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There is an increasing interest into the fabrication of high-dimensionality colloidal quantum dot (CQD)

arrays, with long-range periodicity and reduced inter-dot distances. The synthesis of such super-solids,

where the dots play the role of conventional atoms in a crystal, is, however, still challenging. This work

focuses on understanding the physics of those systems and finding applications for them in solar cells of

two different architectures: the hot carrier solar cell and the intermediate band solar cell. We combine the

accuracy of the atomistic semiempirical pseudopotential method, at the single-dot level, with the versati-

lity of the tight-binding formalism, for the array calculations, to investigate the electronic structure and

optical absorption of individual and stacked 2D InX (X = P, As, Sb) CQD arrays (films), and their depen-

dence on the dot material, the number of layers and the interlayer distance. Our results support the

hypothesis of a universal behaviour of absorption in 2D materials, already found in graphene and InAs

nanomembranes, where the optical absorption in the region 0.5–1.2 eV is nearly independent of the

photon energy and equal to a universal quantum of absorption AQ = πafs = 0.02293 (where afs is the fine

structure constant). However, our findings contradict the assumption that the absorbance of n layers is

simply nAQ. Indeed, according to our results this conclusion only holds for uncoupled stacked layers,

whereas the presence of inter-layer coupling degrades the absorption properties, leading to A(n) < nA(1),

questioning the wisdom of the efforts of achieving 3D super-solids if the aim is to improve optical absorp-

tion. Additionally, we propose a simplified model that accurately describes the intermediate band struc-

ture, useful for device simulations.

1 Introduction

Colloidal quantum dots (CQDs) are considered promising can-
didates for a wide variety of applications, from photovoltaics1–3

to bioimaging and biosensing,4,5 and from photodetection6–9

to display technology.10 These applications take advantage of
the CQD size-tunable optical and electronic properties at the
single dot level, but, additional features emerge when the dots
are assembled into larger structures.11–13 In CQD self-assem-
bling, the coupling between the individual CQD states is
enhanced, leading to peculiar electronic structures.14,15

Recently, the oriented attachment of the CQDs has been
achieved by selectively removing the long ligand molecules

from the surfaces, promoting the possibility of direct
attachment11,13 and thus realizing strong electronic coupling
of the CQDs in a long-range-order assembly. The possibility of
experimentally assembling arrays of CQDs with a degree of
ordering similar to traditional crystalline solids (where CQDs
play the role of conventional atoms in crystals), has opened
new and exciting research opportunities for their exploitation
in transport and optical absorption.16,17 Indeed, the measured
carrier mobility in ordered arrays of CdSe CQDs shows a
decreasing behaviour with increasing temperature, which is
attributed to band-like transport.12,18–20 This effect suggests
conduction through extended states in these systems.

The calculated electronic structures of CQD arrays made of
II–VI and III–V compounds14,15,18,19 showed very interesting
features. The lowest-energy conduction band states in Cd- and
In-based CQDs are, in order of increasing energy: (i) an s-like
state (the conduction band minimum – CBM) and (ii) a nearly
degenerate p-like triplet located a few hundreds of meV above
the CBM (except for small InSb dots, which feature an
additional s-like state in between). When the dots are
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assembled into an array, the coupling of the CBM states of the
individual CQDs results in the formation of a narrow band,
clearly separated from the very closely-spaced bands above it,
which originate from the coupling between the triplet and
higher energy states. These remarkable features may be the key
to achieving the practical implementation of two solar cell
technologies – the hot-carrier solar cell21 (HSCS, Fig. 1b) and
the intermediate-band solar cell22 (IBSC, Fig. 1a) – whose
maximum theoretical efficiencies have been predicted to
exceed those of current technologies.23,24

Indeed, a HCSC in which carriers are extracted through
mono-energetic energy selective contacts (ESCs)21,23 (i.e. con-
tacts with an electron transport channel in which electrons are
allowed to have only a single energy), may reach efficiencies of
85.4%.23 The band emerging from the coupling of the CQD
CBMs in an array exhibits precisely these features: it can be
extremely narrow and it is separated from the other bands by a
few hundreds of meV. CQD arrays of appropriate materials are
therefore well suited for applications in HCSCs.

