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1 A Fully Differentiable Pore Network for Digital

2 Reconstruction of Porous Media
3 Michael McKague', Mohammad Mehrnia', Mohammad Amin Sadeghi', Jeff Gostick'-*
4 Abstract

Pore network models are useful for efficiently studying transport processes in porous materials at the pore
scale. However, constructing accurate pore network representations is not always straight forward as it
involves either complicated image processing or tedious calibration of network properties to experimental

data. While network extraction tools are much more accessible today, access to high resolution X-ray

O© 00 3 O W

tomography images is not nearly as widespread. Researchers of porous materials without access to high
10 resolution microtomography images must therefore rely on calibrating a pore network by manually
11 adjusting pore sizes and constantly checking that it satisfies the properties of the actual material. This
12 paper presents a new strategy for fitting a regular lattice-based pore network to experimental data by using
13 automatic differentiation for gradient descent optimization. The optimization was demonstrated on a data
14 set of carbonate, sandstone, and sandpack materials for which images and experimental information were

15 both available. The optimization of a 10° pore network took on average 21 and a half minutes on a GPU

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

16  and the resulting networks matched the porosimetry curves and permeability in all directions of the actual
17 material very closely. The optimization was then tested on real experimental data in which a final loss of

18  9.7x10* was achieved. In addition, a workflow was developed for obtaining a stochastic network of

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

19  arbitrary size from the fitted network. This required a description of the highly specific spatial arrangement
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20  of pore sizes found by the optimization, for which a Gaussian Process model was trained.

21

22 Keywords: optimization, porous media, pore network, automatic differentiation, gaussian process
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1 Introduction

Pore networks are widely used to study the interplay between pore structure and transport processes. Their
main appeal is computational efficiency obtained by discretizing the pore space into a representative
network with pore bodies as nodes connected by throats as edges. However, simplifying a real material
with such an abstract representation can result in inaccurate predictions if not done correctly and therefore

special attention must be given when generating pore networks to ensure accurate results [1-3].

Networks can be obtained either by network extraction from images [4] or by fitting to experimental data
[5,6]. The latter approach was used by McKague et al., who were able to predict the performance of a
capacitive electrode by fitting the parameters of a Weibull pore size distribution to Mercury Intrusion
Porosimetry (MIP) data [5]. Similarly, Gostick et al. modelled the gas diffusion layer of a fuel cell as a
cubic network of pores and determined its geometric properties by fitting to both porosimetry and gas
permeability data of the actual material [6]. Network extractions are particularly appealing and have gained
much interest from researchers because of how they map a pore network directly to the void space of an
entire three-dimensional image [7]. The various approaches for network extraction can be categorized as
either medial axis [8—11], maximal ball [12,13], or watershed segmentation [14]. Today, network
extractions are commonplace and the development of open-source network extractions, such as those

available in PoreSpy [15], have made these tools widely accessible to researchers.

Despite these advancements, there are still three challenges to the use of network extractions. Firstly, and
foremostly, suitable images are time consuming and costly to obtain, and the equipment is not widely
available. Secondly, the images are generally a small subsection of a large sample, so are not necessarily
representative, and moreover they represent just a single sample so multiple realizations are not possible.
Lastly, network extractions are often excessive as they require complicated image processing steps while a
simple cubic lattice network is often sufficient to perform simulations or calculations. For instance, one can
use simple cubic networks to study the structure-performance relationship in devices such as fuel cells

[16,17], flow batteries [18,19], or capacitive deionization [5] to name a few.

On the other hand, fitting a pore network to experimental data is not as trivial as it may appear. Firstly,
while researchers may use the bundle of tubes model to obtain pore sizes directly from capillary pressure
data [20,21], it is well known that these sizes are the size of the smallest constriction [22]. In pore network
models, the smallest constriction is the throat not the pore. Therefore, without any information about the
actual pore-throat size relationship, researchers must use a trial-and-error approach to guess the pore sizes

of the network until the simulated porosimetry curve matches the experimental data. Secondly, to construct

2
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57  amore accurate network it is necessary to match effective properties of the real material that may include
58  permeability or effective diffusivity [6,23]. While this already adds a layer of complexity when choosing a
59  pore size distribution, it is especially complicated knowing that transport properties can be largely affected
60 by the spatial correlation of pore sizes [24] which is difficult to know without having access to high
61  resolution images. Ultimately, trial-and-error is not feasible, and one must turn to computerized

62  optimization techniques [25].

63  Optimization methods can be classified as either gradient or non-gradient descent. The later includes genetic
64  algorithms which have been successfully used for the optimization of porous materials for specific
65  applications [26-31]. The drawback to non-gradient descent methods is the large number of different pore
66  network realizations and evaluations that are required every iteration. Gradient descent, on the other hand,
67  works by optimizing the properties of a single network rather than having multiple constructions and
68  searching to find the best one. To the best of our knowledge, however, gradient descent, has not been used
69  inthe context of pore network modeling. To calculate the gradient numerically using traditional approaches
70  requires applying small perturbations to the properties of a single pore followed by model evaluations for
71 each pore in the network. This explains why Sharqawy intentionally avoided gradient-descent optimization

72 when he selected the use of non-linear programming methods that do not require taking the gradient [32].

