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Mechanics-modified equilibrium potential for
linear-elastic electrode materials†

Taeho Jung, a Yueming Song, a Gianna M. Valentino b and Paul Albertus *a

There is inconsistency in how the mechanics-modified equilibrium potential is constructed in the litera-

ture for solid-state batteries; both hydrostatic and surface-normal stresses have been employed. We

attempt to resolve this by deriving equilibrium-potential expressions for a linear-elastic electrode material

deposited on a solid electrolyte under three different loading conditions: (1) working electrode under

out-of-plane uniaxial compression, (2) solid electrolyte under in-plane uniaxial compression, and (3) solid

electrolyte under pure shear. Our analysis, which starts from full tensorial stress and strain descriptions

specifically at the isothermal electrode/electrolyte interface, indicates that the hydrostatic stress is a more

general and widely applicable choice. The deviatoric contribution that the full tensor treatment considers

is shown to be practically negligible, making the hydrostatic stress an excellent approximation for battery-

modeling purposes. Furthermore, our analytical expressions depend on the mechanical properties of the

constituent electrode and electrolyte (i.e., their elastic moduli and Poisson’s ratios); no such explicit

dependence has been fleshed out previously for experimentally relevant systems. COMSOL simulation

results are provided to verify the validity of the analytical expressions, and correction factors are intro-

duced to extend their use to more practical systems. Finally, a cantilever-beam experiment is suggested

to help validate our proposed use of the hydrostatic stress more explicitly.

Broader context
Solid-state batteries (SSBs) have been hailed as next-generation battery technology because of their potential to overcome many limitations that conventional
lithium-ion batteries have. Nevertheless, they are not yet at the commercial-production stage, and further research and development are required for the
mass-market rollout. The development of this new technology motivates the fundamental understanding of the processes that take place during charging
and discharging, which modeling can provide. An important consideration when modeling SSBs is the interplay between mechanics and electrochemistry.
Typical solid-electrolyte and electrode materials are comparatively stiff, and high stresses are expected during battery operation because of the active-material
volume changes. Stress is a tensor quantity composed of hydrostatic (volume change) and deviatoric (shape change) parts, both of which should contribute
to the Gibbs free energy. A rigorous Gibbs-free-energy construction is important because it governs the thermodynamic, kinetic, and transport aspects of the
system. In this work, equilibrium-potential expressions are derived under different experimentally achievable loading conditions based on a framework that
incorporates full stress and strain tensors. It is anticipated that our careful mechanical analysis underscores the role and importance of solid mechanics in
SSB modeling.

1 Introduction

Solid-state batteries (SSBs) have received heightened attention
in recent years because of their high energy densities
and potential for alleviating safety concerns associated
with highly flammable carbonate-based liquid electrolytes.1–5

Unfortunately, employing solid electrolytes (SE) instead of

liquid electrolytes adds a layer of complexity to the design and
evaluation of SSBs, since this necessitates mechanical con-
siderations. The expansion and contraction of the electrode
active materials due to the alkali–metal-ion (typically lithium
or sodium) insertion and extraction induce significant stresses
in intercalation electrodes and may affect the battery electro-
chemical behaviors.6–10 The importance of electrochemical–
mechanical considerations equally applies to systems involving
metallic anodes, where volume changes would be most pro-
nounced due to the direct metal stripping/plating.11–14

Nevertheless, more traditional electrochemical theories rarely
deal with all-solid systems and the absence of well-accepted
formalisms results in inconsistencies among SSB models. In
particular, the Gibbs free energy G in the conventional format
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is an inadequate energy descriptor for all-solid systems because
the mechanical contribution to G is usually limited to the
pressure–volume (pV) work, which pertains to volume changes
associated with a single mechanical variable, i.e., pressure.
However, a tensor treatment is necessary for all-solid systems to
fully describe their mechanical states, and there is no underpin-
ning footing as to why deviatoric stresses and strains should be
excluded when calculating their energy contents. This lack of
mechanical rigor was pointed out by Goyal and Monroe,15 who
constructed a framework capable of evaluating thermodynamic
and transport phenomena in SEs consistently. Their theory can
be considered as a solid-phase counterpart to Newman’s con-
centrated solution theory (which is exclusively concerned with
liquid electrolytes) with elastomechanical modifications.

Interestingly, Goyal and Monroe’s theory is superfluous for
typical SEs used in SSBs. The majority of the promising SEs
are single-ion conductors,16,17 and this leads to a significant
simplification of the ionic-flux expression for several reasons.
Firstly, single-ion conductors cannot sustain concentration
gradients of their current-carrying ions in the continuum
scale, obviating the need to consider diffusion (variations in
concentration are present in the local sense, since the move-
ment of ions is mediated through the vacancies and intersti-
tials in the SE structure, but the continuum-scale compo-
sition is uniform16,17). Secondly, the inability to change the
current-carrying-ion concentrations in the SEs means the
partial molar volume of the ion is indeterminate. Since
volume is a conjugate variable to stress, changes in the
energy state (i.e., electrochemical potential μ) of the ion due
to mechanical work are also indeterminate. Therefore, one
may assume that the electrochemical potential of the current-
carrying ion is independent of the host SE’s mechanical
state, which is a convenient simplifying feature when model-
ing SSBs. This is the basis on which Ganser et al.18 dis-
regarded the influences of the SE mechanical state on
thermodynamics and kinetics for all-solid systems under-
going redox reactions. This conjecture was later experi-
mentally justified by Carmona et al.19 using a Li–metal/
Li6.5La3Zr1.5Ta0.5O12 system. Although only a metal–electrode/
SE system was tested, we expect this observation to hold in
intercalation–electrode/SE systems, as well. As a result, ionic
fluxes can be simply delineated by Ohm’s law, as long as the
system is isothermal across its domain.20

Unfortunately, the energy state of the reacting species in an
electrode does depend on its mechanical state. For instance,
the equilibrium potentials of Li–metal/SE and Na–metal/SE
systems (both Li and Na have low yield strengths) are known to
vary proportionally to external uniaxial stresses, applied per-
pendicular to the electrode/SE interfacial plane.19 In general,
many electrode materials of interest (e.g., metal oxides and Si)
have high elastic (Young’s) moduli (e.g., >100 GPa), so a small
strain (<1%) is sufficient to induce a stress in the several-
hundred-MPa range. This is enough to change the equilibrium
potential by several mV or more, which is large enough to
measure and potentially influence battery behavior. In-plane
biaxial stresses (i.e., when two orthogonal normal stresses are

the only stresses present) also affect the equilibrium potential,
demonstrated on thin-film silicon electrodes by Sethuraman
et al.21 and Sheldon et al.22 Since any combination of stresses
perpendicular and parallel to the electrode/SE interfacial plane
can arise, incorporating the right coupling between electro-
chemistry and mechanics becomes critical when building SSB
models, i.e., a full stress–strain tensor treatment is necessary.
This is particularly so in situations where the volume changes
in electrode active materials during (de)lithiation are
anisotropic23–27 and the battery geometry is non-planar.28,29 In
this paper, we achieve this goal by extending Goyal and
Monroe’s15 formalism to linear-elastic electrode materials.
Although their analysis was restricted to SEs, their mechanical
considerations are general enough to apply to electrode
materials, especially when the electrode composition does not
change. Based on their theory, we study three different load-
ings on an electrode/SE system, namely, (1) working electrode
under out-of-plane uniaxial compression, (2) SE under in-
plane uniaxial compression, and (3) SE under pure shear, to
evaluate the full impact of the interfacial stress and strain
tensors on the equilibrium potential. We make simplifying
assumptions to arrive at approximate analytical solutions,
whose accuracies are verified with numerical simulation. They
are then compared with the expressions derived using the
surface-normal stress as a stress descriptor, as Herring30 and
Ganser et al.18 suggested. Note that we solely focus on electro-
des at a fixed composition to highlight the mechanical influ-
ence on equilibrium potential; changes in electrode compo-
sition usually cause changes in the electrode stress state, and
decoupling the mechanical impact from the compositional
impact is not trivial. Our investigation shows that (1) mechani-
cal properties of the WE and SE affect the equilibrium poten-
tial, (2) the deviatoric strain energy is negligibly small such
that it is justifiable to ignore it, and (3) hydrostatic stress is a
more general and widely applicable stress descriptor to use
when writing mechanics-modified equilibrium potential, com-
pared to the surface-normal stress.