On the other hand, the intermediate-band solar cell (IBSC)
concept22 has been extensively studied theoretically, with pre-
dicted maximum efficiencies reaching 63.2%.24 The intermedi-
ate band (IB) is a narrow energy band located within the semi-
conductor bandgap that plays the role of a “stepping stone” for
the electrons in their excitation from the valence band (VB) to
the conduction band (CB), allowing the absorption of below-
bandgap energy photons. Since the publication of the seminal
paper by Luque and Martí22 where this concept was first pro-
posed, many fruitless attempts25,26 have been made to find a
suitable material for the active region of this device. The band
structure of CQD arrays has the potential to fulfil the ideal
requirements of such material. Therefore, considering HCSCs
and IBSCs as target applications, this work aims at: (i) investi-
gating the properties of band structure and photon absorption
coefficients of arrays of CQDs of realistic sizes and made of

specific heavy-metal-free, III–V semiconductor materials, to
determine to what extent they can approach the ideal charac-
teristics required for these types of solar cells applications;
and (ii) identifying physically-based simplifications in the
modelling that can significantly reduce the calculation com-
plexity and run time for future implementations of HCSC and
IBSC in full device simulators.

We will consider spherical CQDs made of different In-based
binary semiconductors (InP, InAs, InSb), which, in recent
years, have emerged as feasible alternatives to the strictly regu-
lated Cd-, Hg- and Pb-based semiconductors27,28 for the syn-
thesis of CQDs, due to the current concerns on health and
environmental issues. The building blocks of our arrays are
CQDs with the zinc blende crystal structure of the specific
bulk material. For the sake of comparison, all the CQDs con-
sidered in this study have the same number of atoms: 275 (the
small difference in the lattice constant of the three materials
considered results in a small variation in the radii of the dots:
R = 11.9 Å for InP, R = 12.2 Å for InAs and R = 13.1 Å in the
case of InSb). This choice is motivated by the need to keep the
size as small as possible (for achieving a sufficiently large
inter-dot coupling14), while, at the same time, ensuring the
dots are realistically synthesizable.29–31 Furthermore, we con-
sider CQDs with cation-rich surfaces, as this termination was
found14 to yield both narrower IB widths (better suited for
HCSC application) and electronic structures that are closer to
those desirable for an ideal IBSC. Indeed, Jasieniak and
Mulvaney have shown that it is possible, experimentally, to
manipulate the NC surface stoichiometry to obtain either
cation- or anion-rich surfaces.32

CQD arrays can extend into one, two and three dimensions.
Their physical properties are influenced by the coupling
between their building blocks, and the higher the dimensional-
ity, the larger the number of interacting nanoparticles. The
most commonly synthesized arrays are films,33–37 i.e. 2D struc-
tures. Attempts to couple CQDs into 3D structures have also
been reported.38–40 Depending on the deposition technique, a
3D array may either exhibit tight coupling between dots along
all three spatial directions, in case of equal separation, or, if the
array consists of a number of stacked CQD films which create a
layered material, it may display a stronger in-plane coupling
and a weaker coupling along the stacking direction, if the inter-
dot separation along the latter differs from the in-plane one. As
the specific structure of the 3D array affects the physical pro-
perties of the assembly, we will also study the effect of different
array dimensionalities on band widths and optical absorption,
considering n-layer stacks, with n varying from 1 to ∞.

For HCSC applications, we will investigate the features of
the narrow, isolated band created by the CBM, as the mono-
energetic selective contact. For applications in IBSCs we will
focus on light absorption. In this respect, surprisingly, our
results suggest 2D arrays, i.e., single CQD layers, to be a
preferable,33–37 more cost-effective and better-performing
alternative for efficient light absorption than 3D assemblies,
towards whose fabrication much of current research is
directed.38–40

Fig. 1 Schematic representation of the physical processes taking place
in (a) the Intermediate Band Solar Cell and (b) the Hot Carrier Solar Cell
(with a selective contact for carrier extraction). MC stands for metallic
contact. Orange arrows represent carrier extraction. Vertical arrows rep-
resent light absorption between bands.
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2 Theoretical framework

The Schrödinger equation for one electron in a stack of n 2D
layers is solved in three steps. Initially, the atomistic semiem-
pirical pseudopotential method41,42 is used to obtain the set of
eigenfunctions, ϕm ~rð Þ, and associated eigenenergies, εm, of an
isolated CQD, considering mv states in the valence band and
mc states in the conduction band. We used the ESCAN code for
these non-selfconsistent calculations of the electronic struc-
ture of individual quantum dots.43

In a second step, the tight-binding method is used to solve
the Schrödinger equation of an n-CQD linear molecule (i.e., a
1D array of n CQDs – with n equal to the stack thickness – sep-
arated by a given, fixed interdot distance, Fig. 2(a))