73  Automatic Differentiation (AD) is a compelling alternative to numerical differentiation because of how it

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

74  solves the gradient exactly and efficiently for high dimensional spaces [33]. It works on the principle that
75  any numerical computation can be stored in memory as a computational graph of nodes each representing

76  an elementary operation of known derivatives [34]. The drawback of this approach is that it becomes quite

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

77  complicated to code, but thanks to its integration with machine learning libraries such as JAX [35], AD has
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78  become a mainstream tool. Crucially, AD has a reverse mode option that is especially powerful for
79  optimization problems because it can compute the partial derivative for all input variables with respect to
80  one output variable in a single pass [33]. In the case of pore networks, there are many pore and/or throat
81  properties (i.e. input variables) that control just a handful of possible macroscopic properties (i.e. output
82  variables) and therefore, automatic differentiation, particularly the reverse mode, is a highly promising
83  route for generating statistical pore networks. Note that it would be possible to use the optimization
84  capabilities of the JAX library to fit the parameters of a given statistical pore (and throat) size distribution,
85  butin this work, we focused on adjusting individual pore diameters directly since this is a unique capability
86  provided by the auto-differentiation ability of JAX. Moreover, this approach does not require any
87  assumption about the true pore size distribution, which is not something normally known without access to

88  volumetric images.
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In this work, automatic differentiation is used for the first time to construct pore networks that match MIP
and permeability data. This paper starts with a discussion of the methodology on how the network is
optimized, the development of differentiable porosimetry and flow simulators, as well as an analysis of the
computational performance. Next, the optimization is tested using data simulated from a set of 13 images
that includes sandstone, carbonate, and sandpack materials followed by using real experimental data of a
Berea sandstone obtained from the work by Churchel et al. [36]. Finally, a Gaussian Process model was
trained to capture the spatial correlations of a fitted network, enabling the construction of larger networks

with similar properties.
2 Optimization Strategy

When constructing a pore network from experimental data, it is common to make some basic assumptions
about the network prior to optimization [5—7]. These assumptions often involve the network’s size, shape,
connectivity, or geometry of the pores/throats to name a few. Therefore, we started with a network based
on some basic assumptions, and this network will be improved over the course of optimization. The
network’s connectivity was assumed to be a a cubic lattice where each pore has a coordination number of
6 except for the sides, edges, and corners of the network, which have coordination numbers of 5, 4, and 3
respectively. Arranging pores in this way meant that the spacing between each pore was fixed across the
entire network but could be used as a single free parameter from one optimization to the next. The size of
the network was chosen by balancing computational efficiency with statistically representative sample size.
Figure S1 of the Supplementary Information shows how a 10° network is large enough to statistically
represent the pore size distribution of a Berea sandstone. Therefore, a moderately sized network of 103
pores was chosen for optimization. The geometry of the pores was assumed to be spheres connected by
cylindrical throats. Figure 1a shows the pore network with its assumed spheres and cylinders geometry. A
closer look at the spheres and cylinders geometry model shows how the throat aspect ratio (§), which will
be discussed further, is the ratio between the throat diameter and the diameter of the smallest connected

pore.
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a) Spheres and Cylinders Model b) Optimization Process

Choose initial guess (wy), learning rate (Ir), and maximum
number of steps (N,,4,)

Take a l
closer look Loss Function, f(w,)

Calculate Gradient, i
aw,

: 3

Calculate new weights from gradient descent,
Wypiq = Wy — I Vf(wn)

Is M ax
reached?

Figure 1 a) A closer look at the regular cubic lattice of a 10 by 10 by 10 pore network and the spheres and
cylinders model that is used for network optimization. The throat size is determined by the aspect ratio, &, which
is passed along with the pore diameters as weights for optimization. Meanwhile, b) is a visual of the
optimization procedure including choosing initial conditions and parameters for optimization, writing a loss
function, and performing gradient descent to find optimal weights.

114  After deciding on network structure and geometry, the optimization procedure was applied. Figure 1b

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

115  shows the optimization process starting with choosing an initial guess for all parameter weights (wg),

116  choosing the learning rate (Ir) for gradient descent, and setting the maximum number of steps to take (

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

117 mMypqay) prior to completing the optimization. The so called “parameter weights” are the geometric properties
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118  of the network assuming that all topological properties (i.e. coordination number) remain fixed. The two
119  geometric properties that make up parameter weights are the pore diameter and throat aspect ratio. Together,
120  these properties can be combined into a single array, w,,, with a length equal to the number of pores plus
121  the number of throats, containing both pore and throat size information. After setting up the parameters for
122 optimization, the initial guess of parameter weights is passed to the loss function and automatic
123 differentiation is used to calculate the gradient of the loss function with respect to each weight. It should be
124 mentioned that since we have many parameters but a single output, using the reverse AD mode is perfectly
125  suited as it calculates the entire gradient at a computational cost on the same order as just one loss function
126  evaluation. The loss function involves running both a flow and an invasion simulation before calculating
127  the combined loss from simulation results and the target data. Sections 2.1 and 2.2 describe the development

128 of both flow and invasion simulations in more detail.
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The loss function, which quantifies how closely the current network predicts the target values, was
composed of the following terms. First, the saturation loss, S;,ss, is the sum of squared errors (SSE) between
the model saturation, S, and the target saturation, Starget, from experimental data. The saturation loss was
calculated using Eq. (1) where n is the number of observations. Since the model saturation and the target
saturation may vary in size, linear interpolation was used to evaluate the model saturation at the same

invasion pressures as the target saturation.

n
2
Sloss = Z (Si - Starget,i) D
i=1

Second, the permeability loss, K;,ss, is the mean squared error (MSE) between the modelled permeability,
K, and the target or experimental permeability, K¢qrger. In this work, the permeability in all three spatial
directions was considered and therefore, the average loss of all three directions was used. Eq. (2) shows

how the permeability loss was calculated, where n is 3 for each of the three spatial coordinates.

n

1 2
Kioss = EZ (Ki - Ktarget,i) )

i=1
The loss function can also be used to impose constraints onto the final network design by adding penalty

terms. In the present case the following two constraints were imposed:

1. no two pore bodies can overlap and,
2. each throat must have a diameter that is smaller than the minimum diameter of it’s two connected

pores [37].