2 General equilibrium-potential
expression
Consider a working electrode (WE) deposited on a SE with a
metal (reversible) reference electrode (RE) close by. The WE can
be either a variable-composition electrode (e.g., lithium cobalt
oxide) or a pure-composition electrode (e.g., lithium metal).
When an electronic connection is made between the electrodes,
metallic ions are shuttled between them via the SE, as a result
of a redox reaction taking place at the electrode/SE interfaces.
For an equilibrium-potential measurement, a galvanostat
passes an infinitesimally small current through the system and
the following reaction takes place at the WE/SE interface.

MðWEÞ $ MnþðSEÞ þ ne�ðWEÞ ð1Þ
Here, M denotes the metallic species participating in the

redox reaction whose ionic form Mn+ is mobile in the SE, and
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n is the number of electrons involved. A bracketed subscript
(either SE or WE) is added to each species to indicate its
domain. At equilibrium, the relationship between the electro-
chemical potentials μi of the redox species i is μM = μ+ + μe−,
where the subscripts M, +, and e− denote the metal atom,
metal cation, and electron, respectively.

When an external stress is applied to the WE, its mechanical
state changes, resulting in a change in μM. This change ΔμM
should directly translate to a shift in the equilibrium potential
ΔU because Δμ+ = 0 (ref. 18 and 19) and Δμe− = −nFΔU, where F
is the Faraday constant. Therefore, decomposing ΔμM in terms
of mechanical forces would reveal the dependency of ΔU on
the changes in the WE’s mechanical state. Mechanics-driven
ΔμM can be written as ΔμM = V̄M(Δp − ε′:Δσ′) according to
Goyal and Monroe,15 ‡ where V̄M is the partial molar volume of
the intercalated species M, p is the pressure, σ′ and ε′ are the
deviatoric stress and strain tensors, respectively, and the
double-dot operator : between the two tensors executes a dot
product (i.e., generates a scalar by summing over all element-
wise multiplication products; A:B = AijBij using the Einstein
summation convention). As long as the full stress tensor σ is
known, the deviatoric part (indicated by prime) can be
obtained by subtracting the hydrostatic part (indicated by the
superscript h) from it, i.e., σ = σh + σ′, where σh = tr(σ)I/3 = σiiI/3
with tr(σ) and I denoting the trace of σ and identity matrix,
respectively. The same procedure applies to the strain-tensor
decomposition. If all of the mechanical energy is transferred to
the electrical energy (e.g., no phase changes, thus no voltage
plateaus), the mechanics-driven ΔU can be expressed as

ΔU ¼ V̄M

nF
tr Δσh
� �
3

þ ε′ : Δσ′
� �

; ð2Þ

where the substitution Δp = −tr(Δσ)/3 = −tr(Δσh)/3 has been
made. Eqn (2) is general enough and therefore applies to any
electrode materials in any configurations, as long as the elec-
trode behaves linear-elastically and isotropically at a given
composition and temperature. Although V̄M is a function of
the WE’s composition, this dependence can be safely dropped
because of the fixed-composition assumption. Since V̄M is also
a function of the WE’s mechanical state, eqn (2) should techni-
cally be written in an integral form. However, such dependence
is difficult to quantify and often unknown; hence, V̄M is treated
as a constant, in which case eqn (2) suffices. Based on the first
stress invariant and the derivation in Appendix A, it is clear
that the square-bracketed term in eqn (2) is coordinate-system
independent, which makes ΔU coordinate-system indepen-
dent, as well. Given the choice of the coordinate system—often
selected for theoretical convenience, thus arbitrary—should
not affect the voltage measurement, this agrees with intuition.
It is emphasized that only the change in σ contributes to ΔU;

thus, any residual stresses from fabrication should not affect
measurements on samples on which stresses are applied.

It is noted that Goyal and Monroe’s15 work is not the only
expression elucidating the mechanical contribution to the
Gibbs free energy. For example, Li et al.31 and later Larché and
Cahn32—on which Sethuraman et al.21 and Sheldon et al.22

based their works—derived alternative expressions for the
mechanics-modified μi with composition changes in mind.
Their formulations explicitly include the (inverse of) elasticity
tensor and therefore show clearly the composition dependence
of the elastic properties like elastic modulus and Poisson’s
ratio. Bower et al.33 also arrived at a similar expression, which
Bucci et al.34 employed in their model. Nonetheless, we base
our analysis on Goyal and Monroe’s work because we are only
concerned with constant-composition scenarios in this paper;
hence, Goyal and Monroe’s expression is more straightforward
to use. Unfortunately, the verification of each formalism and
reconciliation between them is beyond the scope of this paper.
This is a formidable task and therefore warrants a separate
communication (note the works mentioned above were formu-
lated with different applications in mind, leading to different
assumptions and approximations). Practically, however, all
these approaches should produce converging ΔU predictions
for any systems in the linear-elastic regime, as the results and
treatments of Sethuraman et al.21 and Baker et al.35 suggest.
The same converging ΔU is reached in this study as well, by
showing that the hydrostatic contribution accounts for the
overwhelming majority (>99%) of the voltage response.

If needed, anisotropic mechanical responses can be captured
by ε′ when the full elasticity tensor with anisotropic Poisson’s
ratios and elastic (Young’s) moduli are introduced. For instance,
a certain crystallographic orientation may be favored when an
electrode is deposited on a monocrystalline SE substrate. Also,
the lattice-structure changes in intercalation electrodes during
(de)lithiation are not always isotropic.23–27 However, experi-
mentally verified full elasticity tensors are rarely reported in the
literature due to the difficulty of growing or isolating single-
crystal structures. Furthermore, since many electrodes of practi-
cal interest (even thin films) are collections of many crystalline
grains, only the macroscopic average behavior is of concern in
practice. Therefore, we proceed by employing the isotropic and
homogeneous elasticity tensor as in Appendix B (i.e., Poisson’s
ratio and elastic modulus are position- and direction-indepen-
dent scalar quantities), which should be sufficient for this work
and serve as a good first-order approximation.

With these in mind, we proceed to elucidate the mechanical
effect on ΔU using eqn (2) in three different loading scenarios:
(1) WE under out-of-plane uniaxial compression, (2) SE under
in-plane uniaxial compression, and (3) SE under pure shear.
Although the configuration typically examined and studied for
battery applications is scenario I, a complex range of stress
states is expected to arise in a compact particle electrode,
including shear stresses, during battery operations. Hence,
scenarios II and III can help provide fundamental insight on
how different stress states can contribute to ΔU. Furthermore,
the two scenarios are convenient for probing the research

‡Note that there is a sign difference between our ΔμM expression and the one
Goyal and Monroe15 derived. This is because they omitted a sign change in con-
verting stress to pressure such that a compressive pressure in their work attains
a negative value. Thus, a negative sign has been inserted in front of ε′ : Δσ′ to
obey the standard sign convention in mechanics.
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questions this paper aims to answer. Scenario II is most useful
for determining whether the hydrostatic stress or surface
normal stress is the right stress descriptor to use for ΔU.
Scenario III most clearly illustrates the size of the deviatoric-
strain-energy contribution to ΔU. Note that the two scenarios
can in principle be produced in the lab with careful experi-
mental designs; they are not only hypothetical. Our analytical
study is based on a series of assumptions—in particular that
the SE is significantly stiffer than the WE and the bonding
between the two is strong—so as to avoid having to conduct
the full contact-mechanics analysis. Although not completely
general, these assumptions eliminate the need to consider any
slippage or co-deformation at the interface, enabling tractable
analytical derivations of the interfacial mechanical state.