T þ
X
~ϱn

v~ϱn

2
4

3
5 Φli ¼ ε̃lj jΦli; ð1Þ

(where T is the electron kinetic energy operator, ~ϱn are the
CQD positions in the molecule, v~ϱn is the potential energy of
the electron in the CQD located at the position~ϱn in the mole-
cule, jΦl ~rð Þi is the CQD molecule eigenstate wave function for
an electron and ε̃l its associated eigenenergy), using the iso-
lated CQD eigenstates as basis for the expansion of the mole-
cule wave function

Φl ~rð Þ ¼
X
m

X
~ϱn

cm;~ϱnϕm ~r �~ϱnð Þ: ð2Þ

In the last step, the Schrödinger equation of n-CQD layers is
formally identical to that of a two-dimensional array of CQD
molecules (see Fig. 2(b))

T þ
X
~Rn

V~Rn

2
4

3
5 ψ~qi ¼ E~q
��� ���ψ~qi; ð3Þ

and it is solved using the tight-binding method. In eqn (3), ~Rn

are the quantum dot molecule positions in the 2D array, V~Rn
is

the potential of the quantum dot molecule located at ~Rn, ψ~q ~rð Þ
is the array’s wave function, E~q its associated eigenenergy and
~q is the wave vector in the array’s reciprocal space. The basis to
solve the latter is the set of CQD molecule eigenstates. The
array wave functions are expanded as:44

ψ~q ~rð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffiffi
NucK

p
X
l

X
~Rn

bl exp i~q �~Rn
� �

Φl ~r �~Rn
� �

¼ 1ffiffiffiffiffiffiffiffiffiffiffi
NucK

p exp i~q �~rð Þu~q ~rð Þ;
ð4Þ

where 1=
ffiffiffiffiffiffiffiffiffiffiffi
NucK

p
is the wave function normalization constant,

Nuc is the number of unit cells (QD molecules) in the array, bl
are the expansion coefficients, ~q is the array’s reciprocal space
vector and u~q ~rð Þ is the periodic function given by the Bloch’s
theorem.

This computational method yields the band structure of a
system which is infinite along the in-plane directions, and is
finite along the perpendicular direction (z axis). For compari-
son, we also calculated the electronic states in a 3D periodic
array. As for the latter the CQD-molecule-based description
cannot be used, we expanded its tight-binding wave function
as a combination of individual CQD wave functions placed at
each 3D lattice point:

ψ3D
l ~rð Þ ¼

X
m

X
~R3D
n

b3Dm exp i~q3D �~R3D
n

� �
ϕm ~r �~R3D

n

� �
; ð5Þ

where b3D are the coefficients of the expansion, ~R3D
n are the

positions of the 3D lattice points, ϕm ~r �~R3D
n

� �
are the m-th iso-

lated CQD wave functions located at each lattice point and~q3D

is the 3D array’s reciprocal space vector. Equivalently to eqn
(3), the potential V~Rn

is the 3D periodic repetition of the CQD
potential.

The photon absorption coefficient of a CQD film has been
calculated in previous works using the electric dipole moment
approximation in Fermi’s Golden Rule:15

α ¼ 2πe2

Qstvucnrcε0ΔE

X
i

X
f

ωif

KiKf
hufj jê �~rjuiiucj2 F Eið Þ � F Efð Þð Þ;

ð6Þ
where e is the electron charge, Qst is the number of vectors of
the reciprocal space for which the Schrödinger equation is
solved (a 51 × 51 (51 × 51 × 51) Monkhorst–Pack mesh is used
to sample the Brillouin zone in 2D (3D) periodic arrays), vuc is
the volume of the superlattice unit cell, nr is the refractive
index of the material (for simplicity, here we use nr = 1), c is
the speed of light in vacuum, ε0 is the vacuum dielectric con-
stant, ΔE is the interval width within which energy is assumed
to be conserved, (i.e., the Dirac’s delta function is approxi-
mated as a window function of constant value 1/ΔE − further
details are available in the ESI†), ω is the angular frequency of
the photon involved in the absorption process, ê is the unit
vector along the electromagnetic wave potential vector (the
radiation wave front is perpendicular to this vector), uf and ui
are the Bloch functions of the superlattice wave function for
the final (subscript f) and initial (subscript i) states, and F(E)

Fig. 2 CQD distribution in the system. (a) A CQD molecule made of n =
4 quantum dots along the Z axis. (b) A CQD array made of n = 4 stacked
layers (the upper of which is indicated in lighter colour), is obtained by
repeating in 2D the CQD molecule (blue box).
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is the Fermi–Dirac’s statistics. This absorption coefficient
models the variation in photon flux quantum-mechanically,
considering the balance between photon absorption and
stimulated emission for a given photon wavelength. Reflection
phenomena between layers or materials are not included in this
description, and are considered negligible for our purposes.

