetic in semiconducting ones. Anisotropic terms arise
from spin–orbit, tunable by Fermi level, with spin noise calcu-
lated from frequency analysis.69 According to lattice Green's
function, the RKKY interaction in graphene decays as 1/R3,
oscillates with (K − K0) × R and phases, and exhibits ferro-
magnetic (antiferromagnetic) coupling for the same (opposite)
sublattices, which is consistent with long-range analytics.70

Recent studies have demonstrated that electron–phonon inter-
actions in bilayer graphene alter its strength and spatial varia-
tion, and that Fermi level tweaking can change its behavior
from ferromagnetic to antiferromagnetic.57,58,71–74
2 Hamiltonian and Green's function

The structure of a simple (AA-stacked) bilayer graphene
arrangement is depicted in Fig. 1. It consists of two graphene
honeycomb lattices that are exactly positioned on top of one
another, separated by around 0.3 nanometers. Only the visible
layer is discernible when seen perpendicular to one of these
layers, making the underlying layer indistinguishable. We have
labeled the lower layer atoms with the number 1 and the upper
layer atoms with the number 2. This method helps us easily
identify the differences between the atoms in each layer. The
unit cell in this structure is similar to graphene, with the
difference that the primitive unit cell in bilayer graphene has
four bases, and its generating vectors are as follows:

a1 ¼ a

 ffiffiffi
3

p

2
î þ 1

2
ĵ

!
; a2 ¼ a

 ffiffiffi
3

p

2
î � 1

2
ĵ

!
; (1)
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Fig. 2 Top view of AA-stacked bilayer graphene, showing the primitive
lattice vectors a1 and a2 within a Cartesian coordinate system.
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where the unit vectors in the x and y directions are î and ĵ,
respectively; and a denes the carbon–carbon bonding length
between nearest neighbor atomic sites. The vectors a1 and a2
dene the lattice in the x–y plane, with the armchair direction
aligned along the x-axis and the zigzag direction along the y-
axis, as illustrated in Fig. 1 and 2.

We analyze electrons in the p-orbital of carbon atoms
utilizing the tight-binding Hamiltonian, together with the
inuence of electron–phonon coupling resulting from localized
phonons. For this purpose, the Holstein model Hamiltonian
can be used to characterize the electronic characteristics of the
interaction between dispersionless local vibrational modes and
tight-binding electrons in graphene-like materials. The inter-
layer hopping integral g in the Hamiltonian facilitates electron
tunneling between the two graphene layers, splitting the elec-
tronic bands and enhancing the tunability of the RKKY inter-
action compared to monolayer graphene, where such interlayer
coupling is absent. The Hamiltonian of the spin-dependent
Holstein model for bilayer graphene in the presence of bias
voltage and magnetic eld perpendicular to the plane is
provided by

H ¼ H0 þHint

H0 ¼ �t
X
k;s

X2
i¼1

�
fðkÞ a

†s
i;kb

s
i;k þ h:c:

�

�g
X
k;s

X2
i;j¼1isj

�
a
†s
i;ka

s
j;k þ b

†s
i;kb

s
j;k

�
þ V

2

X
k;s

�
a
†s
1;ka

s
1;k þ b

†s
1;kb

s
1;k

�

� V

2

X
k;s

�
a
†s
2;ka

s
2;k þ b

†s
2;kb

s
2;k

�

�ðm� 2mBBÞ
X
k;s

X2
i¼1

�
a
†s
i;ka

s
i;k þ b

†s
i;kb

s
i;k

�
;

Hint ¼ g
X
k;q

X
i;s

�
a
†s
i;kþqa

s
i;k þ b

†s
i;kþqb

s
i;k

��
ck þ c

†
�k
�

þ
X
k

�
u0c

†
kck
�
;fðkÞ ¼ 1þ 2exp

�
�i

ffiffiffi
3

p
kxa
.
2
�
cos
�
kya
�
2
�
;

(2)

where in this equation the nearest neighbor hopping integral
for itinerant electrons on a honeycomb lattice is represented by
t,75 and within the honeycomb lattice, the wave vector k is
located in the rst Brillouin zone. At sublattice A(B), an electron
with wave vector k and spin quantum number s = [, Y is
created by a†sk ; b†sk : Additionally, m presents the electron gas's
chemical potential. In addition, the annihilation phonon
operator at wave vector k on each sublattice is indicated by the
symbol ck. The frequency of the out-of-plane vibrations of each
atom's optical phonon on the lattice is denoted by u0. Also g
determines the electron–phonon couplings for sublattices A
and B. The magneton Bohr constant is denoted by mB and
magnetic eld along perpendicular to the plane of the structure
is introduced by B. To provide physical context, typical values
are t z 2.8 eV, g z 0.2 eV, g/t z 0.01–0.1 (corresponding to
0.028–0.28 eV), V/t z 0.1–1 (0.28–2.8 eV), and kBT/t z 0.01–0.1
17864 | RSC Adv., 2025, 15, 17862–17874
(300–3000 K), which are realistic for experimental graphene-
based devices. The interlayer hopping of electrons between
graphene sheets is described by the second term in eqn (2).
Between an A(B) site in one layer and the closest A(B) site in the
other layer, the hopping parameter g has a value of about
0.2.76,77 Using unitary transformations, we transfer the non-
interacting part of this Hamiltonian (H0) expressed in the
reciprocal space (wave vector k) to the band space, as a result of
which the matrix form of this Hamiltonian is transformed into
a diagonal matrix form, Hamiltonian and eigenvalues of the AA-
stacked bilayer graphene system in the presence of magnetic
eld and bias voltage without considering Encryption failed:
Data to encrypt is empty. Interactions with phonons are ob-
tained as follows:

H0 ¼
X
k;s

X4
h¼1

EhðkÞC†s
hkC

s
hk;

Es
1 ðkÞ ¼ �m�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ V 2

p
� jfðkÞj

	
þ 2smBB;

Es
2 ðkÞ ¼ �mþ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ V 2

p
� jfðkÞj

	
þ 2smBB;

Es
3 ðkÞ ¼ �m�

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ V 2

p
þ jfðkÞj

	
þ 2smBB;

Es
4 ðkÞ ¼ �mþ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ V 2

p
þ jfðkÞj

	
þ 2smBB;

(3)

where Esh(k) represent the energy eigenvalues for each spin
direction of electron, while the C†s

hk;C
s
hk: correspond to the

creation and annihilation operators for electrons in the
conduction and valence bands. s in the right hand of each
relation in eqn (3) gets amounts +1(−1) for spin up (down)
electron.

In solid state physics, Green's functions are an essential
mathematical tool that help analyze complicated problems
including correlated electron systems, lattice dynamics, and
© 2025 The Author(s). Published by the Royal Society of Chemistry
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electrical resistance in metals.78 Green's functions provide
a distinct method for modeling and resolving solid state physics
issues when compared to other mathematical tools, especially
in systems with intricate boundary conditions or strong
connement. It is a useful tool in the physicist's toolbox
because of its capacity to deal with a variety of physical events.
Additionally, Green's functions are used to calculate determi-
nants and inverses of matrices relevant to solid state physics
and quantum chemistry in the Huckel (tight binding)
paradigm.79,80

The matrix elements of the non-interacting single-particle
Green's function can be calculated using its denition in
terms of electronic creation and annihilation operators, which
obey a specic anti-commutation relation

G
ð0Þs
ab ðk; sÞ ¼ �
T �akðsÞb†

kð0Þ
��
;

G
ð0Þs
ab ðk; iunÞ ¼

ð1=kBT
0

G
ð0Þs
ab ðk; sÞeiunsds; un ¼ ð2nþ 1ÞpkBT ;

(4)

where {a, b} = {a1, b1, a2, b2} and un denotes the fermionic
Matsubara frequency. s is the imaginary time and T implies the
equilibrium temperature of the bilayer graphene. The calcula-
tion of eqn (4) necessitates a transformation between the elec-
tronic creation and annihilation operators, transitioning from
the atomic orbital basis to the band basis, which are expressed
as follows:

a
†s
1;kðsÞ ¼

X4
j¼1

u*j1ðkÞC†s
jk ðsÞ; b

†s
1;kðsÞ ¼

X4
j¼1

u*j2ðkÞC†s
jk ðsÞ;

a
†s
2;kðsÞ ¼

X4
j¼1

u*j3ðkÞC†s
jk ðsÞ; b

†s
2;kðsÞ ¼

X4
j¼1

u*j4ðkÞC†s
jk ðsÞ

(5)

Appendix (6) lists the uij coefficients in this equation. In the
case of bilayer graphene, since the number of atoms in the unit
cell is four, and considering that the symmetry of the Green's
function matrix arises from the symmetry of the Hamiltonian,
a total of sixteen single-particle Green's functions can be written
for this system. Finally, the following expression for Green's
functions in Fourier presentation is produced aer some alge-
braic computations:

G
ð0Þs
ab ðk; iunÞ ¼

X4
j¼1

ujau
*
jb

iun � Es
j ðkÞ

;

�
uja; ujb


 ¼ �uj1; uj2; uj3; uj4
:
(6)

As previously mentioned, the analytical form of the uja, ujb
coefficients in eqn (6) is provided in Appendix 6.