Numerical results are provided to verify the validity of the
analytical assumptions, including when the SE and WE
become comparably stiff, while retaining the strong-bonding
assumption.

3 Mechanical analysis
3.1 Scenario I. Working electrode under out-of-plane uniaxial
compression

We first study the most frequently encountered scenario
when characterizing ΔU; a WE exposed to an out-of-plane
uniaxial load, as in Fig. 1(a). Consider a WE deposited on a
SE substrate for a platen-compression experiment, where the

Fig. 1 Schematics of the three scenarios under study. The solid electrolyte (SE) is significantly stiffer than the working electrode (WE),
i.e., EWE ≪ ESE, and the bonding between them is strong. The reference electrode (RE), also deposited on the SE, is a short distance away from the
WE and mechanically relaxed. (a) Scenario I: WE under out-of-plane uniaxial compression. εs,ij denotes the j-direction strain on the surface whose
normal is in the i direction in domain s = {WE, SE}. (b) Scenario II: SE under in-plane uniaxial compression. ΔσWE,iz denotes the z-direction stress
acting on the surface whose normal points in the i direction in the WE. (c) Scenario III: SE under pure shear.
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WE/SE sample is loaded uniaxially by a descending platen, in
the direction perpendicular to the sample surface. This is a
common experimental method for quantifying the stress-
modified ΔU for WE/SE systems.19,36 Representative sample
dimensions are around 1 mm for the WE and 30 mm for the
SE (both in diameter), so the electrode takes up only a frac-
tion of the SE surface. Ideally, the platen is flat and of the
same size as the electrode, allowing the majority of the SE
surface to remain unaffected by the applied force upon com-
pression. We assume that the SE remains completely rigid
and flat, and the bonding between the SE and WE is strong
throughout the experiment. Numerical investigations will be
undertaken in Section 4.1 to show that these are indeed
reasonable assumptions even when both layers are elastic to
a similar extent (i.e., their elastic moduli are of comparable
magnitude).

To build a stress tensor for the WE at the WE/SE interface,
several factors need to be considered. Firstly, the platen exerts
an externally applied stress σapp on the electrode in the z direc-
tion. At the same time, normal stresses σitf (itf for interface) in
the x and y directions develop because the bonding between
the two materials prevents the bottom surface of the electrode
from moving at all. That is, σitf counteracts the Poisson effect
on the xy plane to nullify the x- and y-direction normal strains.
This is a reasonable boundary condition to impose because
the electrochemical reaction taking place during the measure-
ment (albeit at equilibrium) is an interfacial phenomenon,
and the mechanical state away from the interface should be of
no relevance. Using the mechanically fully relaxed state as the
initial state, the change in the electrode stress tensor ΔσWE at
the interface can be written as

ΔσWE ¼
σitf τxy τxz
τyx σitf τyz
τzx τzy σapp

2
4

3
5; ð3Þ

where τij denotes the j-direction shear stress on the surface
whose normal is in the i direction. Further assuming that the
WE is a linear-elastic material with the elastic (Young’s)
modulus EWE, shear modulus GWE, and Poisson’s ratio νWE,
the electrode strain tensor εWE at the interface must be com-
posed of the following elements, according to the stress–strain
transformation outlined in Appendix B.

εWE;xx ¼ εWE;yy ¼
σitf � νWE σitf þ σapp

� �
EWE

εWE;zz ¼ σapp � 2νWEσitf
EWE

εWE;ij ¼ τij
2GWE

for i = j

ð4Þ

The no-strain assumption at the interface (i.e., εWE,ij = 0 for
every permutation of i = {x, y, z} and j = {x, y}) and symmetry in
εWE produce τij = 0 and (1 − νWE)σitf = νWEσapp; the latter can be
rearranged and substituted back into eqn (3) and (4) to elimin-
ate σitf. The hydrostatic and deviatoric parts can then be
derived from the simplified tensors (see Appendix C), leading
to the following ΔU via eqn (2).

ΔU σapp
� � ¼ V̄Mσapp

3nF
� 1þ νWE

1� νWE
1þ 2 1� 2νWEð Þ2

EWE 1� νWEð Þ σapp
� �

ð5Þ

Evidently, ΔU is quadratic in σapp due to the deviatoric con-
tribution and depends on νWE and EWE, which were not recog-
nized in previous works dealing with similar systems.18,19 The
quadratic dependence is natural because the strain energy is
proportional to the stress squared in the linear-elastic regime.
The size of the deviatoric contribution relative to the hydro-
static contribution is simply given by the ratio of the second
and first terms inside the square brackets in eqn (5), i.e.,

ε′ : Δσ′
tr Δσhð Þ=3 ¼ 2 1� 2νWEð Þ2

1� νWE
� σapp

EWE
. Since the quotient contain-

ing νWE is on the order of 1 and σapp/EWE < 10–3 typically, the
deviatoric part should be approximately 0.1% of the hydro-
static part or less. Interestingly, eqn (5) produces ΔU = V̄Mσapp/
nF when the WE is incompressible (i.e., νWE = 0.5), which is
what Carmona et al.19 observed for Li/LLZO system. For
lithium, this incompressible-fluid assumption is reasonable
because it has a relatively low yield strength (0.73 MPa (ref.
37)) and is known to creep under the typical battery-operating
conditions.12,13,38,39 The fact that the elastic modulus of
lithium metal (7.82 GPa (ref. 37)) is much lower than those
of typical SEs (see Table 1) further warrants the use of eqn
(5). The same applies to sodium, which is more susceptible
to creep than lithium and whose elastic modulus is lower
than that of lithium.40 Other common electrode materials
do not obey complete incompressibility, since νWE < 0.5
usually. As the WE becomes more and more compressible,

Table 1 Electrode and electrolyte properties

Material E (GPa) ν G (GPa) V̄Li (cm
3 mol−1) Notes and references

LCO 191 0.24 80 8.5 (α = 0.5) LiαCoO2
−3.5 (α = 0.8) Koerver et al.,9 Cheng et al.51

NMC-111 199 0.25 78 8 (α = 0.25) LiαNi0.33Mn0.33Co0.33O2
0.7 (α = 0.5) Koerver et al.,9 Cheng et al.52

1.5 (α = 0.8)

LiPON 79 0.27 — — Li5.5PO4.5N0.6
Xu et al.53

LLZO 149.8 0.257 — — Li6.24La3Zr2Al0.24O11.98
Ni et al.54
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the Poisson effect should become less and less pronounced,
reducing the x- and y-direction normal stresses arising from
the rigid interfacial bonding. In the limit νWE → 0 where the
WE exhibits no lateral deformation, the influence of the x-
and y-direction normal stresses on ΔU disappears. Instead,
it is entirely controlled by σapp in the z-direction, which
makes sense.

3.2 Scenario II. Solid electrolyte under in-plane uniaxial
compression

As Sethuraman et al.21 demonstrated, an electrode in plane
stress (where the non-zero stress components act within a
single plane only) undergoes an equilibrium-potential shift
relative to a mechanically relaxed state. In this section, we
focus on the effects of a planar normal stress on ΔU, where
an external stress σapp is applied on the two parallel sides
of the SE, as Fig. 1(b) shows. This setup is chosen because
the direct application of plane stresses on the WE is
expected to be difficult experimentally, due to its size and
thickness in typical mechanics-induced ΔU characterization
experiments.

