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Ab initio electronic structure calculations of
lanthanide single-molecule magnets; a
practical guide

Nicholas F. Chilton ab

Research into single-molecule magnetism lies at the nexus of challenging synthetic chemistry, spin

physics and ab initio quantum chemistry. There are no ‘‘one-size-fits-all’’ textbooks and as such it can

be challenging for beginners to navigate the intersection of these fields. This tutorial review is intended

as a primer for preparation and interpretation of ab initio calculations of lanthanide single-molecule

magnets, with a specific focus on using the OpenMolcas program.

1 Introduction

Single-molecule magnets1–5 are a class of coordination com-
plexes where the ligands impart a crystal field potential such
that the ground magnetic states of the ion(s) experience an
easy-axis magnetic anisotropy. The presence of magnetic aniso-
tropy is equivalent to stating that different projections of the
total angular momentum (this could be spin, S, where the
projections are mS or Sz, or spin plus orbit, J, where the
projections are mJ or Jz) have different energies. When the
anisotropy is easy-axis type, the projections of the total angular
momentum along one direction are energetically favoured,
compared to those in the plane perpendicular to it (the so-
called hard plane). For example, if the total angular momentum
is J = 15/2 (such as DyIII, the most common metal ion employed
for modern SMMs), then the mJ = �15/2 states which have the
largest projections along the quantisation axis (often synony-
mised with the z-axis, hence the subscripts Sz or Jz; we will
return to this point in detail later) are stabilised compared to
the mJ = �1/2 states which have the smallest projections along
the quantisation axis. The physical interpretation is that if the

total angular momentum vector
-

J points as close to ‘‘up’’ or

‘‘down’’ the energy is minimised compared to when
-

J points
close to the perpendicular plane (Fig. 1, for J = 3/2). If all the
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states in between ‘‘up/down’’ and ‘‘in-plane’’ (recall that
mJ = �J, �J + 1, . . ., J � 1, J) smoothly vary in energy, then we
can associate the easy-axis magnetic anisotropy with an energy
barrier to re-orientation of the magnetic moment (Fig. 1b),
referred to as Ueff. [As an aside, recall that the total angular

momentum vector
-

J (or equally
-

S) cannot point directly along

the quantisation axis, as its length
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ

p
is greater than its

largest projection on that axis mJ = J.] When the energy barrier is
larger than the thermal energy available to the molecule, i.e. via
vibrational energy, the magnetic moment cannot freely reverse
its direction. This leads to a magnetic memory effect that
depends on temperature and timescale, and hence, the origin
of a SMM.

The practicalities of designing SMMs and measuring their
properties have been expounded in various other texts2,6–11 and
we will not dwell on these matters here. Rather, this article is
intended as guide for connecting ab initio quantum chemical
calculations (the pioneering work of Chibotaru and Ungur for
popularising ab initio calculations on SMMs is recommended
reading,12–15 particularly their book chapter16) to spin Hamil-
tonian models and to experimental interpretation. We will
focus on use and interpretation of CASSCF-SO using
OpenMolcas,17–20 however the guidance herein can be equally
taken for use with Orca,21 or any other CASSCF software
package with the required functionality.

Research in the field of molecular magnetism tends to accu-
mulate numerous minutiae that are assumed knowledge that
seem to cross discipline boundaries, making study of this area
difficult without significant experience or a knowledgeable guide.
In this article I have tried to impart my experience to serve as a
reference for newcomers. Throughout we will focus on the case of
DyIII, being the most emblematic of ions associated with SMMs
besides MnIII,5,22 but the discussions are equally relevant to the
electronic structure of any other LnIII ion, and with some
modifications can be generalised to d-block or 5f ions.

2 Electronic structure of trivalent 4f
ions

We begin with a brief recap of the electronic structure of LnIII

ions.23,24 The 4f (5f) orbitals are unique in the periodic table, in

that they are filled after the more radially-extensive 6s, 5s and
5p orbitals (7s, 6s and 6p), the latter two of which remain fully-
occupied in the trivalent ions (i.e. the LnIII ions have 4fn5s25p6

configurations). Hence, in complexes of the LnIII ions, the 4f
orbitals are well-shielded from the environment and are essen-
tially non-bonding (we will see later that even in complexes the
4f orbitals are roughly 99.9% pure atomic 4f orbitals).

In the presence of a degenerate set of orbitals, excluding the
half-filled 4f7 case of GdIII, we are free to choose from many
different electronic occupations which on paper all have the
same energy. This is the so-called ‘‘orbital degeneracy’’ that
gives rise to an orbital angular momentum, an additional
source of magnetism on top of the spin angular momentum
of the unpaired electrons. In a classical analogy, the freedom of
electrons to hop between 4f orbitals with no energy penalty can
be thought of as a ‘‘current’’ around the atom, which gives rise
to its own magnetic field. Under this classical analogy, it should
be no surprise that two magnetic moments (spin and orbital
momenta) will interact with each other: this is the spin–orbit
coupling. Note, however, that spin–orbit coupling is actually a
relativistic effect which arises due to the confluence of special
relativity and quantum mechanics (see the Dirac equation), and
so the classical analogy can only go so far.

Nonetheless, the spin–orbit coupling does as its name
suggests: the spin and orbital momenta (quantum numbers S
and L, respectively) are coupled into a total angular momentum
(quantum number J). Note that the spin and orbital angular
momenta are vector quantities, and so the summation to
make the total angular momentum (i.e.

-

J =
-

L +
-

S) follows
vector addition rules, leading to allowed quantum numbers
J = |L � S|, |L � S| + 1, . . ., L + S � 1, L + S.

For the simplest LnIII ions CeIII and YbIII (which have 4f1 and
4f13 configurations, respectively), the spin quantum number is
S = 1/2 and the orbital angular momentum quantum number is
L = 3. A pair of definite spin and orbital quantum numbers
defines a Russell–Saunders (RS) or LS term and is given in
spectroscopic notation 2S+1L (recalling that spin multiplicity is
given by 2S + 1 and that L = 0 - S, L = 1 - P, L = 2 - D, etc.)
and hence for both CeIII and YbIII, the RS electronic term is 2F.
After spin–orbit coupling, this term gives rise to J = 5/2 and
J = 7/2, which are each referred to as spin–orbit multiplets, and
given as 2S+1LJ. Hence, for CeIII and YbIII we have the 2F5/2 and
2F7/2 multiplets. Determination of which spin–orbit multiplet is
lowest in energy is dictated by the number of 4f electrons: for
o7 4f electrons the smallest J multiplet is the ground
state, while for 47 4f electrons the largest J multiplet is the
ground state. As it is the spin–orbit coupling that breaks the
(2S + 1)�(2L + 1) degeneracy of the RS terms, the energy
separation between J multiplets is related to the spin–orbit
coupling constant. Spin–orbit coupling increases across the 4f
series from z = 640 cm�1 for CeIII (Z = 58) to z = 2950 cm�1 for
YbIII (Z = 70),25 with an approximately quadratic dependence on
Z.26–28 The 4f spin–orbit coupling constant z is often trans-
formed into the relative spin–orbit coupling constant l for a
given RS term, with the relation l = �z/2S, where the + sign is
for o7 4f electrons and the � sign for 47 4f electrons.

Fig. 1 (a) Quantised projections of a total angular momentum J = 3/2. (b)
Energies of the projections of the total angular momentum for an easy-
axis magnetic anisotropy.
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For other LnIII ions with more than one unpaired electron,
there are far more RS terms. The ground RS term is dictated by
Hund’s rules, which specify that the term with largest spin, and
then largest orbital angular momentum, is lowest in energy. For
DyIII, the ground Hund’s rule RS term is 6H, with S = 5/2 and
L = 5. After spin–orbit coupling we have J = 5/2, 7/2, 9/2, 11/2,
13/2, 15/2, and as DyIII is 4f9 the 6H15/2 multiplet is the ground
state and the 6H13/2 multiplet lies at approximately 3500 cm�1

(Fig. S1).29

The J multiplets contain 2J + 1 mJ states each, which for a
free ion (i.e. gas-phase LnIII) are all degenerate. Once a LnIII ion
is incorporated into a complex or material, the removal of
spherical symmetry removes the 2J + 1 degeneracy of the mJ

states, which is usually termed the crystal field or ligand field
splitting; we will return to this in some detail. For achieving
good SMM performance, one wishes to have a large magnetic
moment, and thus maximising J is wise. Hence, the later 4f
ions, TbIII, DyIII, HoIII and ErIII have attracted the most
attention.

The final consideration on choice of LnIII ion is the spin
parity. Ions with an odd number of unpaired electrons are
subject to a time-reversal symmetry, also known as Kramers
theorem, which means that in the absence of a magnetic field
all electronic states must be at least doubly-degenerate. This
guarantees that for any such ion (a Kramers ion), no matter the
shape of molecule, the ground state will always be magnetic
and have the possibility of supporting a magnetic memory
effect. This is not the case for ions with even numbers of
unpaired electrons (non-Kramers ions), which can have singlet
ground states that are intrinsically non-magnetic in small
magnetic fields. Hence, the most common LnIII ions for SMMs
are the Kramers ions DyIII and ErIII.