These two constraints were accomplished by setting pore diameters to a scale factor (<1) of the lattice
spacing and second, by optimizing throat aspect ratios instead of throat sizes directly. In this way, if all
weights (i.e. pore diameters and aspect ratios) are maintained between 0 and 1, it is guaranteed that no pore
bodies overlap since each pore cannot exceed one unit of spacing, and no throat diameter will ever exceed
the minimum diameter of its connected pores because the aspect ratio is always less than one. To impose
this constraint, Eq. (3) was used to calculate the penalty loss where n is the total number of weights (i.e.
the number of pores plus the number of throats). Notice that no penalty is added if the weight is greater

than 0.01 and less than 0.99 to maintain a small safety margin away from these physical limits.
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n
Frenaity = Z [max(0, 0.01 — w;)2 + max(0, w; — 0.99)?] 3)

=1

152  Finally, the loss function, f, was defined as a weighted sum of all loss terms including the permeability,
153  saturation, and penalty loss terms just described, yielding a scalar output. Eq. (4) shows the resulting loss
154  function which includes additional weights, @, 8, and y, for the saturation, permeability, and penalty loss
155  terms respectively. These weights were chosen to give the saturation and permeability loss terms a similar
156  order of magnitude to start while a large weight was assigned to the penalty loss term to ensure strict
157  adherence to the rule that weights should be between 0 and 1. Specifically, @ was chosen to be 10, § was
158  chosen to be 1, and y was chosen to be 1000.

f = aSioss + BKioss + prenalty 4)

159  After defining the loss function, gradient descent was used to minimize the loss function given by Eq. (4).
160  The Python package Diffrax, which is a numerical differential equation solver developed for working
161  with JAX, was used to perform gradient descent. Please see the Supplementary Information for a more

162 detailed description and code snippet on how exactly Diffrax was used for gradient descent optimization.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

163 2.1 Flow

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

164  Pore network models solve flow problems by calculating a hydraulic conductance for each pore-throat-pore

165  conduit based on assumed geometrical shapes (in this case spheres and cylinders) and then performing a

(cc)

166  mass balance around each pore in the network. The resulting mass balance equations are solved
167  simultaneously as a set of linear algebraic equations. The mass balance is calculated around each pore i in

168  the network using Eq. (5) assuming incompressible flow at steady state [38]:

N;

¢(pi—pj) =0 )
=1

169  The hydraulic conductance, Gﬁ-, is calculated assuming a resistor-in-series model of pore-throat elements
170  with well-defined analytical solutions. Eq. (6) shows how to calculate the conductance for an entire pore-

171  throat-pore conduit connecting pores i and j.
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o <1 1 1)‘1
| —+—+— 6
i =\gF {1} g? (6)

Eq. (7) is used to calculate the hydraulic conductance of a conduit element with arbitrary shape where A%
is the hydraulic size factor of element i and u is the dynamic viscosity of the fluid. To calculate the hydraulic

size factor, Eq. (8) is used generally for any shape of varying cross-sectional area, A;(x), assuming
negligible inertial loss [39]. The specific polar moment of inertia is given by I3, which is calculated by %

[ y% + z2dA. The complete analytical solution for a spheres and cylinders geometry is somewhat involved,

and therefore it is included in the Supplementary Information.

pLc
gt = 7‘ (7)
li ;
h — 2
1/ = 16m fo A ()2 dx (8)

JAX was used to solve the system of equations using its implementation of a sparse linear solver which
should be mentioned was under the experimental module in JAX at the time of this work. Therefore, JAX’s
implementation was tested and results showed good agreement in terms of accuracy to Scipy’s sparse
linear solver. Figure 2a shows the solution of a flow simulation on a 10 by 10 network of pores using JAX.
The solution for a similar but larger 103 network was solved for using an applied pressure difference of 1Pa
using JAX and Scipy solvers. The solutions of both solvers were compared and the average difference was

3.02 x 10710,
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a) Flow Simulation b) Invasion Simulation c) Invasion Workflow
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Figure 2 a) The resulting pressure distribution from a Stokes flow simulation written in JAX for pressure
boundary conditions of 1 (red) and 0 (blue) while b) shows the results from an invasion simulation with throats
and their connected pores coloured based on their invasion sequence such that dark blue is invaded first and dark
red is invaded last. The invasion workflow is shown by c¢) starting with calculating the entry pressure for each
throat, setting inlets, looping over all throats to find their invasion pressures (i.e. the actual pressure they become
invaded), and finally looping over invading pressures to compute the P, curve. To transform invasion from a
discrete problem to a continuous one d) shows the use of a smoothing factor while e) shows how the invasion
simulation written in JAX (without a smoothing factor) is equivalent to an invasion simulation run in the open-
source package OpenPNM.

After solving the flow problem, the permeability of the pore network was calculated using Darcy’s law (Eq.
(9) where Q is the flow rate (m3/s) and AP is the pressure drop (Pa). Figure 2a shows a 2D schematic of
the domain with the boundary pores highlighted in blue. The boundary pores on the left-hand side are
assigned some inlet pressure, P;y,, while the boundary pores on the right-hand side are assigned some outlet
pressure, Py,,¢. The length of the domain, L, was taken as the distance from the centre of the inlet and outlet
pores while the width and height (not shown in Figure 2a) spanned the entire domain and was used to

calculate the cross-sectional area, A.

_uko
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The permeability can be calculated for each of the three spatial coordinates by solving the flow problem
three times, once for each direction, so the above procedure was repeated using the front-back and top-

bottom faces.

2.2 Porosimetry

Porosimetry is often used to characterize the pore size distribution of porous materials experimentally [40].
It works by injecting a non-wetting liquid (e.g. mercury) into a porous material and recording the volume
invaded at each discrete pressure step. This procedure can be simulated on a pore network quite easily using
percolation algorithms [41]. Existing code (e.g. in OpenPNM [42]) is not auto-differentiable and therefore,

we wrote a custom percolation algorithm in JAX as described below.

Figure 2c is a flow chart showing the procedure that was used to simulate invasion. First, the entry pressure
of each throat was calculated using the Washburn equation [43], given by Eq. (10), where ¢ is the surface
tension of the invading fluid, 8 is the contact angle, and D, is the throat diameter. The properties of mercury
were assumed for the invasion such that the surface tension and contact angle are 0.4791 N/m and 140
degrees respectively. The Washburn equation is commonly used when simulating MIP data [44] and as
such is suitable for highly non-wetting invading phases in most materials. It relates the entry pressure of a
throat to its diameter by assuming the throat is cylindrical which, as discussed earlier in section 2 is

consistent with this work.

p = 40 cos @
===, (10)

It should be noted that wettability distributions, such as those discussed by Garfi et al. and Foroughi et al.
[45,46], could also be considered if capillary pressure data were available using invading fluids other than
mercury. In this case, the mercury intrusion data would provide information about the pore and throat sizes,
while the additional data could be used in a second optimization process to adjust the distribution of contact

angles used in Eq. (10) while holding the pore and throat sizes constant.