To apply the impacts of phonon presence, we intend to
assess the electron–phonon interaction, another statement
included in the Holstein model Hamiltonian (Hint) in eqn (2),
and use it to rectify the Green's functions and the band struc-
ture. Using Matsubara's formalism and perturbative expansion
© 2025 The Author(s). Published by the Royal Society of Chemistry
for the interacting spin-dependent Green's function matrix,
Dyson's equation yields the perturbed Green's function matrix
with

(G s(k,iun))
−1 = (G (0)s(k,iun))

−1 − Ss(k,iun). (7)

We use the Migdal theorem81 to compute the elements of the
self-energy matrix in eqn (7). This theory states that we can use
the lowest order perturbation theory to discover the self-energy
diagram since the phonon energy scale is substantially smaller
than the electronic one. Using the Fourier transform of the
phononic propagator and its denition as

Dð0Þðp; inmÞ ¼ �
ð1=kBT
0

dseinms
D
T
�
cpðsÞ þ c†�pðsÞ

�
�
cpð0Þ þ c†�pð0Þ

�E
; (8)

where the bosonic Matsubara's frequency is implied by
nm = 2pmkBT with an integer value m. Since momentum has no
effect on the Holstein phonon propagator D(0)(p, inm), the
noninteracting phononic propagator (unperturbed phononic
Green's function) is determined by

Dð0Þðp; inmÞ ¼ 2u0

ðinmÞ2 � u0
2

(9)

The off-diagonal components of the self-energy matrix have
zero value because of the dispersionless nature of the Holstein
phonon frequency. In the context of second-order perturbation
theory for electron–phonon interaction, Feynman's diagram-
matic methods82 can be used to derive the constituents of the
spin-dependent self-energy matrix as outlined below

Xs
aa

ðiunÞ ¼ �kBT

N
g2
X
k;m

Dð0ÞðinmÞGð0Þs
aa ðk; iun � inmÞ (10)

Phononic self-energy is insignicant for materials that
resemble graphene because screening effects that correspond to
static transverse spin susceptibility83 have been derived from
the electronic density of states at the Fermi surface. Thus, the
Holstein phonon propagator in eqn (10) is regarded as
unscreened (D(0)(inm)). We dene the relationship between the
noninteracting Matsubara electronic Green's function and the
imaginary portion of the noninteracting ones in order to
compute the self-energy elements using Lehman's theorem:82

Gð0Þs
aa ðk; iun � inmÞ ¼

ðN
�N

du

2p

 
�2J�Gð0Þs

aa ðk;uþ i0þÞ�
iun � inm � u

!
: (11)

By converting eqn (11) into eqn (10) and applying Matsu-
bara's frequency summation algorithm over bosonic Matsubara
energies nm, the spin-dependent self-energy matrix elements are
produced as follows:
RSC Adv., 2025, 15, 17862–17874 | 17865
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Ss
a1a1

ðiunÞ ¼ g2

N

X
q

X4
j¼1

��uj1ðk� qÞ��2
0
@nBðu0Þ þ nF

�
Es

j;k�q

�
iun þ u0 � Es

j;k�q

þ
nBðu0Þ þ 1� nF

�
Es

j;k�q

�
iun � u0 � Es

j;k�q

1
A;

Ss
b1b1

ðiunÞ ¼ g2

N

X
q

X4
j¼1

��uj2ðk� qÞ��2
0
@nBðu0Þ þ nF

�
Es

j;k�q

�
iun þ u0 � Es

j;k�q

þ
nBðu0Þ þ 1� nF

�
Es

j;k�q

�
iun � u0 � Es

j;k�q

1
A;

Ss
a2a2

ðiunÞ ¼ g2

N

X
q

X4
j¼1

��uj3ðk� qÞ��2
0
@nBðu0Þ þ nF

�
Es

j;k�q

�
iun þ u0 � Es

j;k�q

þ
nBðu0Þ þ 1� nF

�
Es

j;k�q

�
iun � u0 � Es

j;k�q

1
A;

Ss
b2b2

ðiunÞ ¼ g2

N

X
q

X4
j¼1

��uj4ðk� qÞ��2
0
@nBðu0Þ þ nF

�
Es

j;k�q

�
iun þ u0 � Es

j;k�q

þ
nBðu0Þ þ 1� nF

�
Es

j;k�q

�
iun � u0 � Es

j;k�q

1
A;

(12)

RSC Advances Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 3

0 
M

ay
 2

02
5.

 D
ow

nl
oa

de
d 

on
 1

/2
0/

20
26

 9
:0

7:
00

 A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online
where nBðXÞ ¼ 1
eX=kBT � 1

and nFðXÞ ¼ 1
eX=kBT þ 1

introduce
the Bose–Einstein and Fermi–Dirac distribution functions,
respectively. Moreover, N refers to the unit cell number in the
lattice structure of simple stacked bilayer graphene. Finally, the
interacting Green's functions of the AA bilayer graphene struc-
ture are produced by inserting these components into the
matrix of eqn (7).
3 Dynamical spin susceptibility and
RKKY interaction