3 Hamiltonian matrices and
diagonalisation

Before we can discuss SMM-specific details, we need to briefly
recap how we solve quantum mechanical models using linear
algebra techniques. Whether we are talking about a quantum
chemical calculation or a spin Hamiltonian model, both
approaches share common elements. Those are: (i) definition
of a Hamiltonian operator Ĥ, (ii) choice of basis, (iii) calcula-
tion of matrix elements for the matrix representation of the

Hamiltonian operator bH, and (iv) diagonalisation of bH to
determine the wavefunctions (eigenvectors) and energies
(eigenvalues). When we construct the matrix representation of
an operator, including the Hamiltonian, we usually do this
using a complete and orthonormal basis set, which defines the
Hilbert space. We associate the solution to the Hamiltonian as
the set of eigenvalues and eigenvectors that diagonalise its
matrix representation. A crucial concept is that the set of
eigenvectors are a mutually-orthogonal set that spans the same
Hilbert space, such that matrix diagonalisation can be viewed
as a rotation in the Hilbert space. In linear algebra terms, the
set of eigenvectors expressed as column vectors and packed

into a matrix form (here given the symbol C) is a unitary matrix
that performs the rotation:

C�1 bHC ¼ E

The matrix E is a diagonal matrix that contains the eigen-
values on its diagonal, one for each eigenvector or eigenstate,
which together are termed eigenpairs. The eigenvectors
obtained from the matrix diagonalisation process are deter-
mined up to an arbitrary complex phase. That is, if |cki is an

eigenvector of the Hamiltonian and hence bH ckj i ¼ Ek ckj i,
then eij|cki is also an eigenvector with the same eigenvalue

for any real j, where i is the imaginary unit i ¼
ffiffiffiffiffiffiffi
�1
p

.
As an explicit example, we will focus on the J = 15/2 problem

connected with DyIII SMMs. Throughout this work we will use a
hypothetical model complex, [Dy(OH)Br]+, purposely defined to be
non-linear and using an odd choice of molecular coordinate
frame, where the pertinent internal coordinates are: Br–Dy =
3.2 Å, Dy–O = 2.6 Å, O–H = 1.0 Å, Br–Dy–O = 1751, Dy–O–H =
1101. Later, we will interrogate the results of an explicit ab initio
calculation on this molecule as an example, using Open-
Molcas17–20 and our molcas_suite and angmom_suite tool-
boxes.30,31

While later we will consider the full low-symmetry Hamilto-
nian, we start here by assuming that the axial magnetic
anisotropy imposed by the near-linear disposition of bromide
and hydroxide ligands can be simply modelled by the crystal
field Hamiltonian Ĥ = B0

2y2Ô0
2. We will not review the crystal

field operator equivalent method here, and instead direct
readers to references,32–37 but suffice it to say that when
considering crystal field splitting of a LnIII ion in the in the
|J, mJi basis, the Ô0

2 operator is proportional to Ĵz
2, so that for

this example we will simplify our Hamiltonian to read Ĥ =
AĴz

2. To proceed, we evaluate the matrix representation of the
Hamiltonian by calculating the matrix elements of the
Hamiltonian operator in the |J = 15/2, mJi basis, usually
referred to as the |mJi basis, which canonically are assumed
as eigenstates of the Ĵz operator; that is, Ĵz|mJi = mJ|mJi.
Hence, we can immediately determine the matrix elements
to be:

m0J Ĥ
�� ��mJ

� �
¼ m0J AĴz

2
�� ��mJ

� �
¼ m0J AmJĴz

�� ��mJ

� �
¼ m0J AmJ

2
�� ��mJ

� �
¼ AmJ

2 m0J jmJ

� �
¼ AmJ

2dm0
J
;mJ

where dk,n is the Kronecker delta (dk,n = 1 if k = n; dk,n = 0 if k a
n). This defines a diagonal matrix with AmJ

2 on the diagonal.
Thus, we need not diagonalise the matrix: the |mJi or Ĵz basis
is already the eigenbasis for this Hamiltonian. Hence, we can
read the energy values of each mJ state from the diagonal
which are just AmJ

2. In the case of the [Dy(OH)Br]+ molecule,
we expect a mJ = �15/2 ground state owing to the near-linear
disposition of negative charges,6,38,39 and so this molecule
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would have A o 0 for a spin Hamiltonian model defined
as Ĥ = AĴz

2.
Now consider the case where we decided that we should

instead write our Hamiltonian as Ĥ = AĴx
2. Perhaps this is

because we have defined our molecular geometry such that the
main anisotropy axis is along the x-axis. We could of course just
choose to write our Hamiltonian in an |mJi basis that was instead
defined as eigenstates of the Ĵx operator, and then we would obtain
exactly the result as before. But for the sake of illustration, let’s
continue with the evaluation of the Hamiltonian in the canonical Ĵz

eigenbasis. We start by defining the Ĵx operator in terms of the

raising and lowering operators Ĵx ¼
1

2
Ĵþ þ Ĵ�
� �

, and hence

Ĵx
2 ¼ 1

4
Ĵþ

2 þ ĴþĴ� þ Ĵ�Ĵþ þ Ĵ�
2

� �
. Evaluation of the matrix ele-

ments is now more tedious, but is simple enough using the

fundamental rules Ĵ� mJj i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ �mJ mJ � 1ð Þ

p
mJ � 1j i.

The working is:

Clearly, this is no-longer a diagonal matrix as indicated by
the Kronecker delta functions; still, out of the 162 = 256
possible matrix elements, only 44 are non-zero. Note further
that because any observable operator, including the Hamilto-
nian, must have a matrix representation that is Hermitian

( bH ¼ bHy, where the dagger operator is the conjugate-
transpose), that only 22 matrix elements are unique. An alter-
native approach is to first evaluate the matrix representations
of the Ĵ+ and Ĵ� operators and then perform the appropriate
matrix products and sum given in the first line of the above, i.e.

the matrix representation of Ĵx
2 can be determined from the

sum Ĵx
2 ¼ A

4
Ĵþ2 þ Ĵþ Ĵ� þ Ĵ� Ĵþ þ Ĵ�2
� 	

. Diagonalisation of

bH defined by Ĥ = AĴx
2 in the canonical Ĵz eigenbasis gives

exactly the same result as before: a set of doubly-degenerate
eigenvalues AmJ

2. However, the corresponding eigenvectors are

obviously not the same Ĵz eigenfunctions, but linear combina-
tions of them that serve to diagonalise the Ĵx

2 operator. For
instance, the ground mJ = +15/2 state when the uniaxial
anisotropy is defined along the x-axis has the following repre-
sentation in the Ĵz eigenbasis:

cþ15=2
��� E

¼ 1

128
ffiffiffi
2
p þ15=2j i þ

ffiffiffiffiffi
15
p

þ13=2j i



þ
ffiffiffiffiffiffiffiffi
105
p

þ11=2j i þ
ffiffiffiffiffiffiffiffi
455
p

þ9=2j i

þ
ffiffiffiffiffiffiffiffiffiffi
1365
p

þ7=2j i þ
ffiffiffiffiffiffiffiffiffiffi
3003
p

þ5=2j i þ
ffiffiffiffiffiffiffiffiffiffi
5005
p

þ3=2j i

þ
ffiffiffiffiffiffiffiffiffiffi
6435
p

þ1=2j i þ
ffiffiffiffiffiffiffiffiffiffi
6435
p

�1=2j i þ
ffiffiffiffiffiffiffiffiffiffi
5005
p

�3=2j i

þ
ffiffiffiffiffiffiffiffiffiffi
3003
p

�5=2j i þ
ffiffiffiffiffiffiffiffiffiffi
1365
p

�7=2j i þ
ffiffiffiffiffiffiffiffi
455
p

�9=2j i

þ
ffiffiffiffiffiffiffiffi
105
p

�11=2j i þ
ffiffiffiffiffi
15
p

�13=2j i þ �15=2j i
�

This compares to the eigenfunction of the ground mJ = +15/2
state for uniaxial anisotropy defined along the z-axis, and also
written in the Ĵz eigenbasis, which is simply:

|c+15/2i = |+15/2i

3.1 Consequences of Kramers theorem

We will not embark on a philosophical discussion of Kramers
time-reversal theorem,40 here we simply discuss how Kramers
theorem is intrinsically linked to magnetism. This arises
because the degeneracy of Kramers conjugate states is removed
by time-odd operators such as the magnetic field; that is, an
applied magnetic field removes the degeneracy (Fig. 2a). When
this occurs, the relative population of the two states depends on
the strength and direction of the magnetic field and hence a
material with Kramers degeneracy in zero-magnetic field can be
polarised by a magnetic field (Fig. 2a), which is the basis of

m0J Ĥ
�� ��mJ

� �
¼ m0J

A

4
Ĵþ

2 þ ĴþĴ� þ Ĵ�Ĵþ þ Ĵ�
2

� ����� ����mJ

� 


¼ A

4
m0J Ĵþ

2
�� ��mJ

� �
þ m0J ĴþĴ�

�� ��mJ

� �
þ m0J Ĵ�Ĵþ

�� ��mJ

� �
þ m0J Ĵ�

2
�� ��mJ

� �� �
¼ A

4
m0J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ � mJ þ 1ð Þ mJ þ 2ð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ �mJ mJ þ 1ð Þ

p��� ���mJ þ 2
D E


þ m0J
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ � mJ � 1ð ÞmJ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ �mJ mJ � 1ð Þ

p��� ���mJ

D E
þ m0J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ � mJ þ 1ð ÞmJ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ �mJ mJ þ 1ð Þ

p��� ���mJ

D E
þ m0J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ � mJ � 1ð Þ mJ � 2ð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ �mJ mJ � 1ð Þ

p��� ���mJ � 2
D E�
¼ A

4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ � mJ þ 1ð Þ mJ þ 2ð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ �mJ mJ þ 1ð Þ

p
dm0

J
;mJþ2



þ 2J J þ 1ð Þ � 2mJ

2
� �

dm0
J
;mJ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ � mJ � 1ð Þ mJ � 2ð Þ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J J þ 1ð Þ �mJ mJ � 1ð Þ

p
dm0

J
;mJ�2

�
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paramagnetism. Consider the opposite case where there are no
degenerate states (i.e. all the states are singlets): as a small
magnetic field is applied there is no change in energy, so that
the population does not appreciably change, and hence there is
no magnetic polarisation (Fig. 2b). For a large magnetic field,
where the Zeeman Hamiltonian can dominate over other terms,
there is a re-quantisation of the states towards eigenstates of
the Zeeman Hamiltonian and as such singlet states can ‘‘bend’’
and take on non-zero magnetisation (see the Paschen–Back
effect).