After calculating the throat entry pressure, the inlet pores were selected. Figure 2b shows an example of an
invasion simulation on a 10 by 10 network of pores where the inlet pores are highlighted in blue. The inlet
pores represent the initial invading front from which invasion occurs. Starting with the uninvaded throat
that has the lowest entry pressure (or largest diameter), it is set to invaded and its neighboring pore is added

to the invading front. This process, which occurs one throat at a time, is known as invasion percolation and

10
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220  is performed by iterating through each throat in the network as shown by the purple loop in Figure 2b.
221  Porosimetry is more akin to an ordinary percolation process however, but it is possible to obtain an ordinary
222 percolation result from an invasion percolation simulation if we also note the maximum pressure that has
223 been reached at each step in the invasion process. This way it is possible to find all pores and throats which

224 will be invaded at a given pressure step by thresholding according to this value.

225  Once the invasion pressure, piny, for each throat was known, the pink loop shown in Figure 2b is used to
226  calculate the saturation for a predefined set of invading pressures. At each pressure, p, the saturation is
227  calculated by adding the total volume of pores and throats that are invaded and dividing by the total volume
228  of pores and throats, as shown in Eq. (11):

N N
s z:i:p1 Vp,i®Ppi + Zj:tl Vot
= N N 11
Zizpl Vp,i+ ijtl Vej (11)

229  Here, ¢p, and ¢ represent the volume fractions of pore i and throat j that are invaded. The introduction
230  of partial filling of elements was important to transform the discrete invasion process into a smooth,
231  continuous and differentiable form suitable for gradient descent optimization. The sigmoid function, which
232 is a common activation function used in neural networks, was used to approximate discrete pore filling as

233 a continuous curve of values between 0 and 1. The sigmoid function, defined by f(x) = 1/(1+e7%),

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

234  approaches 0 as x goes to negative infinity, 1 as x goes to positive infinity, and returns a value of 0.5 when

235  x equals zero. Eq. (12) calculates the fraction of the pore volume invaded. Keeping with the behaviour of

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

236  the sigmoid function, when the pressure is greater than the throat’s invasion pressure, the fraction invaded

237  rapidly approaches 1, but when the pressure is less than the throats invasion pressure, the fraction invaded

(cc)

238  approaches zero, and at the moment that the pressure equals the throats invasion pressure, the invaded

239 fraction is 0.5.

(p — piny, ,-))

Pej = 1+exp <— ; (12)

240  The sigmoid function attempts to model a stepwise function as a smooth curve from 0 to 1 but it’s
241  smoothness can be controlled by the smoothing factor, . A higher smoothing factor decreases the steepness
242 while a smaller smoothing factor increases the steepness in the transition from 0 to 1. Figure 2d shows the

243 effect of the smoothing factor on the saturation curve for a simple network of four pores attached
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sequentially from largest to smallest. Observe how increasing the smoothing factor decreases the rapid

change in saturation that occurs during invasion.

In the present work we focused on modifying the quasi-static displacement algorithm so that porosimetry
experiments could be simulated in a differentiable way. It might be feasible to use dynamic displacement
algorithms such as those discussed by Joekar-Niasar and Hassanizadeh [48], which are potentially
differentiable by default. It should be stressed however, that the quasi-static simulations are much more

computationally efficient, yet they already represent the slowest step in the current workflow.

Finally, after writing a fully differentiable invasion simulator in JAX, the simulation was validated by
comparing to OpenPNM [42]. Figure 2e shows the comparison of the newly developed simulation in JAX
(purple) to the porosimetry simulation module currently available in OpenPNM version 3.5.0 (black) for a
103 network of pores on a cubic lattice. For the comparison, no smoothing factor was used, and the resulting
sum of squared errors was negligibly small. Therefore, it was concluded that our JAX version of a

porosimetry simulator was valid for this work.
2.3 Computational Efficiency

Next, we evaluated the computational efficiency of the optimizer by measuring the time required to
optimize saturation and permeability losses separately. These measurements were performed on both CPU
and GPU devices. The CPU used was an Intel Core 15-1135G7 processor rated at 2.40 GHz while the GPU
used was Nvidia’s Quadro RTX 8000 with 4GB GDDR6 memory. The optimization time depends on both
the network size and the number of iterations; therefore, we examined the effect of each parameter on the

total optimization time.

Figure 3 shows the time it took to optimize flow and invasion problems. Here, plots (a) and (b) show the
time measured to optimize invasion while plots (¢) and (d) show the time measured to optimize flow. Plots
(a) and (c) show the effect of network size while plots (b) and (d) show the effect of the number of iterations
on computation time. When studying the effect of network size, a hundred iterations were used, while, when

studying the effect of the number of iterations, a network with 10° pores was used.

12
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Figure 3 Plots showing the computational efficiency of a) minimizing the saturation loss as network size
changes, b) minimizing the saturation loss as the number of iterations changes, ¢) minimizing the permeability
loss as network size changes, and d) minimizing the permeability loss as the number of iterations changes. The

computation times for both CPU (brown) and GPU (red) utilization were measured and compared. Unless

otherwise stated, a 103 network size and 100 iterations was used.