Now, consider a SE made up of a main section and a sub-
sidiary section, as illustrated in Fig. 1(b). Although a distinc-
tion between the two sections is made to aid the descrip-
tion, it is reminded that we are working with one continu-
ous piece of SE. The WE sits on the main section that
directly experiences a normal stress σapp in the x direction.
The subsidiary section accommodates the RE and is
mechanically relaxed. We assume that the SE is much stiffer
than the WE (i.e., EWE ≪ ESE), and the surface area the WE
occupies on the SE is small, so the deposited electrode has
minimal influence on the SE’s mechanical response to the
applied stresses. Further ignoring the mechanical impact of
the subsidiary section on the main section, the stress the
main section experiences relative to the stress-free state ΔσSE
can be written as

ΔσSE ¼
σapp 0 0
0 0 0
0 0 0

2
4

3
5: ð6Þ

The corresponding strain in the SE—assuming it is linear
elastic—can be easily calculated based on the Poisson effect
using the transformation in Appendix B. If the bonding at
the WE/SE interface is strong such that the SE displace-
ments (uSE,ij) on the xy plane directly translate to the displa-
cements in the WE (uWE,ij), then one can set uWE,ij = uSE,ij ×
LWE/LSE for i = {x, y, z} and j = {x, y}, where LWE and LSE
denote the length of the WE and SE in the j direction,
respectively. Assuming strains are small, the displacements
can be written as us,ij = εs,ijLs for s = {WE, SE}; thus, εWE,ij =
εSE,ij ensues for i = {x, y, z} and j = {x, y}. The off-diagonal
terms are determined based on the symmetry relation, i.e.,
εWE,iz = εWE,zi for i = {x, y}. In contrast, the z-direction
normal strain εWE,zz is not constrained, so we proceed
without specifying its value. Thus, the strain tensor for the
WE at the interface εWE is

εWE ¼

σapp
ESE

0 0

0 � νSEσapp
ESE

0

0 0 εWE;zz

2
664

3
775; ð7Þ

where ESE and νSE are the elastic (Young’s) modulus and
Poisson’s ratio of the SE. When a large volume change is
induced as the composition of the WE changes (e.g., silicon
undergoing lithiation and delithiation), it is important to con-
sider the interfacial shear effects.41,42 In this scenario,
however, the main source of the interfacial shear stress and
strain is the strong interfacial bonding, not a composition
change. Thus, most of the interface should remain shear-free,
as Mao et al.43 illustrated using a shear-lag model, and this
justifies the null off-diagonal entries in eqn (7). Using the
inverse of the transformation matrix in Appendix B, the stress
tensor for the WE at the interface ΔσWE can be obtained. The
unknown strain in ΔσWE can be identified by employing the
plane-stress assumption, i.e., set ΔσWE,zz = 0 as off-diagonal
ΔσWE,iz and ΔσWE,zi are zero already. This is reasonable
because the WE is not exposed to any external stresses in the z
direction, nor is it constrained in this direction. This condition
is achieved when εWE,zz is

εWE;zz ¼ � νWE 1� νSEð Þ
1� νWE

� σapp
ESE

: ð8Þ

Substituting this produces the following ΔσWE components

ΔσWE;xx ¼ 1� νWEνSEð ÞEWE

1� νWE
2ð ÞESE σapp

ΔσWE;yy ¼ νWE � νSEð ÞEWE

1� νWE
2ð ÞESE σapp

ð9Þ

with all other components being zero. The full stress and
strain tensors, as well as their hydrostatic and deviatoric parts,
are outlined in Appendix D. Incorporating these into eqn (2),
ΔU becomes

ΔUðσappÞ ¼ V̄Mσapp
3nF

� ð1� νSEÞEWE

ð1� νWEÞESE

� 1þ 2fð1þ νWE
2Þð1þ νSE þ νSE2Þ � νWEð1þ 4νSE þ νSE2Þg
ð1� νSEÞð1� νWEÞð1þ νWEÞESE

σapp

� �
:

ð10Þ
As before, the quadratic term stems from the deviatoric strain
energy. The ratio of the second and first terms inside the
square brackets in eqn (10) shows the relative importance of
the deviatoric contribution. Dropping second-order and higher
terms involving νWE and νSE, the ratio can be approximated as
ε′ : Δσ′

tr Δσhð Þ=3 � 2 1þ νSE � νWEð Þ
1� νSE

� σapp
ESE

, where the quotient invol-

ving ν’s is on the order of 1. Given σapp/ESE < 10–3 typically, the
deviatoric part again reduces only to approximately 0.1% of
the hydrostatic part or less. It is emphasized that this equation
is only accurate when the SE strains remain unaffected by the
presence of the WE. This is an idealized assumption and
incongruence would be present in reality, especially when the
WE is relatively stiff compared to the SE (the interfacial
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bonding might be compromised in this case, as well). Thus,
the accuracy of eqn (10) is expected to decrease as EWE

increases, which is demonstrated numerically in Section 4.2.
A practical setup that can emulate the plane-stress con-

dition in Fig. 1(b) may be contrived by modifying the standard
cantilever system, as illustrated in Fig. 2. One end of the canti-
lever is completely fixed to a wall or a rigid frame, while a
weight can be hung at the other end to generate a combination
of normal and shear stresses across the beam. For cantilevers
made of homogeneous, linear-elastic materials with large
enough cross-sectional height-to-width ratio (h/b), the stress
distributions and deflection (displacement from the unloaded
position) can be easily obtained from the standard mechani-
cal-engineering textbooks.44,45 A direct application of such
analytical expressions may be reasonable if the cantilever
beam in Fig. 2 was made entirely of a SE and the WE that sits
on its surface is small enough and has a lower elastic modulus
than the SE. However, utilizing such analytical expressions are
likely inaccurate for practical setups because many WEs are
stiffer than typical SEs, as Table 1 shows. Furthermore, the
commonly used SEs would be too brittle to sustain any signifi-
cant hanging weight in this configuration; even attaching
them to the supporting wall or frame would be challenging.
This issue may be circumvented by embedding a small piece
of SE into a cantilever beam made of a more pliable material
like acrylic (whose elastic modulus is 2.2 GPa (ref. 46)). As
Fig. 2(b) shows, a notch can be carved out of the beam to
accommodate the SE, with the bonding between the two pro-
vided by an appropriate adhesive. To avoid delamination, the
SE should only experience compression; this is ensured by
placing it in the bottom half of the beam. Although the RE
should be positioned where the SE is mechanically fully
relaxed, e.g., at the end of the beam (x = L), this is impractical.
Instead, placing it on or close to the center line of the beam (y
= 0) should be a good alternative because the normal stress
(and therefore any contribution to ΔU) should be small there.
Note that a non-zero shear stress is expected to be present

along the center line, but its influence on ΔU is small enough
to ignore, as will be illustrated in Section 3.3. The last hurdle
in using eqn (10) is that σapp acting on the SE is difficult to
obtain analytically in this cantilever setup. One possible way of
acquiring it is to attach a strain gauge to the back of the canti-
lever beam to infer it, assuming linear elasticity holds.

3.3 Scenario III. Solid electrolyte under pure shear

A close examination of eqn (2) shows that a non-zero ΔU must
arise even if the electrode experiences no changes in its hydro-
static-stress state; shear stresses and strains generate deviatoric
strain energy that affects its electrochemical potential. An
obvious way to test the shear effect is to conduct a torsion
experiment, i.e., twist a WE/SE system mounted on a cylinder
surface and measure the equilibrium potential. Unfortunately,
this is cumbersome to carry out experimentally because (1) it
may be more laborious to deposit WE/SE systems on a curved
surface than on a flat surface, and (2) it would be difficult to
position a RE at a mechanically relaxed location. The second
point arises because the torsion-induced shear stress is
directly proportional to the radial position in the cylinder,44 so
the RE has to be at the center of the cylinder—not on the
surface—to be completely free from stresses, which compli-
cates sample preparation significantly. To circumvent these
issues, one may exploit the fact that the description of a given
mechanical state is coordinate-system dependent and thus not
unique. From Mohr’s circle for plane stress, it is easy to see
that a system solely subjected to two orthogonal normal stres-
ses of equal magnitude but opposite directions (see Fig. 1(c))
is equivalent to the one experiencing pure shear stress, once
the coordinate system is rotated by 45°. Because the deviatoric
strain energy in eqn (2) is coordinate-system independent (as
shown in Appendix A), the shear effect on ΔU can be assessed
while only applying normal stresses in the coordinate system
the experiment is conducted in.