Returning to the case of Kramers degenerate states, we have
several points to consider. In zero magnetic field we have
degenerate eigenvalues, and from basic principles of linear
algebra, degenerate eigenstates allow us to take arbitrary
linear combinations of the two degenerate eigenvectors to
define a new eigenvector in the degenerate subspace, where
the second eigenvector is defined on the condition that the pair
remain orthogonal. Returning to our J = 15/2 problem
with Hamiltonian operator Ĥ = AĴz

2, we previously found that
the mJ = �15/2 eigenstates were degenerate with eigenvalue

A
15

2

� 	2

. In the Jz basis in which we most naturally construct

this Hamiltonian, the eigenvectors are clearly |+15/2i and
|�15/2i. However, as the eigenvalues for these two eigenstates
are degenerate, we can arbitrarily define two new eigenstates

c1j i¼
1ffiffiffi
2
p þ15=2j iþ �15=2j ið Þ and c2j i¼

1ffiffiffi
2
p þ15=2j i� �15=2j ið Þ.

We can prove these two states are orthogonal (where the
simplification on the third line comes from the orthonormality
of the basis states):

c1jc2h i ¼ 1ffiffiffi
2
p þ15

2

� ����þ �15
2

� ����� 	
1ffiffiffi
2
p þ15

2

���� 

� �15

2

���� 
� 	

¼ 1

2
þ15

2

����þ 15

2

� 

� þ15

2

����� 15

2

� 
�

þ �15
2

����þ 15

2

� 

� �15

2

����� 15

2

� 
	

¼ 1

2
1� 0þ 0� 1ð Þ ¼ 0

and we can also prove that these two states share the same

eigenvalue of A
15

2

� 	2

:

Ĥ c1j i ¼ AĴz
2 1ffiffiffi

2
p þ15

2

���� 

þ �15

2

���� 
� 	

¼ A
1ffiffiffi
2
p 15

2

� 	2

þ15
2

���� 

þ �15

2

� 	2

�15
2

���� 
 !

¼ A
15

2

� 	2
1ffiffiffi
2
p þ15=2j i þ �15=2j ið Þ ¼ A

15

2

� 	2

c1j i

Hence, these states are equivalently eigenstates of the Hamilto-
nian Ĥ = AĴz

2. Thus, in general, any set of degenerate states can be
rotated within the degenerate subspace and they remain eigen-
states. Care must be taken in the case where states are more
complicated linear combinations of the basis states, such that the
rotation maintains the correct relative contributions of the different
|mJi functions. In any case, note that some arbitrary rotation means
that these states are not eigenstates of Ĵz, nor do they have to be, as
they have only been defined as eigenstates of the Hamiltonian, Ĥ =
AĴz

2 in this case. In practice, for ease of communication, it is
conventional to choose the arbitrary linear combination such that
the states are further eigenstates of some projection of the total
angular momentum. This is usually achieved by applying a small
magnetic field, because the Zeeman Hamiltonian is linear in the
projection operators of the total angular momentum, see later.

4 Ab initio multiconfigurational
quantum chemistry methods
4.1 Setting up a calculation

When attempting to describe ions that possess low-lying
excited states, or indeed degenerate electron configurations,
we are unable to rely on the basic assumptions of Hartree–Fock
(HF) or density-functional theory (DFT) which are both defined
assuming that the ground-state wavefunction is a single Slater
determinant. As a reminder, a Slater determinant is a particular
configuration of electrons in a set of orbitals.41 For example,
consider molecular hydrogen H2: the ground state configu-
ration s2s*0 defines a single Slater determinant (Fig. 3a), while
the excited configuration s1s*1 defines four possible Slater
determinants (Fig. 3b); the two determinants with parallel
electron spins are the mS = �1 states of the first excited S = 1
state, while the symmetric linear combination of spin up/down
down/up corresponds to the mS = 0 state of the first excited S = 1
state, and the antisymmetric linear combination of spin up/
down down/up corresponds to the mS = 0 state of the first
excited S = 0 state. As an example for a LnIII ion, consider CeIII

with a 4f1 configuration (Fig. 3c): the seven different choices of
orbital and the two possible spin projections give 2 � 7 = 14
possible Slater determinants. This makes it obvious that if we
would like to capture the electronic states of LnIII, then we must
incorporate more than one Slater determinant.

Fig. 2 Energies of a doublet state (a) and a singlet state (b) as a function of
magnetic field with equilibrium populations represented by the radius of
the red circles.
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This can be achieved with various multiconfigurational
methods, but the most common in the context of SMMs is
the complete active space self-consistent field (CASSCF)
method.42 This is because CASSCF is well-suited to cases with
localised electron correlation such as atomic-like degeneracy,
perfect to describe molecular LnIII complexes. We can view the
CASSCF method as an extension of HF theory, where we define
the wavefunction as a linear combination of Slater determi-
nants that are generated from a selected set of orbitals and
electrons comprising the active space. For LnIII ions, the mini-
mal active space is the set of seven 4f orbitals (which are near-
degenerate) and the n electrons that reside therein; this would
be described as an ‘‘n in 7 active space’’, or a ‘‘(n,7) active
space’’, or a ‘‘CAS(n,7)SCF calculation’’. Most CASSCF methods
do not in fact use a basis of Slater determinants (which are
individually eigenfunctions of the projection of the total spin,
mS ¼

P
k

msk , where msk
is the spin projection of electron k), but

rather use a basis of configuration state functions (CSFs) which
are linear combinations of Slater determinants that are eigen-
states of the total spin operator Ŝ2. This is chosen because then
calculations can be performed using a scalar relativistic Hamil-
tonian without reference to the spin degrees of freedom (i.e. a
spin-free Hamiltonian43). In this approach, CASSCF calcula-
tions are conducted separately for different total spin states,
using a set of CSFs that are appropriately defined from the
Slater determinants for the requested total spin quantum
number (where only the mS = S component is explicitly calcu-
lated). Considering the ground (s2s*0) and first-excited (s1s*1)
configurations of molecular hydrogen (Fig. 3), a minimal
CAS(2,2)SCF would allow us to define two singlet CSFs (ground
and first excited S = 0 states) and one triplet CSF (first excited
S = 1 state).

Considering DyIII which has a 4f9 ground configuration, the
ground Hund’s rule term is 6H which has a total spin S = 5/2,
but there also exists excited terms with the same total spin,
such as 6F, which would be possible states in a CASSCF
calculation of sextet multiplicity. But to account for excited
terms with different spin, for instance 4F or 4I (S = 3/2), or
2K (S = 1/2), etc., we would need a different spin-free CASSCF
calculation for each spin multiplicity. These RS terms are split

from one-another owing to the electron–electron repulsion in the
4fn configuration; if the reader is unfamiliar with this concept, I
recommend Condon and Shortley,41 Abragam and Bleaney,24 and
Wybourne23 as foundational texts, in addition to the ‘‘Dieke
diagram’’,44 which is a constant fixture on my office wall
(Fig. S1). [If the reader is of the d-block persuasion, I suggest
the texts of Figgis and Hitchman,45 Gerloch,46 Griffiths,47 Mabbs
and Machin,48 as well as Abragam and Bleaney.24]

Returning to a practical application of a minimal
CAS(n,7)SCF calculation, once we have chosen a particular
manifold of total spin S, we must determine the wavefunction.
This has two parts: determination of (i) the molecular orbitals
(in which our active space is defined), and (ii) the linear
combination of CSFs that are the eigenstates of the configu-
ration interaction (CI) problem. Just like in HF theory, we
define MOs as linear combinations of atomic orbitals (LCAO)
which are atom-centred basis functions:

cj ~r½ � ¼
X
A;m

cAujf
A
m ~r� ~RA

h i
Here, the spatial MO cj which has some amplitude and sign

as a function of position -
r in the molecule, is formed as the sum

over all possible basis functions fA
m for each atom A. Note here

that the ‘‘atom-centred’’ part is included by referencing the
argument of the basis function to the nuclear position of the
atom to which it is assigned,

-

RA. [We note here that as all MOs
are expanded in the same atomic orbital basis, that even the
minimal ‘‘n in 7 active space’’ for a LnIII ion is perfectly capable
of capturing covalent effects; that is, the 7 active orbitals need
not be 100% 4f character, although we will see later that this is
nearly true anyway, revealing the staggering lack of covalency of
the 4f shell. However the active space may be systematically
expanded to include other frontier orbitals if those configura-
tions are suspected to be significantly involved in the electronic
structure of the LnIII ion.49,50]

To obtain the MO coefficients cA
uj, they must be variationally

optimised to minimise the energy of the Hamiltonian.51,52

However, we must account for all possible electron occupations
in the active space that satisfy the chosen spin multiplicity, i.e.
solving the CI problem. This amounts to finding the linear
combination of CSFs that are eigenstates of the multiconfigura-
tional Hamiltonian, which we can find by matrix diagonalisa-
tion. Thus, for each step in the self-consistent optimisation of
the MO coefficients, we also solve the CI problem in the active
space, which provides us with the energies of the different
states of a given spin multiplicity.