After studying the optimization speed and plotting the results, we were able to make several observations.
First, we observed that the time it took to optimize the flow problem was roughly a hundred times faster
than the time it took to optimize the invasion problem. In fact, it took just 9.5 seconds to optimize the flow
problem compared to 992 seconds (or 16 and a half minutes) to optimize the invasion problem for a 103
network and 100 iterations. Second, increasing the number of iterations initially causes only a moderate
increase in computation time. In fact, increasing the number of iterations from 10 to 100 increased the
optimization time by just 2X. This happens because there is significant overhead cost of compiling the code
including the computational graph necessary for automatic differentiation. It is important to mention that
while JAX uses Accelerated Linear Algebra (XLA) to compile efficient machine code at runtime, XLA is

well known to slow down compilation. Finally, the GPU was leveraged to improve computational
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efficiency. For a 103 network, a speed up of 10 times was observed compared to the same operation on the
CPU. However, the GPU did not speed up the computational performance in all cases, particularly when
optimizing the flow problem. In fact, the GPU did not start to show any signs of improvement until using
a network with 10° pores. This is consistent with what we can expect for sparse linear solvers [49-51].
However, as mentioned previously, optimizing the flow problem was computationally much more efficient
than optimizing the invasion problem, and therefore, the GPU was used in the rest of this work for all

network optimizations.

3 Application to Real Data
3.1 Data Set

A data set of images from Dong and Blunt [12] were used to test the optimization. The data set included 13
different rock samples including 1 Berea, 2 Carbonate, 9 Sandstone, and 1 Sandpack. The Supplementary
Information contains detailed information on all the samples in the data set but, for the sake of brevity, we
will focus primarily on three of the samples, mainly Berea, Carbonate 2 (C2), and Sandpack 1 (Al)
materials, which were all structurally quite different from each other. Figure 4 shows digital renderings of
the three samples from the data set that will be the primary highlights of this work. The Berea, C2, and Al
samples had image sizes of 4003, 4003, and 300° voxels with corresponding resolutions of 5.35um, 5.35um,
and 3.85um, respectively. The porosity of each of the samples were 19.6, 16.8, and 42.9 percent, in the

same order.

Simulations were performed directly on the images in the data set to obtain the experimental data we might
expect for each of the samples. To start, the permeabilities were measured on each of the samples in the x,
y, and z directions using the Lattice Boltzmann Method (LBM). The LBM permeability values recorded
here were retrieved from the work by Yi et al. [52] but were confirmed to be accurate by performing our
own LBM simulations using the MPLBM-UT package [53]. Second, porosimetry data was obtained by
simulating mercury invasion on the extracted networks using the watershed algorithm. Figure 4 shows the

porosimetry and permeability data determined this way for the Berea, C2, and A1 samples.

It was important to ensure that our image-based simulations resulted in reasonably accurate results with
respect to actual experimental data. To confirm our simulation results, we relied on the Berea sample which
has been well studied in the literature [20,21,36,54]. One such experimental study by Churchel et al. was
quite comprehensive as it showed that the permeability and porosimetry data can vary widely from one

sample of Berea to another [36]. While this work did not have experimental data with the exact
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309  characteristics of our Berea sample, this work did identify a relationship between breakthrough pressure
310  and permeability that we used to confirm our permeability-porosimetry data pair. Figure S3 of the
311  Supplementary Information shows how our simulated data compares exceptionally well to the empirical
312 relationship by Churchel et al. when we used the equivalent diameter to simulate mercury invasion. Lastly,
313 it is worth mentioning that a real porosimeter can operate over a large range of pressures finding multiple
314  pore size distributions across different length scales while pore network models are often fitted to just one
315  scale. Therefore, truncating the porosimetry data prior to optimization may be necessary to fit the pore
316  network appropriately. We demonstrate this in Section 3.3 when we apply our optimization to real

317  experimental data.

318  While the drawback of using image-based simulations is obvious here in that we are not using real
319  experimental data, the advantage is that we can use the pore sizes from the images for comparison to the
320  fitted network after optimization. To find the pore sizes of the image, a network was extracted from each
321  of the samples using the SNOW algorithm [14]. Finding the actual pore sizes in this way provides insights
322 into the optimizers performance that would otherwise be unavailable without access to images. Figure 4

323  shows the extracted network overlaid onto the digital renderings for Berea, C2, and A1 samples.

324
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Figure 4 The three samples of porous materials showcased, in this paper, of which representative pore networks
were constructed, included Berea, Carbonate (C2), and Sandpack (A1) samples. In this data set, the images of
Berea, C2, and A1 were available with respective resolutions of 5.35um, 5.35um, and 3.85um along with sizes of
4003, 4003, and 3003 voxels respectively. The 3D rendering of each of the sampled images above include network
extractions overlayed. The high-resolution images were used for simulating experimental data including both
mercury invasion and permeability data as shown below each of the renderings.

3.2 Application to Data Set

smoothing factor (as introduced in Section 2.2).

16

The data set of images and their corresponding simulated data was used by the optimizer to construct pore
networks with matching flow and invasion properties. This is where the power of automatic differentiation
was leveraged, by using AD to calculate the gradient for optimization. This required a number of parameters

to be predefined including an initial guess, learning rate, number of iterations, pore-to-pore spacing, and
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332  Table 1 summarizes the optimized parameters (i.e. pore diameter and throat aspect ratio) along with their
333 initial guess and range. First, the initial guess for pore diameter is assumed to follow a Weibull distribution
334  with shape parameter k and scale parameter A, obtained from the bundle of tubes model. The pore diameters
335  areallowed to range anywhere from zero to lattice spacing represented by L. in the table. The lattice spacing
336  was selected as the largest pore size obtained from the bundle of tubes model. This ensures that all sizes of
337  the capillary pressure curve can be modelled while preventing pores from overlapping. Second, the initial
338  guess for throat aspect ratio is assumed to be normally distributed with a mean of 0.4 and a standard
339  deviation of 0.05. These distribution parameters were chosen arbitrarily as it was assumed that we have no
340  other prior knowledge to inform a better initial guess. The reader is encouraged to read the discussion on
341  the effect of the initial guess in the Supplementary Information. The throat aspect ratio was allowed to range

342 from 0 to 1.