In order to obtain the spatial dependence of RKKY interaction
for transverse spin components, static spin susceptibilities
need to be calculated. Linear response theory gives us the
noninteracting spin response functions based on the correla-
tion function of both transverse and longitudinal components
of spin operators. The dynamical spin susceptibility is dened
as the Fourier transformation of the correlation function
between spin components of localized electrons at different
times. Based on the correlation function between transverse
components of spin operators of electron gas ðSþ;S�Þ; linear
response theory provides us with the interacting spin response
function in the presence of quantum effects of electronic
interactions. The Fourier transform of Matsubara representa-
tion of transverse spin susceptibility, which is a spin–spin
correlation function, has the following relationship:

cþ�ðq; innÞ ¼
ð1=ðkBTÞ

0

dseinnshTðSþðq; sÞS�ð�q; 0ÞÞi; (13)

where q describes the wave vector belonging to the rst Bril-
louin zone of the honeycomb monolayer. Also nn = 2npkBT is
the bosonic Matsubara's frequency. The Fourier trans-
formations of transverse components of spin density operators,
ðSþð�ÞÞ; are given by
17866 | RSC Adv., 2025, 15, 17862–17874
Sþðq; sÞ ¼
1

N

X2
j¼1

X
k

�
a
†[
j ðkþ q; sÞaYj ðk; sÞ þ b

†[
j ðkþ q; sÞbYj ðk; sÞ

�
; (14)

S�ð�q; 0Þ ¼ 1

N

X2
j
0 ¼1

X
k
0

�
a
†[
j

�
k

0 � q; 0
�
aYj

�
k

0
; 0
�

þ b
†[
j

�
k

0 � q; 0
�
bYj

�
k

0
; 0
��

: (15)

Substitute ðSþðq; sÞ and S�ð�q; 0ÞÞ; in eqn (13) and
following Wick's theorem implementation85 and Fourier trans-
formation, the one bubble level (obl) dynamical transverse spin
susceptibility can be expressed as follows in terms of the Fourier
representation of interacting Green's function matrix
elements82

cobl
þ�ðq; innÞ ¼

kBT

N

X
k

X
a;h

X
m

G[
ah

ðkþ q; inn þ iumÞGY
haðk; iumÞ; fa; hg

¼ fa1; b1; a2; b2g: (16)

Summation over fermionic Matsubara energies ium is
accomplished by utilizing the Lehman representation,82 which
connects Matsubara Green's function to the imaginary compo-
nent of retarded Green's function as

Gs
haðk; iumÞ ¼

ðþN

�N

d3

2p

�2 Im
�
Gs

haðk; ium/3þ i0þÞ
�

ium � 3
: (17)

Aer substituting eqn (17) into (16) and performing Matsu-
bara frequency summation, the one bubble level dynamical
transverse spin susceptibility function ðcobl

þ�Þ of bilayer gra-
phene is nally obtained as the following expression
© 2025 The Author(s). Published by the Royal Society of Chemistry
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cobl
þ�ðq; innÞ ¼

4

N

X
k

X
a;h

ðþN

�N

d3
0

2p

ðþN

�N

d3

2p
Im
�
G[

ahðkþ q; 3þ i0þÞ
�

� Im
�
GY

ha

�
k; 3

0 þ i0þ
�� nFð3Þ � nF

�
3
0
�

inn þ 3� 3
0 ;

(18)

One technique for taking into consideration how electron–
phonon interactions affect transverse spin susceptibility is the
Random Phase Approximation (RPA). The interactions in
a dense electron gas86–88 are represented by leading-order chain
Feynman diagrams, which are the source of this summation. By
concentrating on particle-hole excitations, RPA streamlines the
consideration of these interactions and successfully captures
the fundamental physics of the system while ignoring higher-
order correlations.89 RPA has been used to examine spin,
charge, and orbital uctuations, among other phenomena, in
the context of superconductivity and electron–phonon interac-
tion.90 Feynman diagrams,91 which offer a visual depiction of
the interactions under consideration, are frequently used to
assess the method's efficacy. The random phase approximation
states that one bubble transverse spin susceptibility is used to
express the transverse magnetic response function of interact-
ing electrons on AA-stacked bilayer graphene.

cþ�ðq; innÞ ¼
cobl
þ�ðq; innÞ

1� 2g2u0

ðinnÞ2 � u0
2
cobl
þ�ðq; innÞ

; (19)

where
2g2u0

ðinnÞ2 � u0
2
denotes the Fourier transformation of the

effective phonon-mediated electron–electron interaction.

The Fourier transformation of the longitudinal component of
the spin, i.e., SzðqÞ; is given in terms of fermionic operators as

SzðqÞ ¼ 1

N

X2
j¼1

X
s

X
k

s
�
a
†s
j ðkþ qÞasj ðkÞ þ b

†s
j ðkþ qÞbsj ðkÞ

�
:

(20)

Also, czz is introduced as longitudinal spin susceptibility and
its relation can be expressed in terms of the correlation function
between the z component of spin operators as

czzðq; iUnÞ ¼
ð1=ðkBTÞ

0

dseiUnshT Szðq; sÞSzð�q; 0Þi: (21)

Aer some algebraic calculations similar to the transverse
spin susceptibility case, we arrive at the nal results for the
Matsubara representation of one bubble level longitudinal
dynamical spin susceptibility, cobl

zz ; as
cobl
zz ðq; iUnÞ ¼ � 1

N

X
k

X
a;h;s

ðþN

�N

ðþN

�N

d3 d3
0

p2
Im Gs

ahðkþ

fa; hg ¼ fa1; b1; a2; b2g:

