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ective anisotropy constant
distribution of magnetic nanoparticles based on
magnetic particle spectroscopy
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Teruyoshi Sasayamaa and Takashi Yoshidaa

Magnetic nanoparticles (MNPs) have gained significant attention in biomedical applications such as

magnetic particle imaging (MPI) and magnetic hyperthermia. The AC magnetization properties of MNPs,

which are crucial for their performance, are influenced by factors such as the core size distribution,

saturation magnetization, and effective anisotropy constant. In this study, we proposed a method to

estimate an effective anisotropy constant distribution in a MNP sample, which is generally treated as

a constant value. Experimental results of the AC magnetization for different MNP samples, including

single-core and multi-core samples, were well described by the numerical simulation results in which

the estimated effective anisotropy constant distribution was taken into consideration. Furthermore, we

demonstrated that the effective anisotropy constant distribution obtained from 1–20 kHz harmonics of

AC magnetization measured by magnetic particle spectroscopy (MPS) could be effectively applied to

simulations at frequencies up to 40 kHz within 20% relative error, potentially extending the practical

frequency range of MPS through simulations. Our findings provide a reliable approach for estimating an

effective anisotropy constant distribution in a nano-sized magnetic particle sample, analyzing the AC

magnetization properties of MNPs, and optimizing their applications in biomedical fields.
Introduction

Magnetic nanoparticles (MNPs), a class of biocompatible
nanomaterials, have attracted considerable attention due to
their promising potential in a wide range of biomedical appli-
cations, including magnetic particle imaging (MPI) and
magnetic hyperthermia.1–4 Their AC magnetization properties
such as hysteresis loss and higher-order harmonic components
play a crucial role in determining their performance in these
applications.5–9 A deep understanding of these AC magnetiza-
tion properties is therefore essential for the rational design and
optimization of MNPs for specic diagnostic and therapeutic
purposes. The AC magnetization properties of MNPs are inu-
enced by several factors, including the particle size distribution,
saturation magnetization, and effective anisotropy constant.
The AC magnetization properties of MNPs can be analysed
through both experiments and simulations. Experimentally, the
AC M–H curve is measured using magnetic particle spectros-
copy (MPS), which is a versatile tool for characterizing
MNPs.10–12 The AC M–H curve can also be obtained through
numerical simulation using the Fokker–Planck equation or the
ngineering, Kyushu University, Fukuoka,

u-u.ac.jp

ngineering, Zhengzhou University of Light

–8160
stochastic Landau–Lifshitz–Gilbert (LLG) equation,13–17 under
the conditions of known particle size distribution, saturation
magnetization, and effective anisotropy constant.

To evaluate and optimize the MNP sample for specic
biomedical applications, estimation methods of particle size
distribution, saturation magnetization, and the effective
anisotropy constant were proposed. Particle size distribution
and saturation magnetization can be measured and estimated
from a static M–H curve of a MNP sample measured by using
a vibrating sample magnetometer (VSM).18

Magnetic anisotropy is a key factor governing the dynamic
magnetization behavior of nanoparticles. The total effective
anisotropy arises from several sources: magnetocrystalline anisot-
ropy, shape anisotropy, and surface anisotropy. In addition, inter-
particle dipolar interactions may further modify the anisotropy by
introducing collective effects. By measuring the coercive eld of
the MNP sample, and using empirical expressions, the effective
anisotropy constant of the entire MNP sample can be
estimated.19–21 Another widely used approach for estimating the
effective anisotropy constant of an entire MNP sample is based on
the analysis of the blocking temperature derived from zero-eld-
cooled (ZFC) and eld-cooled (FC) magnetization curves.22,23

These methods for estimating the effective anisotropy
constant can only determine the effective anisotropy constant of
the entire MNP sample. As shown later in this paper, however,
adjusting the anisotropy constant of the entire MNP sample in
© 2025 The Author(s). Published by the Royal Society of Chemistry
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the simulation of the AC M–H curve fails to achieve good
agreement with the experimental value. The discrepancy
between the experiment and simulation results will be due to
the usage of a single value of the effective anisotropy constant
Keff in a MNP sample.