Before proceeding further, it is important to discuss the
implications of the presence of the cell volume vuc in eqn (6):
while in a 3D infinite array vuc is unambiguously defined by
the interdot separation along each direction, in a 2D array vuc
is not a well defined quantity. Indeed, in a 2D array the inter-
dot separation adequately defines the unit cell area, auc,
however, L⊥, the unit cell dimension along the perpendicular
direction of the layer (the z direction in Fig. 2), is not well
defined. This dimension also corresponds to the stack thick-
ness. Theoretically, there is no inconsistency in considering L⊥
= nD in a n-layer stack, D being the CQD diameter, but larger
values could also be used, if including any amount of vacuum
above and below the layer limits, as in the case of an inter-
layer separation larger than a bond length (the in-layer inter-
dot separation). As the choice of vuc influences the values of α
in eqn (6), it follows that α itself is not well defined. The
Naperian absorbance

Ae ¼ αL?

¼ 2πe2

Qstaucnrcε0ΔE

X
i

X
f

ωif

KiKf
hufj jê �~rjuiiucj2 F Eið Þ � F Efð Þð Þ;

ð7Þ
where auc is the unit cell surface, is a better quantity to study
absorption in 2D arrays because it is independent of the
value of L⊥. The Naperian absorbance Ae is the quantity that
appears in the exponential factor of the Beer–Lambert law:45

I0 � I
I0

¼ 1� exp �Aeð Þ, where I0 and I are the incident and

transmitted photon fluxes respectively, and
I0 � I
I0

is the ratio

between the light absorbed by the material and the incident
light. Interestingly, this result is also applicable to unequally
spaced CQD film stacks, and correctly accounts for the light
absorbed by the total system (regardless of the inter-stack sep-
aration), which is simply the light absorbed by one layer times
the number of layers in the stack. In contrast, the use of the
absorption coefficient, eqn (6), would lead to different values
for α for the same number of layers, depending on their separ-
ation (decreasing with increasing inter-layer distance), which
is an unphysical result, as the empty space between layers
cannot influence light absorption.

3 Results
Unlike in our previous work, where we focused on the pro-
perties of single 2D films,15 here we analyze monolayered
and multilayered arrays of binary III–V CQDs (InX, X = P, As,
Sb) to investigate the influence of the number of stacked
layers, the interlayer separation and the material compo-

sition on their electronic structure and photon absorption
coefficients. In these arrays the lowest energy conduction
miniband, C1, is energetically well separated from the rest of
the minibands and is, as pointed out above, a good candi-
date to act both as the IB in an IBSC, and as the ESC in an
HCSC. In order to guarantee that it will contain both empty
states, to accommodate electrons excited from the valence
minibands, and filled states that can be promoted to higher
conduction minibands, we, therefore, fixed the Fermi level
position in the middle of C1 in the photon absorption
calculations.

3.1 Electronic structure

The analysis of the miniband structure requires the desig-
nation of a specific direction along the first Brillouin zone.
With the aim of comparing the electronic structures of CQD
arrays containing n stacks of identical 2D single layers, with n
= 1, 2, …, the line joining the Γ and M point of the 2D recipro-
cal space has been selected (see inset in Fig. 3(e)), as this is
the direction of maximum variation of the IB. This criterion
has been established given that the comparison between the
miniband structures of two- and three-dimensional arrays is
not straightforward as the associated reciprocal spaces are not
the same.

Fig. 3 shows our calculated electronic structures for n stacks
of 2D arrays (with n = 1, 5, 10) of the 3 materials considered,
separated by one bond length, together with a representation
of the minibands widths for the corresponding fully 3D CQD
array, for comparison. Schematic representations of the geo-
metry of each system considered are presented as insets in
Fig. 3. The array wave functions are expanded using different
sets of single-dot eigenstates: for the purpose of this work we
considered only eigenstates close to the CB [VB] edge, neglect-
ing those laying ≈600 meV [≈200 meV] away, whose inclusion
would broaden to the blue the calculated spectra, but would
not alter the absorption onset in the regions of interest. In par-
ticular, we included 7, 8 and 11 eigenstates in the CB and 9, 7
and 6 eigenstates in the VB for InP, InAs and InSb, respect-
ively. In the band structure of a single 2D layer, we find the
existence of a narrow band separated from the rest, which is a
good candidate for the role of both the ESC in HCSC and the
IB in the IBSC. This is the band centered around −3.65 eV,
−4.30 eV and −4 eV in InP (Fig. 3a), InAs (Fig. 3e), and InSb
(Fig. 3i), respectively (where the energies are relative to the
vacuum level).