© 2025 The Author(s). Published by the Royal Society of Chemistry
Using random phase approximation, the longitudinal
magnetic response function of interacting electrons on AA-
stacked bilayer graphene can be expressed in terms of one
bubble longitudinal spin susceptibility as

czzðq; innÞ ¼
cobl
zz ðq; innÞ

1� 2g2u0

ðinnÞ2 � u0
2
cobl
zz ðq; innÞ

: (23)

Our system incorporates two localized magnetic moments
whose interaction is mediated through an electron liquid in the
presence of electron–phonon interaction and magnetic eld.
We assume that the magnetic eld is applied perpendicular to
the simple stacked bilayer graphene rst, and then we add the
magnetic moments. The contact interaction between the spin of
itinerant electrons and two magnetic impurities with magnetic
moments S1 and S2, located respectively at R1 and R2, is given by

H int ¼ z
X
j¼1;2

Sj � s
�
Rj

�
; (24)

where z is the coupling constant between conduction electrons
and impurity, s(r) is the spin density operator of electrons. The
RKKY interaction which arises from the quantum effects is
obtained by using a second order perturbation43,92

H RKKY ¼ z2

p

�
JxxðRÞ

�
S1xS2x þ S1yS2y

�þ JzzðRÞS1zS2z

�
; (25)

which is the honored XXZ model. R denotes the spatial distance
between two local moments S1 and S2. On the other hand, the
coupling exchange constants are related to longitudinal and
transverse static spin susceptibilities of the electron gas43,92 as

JzzðRÞ ¼
ð
d2q

4p2
czzðq; iUn ¼ 0Þeiq�R;

JxxðRÞ ¼
ð
d2q

2p2
cþ�ðq; iUn ¼ 0Þeiq�R;

(26)

where Jzz(R) and Jxx(R) are named longitudinal and in-plane
exchange coupling constants, respectively. The longitudinal
(in-plane) coupling exchange states the strength of exchange
interaction between longitudinal (transverse) spin components
of localized moments. Longitudinal (transverse) components of
spin of localized moments imply spin components perpendic-
ular (parallel) to the plane of honeycomb layer in bilayer gra-
phene. The effects of both magnetic eld and electron–phonon
coupling strength as well as bias voltage on the RKKY interac-
tions have been addressed in this study. In AA-stacked bilayer
graphene, the RKKY interaction exhibits sublattice dependence
similar to monolayer graphene due to the direct alignment of
layers. As shown in prior studies,72,93 same-sublattice couplings
(A–A, B–B) are typically stronger and ferromagnetic, while
different-sublattice couplings (A–B) are weaker and antiferro-
magnetic, due to interference effects in the Green's function.
q; 3þ i0þÞIm Gs
ha

�
k; 3

0 þ i0þ
�
�

nFð3Þ � nF

�
3
0
�

iUn þ 3� 3
0 ;

(22)
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4 Results and analysis

In this section, we outline the numerical outcomes concerning
the behaviors of both longitudinal and in-plane exchange
coupling constants between two external local moments. Such
external magnetic moments can be coupled via mediating
electron gas in simple stacked bilayer graphene. Here electron
gas in bilayer graphene acts as host medium for two external
magnetic moments. The electron dynamics in bilayer gra-
phene is described within the Holstein model framework. We
intend to investigate the effects of electron–phonon coupling
strength, bias voltage, and longitudinal magnetic eld in
electrons of host medium on the exchange coupling constants
Jxx and Jzz. For achieving these purposes, we should numeri-
cally calculate self-energy matrix elements by using eqn (12).
The required electronic band structure relations for numerical
calculating eqn (12) have been given by eqn (3). Moreover, the
Einstein phonon mode is evaluated at the amount u0 z
0.1 eV.84 Using matrix elements of noninteracting Green's
function in eqn (6) and self-energy matrix elements in eqn
(12), the matrix elements of interacting Green's function of
simple stacked bilayer graphene can be obtained based on
Dyson's equation in eqn (7). By using interacting Green's
function, transverse spin susceptibility of simple stacked
bilayer graphene can be derived via eqn (18) and (19). More-
over, longitudinal spin susceptibility is derived by using eqn
(22) and (23). By inserting the numerical results of spin
susceptibilities into eqn (26), longitudinal and in-plane
exchange coupling constants strengths between two external
magnetic moments localized into bilayer graphene are
numerically determined. In order to obtain the numerical
results of all mentioned equations, summation over wave
vectors, k, have been performed into the rst Brillouin zone of
the honeycomb plane. The dependences of in-plane (Jxx(R))
and longitudinal (Jzz(R)) RKKY interactions on distance
Fig. 3 Left (Right) Panel: in-plane (longitudinal) RKKY interaction (Jxx(R)
bilayer graphene as a function of the distance R for different electron–p
magnetic field and bias voltage have been fixed at amounts gmBB/t = 0.
zigzag direction in the x–y plane, as shown in Fig. 1.