As we have a wavefunction that can describe multiple electron
configurations, we can describe numerous states: which ones
should we choose to optimise the MOs for? In the case of LnIII

ions where we care about more than one state, we usually
perform a state-average CASSCF (SA-CASSCF) calculation. Given
the near-atomic nature of the active space, and that the 4f orbitals
are generally non-bonding, the state-average approximation is
quite robust for LnIII ions. Naturally, it is a far poorer approxi-
mation when considering an active space comprised of bonding
and anti-bonding orbitals (a common problem class), where

Fig. 3 Ground state (a) and excited state (b) Slater determinants for
molecular hydrogen. One possible Slater determinant for the ground
configuration of CeIII (c).
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various excited states could easily have more-optimal MO descrip-
tions. However, the considerable pain that would come from
building multi-state wavefunctions from sets of MOs that were
unique for every state does not usually justify the improved
accuracy, notwithstanding numerical instabilities that can arise
when attempting to variationally optimise excited state-specific
MOs. The SA orbitals are thus a compromise for the set of states
being considered.

Returning to SA-CASSCF, how many states, or roots of the
characteristic polynomial defining the eigenstates of the
Hamiltonian, do we choose? In the case of redox-innocent
LnIII ions, the choice is directly indicated by the Dieke
diagram (Fig. S1, and because the 4f orbitals are core-like,
this diagram is valid for nearly any coordination complex or
solid-state material you could think of). Let’s return to the
case of DyIII: our CAS(9,7)SCF calculation defines three possi-
ble total spin states, S = 5/2, S = 3/2 and S = 1/2 corresponding
to multiplicities of 6, 4 and 2, respectively. First considering
just the S = 5/2 states, for a 9 in 7 active space there are only 21
CSFs: these correspond to the 6H, 6F and 6P RS terms in the
Dieke diagram. Recall that by working with a spin-free scalar
relativistic Hamiltonian using a basis of CSFs that are eigen-
states of the total spin operator, we no-longer need to consider
the spin degeneracy, and so we now only need to consider the
multiplicity of the orbital angular momentum. The rules for
determining the multiplicity of orbital angular momenta
follow the same rules for any other angular momentum: the
orbital multiplicity is simply 2L + 1. Hence, for the 6H term we
have L = 5 giving 2L + 1 = 11 states, for the 6F term we have L = 3
giving 2L + 1 = 7 states, and for the 6P term we have L = 1
giving 2L + 1 = 3 states; the sum of these multiplicities is
11 + 7 + 3 = 21. It is no mistake that this matches the
maximum dimension of the CSF basis defined by the choice
of sextet spin multiplicity with a 4f9 active space: when
considering well-defined ‘‘atomic-like’’ states, the multiplicity
of the orbital angular momentum states span the space of
CSFs for a given minimal active space when restricted to a
particular total spin.

This knowledge also allows us to define the minimum
number of states to include: a CAS(9,7)SCF calculation for a
DyIII complex considering the S = 5/2 states should account
for at least 11 states (i.e. the whole 6H term); other good
choices would be 18 states (the 6H and 6F terms), or the full 21
states (the 6H, 6F and 6P terms). It would be foolish to run
calculations with a CAS(9,7)SCF wavefunction for a DyIII

complex for 1–10, 12–17, or 19–20 sextet roots: near-
degenerate states within RS terms would be neglected, result-
ing in an incomplete L basis for a given term (i.e. some mL

states will be missing). Entirely analogous arguments can be
made for states of different spin multiplicity for DyIII and
indeed for any other LnIII ion. [These arguments must be
adapted when considering d-block or 5f ions, depending on
element, oxidation state and geometry. A good rule of thumb
is to find large gaps in the spectra of the free-ion terms and
omit things above a certain energy cut-off to avoid including
very high-energy states that may not be required. However,

perhaps these are required for a certain problem like optical
absorption spectroscopy.]

4.2 Checking a CASSCF calculation

A crucial aspect of any CASSCF calculation is to check the
orbitals to ensure that the active space is what you intended it
to be. That is, if you ask for 9 active electrons in 7 active 4f
orbitals, you best check that indeed you’ve converged a
wavefunction that has this active space. This is because the
self-consistent optimisation of thousands of MO and CI
coefficients can converge into a local minimum that does
not describe the electronic structure you intend, depending
on the starting orbitals. The orbitals can be checked visually
by rendering them, or by checking the MO coefficients
themselves.

The second point is to consider the difference between the
average orbitals and occupation numbers versus state-specific
results. A SA-CASSCF calculation optimises one set of MOs in
which you define the active space and hence the CSFs. The
roots (eigenstates) are obtained by diagonalisation of the scalar
relativistic Hamiltonian for a given set of MOs (this is the
solution to the CI problem) and it is the average of the
eigenvalues that is minimised by variational optimisation; in
this case you can see how including lots of high-energy excited
states can skew the quality of the SA-CASSCF wavefunction
away from the ground states. With a converged SA-CASSCF
wavefunction, the orbital occupation numbers tell you how the
electrons occupy the MOs on average; for a well-behaved
calculation on a LnIII ion with a minimal active space we should
obtain n/7 for all seven active orbitals (e.g. for DyIII with 9 4f
electrons we expect 9/7 E 1.29) – if you do not obtain the
expected number or they are not equal, something is not right!
Aside from the average orbitals (also referred to as pseudo-
natural orbitals), we may also obtain the natural orbitals for
each root by diagonalisation of the one-electron density
matrix:53 we will not cover the theory here. The natural orbitals
can be considered the state-specific spatial wavefunctions for
the mL states in each of the LS terms, noting that these are of
little value for LnIII ions because the spin–orbit coupling (SOC),
which has yet to be included, is much larger than the crystal
field splitting of the 4f orbitals which is relatively small.
However, in cases where you are using more complicated active
spaces and perhaps restricted active space (RAS) calculations,54

the natural orbitals and their populations can provide useful
information.55

Box 1.
In these boxes we will walk through an example SA-CASSCF-SO calcula-
tion for the [Dy(OH)Br]+ molecule; the input and output files are in the
associated data repository, and there is more detailed explanation in the
SI. We have performed three SA-CASSCF calculations with a 9 in 7 active
space: one for 21 sextets, one for 48 quartets, and one for 32 doublets.
This corresponds to all possible sextet roots (6H, 6F and 6P), but we have
restricted the quartets to the lowest four terms (4F, 4I, 4G and 4M) and the
doublets to the lowest two terms (2L and 2K).
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4.3 Inclusion of spin–orbit coupling

Usually for a LnIII ion, we would perform a set of SA-CASSCF
calculations to consider several spin multiplicities (using the
approach above to determine how many states to include for
each multiplicity). When these set of calculations are complete,
the spin must be re-introduced and the effect of SOC must be
included. This is generally referred to as a state-interaction
approach where the SOC is included a posteriori. [Note that this
means SOC is not included variationally – the MO and CI
coefficients are not optimised considering SOC, but that this
can be performed in some codes such as ORCA,21 but indeed
the state-interaction approach in OpenMolcas57 is not a ‘‘per-
turbative treatment’’ of SOC either.] In this stage, the
SOC Hamiltonian is formed in the spin-adapted basis of the
various SA-CASSCF eigenstates. Then, as for any matrix repre-
sentation of a Hamiltonian, the eigenstates are obtained by

diagonalisation, giving the total SA-CASSCF spin–orbit (SA-
CASSCF-SO) states, which will enumerate

P
i

2Si þ 1ð Þni states

in total where ni are the numbers of roots for a given total spin
Si. At this stage, as it pertains to magnetism, we can obtain
from the final SA-CASSCF-SO wavefunction: (i) the energies of
the eigenstates, (ii) the matrix representations of the spin
angular momentum in the eigenbasis of the SA-CASSCF-SO

states (three matrices, bSa, comprised of the matrix elements
hck|Ŝa|cni where a A x, y, z are the unit vectors of the

Box 2.
After a SA-CAS(9,7)SCF calculation for the 21 sextets we examine the
active space using our molcas_suite tool:

We find:

This indicates that the seven orbitals in the active space (index = 2) are
well-described as 4f functions of Dy1. Visualisation of the active orbitals
with Pegamoid56 leads to the same conclusion:

Box 3.
After obtaining the three SA-CASSCF wavefunctions, we calculate the SOC
and determine the overall SA-CASSCF-SO eigenstates; here we have
included all of the roots from our three SA-CASSCF calculations. The
low-lying SA-CASSCF-SO spectrum shows:

As expected, we have pairs of degenerate states (Kramers doublets) and
find 16 low-lying states (o2100 cm�1), with the next 14 states between
3800 and 5500 cm�1; the next states are 46700 cm�1. I note that the gap
between the barycentres (centre of gravity, average energy) of the multi-
plets is 3453 cm�1, which is close to expected value of B3500 cm�1. The
SO splitting in SA-CASSCF-SO calculations is usually quite accurate, as
the SOC Hamiltonian is built using an atomic approximation which is
very good for the particular case of LnIII complexes. The calculated energy
gaps between adjacent terms (e.g. 6H and 6F) on the other hand are
usually not so accurate because while these splittings arise from the 4f–4f
electron repulsion (which is captured in SA-CASSCF), there are non-
negligible effects arising from dynamic electron correlation with the
other electrons in the molecule that are not captured. Hence, for accurate
optical transition energies (e.g. the 5D0 - 7F0 emission in EuIII com-
plexes), corrections for dynamic correlation in the form of CASPT258 or
NEVPT259 are required.
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orthogonal Cartesian reference frame defined by the input
atomic coordinates), and (iii) the matrix representations of
the orbital angular momentum in the eigenbasis of the SA-

CASSCF-SO states ( bLa, comprised of the matrix elements
hck|L̂a|cni where a A x, y, z).