In this paper, we propose a method to estimate a Keff

distribution under an assumption that it distributes in a MNP
sample. The effective anisotropy constant distribution of the
MNP sample is derived through non-negative least squares
(NNLS) by tting simulation results of the harmonic magneti-
zations of MNPs under AC excitation elds with experimental
ones. When the estimated Keff distribution was used instead of
the single value of Keff, the simulation results closely matched
the experimental ones. Furthermore, the Keff distribution of the
MNP sample estimated at the excitation eld frequencies of 1–
20 kHz is sufficient to simulate the AC M–H curves of the MNP
sample at frequencies of up to at least 40 kHz.
Experimental materials
Materials

For experiments, commercial single-core MNP samples, SHP-
15, SHP-20, and SHP-25 (Ocean NanoTech) each with an iron
concentration of 5 mg ml−1 were used as sample materials.
Additionally, a multi-core MNP sample, called Resovist (neo
CritiCare Phama Co., Ltd) with an iron concentration of
27.875 mg ml−1 was prepared.
Immobilized MNP samples with easy axis alignment

All samples are immobilized by epoxy resin. We use epoxy resin
to x 10 ml of sample solution. Aer evenly stirring, the mixed
solution was liquid and began to solidify aer about 20 min.
The sample completely solidied aer about 5 h. Until
completely solidied, the mixed solution was under a DC eld
(m0Hdc = 1T) to immobilize the easy axis along the magnetic
eld direction. Aer completely solidication, the samples were
le for 12 h to evaporate the water. The iron concentration of
the SHP series used in the measurement was 0.3 mg ml−1, and
that of the Resovist sample was 1.85 mg ml−1.
Methods
Estimation of effective anisotropy constant Keff distribution

When the MNPs are immobilized, the magnetization of MNPs is
determined by using the effective anisotropy constant Keff, and
core size dc. Employing the superposition model as in the case
of suspended MNPs,24,25 the magnetization M is given by:
M sim ¼

2
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M ¼ 1
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�
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�
VcM

�
dc;Keff

�
d dcdK (1)

Here, n(dc,Keff) is the number density of MNPs having a core size
dc and an effective anisotropy constant Keff, Vc is the core
volume of MNPs, and VT is the total core volume of MNPs. The
dipolar interaction between MNPs is neglected, and the multi-
core is approximated as an effective single core in this
model.26

Discretizing eqn (1) with respect to dc and Keff, M can be
rewritten as:

M ¼ 1

VT

XJ
j¼1

XI

i¼1

n
�
dc

j;Keff
i
�
Vc

jM
�
dc

j ;Keff
i
�
DKiDdc

j (2)

where I and J denote the sampling numbers for Keff and dc,
respectively. By performing Fourier transforms of eqn (2), the
k-th harmonic magnetization Mk is given by

Mk ¼
XJ
j¼1

XI

i¼1

nV
�
dc

j ;Keff
i
�
Mk

�
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i
�
DKiDdc
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�
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Here, nV(dc
j,Keff

i) represents the volume-weighted number
density of MNPs having dc

j and Keff
i. Eqn (3) is the fundamental

equation to estimate the Keff distribution. In short, nV(dc
j,Keff

i) is
estimated from the experimentally measured Mk and numeri-
cally simulated Mk(dc

j,Keff
i).

The detailed procedures are follows. The rstM1,f and the third
M3,f harmonics of magnetization are experimentally measured by
using a homebuilt magnetic particle spectrometer (MPS)27 under
an excitation eld amplitude of 10 mT and a frequency of f. f is
changed in the range of 1–20 kHzwith an interval of 1 kHz andM1,f

and M3,f for all f are used as the experimental data. On the other
hand, the rstM1,f(dc

j,Keff
i) and the thirdM3,f(dc

j,Keff
i) harmonics of

magnetization of MNPs having dc
j and Keff

i are numerically
simulated based on the Fokker–Plank equation28 and used as the
simulation data. Using the experimental and simulation data, eqn
(3) is rewritten as

Mexp = MsimP (5)

Here, eachmatrix is givenby eqn (6)–(8) and subscripts of “exp” and
“sim” represent experimental and simulation data, respectively.
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Then, the P vector is estimated from the Mexp vector and
Msim matrix by solving eqn (5) using a non-negative least

squares (NNLS) method under a constraint of eqn (9).