17868 | RSC Adv., 2025, 15, 17862–17874
between two localized impurities are studied. We have
considered both magnetic external moments are located into
bilayer graphene along the zigzag direction so that the
distance vector between two moments is R = R R̂, according to
Fig. 1. The unit vector R̂ is aligned along the zigzag direction in
the x–y plane, consistent with the coordinate system shown in
Fig. 1. We initiate the exploration of the exchange coupling
constant strengths between two localized moments by medi-
ating simple bilayer graphene. The exchange coupling
constants are investigated by delving into analysis of behaviors
under the inuences of magnetic elds, electron–phonon
coupling, and bias voltage effects. The dominance of the
antiferromagnetic regime (Jxx, Jzz > 0) over the ferromagnetic
regime (Jxx, Jzz < 0) at small R/a arises from the oscillatory
nature of the RKKY interaction, driven by the Fermi wave-
vector and the phase of the Green's function, which favors
antiferromagnetic alignment at short distances.70

The curves of RKKY exchange couplings in terms of
normalized distance between two localized external moments,
i.e., R/a, for undoped simple stacked bilayer graphene with m =

0.0 for different normalized electron–phonon couplings g/t have
been plotted in panels of Fig. 3. The bias voltage and magnetic
eld have been xed at V/t = 0.3 and gmBB/t = 0.3, respectively.
In the le panel, the in-plane exchange constant has been
plotted in terms of distance between two localized external
moments. For each value of g/t, the exchange coupling Jxx(R)
exhibits an oscillatory behavior as a function of R so that the
increase of electron–phonon coupling constant has consider-
able effect on the amplitude of oscillation of Jxx(R). Also, the
period of this oscillation is independent of g. It is clearly
observed that the range of antiferromagnetic exchange values
(Jxx(R) > 0) is more than that of ferromagnetic (Jxx(R) < 0) ones.
Longitudinal exchange coupling Jzz between two impurities
localized in bilayer graphene in terms of normalized distance
R/a for different values of g/t has been shown in the right panel
(Jzz(R))) between two localized moments in undoped simple stacked
honon coupling strengths g/t for fixed temperature kBT/t = 0.01. The
3 and V/t = 0.3, respectively. The distance vector R = RR̂ is along the

© 2025 The Author(s). Published by the Royal Society of Chemistry
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Fig. 4 Left (Right) panel: in-plane (longitudinal) RKKY interaction (Jxx(R) (Jzz(R))) between two localized moments in undoped simple stacked
bilayer graphene as a function of the distance R for different bias voltages V/t for fixed temperature kBT/t = 0.01. The magnetic field and
electron–phonon coupling strength have been fixed at amounts gmBB/t = 0.3 and g/t = 0.01, respectively. The distance vector R = RR̂ is along
the zigzag direction in the x–y plane, as shown in Fig. 1.
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of Fig. 3. The amplitude of longitudinal RKKY interaction
oscillation decreases with distance parameter R/a, based on the
right panel of Fig. 3. Also, at xed value of R/a, the value of
exchange constant Jzz reduces with electron–phonon coupling
strength. It is obvious that the range of antiferromagnetic
exchange values (Jzz(R) > 0) is more than that of ferromagnetic
(Jzz(R) < 0) ones.

The inuences of bias voltage on behaviors of RKKY
exchange coupling constants have been depicted in panels of
Fig. 4. We have considered the xed values for electron–phonon
coupling strength and magnetic eld as g/t = 0.01 and gmBB/t =
0.3, respectively. The le panel of Fig. 4 shows the behavior of
in-plane exchange coupling Jxx between two localized impurities
Fig. 5 Left (Right) panel: in-plane (longitudinal) RKKY interaction (Jxx(R)
bilayer graphene as a function of the distance R for different magnetic fie
0.05 (right). The bias voltage and electron–phonon coupling constant va
The distance vector R = RR̂ is along the zigzag direction in the x–y plan
expected to persist for higher gmBB/t up to 2.5.61

© 2025 The Author(s). Published by the Royal Society of Chemistry
in undoped bilayer graphene as a function of normalized
distance R/a for different values of bias voltage. This panel
indicates the amplitude of oscillation increases with bias
voltage. The amplitude of oscillation of exchange constant Jxx
indicates a remarkable reduction in the distance region R/a < 1
for all amounts of V/t. The coupling exchange constant at higher
distances above normalized value 6 approximately tends to zero
so that the curves of Jxx fall on each other in this range of
distance. In the right panel of Fig. 4, we present the behavior of
longitudinal exchange coupling Jzz between two localized
external moments in undoped bilayer graphene as a function of
normalized distance R/a for different values of bias voltage. This
gure indicates the amplitude of oscillation increases with bias
(Jzz(R))) between two localized moments in undoped simple stacked
ld strengths gmBB/t at fixed temperature kBT/t = 0.01 (left) and kBT/t =
lues have been assumed to be at V/t = 0.3 and g/t = 0.01, respectively.
e, as shown in Fig. 1. The increasing trend of Jxx with magnetic field is