Theoretical studies show that the IBSC efficiency reaches an
optimum value for Eic = 0.7 eV and Evi = 1.23 eV,22 where Eic
and Evi stand for the bandgap between the intermediate and
conduction band, and between the valence and intermediate
band, respectively. For comparison, in Fig. 4 we present the
calculated Eic and Evi (empty symbols) as a function of the
number of stacked layers for n = 1, …20, together with their
values in the 3D case (solid lines). As n grows, the gaps’ widths
of the stacked layers converge to those of the 3D structure. For
n > 10 the difference between the two becomes negligible. We
find a similar behaviour for the IB width in these structures
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(see Fig. 4c). We therefore conclude that, for practical pur-
poses, a stack of 10 CQDs films has the features of a 3D array.
Based on these results and the work by Krishna and Krich,46

we estimate maximum theoretical efficiencies of 24%, 44%
and 52%, respectively, for IBSCs made of InP, InAs, and InSb
CQD arrays.

It is worth noting that the IB width in Fig. 4c ranges from
tens to hundreds of meV. For HCSCs applications, band
widths of the order of tens of meV not only approach the
mono-energetic energy selective contact, but also improve
band carrier transport compared to a single energy state,

enhancing the solar cell efficiency. Based on this criterion,
therefore, arrays of InP CQDs would be best suited as HCSCs
contacts. Similarly, for applications in IBSCs, the presence of a
narrow, but not completely flat, IB is of paramount impor-
tance, as it would allow transport of electrons from regions of
high concentration (to which absorption from the VB would be
suppressed), to regions of low concentration ( from which

Fig. 3 Miniband structure for arrays constituted by (a, e and i) a single
2D layer, (b, f and j) 5 stacked layers, (c, g and k) 10 stacked layers, and
(d, h and l) a 3D array of spherical InP (a–d), InAs (e–h), and InSb (i–l)
CQDs with cation-rich surfaces. The energies on the vertical axis are
relative to the vacuum level; the horizontal axis sweeps the Brillouin
zone. The insets in (a)–(d) show a schematic view of the different struc-
tures considered. The inset in (e) identifies the path along the Brillouin
zone together with the indexing of its major points.

Fig. 4 Minimum energy separation between (a) VB and IB (EVI), and (b)
IB and CB (EIC), together with (c) IB width, as a function of the number
of stacked layers of InP (blue triangles), InAs (green circles) and InSb
(purple squares). The solid lines represent the energy separation [(a) and
(b)] and IB width (c) of the corresponding 3D array. The dashed lines in
(c) are the result of eqn (9).
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absorption to the CB was suppressed) in the device, generating
an electric current inside the IB.47–49 This crucial feature, is,
however, not mentioned in any of the prevalent theoretical
IBSC models, which assume instead the absence of any electric
current in the IB (i.e., a nearly flat band). Since (i) the gaps
between minibands in the multilayered 2D arrays are main-
tained as the number of stacked layers increases (Fig. 4), and
(ii) their widths vary at most by 40 meV from a 2D single layer
to a fully 3D structure in all materials considered, we conclude
that, if these structures were exploited as the active region in
an IBSC, the number of layers would not determine the ranges
of energies in which light absorption is observed.

We mentioned earlier that the band used as IB/ESC orig-
inates from the coupling of the s-like CBM of individual CQDs
along the structure. We derived a simple model (see ESI† for
details) to (i) determine to what degree this conclusion is
correct, (ii) estimate the IB width for 3D CQD arrays with arbi-
trary lattice constants along each direction, (iii) estimate the IB
widths in stacked layers with arbitrary inter-layer separations,
and, in short, (iv) simplify the modelling of this band in future
device simulations and theoretical studies.

The results of this model are summarised in Fig. 5, which
shows the contribution to the IB width, per array dimension,
as a function of the interdot distance in each direction. By
comparing it with Fig. 3, we see that the IB widths in panels
(a, e and i) and (d, h and l), relative to a single 2D layer and a
3D array, respectively, approximately correspond to twice and
three times the miniband width per dimension for the shortest
interdot distance in Fig. 5. Similarly, the IB width for a 3D
array [point (ii) above] can be obtained from Fig. 5 by sum-
mation of the miniband widths, considering the interdot dis-
tance along each direction. To obtain an estimate for the IB
widths in n stacked layers with arbitrary inter-layer distances
(iii), we need to consider an additional contribution to the
width, due to the finiteness of the system along the stacking
direction, which leads to a splitting of the minibands related

to the sampling of the reciprocal lattice vectors (see ESI† for
details):

Wstack � 2
ð
ϕ ~rð ÞV ~rð Þϕ ~r �~Rz;1

� �
d~r

� cos
π

nþ 1

� �
� cos

nπ
nþ 1

� �� 	
;

ð8Þ

where the arguments of the cosines are precisely the extrema
of the q sampling interval, i.e., the q-values relative to i = 1 and
i = n.