343 Table 1 Initial guess and range of optimized parameters
Parameter Description Initial Guess Range
D, Pore diameter Weibull(kgor,AgoT) (0, L)
3 Throat aspect ratio N(y, o) 0, 1)

344 Next, hyperparameters for gradient descent were selected by balancing numerical stability and speed. To

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

345  determine an appropriately sized learning rate, we looked at a distribution of gradients (see Figure S10 in

346  SI) and saw that a learning rate of 1 would make reasonably sized adjustments to optimized parameters

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

347  upon each iteration. Then, by monitoring the loss upon each successive iteration (see Figure S14 in SI) we

348  selected 300 iterations as both convergent and efficient. It was also found that gradient clipping was useful

(cc)

349  for preventing extreme changes in optimized parameters from one iteration to the next. With a learning rate
350  of 1, gradients larger than 0.1 represent at least a 10% change in pore or throat sizes. Such large updates
351  during a single iteration were observed to push parameters outside the physically meaningful training range
352 [0, 1]. Therefore, while the magnitude of most gradients is less than 0.1 (see Figure S10 in SI), gradient
353  clipping at -0.1 and 0.1 was used to avoid excessively large negative or positive gradients. Finally, the
354  smoothing factor was selected. The smoothing factor was selected by studying its effect on the final loss.
355  Figure S11 in the Supplementary Information shows the effect of smoothing factor on the final loss for the
356  Berea sample. A smoothing factor of 0.4 was selected because it minimized the final loss. Note that
357  significant changes in the smoothing factor (approximately +25%) resulted in small variations of the final
358  loss except for small smoothing factors where gradient estimation becomes increasingly difficult. Once
359  these hyperparameters were set they were left unchanged for all 13 samples in the data set to demonstrate

360 their ranging applicability.

17
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Figure 5 shows the results after optimizing the geometry of three different pore networks to fit data for a)
Berea, b) C2, and c) Al samples. The resulting permeabilities and saturation curves from the initial guess
or bundle of tubes model are shown in blue while the target data is presented in green. It is important to
draw attention to just how inaccurate the bundle of tubes model is at estimating pore sizes. The initial values
of the loss function (Eq. (4) for the Berea, C2, and A1 samples were 2.19, 1.05, and 2.47 respectively. After
performing gradient descent-based optimization, pore and throat sizes were found that compared well to
the target data. See how for each of the samples, Berea, C2, and A1, that the purple saturation curve matches
the target saturation very well, and likewise for flow where the permeability after optimization matches
exceptionally well in all three spatial coordinates. Quantitatively speaking, the final loss for Berea, C2, and
A1 samples are now 4.5 X 10™%, 3.3 x 1074, and 1.0 x 103 respectively. As for computational speed,
the optimization took on average just 21 and a half minutes for 300 iterations on a single RTX8000 GPU.
The reader is referred to the Supplementary Information where figures S4, S5 and S6 show a complete set
of results for all samples in the data set. As far as performance, the results for all 13 samples were

comparable to the results shown here with an average loss of 9.2 x 1074,
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Figure 5 The resulting porosimetry curves, permeability, and pore size distributions for the pore networks
constructed using JAX are shown for a) Berea, b) C2, and ¢) S5 samples. The results include the initial properties
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obtained from assuming the bundles of tubes model (blue), the target or experimental values to match (green),
and the final properties after optimization (purple).

375  While the objective of the fitted networks is to match MIP and anisotropic permeability data, the availability
376  of images means we can compare the fitted pore sizes to the pore size distribution obtained from network
377  extraction. The bottom row of Figure 5 shows the resulting pore size distributions of the fitted network
378  (purple), network extraction (blue), and the bundle of tubes model (blue line). In all cases the fitted networks
379  have pores size distributions which are the same range as both the bundle of tubes and extracted network,
380  but the shapes of the distribution disagree. For instance the Berea and S5 samples both have more large

381  pores than the other two distributions.

382  With regards to shape, look at the Berea sample. The fitted pore size distribution is multi-modal and has
383  many pores that are larger than the pore sizes obtained by network extraction. This informs us that the guess
384  for throat aspect ratio is too small. Therefore, we can suspect that the resulting pore size distribution is
385  largely impacted by the initial guess. To test this, a new initial guess for throat aspect ratio was tried that
386  had a Weibull distribution of shape 5 and scale 1. Figure S13 in the Supplementary Information shows how
387  the resulting pore size distribution has fewer large pores. Therefore, an accurate initial guess is important.
388  Unfortunately, without access to images or other informed prior knowledge, it is impossible to know a good
389  initial guess and therefore, it may be helpful to augment the initial guess with more readily available SEM

390  images or other prior knowledge.

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

391 Some exceptions to pore sizes landing outside of the expected range can be explained. First, at the small

392  end ofthe range, the network extraction is constrained by the image resolution as the smallest pore diameter

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

393 it can detect is on the order of a few voxels, while the optimizer is free to fit diameters as small as it may

(cc)

394  without invoking a penalty as mentioned in section 2. Second, at the upper end of the range, the fitted sizes
395  are constrained by the spacing of the network while there is effectively no limitation to the upper end of

396  pore sizes obtained from an extracted network.

397  To conclude, while the optimizer fits a network with pore sizes in the range of the actual sizes, the shape
398  of the distribution can vary widely depending on the starting guess. To remedy this it would be possible to
399  include the deviation from a given statistical pore (and throat) size distribution in the loss function, but in
400  this work, we focused on adjusting individual pore diameters directly since this is a unique capability
401  provided by the auto-differentiation ability of JAX. This has the added benefit of incorporating spatial
402  correlations into the network automatically, which is essential for materials with anisotropic permeability
403  coefficients. Moreover, the present approach does not require any assumption about the true pore size