RSC Adv., 2025, 15, 17862–17874 | 17869
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Fig. 6 In-plane RKKY interaction (Jxx(R)) between two localized
moments in undoped simple stacked bilayer graphene as a function of
normalized electron–phonon coupling strength at fixed distance R/
a = 1.0 for different magnetic field strengths gmBB/t. The temperature
and bias voltage have been fixed at kBT/t = 0.01 and V/t = 0.3,
respectively. The distance vector R= RR̂ is along the zigzag direction in
the x–y plane, as shown in Fig. 1.
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voltage. The amplitude of oscillation of exchange constant
indicates a remarkable reduction in the distance region R/a < 1
for all amounts of bias voltages. The coupling exchange
constant at higher distances above 6 approximately tends to
zero so that the curves of Jzz fall on each other in this range of
distance.

In the le panel of Fig. 5, results for in-plane coupling
exchange constant Jxx are presented versus normalized distance
between localized moments R/a in undoped bilayer graphene
for different applied magnetic eld gmBB/t and xed g/t = 0.01
Fig. 7 In-plane RKKY interaction (Jxx(R)) between two localized
moments in undoped simple stacked bilayer graphene as a function of
normalized electron–phonon coupling strength at fixed distance R/
a = 1.0 for different bias voltages V/t. The temperature and magnetic
field strength have been fixed at kBT/t = 0.01 and gmBB/t = 0.3,
respectively. The distance vector R= RR̂ is along the zigzag direction in
the x–y plane, as shown in Fig. 1.

17870 | RSC Adv., 2025, 15, 17862–17874
and V/t = 0.3. Temperature is assumed to be kBT/t = 0.01. For
each value of magnetic eld value, the exchange coupling Jxx(R)
exhibits an oscillatory behavior as a function of R so that the
increase of magnetic eld leads to enhance the amplitude of
oscillation of Jxx(R) at distances R/a < 0.5. Although the values of
in-plane exchange constant are approximately independent of
magnetic eld strength at R/a > 0.5. Moreover, the period of this
oscillation is independent of gmBB/t according to the le panel
of Fig. 5. It is also clearly observed that the range of antiferro-
magnetic exchange values (Jxx(R) > 0) is more than that of
ferromagnetic (Jxx(R) < 0) ones. The trend of increasing Jxx with
magnetic eld strength is expected to persist for higher
magnetic elds (gmBB/t up to 2.5), consistent with prior
studies.61 The right panel of Fig. 5 shows the behavior of
longitudinal exchange constant Jzz between two localized
external moments in bilayer graphene as a function of
normalized distance R/a for different values of magnetic eld
strengths at V/t = 0.3 and g/t = 0.01. The temperature has been
xed at kBT/t = 0.05. Our ndings reveal that the amplitude of
oscillation in distance dependence of Jzz enhances with
magnetic eld strength at xed distance between external local
moments. The coupling exchange constant curves for all
magnetic elds at higher distances above 6 move to zero
according to the right panel of Fig. 5. In contrast to the in-plane
coupling exchange constant in the le panel, the sensitivity of
Jzz to the magnetic strength at higher distances is preserved as
shown in the right panel of Fig. 5.

Fig. 6 displays the dependence of in-plane exchange constant
Jxx on electron–phonon coupling constant for different
magnetic elds. The distance between two magnetic external
moments has been xed at R/a = 1.0. Normalized temperature
and bias voltage are assumed to be kBT/t = 0.01 and V/t = 0.3,
respectively. Observing the data, it is evident that the in-plane
Fig. 8 In-plane RKKY interaction (Jxx(R)) between two localized
moments in undoped simple stacked bilayer graphene as a function of
normalized bias voltage at fixed distance R/a = 1.0 for different
normalized electron–phonon coupling strengths g/t. The temperature
and magnetic field have been fixed at kBT/t = 0.01 and gmBB/t = 0.3,
respectively. The distance vector R= RR̂ is along the zigzag direction in
the x–y plane, as shown in Fig. 1.

© 2025 The Author(s). Published by the Royal Society of Chemistry
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exchange constant declines with increasing g/t strength for each
value of magnetic eld. Rising temperature enhances the scat-
tering rate of electrons of the host medium from vibrated
atoms, which leads to reducing the exchange coupling constant
between two external local moments in the bilayer graphene as
the host medium. In addition, at xed electron–phonon
coupling constant below normalized value 0.05, Jxx rises with an
increase of magnetic eld. However, the variation of magnetic
eld has no considerable effect on the in-plane exchange
constant at g/t > 0.05 based on Fig. 6.