Using an asymptotic approximation for the difference of
cosines, the IB width for a n-layer stack of CQDs with the same
interdot distance along the in-plane and stack directions can
be approximated by:

WIB nð Þ ¼ WIB;3D 1� π2

6 nþ 1ð Þ2
 !

; ð9Þ

where WIB, 3D is the IB width calculated for a 3D array. From
eqn (9) it is clear that the width of the IB of the stacked 2D
systems converges to that of the 3D case when n is sufficiently
large: already for n = 5, WIB = 0.963WIB, 3D; for n = 10 this
becomes 98.7% of WIB, 3D, and so on (see Fig. 4c). The excel-
lent agreement shown in Fig. 4c between the results of the full
simulation (symbols) and those obtained using this simplified
model (dashed lines) illustrates the extent of our understand-
ing of the interactions taking place both among the CQDs
within a single array, and between the different layers of which
more complex structures are constituted. Indeed, Fig. 4c shows
that the details of the IB for CQD arrays in several dimensions
can be accurately reproduced using a very simple picture. As
the same relationship holds between the IB width of the 3D
array and that of the simplest 2D array, i.e., a single CQD layer,
we conclude that the IB is created exclusively by the coupling
of the CBM states of the quantum dots throughout the struc-
ture, without the contribution of any higher CB states, as
suggested in (i). Since the equation for a band created by the
coupling of single states is analytic, the modelling of the IB
occurring in CQD arrays should be easily implementable in a
device simulator (iv).

As clearly shown in Fig. 5, the general trend of the IB width
per dimension is an exponential decay with increasing dot-to-
dot distance. By fitting the data in Fig. 5, we obtain WIB ∼ exp
(−8.035d ) for InP, WIB ∼ exp(−7.752d ) for InAs and WIB ∼ exp
(−11.26d ) for InSb, where d (nm) is the interdot centre-to-centre
distance. This result suggests the possibility of tailoring the IB
width for specific applications by manipulating the interdot dis-
tance, hence the interdot coupling (which can be easily achieved
through the use of suitably chosen capping groups).

3.2 Light absorption coefficient

The absorption coefficient in direct gap bulk materials is of
the order of 106 m−1 for photon energies close to the
bandgap.50 We expect similar values in CQD arrays, with the
added benefits of an electronic structure fulfilling the IBSC cri-
teria for optimal cell efficiency.

Fig. 5 Contribution to the IB width as a function of the interdot
(center-to-center) distance in each direction. The lowest value stands
for one cation–anion bond length separation between the CQD sur-
faces. InP (blue triangles), InAs (green circles) and InSb (purple squares).
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When the wave function of an infinite (2D or 3D) array is
expanded using a set of m eigenstates of an isolated CQD, m
minibands are obtained, although the reciprocal space is
different in 2D and 3D. When stacking n 2D films, the number
of single-layer 2D minibands is multiplied by n in a two-
dimensional reciprocal space. In general, in a system with μ

minibands, light absorption involves μ(μ − 1)/2 interband tran-
sitions (i.e., all the vertical transitions from lower to higher
minibands). In this work, computation of light absorption for
a single 2D CQD layer involves 120, 105 and 136 transitions in
InP, InAs and InSb, respectively. For n = 10 layers, the number
of transitions that should be considered ranges from 11 175 to
14 365 in InAs and InSb, respectively. These considerations
demonstrate that calculating light absorption in CQD arrays
can quickly become computationally intensive, particularly for
multilayered stacks. However, it is reasonable to expect that
not all transitions will contribute equally to light absorption,
and that the most significant contributions will come from a
restricted subset, the remaining ones providing only negligible
contributions, owing to selection rules, occupation numbers/
probabilities/statistics and symmetry considerations. Taking
advantage of this would allow the optimisation of the compu-
tational effort by reducing the number of transitions to be con-
sidered to the ‘effective’ ones. The crucial, and most difficult,
part is their identification. We achieve this through two simple
steps, and in what follows we will compare the results of this
approach with those obtained with the full calculation and
show that they are virtually the same.