404  distribution, which is not something normally known. Probably the most robust way to constrain the pore
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size distribution is to include additional physical information in the loss function such as tortuosity and
porosity of the network, both of which can be obtained experimentally. This is outside the scope of the
present work however, which focuses on demonstrating the viability of auto-differentiation to construct

pore networks.
3.3 Application to Experimental Data

Finally, the optimizer is tested using real experimental data. The experimental data for a Berea sandstone
was retrieved from the work by Churchel et al. [36] to demonstrate. The Berea 5 sample was selected with
a porosity of 26.1% and permeability of 1168mD. This sample was selected because it represents roughly
average characteristics of a Berea sandstone. Figure 6 shows the results before and after fitting the network
to experimental data. In Figure 6a, the raw porosimetry data (black) is compared to the target porosimetry
data (green) that was obtained after pre-processing. Pre-processing is necessary because pore networks can
only model one scale at a time when in fact real porous materials may have pore sizes across multiple scales.
In the literature, dual networks are used to model a material’s entire range of pore sizes [S5—-57]. Here, the
data was pre-processed by first truncating at a maximum capillary pressure corresponding to a minimum
pore size of 5.3um and, on the lower end, truncating at a minimum capillary pressure corresponding to a
maximum pore size of 68.1um. Second, the saturation data was normalized from 0 to 1 because the
experimental data did not exceed 85% of the total pore volume. While this is likely due to trapping or
isolated pore regions, the pore network model is perfectly connected and assumed to operate at perfect
vacuum (i.e. no trapping of wetting phase), and therefore, a correction was made to normalize the data from
0 to 1. Figure 6 (c) and (b) show the results of fitting a network to the experimental data. In the case of the
experimental data by Churchel et al. the permeability in only one direction was measured and so the
permeability in all directions was fitted to that value. It took 20 minutes and 48 seconds to achieve a final
loss 0f 9.7 x 10~*. All parameters used for optimization including learning rate, smoothing factor, number
of iterations, etc. are the same as what was used in Section 3.2. Figure 6d shows a final look at the network

fitted to real experimental data.
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Figure 6 A pore network is constructed from real experimental data of a Berea sandstone made available by
Churchel et al. [36]. Plot (a) shows the real experimental data that was truncated prior to optimization while plots
(b) and (c) show the porosimetry and permeability data before and after fitting the network. Image (d) visualizes

the fitted network.
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#11 3.4 Generating a Stochastic Network

432 In the previous section, we showed how gradient descent optimization can be used to fit the geometrical
433 properties of a pore network to available data. The computational demands of the optimization process
434  dictated that the process was done on a relatively small network. It is of interest however, to generate other
435  realizations, especially larger ones, from the fitted geometric properties. However, as we know from past
436  literature [24] and as we will show in this section, the pore size distribution is not enough for generating
437  new realizations with the same flow and invasion properties of the network. The reason being is that the
438  geometrical properties of the fitted pore network can be correlated spatially and therefore, generating other
439  accurate realizations relies on learning these spatial correlations along with matching the pore and throat

440  size distributions. Therefore, in this section we present an approach that uses the geometrical properties
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obtained from fitting a smallish network, in this case a 103 network of pores, to a stochastic network of any
size or shape. The developed approach relies on Gaussian kernel density estimator (KDE) for estimating
the probability density function of pore size and aspect ratio distributions, sampling from those
distributions, and training a Gaussian Process model to predict those properties based on their spatial

location.

Gaussian KDE is a non-parametric method for estimating the probability density function of a random
variable (e.g. pore size) based on a finite set of samples [58]. Unlike histograms, which bin data into discrete
intervals, KDE provides a continuous estimate of the probability density function (pdf). Gaussian KDE was
chosen for this work because of its ability to fit a pdf to a multimodal distribution similar to what was
observed in Section 3.2. It works by using a kernel density estimator (i.e. KDE). In general, for a sample of
n observations {x;}i=;, the kernel density estimate of the probability density function at point x, p(x), is
given by Eq. (13) where n is the number of observations, h is the bandwidth controlling smoothness, and

K is the kernel function.
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Selection of the kernel function, K, is important for determining the shape of the “bumps” centred at each
x; point. In this work, we use the gaussian kernel given by Eq. (14) where u is the input to the kernel

. . . X—X;
function, in this case, TL

_ 1 ( 1 2)
K(u)—Eexp —Su (14)

Meanwhile, Gaussian Process or GP is a non-parametric Bayesian approach to regression, modeling
distributions over functions [59]. The underlying assumption of GP is that function values have a joint
multivariate gaussian distribution. The prior prediction of a GP is defined as f (x)~GP(m(x), k(x, x'))
where m(x) is the mean function, often set to zero, and k(x, x") is the covariance (kernel) function. The
choice of kernel strongly impacts the shape of the functions the GP model predicts. In this work, we chose
a Radial Basis Function (RBF) kernel given by Eq. (15) where [ is the length scale and o2 is the signal

variance.
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464 It is common to combine kernels together by multiplying or adding them because each kernel enforces a
465  particular structure of the modelled function. In this work, we combined a constant kernel with the radial

466  basis function and used regression to find all the hyperparameters that best fit our GP model.

467  This process of using Gaussian KDE and Gaussian Process to generate a new network of arbitrary size was
468  attempted for the Berea, C2, and A1 samples in the data set. Figure 7 shows the results of obtaining a scaled-
469  up network with 153 pores from the geometric properties and their spatial correlations of the parent network
470  with 103 pores that was previously fitted to experimental data. The parent network resulting from gradient
471  descent optimization is shown in image (a) while the scaled network is shown in image (b). Although the
472  scaled network has a different shape, its pore sizes and in particular the spatial distribution of pore sizes is
473  strikingly similar. This result was made possible by the combination of Gaussian KDE and Gaussian

474 Process.

475  The flow chart in Figure 7c shows the workflow for obtaining a scaled-up network from the fitted parent
476  network. First, the pore sizes and aspect ratios from the parent network were extracted and distributions

477  were fitted to these using Gaussian KDE. At this point, the bandwidth is chosen, and while there are

Thisarticleislicensed under a Creative Commons Attribution 3.0 Unported Licence.

478  different correlations for determining an appropriate bandwidth such as Scott [60] which helps as a guide

479  to prevent overfitting, we selected a small bandwidth of just 0.01 (compared to Scott’s estimate which was

Open Access Article. Published on 18 February 2026. Downloaded on 2/25/2026 8:46:35 AM.