We demonstrated the relationship between in-plane
exchange coupling constant Jxx and electron–phonon coupling
strength under various bias voltages, as depicted in Fig. 7. We
set R/a= 1.0, kBT/t= 0.01, and gmBB/t= 0.3 for calculations. The
gure illustrates that as g/t increases, the intensity of the in-
plane exchange constant between two localized moments
decreases for all values of bias voltages. As bias voltage escalates
within the electron–phonon coupling strength range g/t < 0.05,
exchange coupling constant Jxx experiences an increase in
intensity. For g/t > 0.05, the in-plane exchange coupling
constant is independent of bias voltage.

We have plotted the in-plane exchange constant Jxx between
localized moments in bilayer graphene versus normalized bias
voltage V/t for several values of electron–phonon coupling
constant g/t, namely g/t = 0.012, 0.014, 0.016, 0.018, 0.02 for the
temperature kBT/t = 0.01 at xed distance R/a = 1.0 in Fig. 8.
There is a peak in each curve of Jxx for each value of electron–
phonon coupling strength at bias voltage V/t z 1.5. The height
of this peak reduces with an increase of electron–phonon
coupling strength as shown in Fig. 8. In addition, at a xed
value of V/t, the in-plane exchange constant decreases with
electron–phonon coupling strength. For bias voltages below
normalized value 0.5, it is obvious that Jxx is less bias voltage
dependent for each value of g/t.

It is worthwhile to discuss that the amplitude of longitudinal
RKKY interaction is higher than the transverse exchange
constant at xed magnetic eld and electron–phonon coupling
constant. Such a difference between Jxx and Jzz leads to an
anisotropic Heisenberg model Hamiltonian for describing
exchange coupling between two localized moments according
to eqn (25). Also, this difference between longitudinal RKKY
interaction and transverse exchange constant arises from the
applied external magnetic eld perpendicular to the plane. In
fact, applying a magnetic eld along the z direction (longitu-
dinal magnetic eld) causes magnetic ordering of the electronic
system along the z-direction perpendicular to the honeycomb
plane. Thus, the external magnetic eld along the z-direction
leads to an increase of the coupling exchange constant for
longitudinal components of spin angular momenta of localized
magnetic moments because the system tends to orient
magnetic moments along the external magnetic eld, i.e., the z-
direction or longitudinal direction. This implies the coupling
exchange constant for longitudinal components of magnetic
© 2025 The Author(s). Published by the Royal Society of Chemistry
moments is higher than that for transverse components of
magnetic moments.

5 Discussion

The RKKY interaction in AA-stacked bilayer graphene exhibits
a decay behavior similar to that of monolayer graphene,
following a 1/r3 dependence due to its linear band dispersion
near the Fermi level, in contrast to the 1/r2 decay in AB-stacked
bilayer graphene, which arises from its parabolic band struc-
ture.56 This distinction is modulated by electron–phonon
coupling and external elds, which adjust the amplitude and
oscillatory behavior of the interaction, as demonstrated in our
results. The interlayer hopping integral g in AA-stacked bilayer
graphene enhances the electronic band splitting, making the
RKKY interaction more tunable compared to monolayer gra-
phene, where such interlayer coupling is absent.

An interlayer offset in AA-stacked bilayer graphene would
reduce the interlayer hopping integral g, weakening the RKKY
interaction due to decreased interlayer overlap, as observed in
studies transitioning to AB-stacking.7 Additionally, the phonon
modes in AA-stacked bilayer graphene, particularly out-of-
plane modes, induce stronger modulation of the RKKY inter-
action compared to AB-stacked graphene due to direct
interlayer coupling. This is consistent with prior studies on
phonon-mediated interactions,27 although a quantitative
comparison requires further investigation beyond the scope of
this study.

The interplay of temperature and magnetic eld strength
further inuences the RKKY interaction. Higher temperatures
increase electron–phonon scattering, reducing the exchange
coupling, as seen in Fig. 6 and 7, while stronger magnetic
elds enhance the oscillatory amplitude, particularly for Jzz,
due to Zeeman splitting.61 These trends underscore the
potential of bilayer graphene for tunable quantum magnetic
systems.

6 Conclusion

This study demonstrates the critical role of electron–phonon
coupling, bias voltage, and magnetic elds in tuning the RKKY
interaction in AA-stacked bilayer graphene. Key ndings
include the oscillatory behavior of the exchange coupling
constants Jxx and Jzz, with a 1/r3 decay, modulated by external
parameters, and a stronger longitudinal interaction due to
magnetic eld-induced ordering. The results highlight
bilayer graphene's potential for designing adjustable quantum
systems for spintronics and nanotechnology. Future research
should explore experimental validation of these tunability
mechanisms and the impact of structural disorder or interlayer
offsets, which remain open questions for advancing practical
applications.
RSC Adv., 2025, 15, 17862–17874 | 17871
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last three years of beginning this present work are along elec-
tronic properties of nanostructure systems. Specically, our
interests include the optical and transport properties of nano-
structures due to the effects of quantum interactions and scat-
tering between particles in the structure. Such interests are
along the content of this article.
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