XI

i¼1

nV
�
dc

j;Keff
i
�
DKi ¼ ndc;V

�
dc

j
� ðfor j ¼ 1 to JÞ (9)

Here, ndc,V(dc
j) represents the volume-weighted number density of

MNPs having dc
j, which is obtained from a static M–H curve.

Details of obtaining ndc,V(dc
j) are provided in the supplementaryle.
Fig. 1 Comparison between the experimental and simulation results
of ACM–H for the SHP-20 sample under an excitation field amplitude
of m0Hac= 10mT and a frequency of (a) 1 kHz, (b) 5 kHz, (c) 10 kHz, and
(d) 20 kHz, respectively. In the simulations, the effective anisotropy
Simulation method

In these numerical simulations, only Néel relaxation is
considered and the effect of dipolar interaction is neglected.
Additionally, the easy axis of MNPs is xed in the magnetic eld
direction. To compare the experimentally measured M–H curve
with the simulated one, the parameters of the AC excitation
magnetic eld in the numerical simulation were set to be
consistent with those used in the experiment.
constant Keff(dc
j) is set to a constant value in the SHP-20 sample and

changed from 5–15 kJ m−3.

Fig. 2 Distribution of Keff on dc of the SHP-20 sample. Pn is the
normalized volume-weighted number of MNPs with core diameter dc

j

and Keff
j. A dotted line is added to guide the eye.
Results
AC M–H curve

The measured AC M–H curves of the SHP-20 sample for
different excitation frequencies are shown in Fig. 1. The calcu-
lated AC M–H curves using a single-valued Keff, which are given
by using eqn (10), are also shown in Fig. 1.

M ¼
XJ
j¼1

ndc;V
�
dc

j
�
MLLG

�
dc

j ;Keff

�
Ddc

j (10)

Here, MLLG was numerically calculated from the stochastic
Landau–Lifshitz–Gilbert (LLG) equation. Details of the simula-
tion procedure are provided elsewhere.29 As can be seen from
Fig. 1, it was found that the calculated AC M–H curves using
a single-valued Keff cannot explain the experimental ones. The
same applies to the other samples as shown in Fig. S8. This
indicates that the value of Keff was distributed in each MNP
sample examined.
Anisotropy constant Keff distribution

Fig. 2 shows the distribution of Keff for the SHP-20 sample,
which is estimated from eqn (5)–(9). Here Pn represents the
normalized volume-weighted number of MNPs with core
diameter dc

j and Keff
j, which is given by:

Pn

�
dc

j ;Keff
i
� ¼ nV

�
dc

j;Keff
i
�
DKiDdj

cPI
i¼1

nV
�
dc

j ;Keff
i
�
DKiDdc

j

(11)

As can be seen, Keff for each dc
j is narrowly distributed.

Therefore, it is reasonable to represent Keff for dc
j with a single

value. Here, a parameter of an effective anisotropy constant as
a function of dc

j is introduced as follows:
8156 | Nanoscale Adv., 2025, 7, 8154–8160
Keff

�
dc

j
� ¼

PI
i¼1

Keff
inV

�
dc

j ;Keff
i
�
DKi

PI
i¼1

nV
�
dc

j ;Keff
i
�
DKi

(12)

To verify the accuracy of Keff(dc
j), which is given by using eqn

(12) and shown in Fig. 2, the ACM–H curves were reconstructed
by incorporating the Keff(dc

j) distribution into the calculation
given by:

M ¼
XJ
j¼1

ndc;V
�
dc

j
�
MLLG

�
dc

j ;Keff

�
dc

j
��
Ddc

j (13)