480  roughly 0.2) because ultimately overfitting was not as much of a concern as it was to have a representative

481  pore network with very similar geometric property distributions. After fitting a distribution, using Gaussian

(cc)

482  KDE, any number of samples (i.e. any number of pore/throat sizes) can be sampled from the distribution
483  and used as the geometric properties of the new and enlarged network. After sampling, Gaussian Process
484  is used to identify to what pore or throat these sizes should be assigned. It is important that the GP model
485  is trained on the same spatial domain that will be used to predict pore sizes of the new network. Therefore,
486  prior to training, the spatial coordinates of pores in the fitted network are scaled to fit between 0 and 1 in
487  thex,y, and z coordinates. Then, prior to predicting pore sizes of the new network, the spatial coordinates
488  of the enlarged network are also scaled to fit within the same space. After scaling the coordinates, two GP
489  models were trained. The first GP model was trained on the pore sizes and their spatial coordinates taken
490  from the fitted network while the second GP model was trained on the throat aspect ratios and the
491  coordinates of the two pores connected to each throat. Training a GP model to predict the spatial locations
492 of the aspect ratios was found to be more difficult due to how throats can orient themselves in three different

493  spatial directions. To get around this problem, it was found that training on the set of pore coordinates each
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throat connects, was the best way to predict throat sizes spatially. Justification for this is given by Figure
S15 in the Supplementary Information. Training GP models on this size of data was relatively fast as it took
less than 30 seconds to train both models on an Intel Core i7-12700KF CPU using data from a 1000 pore
and 2700 throat network. The hyperparameters used to fit the two GP models including signal variance and
length scale are recorded in table S2 of the Supplementary Information. After fitting GP models, pore
diameters and throat aspect ratios were sampled, but instead of using these sizes directly, their size was
used to sort the properties sampled using gaussian KDE. In this way, the distribution of geometric properties

of the parent network are maintained while at the same time maintaining their spatial correlation.

Finally, Figure 7 compares the properties of the scaled network using GP to target properties of the actual
Berea sample. In Figure 7f, the permeability of the scaled network using GP is presented as the orange bar
while the target and fitted permeabilities are shown as green and purple bars. The average permeability of
the scaled network is only 4.1% off from the target. Compare that to the average without using GP to
account for spatial correlations and the absolute percent difference increases to 73%. The impact of
considering spatial correlations is also noticed in the predicted saturation curve from porosimetry
simulations on spatially and not spatially correlated networks shown in Figure 7g. Here, the orange curve
indicates the saturation of the network with spatially correlated properties using GP, while the pink curve
is the network without spatially correlated properties and therefore did not use GP. The effect of considering
spatial correlations obviously improves the fit and in fact, the SSE improved from 5.1 X 10~ to 4.6 X

103 after considering spatial correlations. The impact of spatial correlations is obvious here and continues
to reinforce the idea established early in the literature by Bryant et al. that randomly assigning pore sizes
can give erroneous prediction of properties especially permeability [24]. That is why it was so important in
this work to develop an approach that captures spatial correlations after computationally expensive

optimization to be able to scale the network as necessary.
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Figure 7 Visual showing a) parent network and b) stochastic network generated using Gaussian KDE for

sampling pore/throat sizes and Gaussian Process for determining spatial correlations. The flow chart ¢) shows the
workflow for developing a stochastic network of any size from the network fitted using JAX. Plots d) and e)

show the resulting pore and throat size distributions sampled (in orange) to create a stochastic network with

permeability and capillary pressure properties shown by plots f) and g) respectively. With (orange) and without

(pink) GP for spatial correlations was tested and results showed significantly better matching when spatial

4 Conclusions

correlations were considered.

25

In this paper, we presented a novel approach for constructing a pore network directly from experimental
data, without relying on high-resolution X-ray tomography, SEM, or FIB imaging. The main highlights of
this work were the use of automatic differentiable and GPU compatible flow and invasion porosimetry
solvers, a proven workflow for constructing a pore network from MIP and permeability data that uses
gradient descent-based optimization, and finally a workflow for stochastic network generation of any
size/shape that trains a Gaussian Process model to learn spatial correlations. This work builds on past

literature which has developed optimization methods that use non-gradient based approaches [28,32], and
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is the only work, to the best of our knowledge, that has attempted the use of automatic differentiation to

optimize a pore network.

While novel advancements were made in this work, there are some limitations of the proposed optimization
strategy worth discussing to help guide future work. First, the optimization depends on the use of a number
of parameters including initial guess, learning rate, smoothing factor, and number of iterations. It was
observed that these parameters, in particular the smoothing factor used for invasion algorithms, learning
rate, and initial guess, strongly influence the final solution. A more detailed study on some of these
parameters and their effect on optimization would be helpful to understand parameter selection better. In
particular, how these parameters effect prediction of the actual pore size distribution, the final loss, and the
resulting spatial correlation should be investigated in more detail. Second, this work focused on generating
regular networks with fixed coordination number among other simplifications. While it is common to
assume coordination number when calibrating pore networks to experimental data [6,7,28] there is much
interest in generating more realistic networks as many works treat coordination number as a free parameter
[30,61,62]. Therefore, it is recommended that future works will attempt to use gradient descent to construct
irregular networks, or perhaps networks with further reduced simplifications, including the spheres and
cylinders geometry assumed here. Third and finally, is the extent of computational resources used. The
source of some of the many advantages observed by JAX is the XLA compilation it used to write efficient
machine code. One of the drawbacks, however, of using XLA is its potentially long compilation time
especially observed for large networks. This is why, a small network of just 10° pores was used for
optimization in this work. If it is possible to write more efficiently compiled code or make use of other high

performance computational resources such as TPUs, it may become practical to optimize larger networks.

To conclude, the recent development of JAX [35], a high-performance computing package that allows for
easy creation of automatic differentiable functions, was the main motivation behind taking a second look
at using gradient descent for pore network optimization. The results suggest exceptional capability of
gradient descent optimization to meet specific design objectives, while considering a pore’s spatial
relationship with respect to its neighbours. Therefore, it is strongly recommended that automatic

differentiation continue to be explored as a route for optimizing pore networks in the future.
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