Simply observing the spectrum of eigenvalues from the SA-
CASSCF-SO calculation is an important step at this point. For
the case of DyIII, we should have 16 low-lying states (corres-
ponding to the 6H15/2 multiplet) split by the crystal field effect
of the ligands, then, we should expect another tranche of 14
states (corresponding to the 6H13/2 multiplet) around
3500 cm�1 higher in energy (refer to the Dieke diagram,
Fig. S1). Keep in mind that at no point in the calculation have
we explicitly told the quantum chemistry program that we have
a 4f9 configuration and hence we should expect a 6H15/2 ground
multiplet. By virtue of selecting the MOs that correspond to the
set of seven 4f orbitals as our active space, including 9 active
electrons, requesting at least 11 sextet roots, and adding SOC,
the resulting spectrum of eigenvalues should indeed match our
expectations: this is the beauty of a fully-ab initio quantum
chemical calculation. If our results do not comply with these
expectations, however, that implies that something has gone
wrong (or the chemistry is very interesting). In addition to
checking the active space is as expected, this is an important
part of verifying our work.

5 Ab initio magnetic properties

If we consider the eigenstates of the SA-CASSCF-SO calculation as
those of the total zero-field Hamiltonian, we can calculate mag-
netic properties simply by adding the appropriate Zeeman term to
the Hamiltonian, and diagonalising the resulting matrix. This is
incredibly simple as we already have matrix representations of all
these parts: the matrix representation of the SA-CASSCF-SO Hamil-
tonian in its eigenbasis is simply a diagonal matrix with the
eigenvalues on the diagonal and zero elsewhere [n.b. this is
nothing more than stating that Ĥ|cki = Ek|cki], and the Zeeman

Hamiltonian is bHZee ¼ mB ge bSx þ bLx

� 	
Bx þ ge bSy þ bLy

� 	
Byþ

�
ge bSz þ bLz

� 	
BzÞ where Ba are the components of the magnetic

field, and mB and ge are the Bohr magneton and free-electron
gyromagnetic ratio, respectively. Once we have the eigenstates of
the total Hamiltonian including magnetic field, thermodynamic
properties such as magnetisation, magnetic susceptibility and
heat capacity can be obtained from the properties of the
eigenstates.60–62 However, a note of caution is required here.
Thermodynamic quantities calculated ab initio are obtained
under three assumptions: (i) every molecule in the ensemble
are identical to one-another, (ii) that there is no significant
change in structure as a function of temperature, and (iii) that
the ensemble is in thermodynamic equilibrium (that is, the
population of the eigenstates are given by the Boltzmann
distribution). It is crucial to keep in mind the limitations that
these assumptions pose. For example, if there is disorder or

dispersion in the molecular structure then the properties of the
bulk may not be well-approximated by assuming all molecules
are identical, in which case explicit distributions may be
required.63 If there are significant changes in structure as a
function of temperature, then clearly this will need to be
considered carefully on a case-by-case basis.64,65 Finally, and
perhaps most commonly, the assumption of equilibrium state
populations for SMMs is often broken: this is a natural con-
sequence of the slow-relaxation of magnetisation. A common
consequence of this effect is the rapid decrease in wMT as a
function of reducing temperature, often referred to as ‘‘mag-
netic blocking’’. As a paramagnet, the magnetic susceptibility of
an SMM should follow the Curie law with wM p 1/T (hence wMT
should be fairly constant). A gradual decrease in wMT on redu-
cing temperature is expected as excited crystal field states are
thermally depopulated, obeying Boltzmann statistics perfectly
well. However, when the temperature is low enough that the
relaxation dynamics are sufficiently slow, the magnetic suscepti-
bility essentially becomes frozen on the timescale of the
measurement, and is observed as a plateau. When plotted as
the wMT product, the constant value of wM makes wMT appear as
a linear function decreasing towards zero as T decreases
towards zero.66 Similar, but more complex, effects are observed
during zero-field cooled vs. field cooled experiments that will be
dependent on both the heating/cooling rates, the strength of the
applied magnetic field and the details of the field and tempera-
ture dependent relaxation rates of the particular SMM.8,67

One property of the zero-field SA-CASSCF-SO eigenstates
that is particularly useful in the case of LnIII complexes is the
effective g-values of the doublets. Just like the free-electron
gyromagnetic ratio ge, g-values describe the gradient of the
energy levels in an applied magnetic field. In this case, they are
termed ‘‘effective’’ g-values because these are not the ‘‘real’’
free-electron gyromagnetic ratio ge. [Indeed, neither are they
the Landé gJ-values that are defined for the Zeeman Hamilto-
nian written in the |J, mJi basis ĤZee = mBgJ(ĴxBx + ĴyBy + ĴzBz),

where gJ ¼
3

2
� L Lþ 1ð Þ � S S þ 1ð Þ

2J J þ 1ð Þ under the approximation

of ge = 2.24] Under the action of the full ab initio SA-CASSCF-SO
plus Zeeman Hamiltonian described above, the eigenstates will
exhibit some magnetic field dependence, and the reader will note
that indeed there is only one g-value included in the expression

for bHZee in the column to the left the ‘‘real’’ ge. However, when we
decide to look at a certain doublet independently of the others,
we can define a model Hamiltonian in the two-dimensional
space of an effective spin S = 1/2, also termed pseudo-spin or
fictitious spin. The effective Zeeman Hamiltonian becomes:

ĤZee = mB(gxŜxBx + gyŜyBy + gzŜzBz)

While the effective g-values above are often labelled gx, gy

and gz, these do not necessarily correspond to any lab or
molecular frame; we will see later that such ‘‘principal’’
g-values are obtained by matrix diagonalisation and indeed
the eigenvectors provide information on their spatial orienta-
tion. For pure mJ states we can determine the expected effective
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g-values by simply equating the expectation value of the Zee-
man Hamiltonian with a magnetic field along each of the
Cartesian axis for a pseudo-spin doublet and the real mJ state.
For the choice of the z-axis we obtain the following (considering
only one component of each Kramers doublet):

h+1/2|mBgzŜzBz|+1/2i = hmJ|mBgJĴzBz|mJi

mBgzBz/2 = mBgJBzmJ

gz/2 = gJmJ

gz = 2gJmJ

For the x- and y-axes, the expectation values hmJ|mBgJĴaBa|mJi
(where a A x, y, z) are zero for all states, and hence gx = gy = 0.
However for the mJ = �1/2 states, the magnetic field mixes the
two components in first-order, i.e. the off-diagonal elements are
h+1/2|mBgJĴxBx|81/2i = 4mBgJBx and h81/2|mBgJĴyBy|�1/2i =
�4imBgJBy, and so we must diagonalise the two-dimensional
subspace which gives eigenvalues of�4mBgJBa (aA x, y) in either
case. A similar situation occurs for the off-diagonal elements of
for spin S = 1/2, giving h81/2|mBgxŜxBx|�1/2i = mBgxBx/2 and
h81/2|mBgyŜyBy|�1/2i = �imBgyBy/2, which give eigenvalues of
�mBgaBa/2 (a A x, y). Thus, equating the eigenvalues of the
Zeeman Hamiltonians for the |J, �1/2i and |S = 1/2, �1/2i
subspaces we find gx = gy = 8gJ for the mJ = �1/2 states. For DyIII

where gJ = 4/3, the resulting g-values are given in Table 1.
Generally speaking, this is just an application of perturba-

tion theory in a particular subspace, and for Kramers doublets
this treatment is natural; that is, they really do behave like S = 1/
2 states with funny g-values (in the limit of a small magnetic
field compared to the crystal field splitting between adjacent
doublets). When the magnetic field is significant compared to
the crystal field splitting, the doublets cannot be approximated
as independent and the whole Hamiltonian must be consid-
ered. In this case, the Zeeman splitting can become non-linear
when the magnetic field begins to dominate the Hamiltonian.