Fig. 3 shows the comparison of the AC M–H curves of the
SHP-20 sample between the measured and simulated curves
© 2025 The Author(s). Published by the Royal Society of Chemistry
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Fig. 3 Comparison between the experimental and simulation results
of ACM–H for the SHP-20 sample under an excitation field amplitude
of m0Hac= 10mT and a frequency of (a) 1 kHz, (b) 5 kHz, (c) 10 kHz, and
(d) 20 kHz, respectively. In the simulations, the estimated Keff distri-
bution, which is obtained from eqn (12), is used.

Fig. 4 Relationship between Keff and dc of 4 samples, which is ob-
tained from eqn (12), and volume-weighted number density ndc,V

(dc) of
MNPs having dc, which is obtained from the static M–H curve. (a)–(d)
Correspond to the MNP samples SHP-15, SHP-20, SHP-25, and
Resovist, respectively.
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using the Keff(dc
j) distribution. As shown, simulation results

agree well with the experimental ones. The same applies to the
other samples as shown in Fig. S9–S11. These results indicate
that size-dependent anisotropy, i.e., Keff(dc), needs to be taken
into account, while the Keff distribution for each dc does not
need to be considered.

Discussion
Variation of Keff with dc in MNP samples

Fig. 4 presents the variation of the anisotropy constant as
a function of dc, Keff(dc), and volume-weighted number density
of the MNPs having dc, ndc,V(dc) for the 4 samples examined.
Keff(dc) is calculated using eqn (12), while ndc,V(dc) is estimated
from the static M–H curve. As shown in Fig. 4, overall, Keff(dc)
tends to decrease with increasing dc. A similar trend was
observed in previous studies.30–32 Single-core samples, i.e., SHP-
15, SHP-20, and SHP-25, however, exhibit a distinct trend: when
dc exceeds the main core sizes dc_main (approximately 15 nm,
20 nm, and 20 nm for SHP-15, SHP-20, and SHP-25, respec-
tively), Keff(dc) rst steeply increases and then slowly decreases
with increasing dc. Moreover, the value of Keff(dc) around
dc_main, remains relatively stable and does not exhibit signi-
cant variation with dc. The partial enlarged view in Fig. 4(a–d)
around dc = dc_main is shown in Fig. S13.

On the other hand, in the case of the multi-core sample, i.e.,
Resovist, two dc_main values are observed. The MNPs with
smaller dc_main (approximately 8 nm) are primarily composed of
single-core MNPs, while the larger dc_main (approximately 23
nm) corresponds predominantly to multi-core MNPs.33 As
shown in Fig. 4(d), for Resovist, Keff(dc) rst increases and then
decreases with increasing dc around the larger dc_main. This
behaviour resembles that observed in SHP series when dc
exceeds dc_main. Therefore, this behaviour in single-core
© 2025 The Author(s). Published by the Royal Society of Chemistry Nanoscale Adv., 2025, 7, 8154–8160 | 8157
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Fig. 5 Relationship between Keff and dc of MS3, which is obtained
from eqn (12), and volume-weighted number density, ndc,V

(dc), of MNPs
having dc, which is obtained from the static M–H curve.

Fig. 6 Comparison between the experimental and simulation results
of ACM–H for the SHP-20 sample under an excitation field amplitude
of m0Hac = 10 mT and a frequency of (a) 30 kHz and (b) 40 kHz,
respectively. In the simulations, the estimated Keff distribution, which is
obtained from eqn (12), is used.
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samples (SHP-15, SHP-20, and SHP-25) will be due to the pres-
ence of multi-core MNPs when dc exceeds the dc_main. Note that
the magnetization model that is used in the numerical simu-
lation and estimation of Keff distribution treats multi-core
particles as an equivalent single-core particle,26 thereby failing
to capture the internal magnetic interactions within the multi-
core. Consequently, the noticeable increase in Keff(dc) is
observed in each single-core sample when dc exceeds the
dc_main. Such interactions to enhance the effective anisotropy
constant Keff have been reported in other studies.34 Further-
more, similar trends have been reported in studies where the
blocking temperature, which reects the effective anisotropy
energy barrier, varies with dc and concentration due to dipolar
interactions between MNPs.35–38 In contrast, the constant
behaviour of Keff(dc) around dc_main for SHP series reects the
characteristics of single-core particles.