Considering the previous discussion on the electronic struc-
ture of infinite systems, indicating with mv and mc the number
of valence and conduction minibands, respectively (and
remembering that one additional band – the IB – needs also to
be considered), light absorption in a 2D array would involve
(mc + mv + 1)(mc + mv)/2 transitions. In the first step, assuming
the Fermi level to be positioned in the middle of the IB, (as it
is supposed to, for this structure to work effectively), it is poss-
ible to simplify the calculation by grouping the transitions
into three distinct sets (that can also be associated with three
well distinct energy ranges): (i) from the valence band to the
intermediate band (VB → IB, mv transitions); (ii) from the
intermediate band to the conduction band (IB → CB, mc tran-
sitions); and (iii) from the valence to the conduction band (VB
→ CB, mv × mc transitions). VB → VB and CB → CB transitions
are neglected as the former are between occupied states and
the latter between empty states. Therefore, the number of tran-
sitions reduces to mc + mv + mc × mv. Considering an equal
number of valence and conduction minibands, this consider-
ation tends to reduce asymptotically the number of transitions
for a high number of minibands by up to ∼50%. Nevertheless,
the computational requirements considerably increase for
stacks: each original miniband in the infinite 2D array splits
into n minibands when stacking n layers, as shown in Fig. 3.
Potentially, the number of transitions increases roughly as n2,
so that even the above simplifications are not helpful.

In the second step, we computed the absorbance of all tran-
sitions for the single 2D layer. Then, for each of the 3 sets men-

tioned above, we selected the transition with the highest absorp-
tion coefficient αmax and considered only transitions with α >
10% αmax neglecting all the rest, with the exception of those
transitions involving a state degenerate with any whose α was
above that threshold. After these transitions subsets had been
determined, we used them (and the corresponding n minibands
originating from the ones of the single layer), to compute the
absorbance for the n-layer stacks. Therefore the full calculation
needs to be carried out only for the single 2D layer, after which
point the reduced set is used for the stack. Fig. 6–8 show the
total Naperian absorbance at 300 K for a single 2D CQD layer,
and for 5 and 10 stacked layers, separated by one bond length,
for all structures considered, calculated using both the full (solid
black line) and the ‘effective’ (colored areas) set of transitions. In
every instance, only in-plane light polarization (i.e., along the x
(100) and y (010) directions) has been considered. As we envision
the implementation of these systems as active regions in IB solar
cells with a tracking solar concentrator system, where light inci-
dence would always be perpendicular to the 2D layer(s), polariz-
ation along the z axis was not considered.

As can be seen from these figures the simplification just
discussed yields absorption profiles nearly identical to those
obtained with the full calculation, but reduces the number of
transitions by 87%, 85% and 57% in InP, InAs and InSb,
respectively (the transitions included are indicated in the
ESI†). This result is particularly important for solar cell device
modelling applications, as it greatly reduces the computational
cost, without reducing the accuracy.

Fig. 6 Naperian absorption coefficient calculated at 300 K for (a), (b) a
single 2D array, (c), (d) five and (e), (f ) ten stacked 2D arrays of InP dots
with radius R = 11.9 Å and cation-rich surfaces. (a), (c) and (e): 100 polar-
ization; (b), (d), and (f ): 010 polarization. The results of the full calcu-
lation (solid lines) are compared with those of the reduced set (colored
regions).
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The calculated Naperian absorbance of single-layer films
are of the order of ∼10–2 in most cases. By using L⊥ = 2 nm
(approximately the CQD diameter), we can estimate the order
of magnitude of the absorption coefficient as α ∼ 5 × 106 m−1,
consistent with the light absorption coefficient of bulk
materials.50 The Naperian absorbance also indicates that a
single-layer CQD film can absorb ∼1 − exp(10–2) ∼ 1% of the
incident light. The exception to this rule is InP, where we find
the IB → CB absorption to be remarkably weak. This, com-

bined with their strong dependence on light polarization,
makes InP CQD arrays unsuitable for application as the active
material in IBSCs.

The dramatic drop of absorbance we find in InP at low ener-
gies is consistent with that observed in the same energy range
in single 2D layers of C atoms (graphene).51–54 Furthermore
the value we predict for the absorbance of single layers of InSb
and InAs CQDs in the range 0.5–0.8 eV is also quantitatively in
agreement with that observed in graphene and other 2D
systems, such as InAs nanomembranes.55 Our results therefore
support the hypothesis of a universal behaviour of absorption
in 2D materials,51–53 where the optical absorption in the
region 0.5–1.2 eV is nearly independent of the photon energy
and equal to a universal quantum of absorption AQ = πafs =
0.02293 (where afs ≈ 1/137 is the fine structure constant).
However, our findings contradict the assumption that the
absorbance of n layers is nAQ, a result derived from the Beer–
Lambert law for weakly coupled layers. Our results indicate
that the inter-layer coupling effect is relevant, and it degrades
the absorption properties leading to A(n) < nA(1).