In the general case of a Kramers ion where we do not have
pure mJ states, we can follow a simple procedure68 to evaluate the
action of the magnetic field via the Zeeman Hamiltonian in the
two-dimensional subspace and define the effective g-values for
the pseudo-spin S = 1/2 state. For various mathematical reasons,
the three-by-three g matrix to which we associate the magnetic
properties of the pseudo-spin does not have the correct rotational

properties to be considered a tensor,24 which indeed means that
it is not always symmetric or diagonalisable.69 However, the
three-by-three matrix GGT is a well-behaved tensor and thus
can always be diagonalised to yield principal effective g-values
as the square root of its eigenvalues. Within the basis of a
Kramers pair GGT is defined as (where a, b A x, y, z and k and
n are the indices of the Kramers pair):

GGT
� �

a;b ¼ 2 ge bSa þ bLa

� 	
k;n

ge bSb þ bLb

� 	
n;k

 

þ ge bSa þ bLa

� 	
n;k

ge bSb þ bLb

� 	
k;n

þ ge bSa þ bLa

� 	
n;n

ge bSb þ bLb

� 	
n;n

þ ge bSa þ bLa

� 	
k;k

ge bSb þ bLb

� 	
k;k

!

Along with the eigenvalues, the eigenvectors provide the
spatial orientation of the principal effective g-values in the
coordinate system of the molecular structure. Note that in
low-symmetry, there is no requirement for any of the doublets
to share principal axes of their effective g-values; we will return
to this later. Also note that this method gives no information on
the sign of the effective g-values: the positive square root is
taken by convention, but indeed g-values can be negative.24,70,71

The preceding approach can be taken for any LnIII ion under
the assumption of pure mJ states. However, for non-Kramers
ions, note that all mJ basis states are integers, and so while in
certain high symmetries there are doubly-degenerate states of
the same |mJ|, there is no mJ = �1/2 doublet and rather a mJ = 0
singlet; clearly, we cannot treat the latter as a pseudo-spin
S = 1/2 state. In the case of general non-Kramers systems
without pure mJ states there is not always rigorous double-
degeneracy when the spatial symmetry is low. Thus, the doub-
lets or near-degenerate doublets are usually referred to as
pseudo- or Ising-doublets, and when using the GGT approach,
only one effective g-value is defined, while the other two are
exactly zero.

Table 1 Effective principal g-values when treating pure mJ states of the
J = 15/2 multiplet of DyIII as pseudo-spin S = 1/2 states

mJ gx, gy gz

�15/2 0 20
�13/2 0 52/3
�11/2 0 44/3
�9/2 0 12
�7/2 0 28/3
�5/2 0 20/3
�3/2 0 4
�1/2 32/3 4/3

Box 4.
Examination of the ground Kramers doublet shows:

The eigenvalues g1 through g3 (labelled arbitrarily) are listed in the left
column, and their corresponding eigenvectors (with respect to the
Cartesian coordinate system x, y, z in which the input atomic coordinates
were defined) are the relatively-labelled columns in the matrix on the
right. In this example, we observe the ground doublet has its largest
g-value g1 = 19.91 pointing along the vector v

-
1 = (0.7219, �0.6196, 0.3083).

Note that the origin for this vector is ill-defined: it is simply an
eigenvector of the GGT matrix, obtained by assessing the effect of
magnetic fields along the Cartesian axes in the molecular reference
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6 Orientations, reference frames and
quantisation axes

Whenever we perform a quantum chemical calculation, the
coordinate system or reference frame is defined by the input
geometry. That is, we may define our [Dy(OH)Br]+ complex in a
sensible way with Dy at the origin and the bromine and oxygen
atoms roughly along the z-axis, but of course this is completely
arbitrary and the molecule could be in any orientation (as we
have chosen for our example), and indeed it can be translated
arbitrarily; the results of the calculation should not change
depending on these choices. Thus, any result must be inter-
preted considering the reference frame defined by the molecu-
lar geometry. In the case of [Dy(OH)Br]+ we expect an easy-axis
magnetic anisotropy with a ground mJ = �15/2 doublet along
the Br–Dy–O axis. If we had defined the molecular geometry
such that Br–Dy–O lay along the computational z-axis then we
would find that one of the effective g-values approaching 20
would have an eigenvector approximately (0, 0, �1). However, if
the molecular geometry was defined with Br–Dy–O along the
computational x-axis, the eigenvalue would still be the same
value, but the eigenvector would be approximately (�1, 0, 0).
This does not mean anything other than a permutation of the
axes labels; after all, what does the computer know about up,
down, left and right?

But what about if we don’t know what the ordering or
composition of the mJ states are, and we want to learn that
from the calculation? This question can be answered in two

ways: the first, purely ab initio, way is to calculate the
expectation value of the total angular momentum along
the quantisation axis. Conventionally, we refer to this as
the z-axis, and hence we would like the expectation value of
the Ĵz operator for each state, hĴzi. If we have made a fortuitous
choice of molecular geometry such that the Br–Dy–O axis
is parallel to the computational z-axis, then the expecta-
tion value hĴzi = hci|Ĵz|cii = hci|L̂z|cii + hci|Ŝz|cii E �7.5
for our ground mJ = �15/2 doublet states (providing that the
correct linear combination of the degenerate states is chosen
to diagonalise Ĵz). However, if we chose a less fortuitous
orientation, say along the computational x-axis, then our cal-
culation would give approximately hĴzi E 0. This is simply
because our mJ = �15/2 ground states would be nearly eigen-
states of the Ĵx

2 operator in our calculation (see above) not the
Ĵz

2 operator, so instead we would actually want to calculate h Ĵxi.
Indeed, it usually makes more sense to re-label the axis system
such that we follow convention with using the z-axis as the
quantisation axis, which is just a rotation of the coordinate
system. Once the choice of quantisation axis is made, we could
calculate the hĴzi expectation values for all doublets and attempt
to assign mJ labels to the states, however this clearly would only
work in the case of nearly pure |mJi functions with no mixing,
which is not a very general solution.

The second approach to answering this question is equiva-
lent to asking how our ab initio Hamiltonian maps onto a
model Hamiltonian constructed in a basis of definite angular
momentum. There are many ways that this could be done, and
the text herein is not exhaustive on the subject, nor will we
cover many of the minutiae that must be considered in prac-
tical mapping codes.73 In the simplest approach, where we have
a priori knowledge of the expected electronic states (e.g. in the
case of LnIII complexes), we can take the first (2J + 1) � (2J + 1)

sub-block of the ab initio-calculated bLz and bSz matrices (corres-
ponding to the 2J + 1 states of the lowest J multiplet), and then

form the matrix representation of Ĵz (i.e. bJz ¼ bSz þ bLz). Note
that these matrices are obtained from the calculation in the
eigenbasis of the SA-CASSCF-SO calculation, and that from now
on we assume that the z-axis is already defined as the quantisa-

tion axis of choice. Diagonalisation of bJz (which we assume is
already in a basis that is diagonal in Ĵ2, i.e. we have chosen only
one spin–orbit multiplet) gives eigenvalues of the Ĵz operator
(which should be the values mJ = �J, �J + 1, . . ., J � 1, J) as well

as the unitary transformation matrix, Pz, that maps the ab initio
SA-CASSCF-SO eigenstate basis to the Ĵz eigenstate basis (wherebJz;diag�z is a diagonal matrix containing the eigenvalues of bJz):

Pz
�1 bJzPz ¼ bJz;diag�z

The square moduli of the matrix elements of Pz tell us how
much each |mJi state (the rows as we go down each column)
contributes to each SA-CASSCF-SO state (given by the columns).

If we then use the unitary matrix Pz to transform the bJx and bJy

frame. In the case of SA-CASSCF-SO calculations on molecules with well-
localised spin and orbital angular momentum such as monometallic LnIII

complexes, the origin is well-approximated as the nucleus of the metal
ion. Note also that as the two other g-values are degenerate, then the
associated eigenvectors are completely arbitrary linear combinations of
each other and they merely define the plane in which the zero g-values lie.
This set of g-values is easy-axis and Ising-like (there is axial symmetry and
the g-values perpendicular to the axis, g>, are zero), with g1 approaching
that expected for a pure mJ = �15/2 state (Table 1), so it would be a good
assumption that this state is well-described as |�15/2i if we choose the
quantisation of the total angular momentum to lie along the same vector
v
-

1. If we plot this vector on the molecular structure using the PyMolVis
software72 (scaled so that it can be visible, as the eigenvectors are unit
length, and considering its origin as the Dy atom), it points along the
average Br–Dy–O axis as expected (Cartesian axes: x (red), y (green), z

(blue)). Note that although we have drawn one vector v
-

1, this direction
defines an axis, so that plotting �v

-
1 (or both) provides the same

information.
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matrices (which are obtained similarly from the first (2J + 1) �

(2J + 1) sub-block of the ab initio-calculated bLa and bSa matrices)
in the same way, we can transform them into the Ĵz eigenstate
basis. This works because they are all written initially in the
same basis (the ab initio SA-CASSCF-SO eigenstate basis), so the
same unitary transformation applied to all of them will put
them all in the same basis.