As in scenario II, consider a WE and a RE deposited on the
main and subsidiary sections of a SE, respectively, as shown in

Fig. 2 Illustration of the cantilever experiment to emulate scenario II to provide experimental validation of eqn (10). (a) Front view. (b) Side view.
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Fig. 1(c). The main section of the SE experiences compression
in the x direction and tension in the y direction. Both external
stresses have the same magnitude |σapp| to emulate pure
shear. Assuming again that the subsidiary section has no influ-
ence on the mechanical state of the main section and EWE ≪
ESE, the stress tensor for the SE relative to the stress-free state
ΔσSE can be written as

ΔσSE ¼
�σapp 0 0
0 σapp 0
0 0 0

2
4

3
5: ð11Þ

The corresponding strains in the SE can be calculated via the
stress–strain transformation in Appendix B. If the interfacial
bonding in the xy plane is perfect and strong such that the x-
and y-direction displacements in the SE put the WE under the
same displacements, then εWE,ij = εWE,ij for i = {x, y, z} and j =
{x, y}, which are the same boundary conditions as the ones in
scenario II. Imposing symmetry, the strain tensor for the WE
at the interface εWE reduces to

εWE ¼
� 1þ νSEð Þσapp

ESE
0 0

0
1þ νSEð Þσapp

ESE
0

0 0 εWE;zz

2
6664

3
7775; ð12Þ

where ESE and νSE are the elastic (Young’s) modulus and
Poisson’s ratio of the SE. As in scenario II, the interfacial shear
effects are ignored based on Mao et al.’s43 results. The remain-
ing z-direction normal strain εWE,zz can be identified when the
plane-stress assumption (i.e., ΔσWE,iz = ΔσWE,zi = 0) is made.
This is reasonable because the SE is not subjected to any
mechanical constraints in the z direction, and all external
stresses act only in the x and y directions. Coincidentally, this
is achieved when the system is in a plane-strain state (i.e.,εWE,iz

= εWE,zi = 0), so ΔσWE reduces to

ΔσWE ¼ 1þ νSEð ÞEWE

1þ νWEð ÞESE
σapp

�1 0 0
0 1 0
0 0 0

2
4

3
5: ð13Þ

It is easy to see that the WE/SE interface is under pure
shear by subjecting the above tensor to a 45° rotation in the xy
plane, as expected. Because ΔσWE is traceless and its off-diag-
onal terms are zero, ΔσWE

h = 0 and Δσ′WE ¼ ΔσWE. Similarly,
εWE

h = 0 and ε′WE ¼ εWE with εWE,zz = 0. Incorporating these
into eqn (2), ΔU becomes

ΔU σapp
� � ¼ V̄M

nF
� 2 1þ νSEð Þ2EWE

1þ νWEð ÞESE2 σapp
2: ð14Þ

Thus, shear stress induces a purely quadratic response in
ΔU but its effect is expected to be small unless EWEσapp/ESE

2

> 1. Again, this equation is only truly valid when the de-
posited WE does not influence the SE strains, which is
difficult to argue when the WE and SE are comparably
stiff. Therefore, the actual ΔU is expected to deviate from
eqn (14) as EWE increases; see Section 4.3 for numerical
demonstration.

3.4 Numerical analysis

The validity of ΔU in eqn (5), (10), and (14) is directly tied to
the soundness of the various assumptions employed in deriv-
ing them. Unfortunately, many WEs are comparably stiff to
commonly used SEs, and thus the critical EWE ≪ ESE assump-
tion is violated in many practical experimental systems. In
such cases, obtaining the exact analytical solutions is challen-
ging; instead, utilizing numerical simulation tools becomes a
more favorable proposition. Through COMSOL-Multiphysics
simulations, discrepancies between the simplified and more
realistic mechanical states are calculated and incorporated
into the ΔU equations by employing a correction factor f in the
next section.

We simulate a WE/LLZO system whose interface is perfectly
bonded under the three loading scenarios. The WE has the
width, depth, and height of 200, 200, and 50 μm, respectively,
and the SE is a cube of 1000 μm in edge length. A natural pro-
tocol for discretization is to partition the system volume based
on the distance between the location to be discretized and the
WE/LLZO interface. Hence, a variable meshing density that is
higher for locations closer to the edges where the SE and WE
meet (not the interfacial plane) is used to achieve numerical
efficiency and reliability. To ensure convergence, the edge
meshing density n (from which COMSOL builds the meshing
in the rest of the system) is gradually increased until stable
results are obtained. The simulation results presented in the
next section use n that produces consistent results with those
generated with at least 1.75n. Another point to note is that
COMSOL does not evaluate the WE’s stress state exactly at the
interface. This is because a stress tensor is only defined within
each domain, not at the geometric interface itself (instead, an
interfacial force balance is carried out at the domain bound-
aries, which means a surface-normal vector suffices to describe
the mechanical state there). Therefore, an evaluation plane is
placed within the WE domain just above the interface (displa-
cement by 0.05% of the WE height) to obtain the interfacial
mechanical states. Given the proximity to the interface, they
should be very close to the actual interfacial values. For refer-
ence, a representative stress distribution for each scenario is
provided in Fig. S1 of ESI.† It is evident that the distributions
are not uniform across the interface, especially in the regions
close to the edges where the WE and SE meet. Our analytical
treatment is based on the assumption that a position-indepen-
dent single mechanical state arises in response to an applied
stress. Therefore, the COMSOL results reveal the inherent
limitations of our analytical approach. The presence of stress
distribution further complicates the interpretation of the
results because it implies a distribution of electric potential
exists, i.e., mixed-potential theory is necessary to accurately
delineate the voltage response. Such an analysis is beyond the
scope of this paper, and we leave this for future work. Instead,
the average mechanical state across the evaluation plane is
taken as the characteristic state that determines ΔU. Provided
the electrode material has sufficient electronic conductivity,
the electrode will be equipotential, and this is a reasonable
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approximation. Hence, all our discussions in the next section
evolve around the average ΔσWE and εWE. Correction factors f
are also anchored to the average state.

4 Results and discussion

ΔU expressions derived in the previous section are now evalu-
ated quantitatively, based on the common cathode and electro-
lyte material properties, as tabulated in Table 1. Numerical simu-
lation results are presented alongside for validation. Note LLZO
has been used as the SE for all COMSOL simulations. The ΔU
equations can also be applied to anode materials, but we omit
such application here because it is straightforward enough to
do. One thing to bear in mind in this case is that the elastic pro-
perties of common anode materials such as silicon and graphite
are more sensitive to the insertion-species (e.g., lithium) content
than what typical oxide-based cathodes exhibit.47–50 Hence,
working with a consistent set of elastic properties, appropriate
for the given composition, would be important.

4.1 Scenario I. Working electrode under out-of-plane uniaxial
compression

Fig. 3(a) shows the simulated WE mechanical state relevant to
ΔU, i.e., trðΔσWEÞ=3þ ε′WE : Δσ′WE as outlined in eqn (2), aver-
aged across the evaluation plane just above the WE/SE inter-

face. The horizontal dashed lines show the analytical values
that obey the no-strain assumption in eqn (5). Evidently, the
difference between the two is small when EWE ≈ 7 GPa (EWE/
ESE ≈ 0.05) but increases at both smaller and larger values of
EWE. When EWE < 3 GPa (EWE/ESE < 0.02), eqn (5) is not relevant
because the small-strain assumption does not hold for the σapp
values modeled. When the SE and WE become comparably
stiff, the validity of the no-strain assumption diminishes
quickly, as evident in Fig. 3(c); while the analytical expression
for the main strain component εWE in eqn (21) works well
across the EWE range evaluated (see Fig. 3(b)) and the simu-
lated shear strains remain small (less than 0.1% of εWE,zz), the
normal strains increase noticeably. As a result, the error in
trðΔσWEÞ=3þ ε′WE : Δσ′WE grows to 11% of the analytical value
when EWE/ESE = 0.67 and 15% when EWE/ESE = 2 for all three
σapp values. Although not constant, the error range is narrow,
so a correction factor of f = 1.13 may be introduced to eqn (5)
for WE/SE systems whose elastic-modulus ratio lies in the
range 0.67 ≤ EWE/ESE ≤ 2.7. This correction should apply well
to the systems made up of the materials listed in Table 1,
where the combination that generates the largest elastic-
modulus ratio is NMC-111/LiPON with EWE/ESE = 2.6. The use
of constant f is further corroborated by the fact that the differ-
ence in Poisson’s ratio between LCO and NMC-111 (0.24 and
0.25, respectively) is small, and so is the difference between
LLZO and LiPON (0.257 and 0.27, respectively).