As shown in Fig. 4, the values of Keff(dc) for dc < 10 nm reach
the upper limit (100 kJ m−3) for 4 samples. However, such high
Keff values for typical Fe3O4 and g-Fe2O3 MNPs are unrealistic at
room temperature.39 This result may be attributed to two
factors. First, for SHP series (e.g., SHP-20), the MNPs with dc <
8158 | Nanoscale Adv., 2025, 7, 8154–8160
10 nm do not exist. They are not observed in TEM (transmission
electron microscopy) images (see Fig. S7). Therefore, the MNPs
with dc < 10 nm of SHP-20 observed by VSM is caused by the
paramagnetic-like signal of SHP-20.40,41 Second, for the Resovist
sample, the MNPs with dc < 10 nm have a small impact on the
overall magnetic properties. Consequently, the accuracy of Keff

for dc < 10 nm is low.
To conrm whether MNPs with dc < 10 nm and Keff =

100 kJ m−3 actually exist, we estimated Keff(dc) of the MS3 sample
using the same procedure as described above. Here, MS3 is
a subset of the Resovist sample, in which particles larger than
20 nm were magnetically removed (see Fig. S3),42 and the MNPs
with dc < 10 nm can be observed in the TEM image (see Fig. S5–S6).
Fig. 5 shows the Keff(dc) of the MS3 sample. As shown, Keff for dc of
around 6–8 nm is approximately 15–60 kJ m−3, which is much
smaller than that of Resovist (Keff is approximately within the
range of 50 to 100 kJ m−3). Therefore, extremely high Keff for dc <
10 nm observed in the Resovist sample does not reect the actual
physical properties, but rather results from the very small overall
volume fraction of these particles.
Applicable excitation eld range of estimated Keff(dc)

To verify whether the estimated Keff(dc) obtained from the 1–20
kHz MPS data is applicable at higher frequencies, AC M–H
curves of the SHP-20 sample were measured under the excita-
tion eld conditions of m0Hac = 10 mT with frequencies f = 30
kHz and 40 kHz and compared with the simulated curves using
Keff(dc). As shown in Fig. 6, the AC M–H curves obtained from
simulations closely match the experiment data at a f of 30 kHz
and 40 kHz. Similarly, good agreements are also obtained for
the other samples as shown in Fig. S12. Moreover, the hysteresis
loop area error between the experiment and the simulation is
within 20 percent (Table S2). These results indicate that Keff(dc),
which is estimated using the 1–20 kHzMPS data, can be reliably
used for f at least up to 40 kHz.
Conclusions

In this paper, we proposed a method to estimate an effective
anisotropy constant Keff distribution in a MNP sample. By using
the estimated Keff distribution in the simulation, ACM–H curves
match the experiment results, demonstrating the effectiveness
of the proposed method for both single-core and multi-core
MNPs. Furthermore, our ndings indicate that the Keff distri-
bution estimated fromMPS data at f= 1–20 kHz, can be reliably
used for simulations at frequencies up at least f = 40 kHz. This
suggests that the frequency range of MPS measurements can be
effectively extended through simulation by incorporating the
Keff distribution. We also discussed the variation of Keff as
a function of core size dc in MNP samples, and demonstrated
that Keff varies depending on dc and its formation of MNPs, i.e.,
single-core or multi-core. The proposed method will be a reli-
able approach for an accurate estimation of Keff distribution in
a MNP sample and our ndings provide deep insights for
evaluating and optimising the MNP sample for various
biomedical applications utilizing AC magnetization of MNPs.
© 2025 The Author(s). Published by the Royal Society of Chemistry
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