Pz
�1 bJxPz ¼ bJx;diag�z

Pz
�1 bJyPz ¼ bJy;diag�z

By doing so bJx;diag�z and bJy;diag�z will not be diagonal
matrices because the basis that diagonalises Ĵz does not also
diagonalise Ĵx or Ĵy (this is just stating that we cannot have
simultaneous eigenstates of Ĵx, Ĵy and Ĵz). However, because the

eigenvectors of bJz (the columns of Pz) are only determined up

to an arbitrary phase (see earlier), the bJx;diag�z and bJy;diag�z
matrices will also not look like the canonically-expected matrix
representations of Ĵx and Ĵy. Hence, we must apply a phase

factor to each column of Pz, such that the resulting bJx;diag�z is

purely real and positive, and bJy;diag�z is purely imaginary (this is
the Condon and Shortley choice of phase41), which results in

the matrix Pz;phased. We can then use this phase-adapted unitary
transformation to transform the entire ab initio SA-CASSCF-SO
Hamiltonian (which is simply a diagonal matrix with the energy
eigenvalues as the diagonal elements, because it is given in its

own eigenbasis) into the Ĵz basis which we will refer to as bHĴz
:

Pz;phased
�1E Pz;phased ¼ bHĴz

The bHĴz
matrix is now the SA-CASSCF-SO Hamiltonian in a

definite basis of Ĵz eigenstates, with the correct phase behaviour
of the canonical Ĵx and Ĵy operators. Hence, we can simply
determine the matrix elements of a model Hamiltonian and

directly equate the matrix elements to those of bHĴz
in the same

positions and solve a set of linear equations to determine the
parameters. For example, in the case of the (2J + 1) � (2J + 1) sub-
block of the ab initio eigenstates for a LnIII ion, we would usually
like to know the coefficients corresponding to the crystal field
splitting Hamiltonian written in terms of Stevens operators
(where the yk are the operator equivalent factors that allow
translation of the ‘‘true’’ Bq

k parameters into any basis, including
the single electron f-orbital basis – they are tabulated for all
ground multiplets and terms in the PHI user manual62):

Ĥ ¼
X

k¼2;4;6

Xk
q¼�k

B
q
kykÔ

q

k

Here, at most we have 27 Bq
k parameters, and at least 36 matrix

elements (for the smallest ground J = 5/2 of the LnIII ions), and so

the set of linear equations is over-determined, meaning that the
solution is in-fact equivalent to a least-squares minimisation
problem. Alternatively, we could use the fact that the Ôq

k operators
are related to the spherical harmonics and are a set of orthogonal
operators in the angular momentum Hilbert space, and hence
directly project the Bq

k parameters (exactly like a dot-product)
without using a linear equation solver.74,75 The approach we have
just described is, roughly speaking, how the SINGLE_ANISO
routine in OpenMolcas works.76 Indeed, the above approach can
also be performed in the spin-free basis using the first (2L + 1) �

(2L + 1) sub-block orbital angular momentum bLz;spin-free which
leads to definition of the crystal-field parameters in the
|L, mLi basis.

While this text is not intended as a tutorial on crystal field
methods (see ref. 32–34 and 37), it is relevant here to point out that
the restriction of the stevens operators to k A 2, 4, 6
arises from the assumption that the crystal field is a real-one-
electron operator acting on the 4f orbitals. As the angular part of
single-electron atomic orbitals are defined by the spherical harmo-
nics Ym

l , and we can describe the effect of the crystal field also using
spherical harmonics Yq

k, this leads to integrals of the form:ðp
y¼0

ð2p
f¼0

Ym0�
l Y

q
kY

m
l sin ydydf

Which are only non-zero if k r 2l and k is even, which leads
to k A 2, 4, 6 for f orbitals with l = 3. [Note that parameters with
odd rank k arise when considering intra-configurational effects
such as the crystal field mixing between d and f orbitals.23,41]
However, if we consider the crystal field parameterisation to be
purely phenomenological and not solely arising from this one-
electron picture, then in principle the Ôq

k operators have non-
zero matrix elements for k o 2J or k o 2L depending on which
basis is being used; however, as the one-electron crystal field
effect is a good approximation for LnIII, the terms k 4 6 are
usually quite small. Indeed, the Ôq

k operators have a convenient
property (because they are related to spherical harmonics Yq

k)
that they are a mutually-orthogonal set of operators. This
means that every operator Ôq

k will have a uniquely-defined Bq
k

yk parameter when projecting them from bHĴz
. Thus, in analogy

to a Fourier transform, parameterisation of the full crystal field
Hamiltonian (with all k o 2J or k o 2L) provides an exact
decomposition of the ab initio Hamiltonian into an orthogonal
basis of operators.

With the crystal-field parameters in hand, they provide infor-
mation on the contributions of the ligands to the Hamiltonian in
a spherically-adapted basis. Hence, the q = 0 terms provide
information on the axially-symmetric contributions, and the
other terms with q a 0 provide information on the contributions
related to Cq symmetry elements: e.g. terms with q = 4 are
significant in square prismatic complexes that have pseudo C4

rotation symmetry.34,37 However, this would only be apparent if
the quantisation axis for Ĵz was chosen to be coincident to the
(pseudo) C4 axis. As such, crystal field decompositions provide a
route to interrogating the contributions of various symmetry
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elements of the ligands to the total Hamiltonian, which can be
used to rationalise magnetic and optical properties.77,78 Finally,
we note that the action of the operators Ôq

k is to mix states with
DmJ = �q so that for example a Ô4

4 term would mix the |�15/2i,
|�7/2i, |81/2i and |89/2i states, etc.

In the case where there is no well-isolated manifold of states
to directly assign to a chosen angular momentum, for instance
the crystal-field splitting of a DyIII ion was so large that the
J = 15/2 and J = 13/2 manifolds overlapped, we need a different
approach. Here, the alternative is one that uses projection
operators to ‘‘extract’’ the angular momentum content from
the ab initio eigenstates,40,73,79 which is possible even if
there is significant J-mixing. This is the approach that our
‘‘angmom_suite project’’ code takes.31,73 Once this is done, the
ab initio SA-CASSCF-SO Hamiltonian is transformed into the
desired angular momentum basis (e.g. the 6H15/2 multiplet or
the entire 6H term) and operators can be projected similarly to
above. This approach is particularly useful for more compli-
cated situations, including transition metals, 4fn5dm config-
urations, or molecules with more than one spin or orbital
moment. In the latter cases we are able to separate the different
contributions to the spin and orbital momenta and project a
model Hamiltonian accounting for electron coupling; we will
not discuss this here, but direct the reader to our recent
works.66,80–84

For our [Dy(OH)Br]+ example molecule, the obvious choice
for the quantisation axis is along the average Br–Dy–O vector.
But what about the far more common case where there is no
clear choice? Usually in the case of SMMs we have designed
molecules that support some kind of easy-axis magnetic aniso-
tropy, following the classical electrostatic design rules for
magnetic anisotropy in LnIII complexes:6,39 this would suggest
two-coordinate linear for DyIII and TbIII and trigonal or square
planar for ErIII (of course these perfect geometries are not
obtained in practice). In such cases it is sensible to think about
the pseudo-symmetry axis that appears somewhat unique com-
pared to the plane perpendicular to it, even if this direction
hosts no formal symmetry elements (e.g. along the average
Cpcent–Dy–Cpcent vector in the case of dysprosocenium
cations85). In cases where there is no such obvious choice,
what should be done? Take for example the ubiquitous class
of LnIII tris beta diketonates – e.g. [Ln(acac)3(H2O)2],86

[Ln(acac)3(phen)],87 etc. – here, there is no clear axial direction,
and yet, ab initio calculations for the DyIII analogues of these
two examples show that the ground state has gz 4 19.5
suggesting a mJ = �15/2 state.39 In these cases, choosing the
quantisation axis as that defined by the eigenvector of the
largest ground state g-value is sensible. It is common that once
a quantisation axis is chosen that it is simply referred to as the
z-axis.

Hence from our SA-CASSCF-SO calculations we can obtain
hĴzi, and plotting these values versus energy for each state leads
to the construction of the energy level diagram (Fig. 4a). [Note
that usually a small magnetic field is applied along the z-axis so
that the degeneracy of the states is completely removed and
there is no ambiguity of arbitrary linear combinations, as

discussed above.] In the case of [Dy(OH)Br]+ we obtain some-
thing that looks just like we would expect for an SMM – an
energy barrier between the ground mJ = �15/2 states. However,
if we had made a bad choice of the quantisation axis, say
perpendicular to the average Br–Dy–O axis, then we would
obtain something that does not look like an SMM (Fig. 4b).
But how can this be?