Fig. 3 Scenario-I COMSOL results for a working electrode (WE) deposited on the LLZO solid electrolyte (SE). The simulation results, averaged
across an evaluation plane, are shown with circular markers. Averages are taken across the evaluation plane whose z coordinate is 0.05% of the WE
height above the WE/SE interface. The WE has Poisson’s ratio of νWE = 0.24, and LLZO has the elastic modulus of ESE = 149.8 GPa. Note that com-
pression produces negative stress and strain. (a) The average WE mechanical state that contributes to ΔU is plotted against the WE elastic modulus
(EWE) for three out-of-plane uniaxial loadings σapp. The horizontal dashed lines correspond to the zero-interfacial-strain assumption in eqn (5). (b)
The average z-direction normal strain in the WE (εWE,zz) is plotted against EWE for |σapp| = 10 MPa. The dashed line represents the analytical strain in
eqn (21). (c) The magnitude of the average WE strains relative to εWE,zz are plotted against EWE. The plotted data is for |σapp| = 10 MPa, but the results
for |σapp| = 50 and 100 MPa are essentially identical to what is presented in panel (c).
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ΔU for LiαCoO2 (LCO) and LiαNi0.33Mn0.33Co0.33O2

(NMC-111) under an out-of-plane uniaxial load σapp is
plotted in Fig. 4 using f = 1.13 and eqn (5) (note that the
equation is independent of the SE properties). α designates
the amount of lithium in a cathode unit cell. Evidently, the
linear term dominates despite the presence of the quadratic
term. Given the maximum |σapp| imposed during the typical
platen-compression experiment is below 1 GPa, and
common cathode materials have EWE > 100 GPa,55 the
square-bracketed quantity in eqn (5) reduces essentially to 1.
The quadratic behavior would become more obvious when
σapp is comparable to EWE in magnitude, but then eqn (5)
would lose its validity; the material would yield. Using hard-
ness H as a proxy for the yield strength σY (since H ≈ 3σY
with H < 20 GPa for common cathode materials55), applied
stresses larger than 7 GPa would very likely cause deviation
from eqn (5). Thus, for the conventional platen-compression
experiment conducted at a fixed electrode composition,
dropping the square-bracketed quantity should only incur a
marginal error. This simplification is also appropriate for
battery modeling because stresses beyond 7 GPa is unlikely
in SSBs (the largest change in stress state Sethuraman
et al.21 observed during charging a thin-film silicon elec-
trode was about 1.6 GPa). Indeed, the mechanics-induced
ΔU is small compared to the composition-driven ΔU (oper-
ational voltage window for both LCO and NMC-111 is
2.7–4.3 V (ref. 56 and 57)), but it can still play a significant
role in determining the interfacial-current-density distri-
bution. For example, Jung et al.58 numerically demonstrated
that the mechanics-induced ΔU completely changed the
current-density profile at the Li-metal/LLZO interface, com-
pared to the one that omitted mechanical effects (the

Butler–Volmer equation was used in their study, and the
maximum magnitude of mechanics-modified ΔU was
7.7 mV arising from 58 MPa pressure at the Li–metal asper-
ity tip).

When the surface-normal stress σn ¼~nT � Δσ �~n (~n is the
surface-normal vector) is used as the stress descriptor, as
Herring30 and Ganser et al.18 suggested, ΔU in red in Fig. 4
ensues for LCO at α = 0.5. Clearly, the voltage response is exag-
gerated compared to the solid black line calculated from eqn
(5); σn produces ∂ΔU/∂σapp 63% larger than the one based on
the full stress–strain tensor treatment even after incorporating
the correction f = 1.13. Again, the implications of this differ-
ence may be significant when calculating the interfacial-
current-density distribution.

4.2 Scenario II. Solid electrolyte under in-plane uniaxial
compression

The simulated mechanical state trðΔσWEÞ=3þ ε′WE : Δσ′WE that
affects ΔU is shown in Fig. 5(a), as well as what the analytical
expression in eqn (10) predicts as dashed lines. To recapitu-
late, eqn (10) was derived for a perfectly strain-matched inter-
face with EWE ≪ ESE, such that the SE strains stay indepen-
dent of the presence of the deposited WE. Because the exter-
nal stress on the WE is administered via the SE, the stress
magnitude the WE experiences is significantly reduced com-
pared to |σapp|. Hence, the linear-elasticity assumption holds
over a wider EWE window than in scenario I. Clearly, the
agreement between the analytical expression and numerical
solutions is good, as long as EWE < 30 GPa (EWE/ESE = 0.2).
However, the discrepancy between the two grows as the WE
becomes stiffer; trðΔσWEÞ=3þ ε′WE : Δσ′WE is reduced by 22%
relative to eqn (10) when EWE/ESE = 0.67 (EWE = 100 GPa) but
as much as 47% when EWE/ESE = 2.7 (EWE = 400 GPa) for all
three σapp values. Therefore, a correction factor 0.53 ≤ f ≤
0.78 is necessary when using eqn (10) for practical experi-
mental systems.

To identify the cause of deviation between the analytical
and numerical results, the simulated WE strains are plotted in
Fig. 5(b) and (c). Note that delamination is not the source of
this discrepancy because the strains in the WE and SE can be
matched as boundary conditions in COMSOL. Instead, the
main culprit is the x-direction normal strain εWE,xx in Fig. 5(b);
it is affected by how stiff the WE is and steadily diminishes as
EWE increases beyond EWE = 30 GPa. This is in line with the
expected behavior; a soft deposit will conform to the substrate
deformation, while a stiff deposit will resist it, reducing the
extent of deformation. Nonetheless, the relative magnitude of
the strain components in eqn (24) are preserved, as Fig. 5(c)
demonstrates.

Unlike in scenario I, a constant f cannot be selected
because the variability in trðΔσWEÞ=3þ ε′WE : Δσ′WE grows
noticeably with increasing EWE. Nonetheless, f = 0.66 (this
corresponds to the numerical result at EWE = 200 GPa in
Fig. 5(a)) is appropriate for LCO and NMC-111 deposited on
LLZO, which is incorporated into eqn (10) to plot ΔU in
Fig. 6(a). The quadratic behavior in ΔU is clearly insignifi-

Fig. 4 Scenario-I equilibrium potential ΔU plotted using eqn (5) as a
function of the out-of-plane uniaxial applied stress σapp on various
working electrodes. Note that a compressive stress takes a negative sign
and a correction factor of f = 1.13 has been used. The black and blue
lines represent ΔU for LCO and NMC-111, respectively. Different compo-
sitions α are plotted for each electrode material, indicated by different
line types. The red line shows ΔU when the surface-normal stress σn ¼
~nT � Δσ �~n is used, where~n is the surface-normal vector.
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cant and the square bracket in eqn (10) can be safely dis-
carded. The same is observed when LLZO is replaced with
LiPON, as Fig. 6(b) illustrates. Note that LiPON is less stiff
than LLZO (i.e., ELiPON < ELLZO) and therefore elevates ΔU
because of the factor EWE/ESE present in eqn (10). However,
the full effect of EWE/ESE is dampened because the deviation
from the EWE ≪ ESE assumption is larger for LiPON ( f =
0.53) than for LLZO (the correction factor f = 0.53 for LiPON
is based on the EWE = 400 GPa result in Fig. 5(a), which has
EWE/ESE = 2.7. The same ratio for NMC-111/LiPON is 2.5,
which is close enough.).