A natural question to ask at this point is whether, in terms
of light absorption optimisation, a stack of 2D arrays is better
than a single film. Or, in other words, if coupling between
adjacent films enhances or reduces light absorption. To
answer this question we present in Fig. 9 the maximum absor-
bances for each set of transitions in each material (and for
each polarization) vs. the number of 2D layers, together with
the calculated product of αmax for a single layer times the
number of layers n. It is evident that the absorbance of a stack

Fig. 7 Same as Fig. 6 but for InAs dot arrays with R = 12.2 Å.

Fig. 8 Same as Fig. 6 but for InSb dot arrays with R = 13.1 Å.

Fig. 9 Naperian absorbance maximum for transitions between mini-
band sets (VB, IB and CB), for each material and light polarization, as a
function of the number of coupled 2D layers (symbols), and linear extra-
polation of n times its value for a single-layer (see text, lines). (a) and (b):
InP; (c) and (d): InAs; (e) and (f): InSb.
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of n layers is less than n times the absorbance of a single layer,
for transitions involving the IB (and most VB to CB transitions)
in nearly all materials considered (with the exception of the VB
to IB transitions in InSb). InAs stacks exhibit the largest differ-
ences, reaching reductions of the order of 50% for the (100)
polarization. As an example, a 10-layer stack of InAs CQD films
would absorb (1 − exp(−0.235)) ≈ 21% and (1 − exp(−0.653)) ≈
48% of the photons with energy corresponding to the
maximum absorption for the VB to CB transition, (and for
light polarised along the 100 and 010 direction, respectively),
whereas 10 uncoupled layers would absorb 1 − exp(−0.436) ≈
35% and (1 − exp(−0.833) ≈ 57%) of the same photons, for the
same light polarizations. We conclude that coupling between
neighboring CQD films in a stack is detrimental to light
absorption in IBSCs.

A rough estimate regarding the separation at which stacked
layers can be considered coupled can be obtained from Fig. 5,
as the IB width is closely related to coupling: we see that when
the interlayer distance increases by 0.5 nm (from its minimum
value of 1 bond length), the contribution to the IB width can
decrease by up to nearly 2 orders of magnitude (such that
along that direction the coupling has a contribution to the IB
width of the order of a few meV). At this point the system can
be considered decoupled. Therefore the level of coupling
achievable experimentally will depend on the type of passiva-
tion used (i.e., whether organic or inorganic) and on length of
the eventual capping groups.

4 Conclusions

We carried out a theoretical atomistic study of the electronic
structure and optical absorption of mono- and multi-layered
two-dimensional arrays made of InP, InAs and InSb CQDs of
realistic size, in view of their applications in HCSCs and IBSCs.
Our results show that: (a) the band structure of a single 2D
layer, exhibits a narrow band separated from the rest, which is
a promising candidate for the role of both the ESC in HCSC
and the IB in the IBSC; (b) this band is created exclusively by
the coupling of the CBM state of the quantum dots throughout
the material – as a consequence, since the equation for a band
created by the coupling of single states is analytic, the model-
ling of the IB emerging in CQD arrays should be easily imple-
mentable in a device simulator; (c) the IB width can be tailored
for specific applications by manipulating the interdot distance,
through the use of suitably chosen capping groups; (d) as the
number of stacked layers n increases, the value of the IB width
converges to that of the 3D array (and, for practical purposes, a
stack of 10 CQDs films has the features of a 3D array), and we
derived a simple model to calculate it for any value of n; (e) the
gaps of the multilayered 2D arrays are maintained as n
increases, i.e., if these structures were exploited as the active
region in an IBSC, the number of layers would not determine
the ranges of energies in which light absorption is observed;
(f ) based on the latter energies, we estimate maximum theore-
tical efficiencies of 24%, 44% and 52%, respectively, for IBSCs

made of InP, InAs, and InSb CQD arrays; (g) only a subset of
the total number of electronic transitions between all different
CQD levels are relevant to reproduce the light absorption
coefficient of an array; (h) InP CQD arrays are unsuitable for
IBSCs applications since the transitions to and from the IB are
very weak (however, we found them to be well suited as ESC in
HCSCs owing to their narrow IB); (i) stacking uncoupled CQD
layers does not increase light absorption compared to the
same number of individual 2D arrays, as absorption is pro-
portional to the number of layers composing the stack, i.e.,
A(n) = nA(1); (l) coupling between neighboring CQD films in a
stack, however, is detrimental to light absorption in IBSCs,
yielding A(n) < nA(1).
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