Fig. 6 shows that the mechanics-induced ΔU should be
measurable, as long as V̄Li is large enough (ΔU for NMC-111 α

= 0.5 and 0.8 may be difficult to separate from the experi-
mental noise). This is contrary to the predicted nil response
from using the surface-normal stress σn. Therefore, measuring
ΔU using an electrode deposited on a SE that experiences in-
plane compression—as in Fig. 1(b) and 2—is a useful setup
that can (in)validate Goyal and Monroe’s15 theory.
Nevertheless, there already exists an experimental result that
refutes the use of σn; Sethuraman et al.21 measured non-zero
ΔU stemming from in-plane biaxial stresses, where σn = 0. In
this regard, using hydrostatic stress is more general and widely
applicable than σn.

4.3 Scenario III. Solid electrolyte under pure shear

The relevant mechanical state to ΔU, i.e.,
trðΔσWEÞ=3þ ε′WE : Δσ′WE, is plotted in Fig. 7(a); circular
markers indicate numerical results while dashed lines corres-
pond to the analytical expression in eqn (14). Contrary to the
expectation, the |σapp| = 10 MPa simulation results are about
40% higher than the analytical expression in the lower EWE

range. This is because the simulated hydrostatic stress tr(ΔσWE)/
3 does not exactly amount to zero; normal stresses σWE,xx and
σWE,yy do not nullify each other completely when added, and
the plane-stress condition (ΔσWE,iz = ΔσWE,zi = 0; the i = z case is
of specific concern here) is not exactly met. In particular, the
COMSOL-generated tr(ΔσWE)/3 for |σapp| = 10 MPa is compar-
able in size to ε′WE : Δσ′WE, hence the deviation in Fig. 7(a) is
noticeable. In contrast, ε′WE : Δσ′WE is more dominant for |σapp|
= 50 and 100 MPa, and the numerical and analytical results
align well, at least up to EWE = 30 GPa. Beyond this point, the
difference between the two grows steadily as EWE approaches
and surpasses ESE. This trend is also reflected in the x-direction
normal strain εWE,xx in Fig. 7(b). Nevertheless, the strains retain
the relative sizes eqn (12) prescribes, as Fig. 7(c) shows.

It is clear that a correction factor f that depends on EWE/
ESE and σapp is necessary for scenario III unlike in the pre-

Fig. 5 Scenario-II COMSOL results for a working electrode (WE) deposited on the LLZO solid electrolyte (SE). The simulation results, averaged
across an evaluation plane, are shown with circular markers. Averages are taken across the evaluation plane whose z coordinate is 0.05% of the WE
height above the WE/SE interface. The WE has Poisson’s ratio of νWE = 0.24, and LLZO has the elastic modulus of ESE = 149.8 GPa. Note that com-
pression produces negative stress and strain. (a) The average WE mechanical state that contributes to ΔU is plotted against the WE elastic modulus
(EWE) for three in-plane uniaxial loadings σapp exerted on the SE. The dashed lines correspond to what eqn (10) predicts, where the deposited WE has
no effect on the SE strains due to the EWE ≪ ESE assumption, along with the perfectly matched interfacial strains across the two domains. (b) The
average x-direction normal strain in the WE (εWE,xx) is plotted against EWE for |σapp| = 10 MPa. The horizontal dashed line represents the analytical
strain in eqn (7). (c) The magnitude of the average WE strains relative to εWE,xx are plotted against EWE. The plotted data is for |σapp| = 10 MPa, but the
results for |σapp| = 50 and 100 MPa are essentially identical to what is presented in panel (c).
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Fig. 6 Scenario-II equilibrium potential ΔU of various working electrodes plotted using eqn (10), as a function of in-plane applied stress σapp on (a)
LLZO (correction factor f = 0.66) and (b) LiPON (correction factor f = 0.53). Note that compression produces negative stress. The black and blue
lines represent ΔU for LCO and NMC-111, respectively. Different compositions α are plotted for each electrode material, indicated by different line
types. The red line shows ΔU when the surface-normal stress σn ¼ ~nT � Δσ �~n is used, where~n is the surface-normal vector.

Fig. 7 Scenario-III COMSOL results for a working electrode (WE) deposited on the LLZO solid electrolyte (SE). The simulation results, averaged
across an evaluation plane, are shown with circular markers. Averages are taken across the evaluation plane whose z coordinate is 0.05% of the WE
height above the WE/SE interface. The WE has Poisson’s ratio of νWE = 0.24, and LLZO has the elastic modulus of ESE = 149.8 GPa. Note that com-
pression produces negative stress and strain. (a) The average WE mechanical state that contributes to ΔU is plotted against the WE elastic modulus
(EWE) for three shear loadings σapp exerted on the SE. The dashed lines correspond to what eqn (14) predicts, where the deposited WE has no effect
on the SE strains due to the EWE ≪ ESE assumption, along with the perfectly matched interfacial strains across the two domains. (b) The average
x-direction normal strain in the WE (εWE,xx) is plotted against EWE for |σapp| = 10 MPa. The horizontal dashed line represents the analytical strain in
eqn (12). (c) The magnitude of the average WE strains relative to εWE,xx are plotted against EWE. The plotted data is for |σapp| = 10 MPa, but the results
for |σapp| = 50 and 100 MPa are essentially identical to what is presented in panel (c).
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vious cases; the incongruence between the numerical and
analytical results does not lie within a narrow band as in
scenario I, nor is it σapp independent as in scenario II.
Rather than deploying a functional form of f, we proceed
with eqn (14) as is, i.e., we use f = 1, to evaluate the ΔU
characteristics. For practical systems where EWE > ESE, this
is a good approximation at least for the lower σapp range
around 10 MPa, as Fig. 7(a) illustrates. For higher σapp, this
choice generates the maximum expected voltage response.
Fig. 8(a) shows ΔU calculated from eqn (14) for LCO and
NMC-111 deposited on LLZO. Obviously, ΔU is not comple-
tely nullified in the absence of normal stresses, an aspect
that employing the surface-normal stress overlooks.
However, the voltage responses to pure shear are about two
orders of magnitude smaller than the responses to uniaxial
loadings in Fig. 4 and 6. This is not surprising, given
EWEσapp/ESE

2 ≪ 1 for all systems considered in Fig. 8. In
fact, the shear effect—or more generally deviatoric effect—is
bound to be minute relative to the hydrostatic contribution
by design. Even if the components of Δσ′ have the same
order of magnitude as Δp = −tr(Δσh)/3, multiplying them
with ε′ substantially decreases their shares in ΔU, provided
strains would have to remain below 5% in general for the
linear-elasticity assumption to hold. As a result, it is likely
difficult to verify the deviatoric influence on ΔU experi-
mentally, as the resulting voltage responses would be inun-
dated with noise (at least if setups similar to the one
Carmona et al.19 used were employed). For practical pur-
poses, it would be safe to ignore the deviatoric contri-
butions in constructing ΔU. Finally, Fig. 8(b) shows the
responses LCO and NMC-111 produce when deposited on
LiPON. Since ΔU is inversely proportional to ESE

2 and ELLZO/
ELiPON = 1.9, the voltage responses from WE/LiPON is about
3.6 larger than that from WE/LLZO.

5 Conclusions

Mechanics-modified equilibrium potentials for linear-
elastic electrode materials were derived using the full stress–
strain tensor treatment of Goyal and Monroe15 and shown to
have mechanical-property dependence, provided all
mechanical energy transforms to electrical energy. The
analytical expressions for the three experimental scenarios
considered, as summarized in Table 2, revealed that the
deviatoric effect can be safely ignored for battery-modeling
purposes. Instead, hydrostatic stress—with appropriate
boundary conditions—is a sufficiently accurate approxi-
mation, suitable in conditions relevant to SSBs. This con-
clusion arises because the deviatoric mechanical energy is
bound to be small compared to the hydrostatic mechanical
energy. Numerical results were also provided to demonstrate
the validity of the analytical expressions. Based on these
results, correction factors were introduced to supplement
the use of the analytical expressions in more practical

Fig. 8 Scenario-III equilibrium potential ΔU of various working electrodes plotted using eqn (14) without any correction ( f = 1), as a function of the
applied stress σapp on (a) LLZO and (b) LiPON. The SEs experience a compressive stress in x direction and a tensile stress of the same magnitude in
the y direction, i.e., they are under pure shear. The black and blue lines represent ΔU for LCO and NMC-111, respectively. Different electrode compo-
sitions α are plotted for each electrode material, indicated by different line types. The red line shows ΔU when the surface-normal stress σn ¼
~nT � Δσ �~n is used, where~n is the surface-normal vector.

Table 2 Summary of the mechanics-modified equilibrium potential ΔU
using the big-O notation. Note that only the WE/SE interfacial mechani-
cal state affects ΔU. Each scenario corresponds to an experimental
setup that generates a unique stress state at the interface

Scenario Mechanics-modified ΔU (V)

I. WE under out-of-plane
uniaxial compression

ΔU ¼ 1þ νWE

1� νWE
� V̄Mσapp

3nF
þ O σapp

2� �

• Incompressible fluid
(νWE = 0.5)

ΔU ¼ V̄Mσapp
nF

II. SE under in-plane
uniaxial compression

ΔU ¼ 1� νSEð ÞEWE

1� νWEð ÞESE
� V̄Mσapp

3nF
þ O σapp

2� �

III. SE under pure shear ΔU = O(σapp
2)
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systems. Furthermore, we conclude that hydrostatic stress—
not surface-normal stress—is a more general and widely
applicable stress descriptor in equilibrium-potential
expressions, especially when in-plane normal stresses exist
across the interfacial plane. Nonetheless, experimental veri-
fication of the derived expressions would be necessary to
more confidently incorporate them in SSB models; the canti-
lever-beam setup outlined in Section 3.2 is a prime candi-
date for such validation.
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Appendix A. Coordinate-system
invariance of deviatoric strain energy

Given a coordinate transformation matrix Q that transforms a
tensor α from one coordinate system to another via αt =
Q·α·QT (where the subscript t and superscript T denote trans-
form and transpose, respectively), the invariance of the devia-
toric strain energy can be derived easily using the Einstein
notation. The traceless deviatoric component of αt can be
written as

α′t ¼QimQjnαmn � 1
3
QkpQkqαpqδij

¼QimQjnαmn � 1
3
αppδij;

ð15Þ

where δij is a Kronecker delta, and the relation QkpQkq = δpq
has been used to obtain the second line in eqn (15).
Substituting the stress Δσ′ and strain ε’ tensors in place of α
and performing the double-dot product, the desired result is
produced.

ε′t : Δσ′t ¼ QimQjnεmn � 1
3
εkkδij

� �
QipQjqσpq � 1

3
σllδij

� �

¼QimQipQjnQjqεmnσpq � 1
3
δijQimQjnεmnσll

� 1
3
QipQjqσpqεkkδij þ 1

9
εkkσllδijδij

¼ δmpδnqεmnσpq � 1
3
δmnεmnσll � 1

3
δpqσpqεkk þ 1

9
εkkσllδijδij

¼ εmn � 1
3
εkkδmn

� �
σmn � 1

3
σllδmn

� �

¼ ε′ : Δσ′

ð16Þ
In writing the Einstein notation for the change in stress, the
delta symbol (Δ) was omitted for notational compactness.
Note that in the fourth line of eqn (16), δpqσpq and δijδij can be
replaced by δmnσmn and δmnδmn, respectively, because p, q, i,
and j are dummy indicies.

Appendix B. The Poisson effect

When the material under study is linear elastic, and when the
Poisson effect prevails isotropically, then the stress (σij) and
strain (εij) components are connected via

εxx
εyy
εzz
εxy
εxz
εyz

2
6666664

3
7777775
¼

1
E

� ν

E
� ν

E
0 0 0

� ν

E
1
E

� ν

E
0 0 0

� ν

E
� ν

E
1
E

0 0 0

0 0 0
1
2G

0 0

0 0 0 0
1
2G

0

0 0 0 0 0
1
2G

2
6666666666666664

3
7777777777777775

σxx
σyy
σzz
σxy
σxz
σyz

2
6666664

3
7777775
; ð17Þ

where ν, E, and G are Poisson’s ratio, elastic (Young’s) and
shear moduli of the material, respectively.

Appendix C. Scenario I. Working
electrode under out-of-plane uniaxial
compression

Applying the x- and y-direction zero-strain conditions at the
WE/SE interface, as discussed in Section 3.1, the change in the
electrode stress state ΔσWE in eqn (3) reduces to

ΔσWE ¼ ΔσWE
h þ Δσ′WE ¼ σapp

νWE

1� νWE
0 0

0
νWE

1� νWE
0

0 0 1

2
664

3
775;

ð18Þ
where σapp is the applied stress in the z direction. This tensor
can be divided into a hydrostatic part ΔσWE

h and a traceless
deviatoric part Δσ′WE, as below.
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ΔσWE
h ¼ 1þ νWE

1� νWE
� σapp

3

1 0 0
0 1 0
0 0 1

2
4

3
5 ð19Þ

Δσ′WE ¼ 1� 2νWE

1� νWE
� σapp

3

�1 0 0
0 �1 0
0 0 2

2
4

3
5 ð20Þ

The strain tensor εWE in eqn (4) becomes

εWE ¼ εWE
h þ ε′WE ¼ 1� 2νWE

2

1� νWE

� �
σapp
EWE

0 0 0
0 0 0
0 0 1

2
4

3
5 ð21Þ

with the following hydrostatic εWE
h and deviatoric ε′WE parts.

εWE
h ¼ 1� 2νWE

2

1� νWE

� �
σapp
3EWE

1 0 0
0 1 0
0 0 1

2
4

3
5 ð22Þ

ε′WE ¼ 1� 2νWE
2

1� νWE

� �
σapp
3EWE

�1 0 0
0 �1 0
0 0 2

2
4

3
5 ð23Þ

Appendix D. Scenario II. Solid electrolyte
under in-plane uniaxial compression
Following the x- and y-direction matching-strain treatment at
the WE/SE interface, as outlined in Section 3.2, the strain
tensor εWE in eqn (7) reduces to

εWE ¼ εWE
h þ ε′WE ¼ σapp

ESE

1 0 0
0 �νSE 0

0 0 � νWE 1� νSEð Þ
1� νWE

2
64

3
75; ð24Þ

after substituting eqn (8). Naturally, the hydrostatic εWE
h and

deviatoric ε′WE parts become

εWE
h ¼ 1� νSEð Þ 1� 2νWEð Þ

1� νWE
� σapp
3ESE

1 0 0
0 1 0
0 0 1

2
4

3
5 ð25Þ

ε′WE ¼ 1þ νWEð Þ 1� νSEð Þ
1� νWE

� σapp
3ESE

Γ ; ð26Þ

where

Γ ¼

2 1� νSEνWEð Þ þ νSE � νWE

1þ νWEð Þ 1� νSEð Þ 0 0

0 � 1� νSEνWE þ 2 νSE � νWEð Þ
1þ νWEð Þ 1� νSEð Þ 0

0 0 �1

2
666664

3
777775
:

ð27Þ

The change in the electrode stress state ΔσWE becomes

ΔσWE ¼ ΔσWE
h þ Δσ′WE

¼ EWE

ESE
σapp

1� νWEνSE
1� νWE

2 0 0

0
νWE � νSE
1� νWE

2 0

0 0 0

2
6664

3
7775; ð28Þ

where decomposition into a hydrostatic part ΔσWE
h and a tra-

celess deviatoric part Δσ′WE produces

ΔσWE
h ¼ 1� νSEð ÞEWE

1� νWEð ÞESE
� σapp

3

1 0 0
0 1 0
0 0 1

2
4

3
5 ð29Þ

Δσ′WE ¼ 1� νSEð ÞEWE

1� νWEð ÞESE
� σapp

3
Γ : ð30Þ

Note added after first publication

This article replaces the version published on 28th April 2025,
which contained errors in the article main text and equations
7, 12 and 16.
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