Box 5.
Projection of the SA-CASSCF-SO Hamiltonian onto a crystal field model
Hamiltonian for the J = 15/2 ground multiplet, defining the quantisation
axis as the largest g-value of the ground Kramers doublet, using
SINGLE_ANISO76 gives:

Note that these already include the operator equivalent factors yk for
DyIII, which for the 6H15/2 multiplet are y2 = �2/315, y4 = �8/135 135 and
y6 = 4/3 864 861, so these must be divided out to give the true Bq

k values
(column one, Table S1). SINGLE_ANISO also gives the crystal field
parameters in the L = 5 basis (column two, Table S1), which must
similarly be divided by the appropriate operator equivalent factors for
the 6H term of DyIII, which are y2 = �2/135, y4 = �4/10 395 and y6 = 2/
81 081; tables of the yk can be found in the PHI user manual.62 The
resulting parameters are slightly different owing their different method
of extraction, but their similarity highlights the transferability of the
Stevens operator equivalent method.32

We can also interrogate our resulting states without recourse to a model
Hamiltonian using angmom_suite, which is particularly useful in cases
when you are not sure of the angular momentum content:
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6.1 Experiments are reality

The two most important experiments for quantification of SMM
properties are measurement of the magnetic hysteresis and the
relaxation rates by alternating current (AC) susceptometry.2 In
the former experiment, a large magnetic field is applied at low
temperature to saturate the magnetic moment and then the
magnetic field is swept to negative field and back to positive
field again – the observation of a non-zero magnetic moment at
zero field (the remanent magnetisation) is a key indicator of a
magnetic memory effect.2 In the latter experiment, an oscillat-
ing magnetic field is applied at low temperature and we
measure the in-phase and out-of-phase response of the mag-
netic susceptibility.2 Both experiments are usually performed
on polycrystalline powders. Hence, there are some molecules
that experience a magnetic field parallel to their easy axis, some
that experience it in the hard plane, and for the other molecules
the magnetic field is somewhere in between these limits.
Considering the case of a perfect Ising-like easy-axis ground
Kramers doublet (gx = gy = 0 and gz a 0): a magnetic field along
the easy-axis will lead to a splitting (Fig. 2a) while one in the
hard-plane will lead to no splitting (Fig. 2b). Along the axis, we
expect significant polarisation at low temperature according to
Boltzmann statistics (of course the polarisation is smaller for
an AC experiment which uses magnetic fields on the order of a
few Oe (ca. 10�4 T) compared to the hysteresis experiment
which usually uses fields on the order of a few T). [Note that the
magnetic moment of a state is related to the gradient of its

energy as a function of magnetic field Mi / �
dEi

dB
, and the net

magnetisation for an ensemble in equilibrium is simply the
Boltzmann-weighted sum of the individual states’ magnetic
moments.] However, when the field is in the hard plane and
the splitting is zero, there is no polarisation. For molecules in
between, clearly it will be the projection of the magnetic field
along their easy-axis that determines their magnetic polarisa-
tion. When the field is removed, only the molecules with a non-
zero polarisation can contribute to the magnetisation or the

Which gives information on the RS term content of the calculation
(truncated for brevity):

Showing that as expected we have the 2K, 2L, 4F, 4G, 4I, 4M, 6P, 6F and 6H
terms in the calculation. This can be useful for quantifying the mixing of |L,
mLi states or the orbital reduction owing to covalent effects (i.e. where L

ceases to be a good quantum number). Then the spin–orbit states can be
interrogated in the same way:

Showing that, as expected, the lowest 16 states correspond to the 6H15/2

multiplet.
We can also use angmom_suite to project the parameters of a crystal field
Hamiltonian for the 6H15/2 multiplet using the lowest 16 states only. Note
that here we have set the quantisation axis to be the direction of the maximal
g-value of the ground Kramers doublet, using exactly the same choice of axes
as SINGLE_ANISO above via the ––quax keyword (column three, Table S1):

This could also be done by projecting out all of the 6H15/2 content from
the wavefunction first, before projection (column four, Table S1):

Or in the |L, S, mS, mSi basis including the SOC Hamiltonian (again we’ve
used the same quantisation axes as SINGLE_ANISO, however that code
made a different choice in the L = 5 basis rather than the J = 15/2 basis, so
that is reflected here for comparison; column five, Table S1):

From the projection in the |L, S, mS, mSi basis, we obtain the isotropic
SOC value of l = �378 cm�1.
Building barrier figures like Fig. 4a is easy using the angmom_suite code
(applying a 0.1 T field along the ground state anisotropy axis):
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magnetic susceptibility. Hence, in the case of a perfect Ising
magnetic material, the only relevant action of the magnetic
field is how it impinges on the easy-axis of any of the molecules
in the ensemble. Looking it another way, we care about how
states are quantised and polarised by the applied magnetic
field. Indeed, the choice of quantisation axis should be
informed by the questions being asked in the experiment;
and for SMMs, we care about magnetic fields along the easy-
axis of the ground Kramers doublet.

In the general case of low-symmetry molecules that show
some SMM effect (but do not have perfect Ising anisotropy),
there is invariably an easy-axis anisotropy in the ground state
where one effective g-value is larger than the other two which
are considerably smaller. In these cases, the above interpreta-
tion is still a good approximation, and hence the direction of
the largest effective g-value of the ground doublet is usually
chosen as the quantisation axis to define Jz. In other cases
where there is either easy-plane anisotropy (where two g-values
of the ground doublet are larger than the third) or substantial
rhombic anisotropy (where all three g-values are distinct), then
the molecule will not be an SMM, and the quantisation axis in
the former case is best chosen along the unique smallest
g-value, while in the latter case there is no ‘‘good’’ choice and
simply picking either the largest or smallest g-value is suitable. In
any case, the quantisation axis used to perform these analyses must
be stated. Hence, although the eigenstates behind both panels in
Fig. 4 are the same, the choice of quantisation axis for Fig. 4b is
‘‘wrong’’ because measurement of the magnetisation dynamics will
probe the properties of the molecule ‘‘looking’’ along the main
magnetic axis of the ground state employed in Fig. 4a.

7 Energy barriers and quantum
tunnelling of the magnetisation

So far we have quite extensively discussed the static properties of
the ground multiplet, but this article is aimed at understanding
slow magnetic dynamics and SMMs. We will not discuss the
mechanisms of relaxation or the quantum tunnelling of the
magnetisation (QTM) in detail; there is detailed literature on these
more complex topics,2,24,88–91 including a tutorial review recently
published by our group on the former topic.92 But we will discuss
how the static properties of the calculated eigenstates can be
connected with the experimental observation of slow relaxation

in an AC susceptometry experiment. Several key concepts are
required for a basic understanding of spin dynamics in SMMs:

(i) A molecule can only be in one quantum state at any time.
However, we usually perform experiments on ensembles and so
must consider the populations of a set of states, or the prob-
ability of a molecule being in one of those states.

(ii) If a molecule is in an eigenstate of the Hamiltonian it will
remain in that state unless the Hamiltonian changes or it
interacts with something outside the quantum system, e.g. with
a phonon or photon.

(iii) Because magnetic moments are defined as Mi / �
dEi

dB
then any non-degenerate (singlet) state in zero magnetic field is
non-magnetic; magnetic character can be switched on with an
applied magnetic field when the states ‘‘bend’’.

The requirements for observation of SMM properties centre
around the presence of an easy-axis anisotropy for a doubly-
degenerate ground state;7 hence, the first step is examination of
the ground state.

7.1 Non-Kramers ions

Non-Kramers ions (with an even number of unpaired electrons)
have integer total angular momentum J and the low-symmetry
crystal field of a molecule can completely remove the degen-
eracy of the mJ states. That is, the ground state could be non-
degenerate (a singlet ground state), for which there will be no
SMM properties. However, even in the absence of symmetry, if
there is sufficiently strong uniaxial magnetic anisotropy then
the states can appear as pseudo-doublets. We refer to these as
pseudo-doublets because in low symmetry there will be a small
energy splitting between them. The splitting of the pseudo-
doublets is referred to as the tunnelling gap or tunnel splitting
and is directly related to the efficiency of zero-field QTM:
tQTM

�1 = 4(D/h�)2tm where D is the tunnel gap and tm is related
to the spin–phonon relaxation timescale.93

When a large magnetic field acts on a pseudo-doublet at low
temperature, the pseudo-doublet will become polarised just
like a Kramers doublet (Fig. 2a), and so for a large-enough field
and/or low-enough temperature, the ensemble population will
be near-unity in the lowest energy state (Fig. 5, red circle). If the
magnetic field is reversed slowly enough then the Hamiltonian
will change slowly (recall that inclusion of the Zeeman Hamil-
tonian will change the eigenstates as a function of magnetic
field), and an individual molecule will remain in an eigenstate
of the Hamiltonian at all times and simply follow the energy
eigenvalue (Fig. 5, red arrow); this is called adiabatic passage.
In this case, where there is a splitting of the pseudo-doublet in
zero field, an avoided crossing is formed and adiabatic passage

will lead to reversal of the magnetic moment because
dEi

dB
is

negative on the right and positive on the left (Fig. 5, green
circle): this is QTM.

If the magnetic field is reversed fast, then there is a non-zero
probability that the molecule could remain on its trajectory and
end up in the excited state (Fig. 5, blue circle) because it cannot
change its eigenstate quick enough (Fig. 5, blue arrow); this is

Fig. 4 Magnetic relaxation barrier for the choice of quantization axis
along the Br–Dy–O axis (a) and perpendicular to the Br–Dy–O axis (b).
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called non-adiabatic or diabatic passage. The probability of
making such a transition is obtained from the Landau–Zenner
tunnelling formula p = exp[�pD2/2h�a], where D is the tunnel-
ling gap and a = geffmBdB/dt is the rate of change of the Zeeman
energy of the pseudo-doublet.91,94 Thus, how fast the field
needs to be swept to suppress QTM is intimately related to
the size of the tunnelling gap, and hence sweep-rate dependent
demagnetisation experiments are one way to measure the
tunnelling gap.94,95 Alternatively put, the larger the tunnelling
gap, the faster the QTM rate at zero magnetic field (though note
we will not discuss the time-dependence of the spin dynamics
directly here).

Therefore, for non-Kramers ions, the first requirement to
observe SMM properties is slow QTM in the ground state, which
translates to a very small splitting within the ground state
pseudo-doublet (perhaps o1 cm�1). If this condition is ful-
filled, then we can consider what happens if a molecule is
excited from one of the ground states to the first excited state by
a phonon. If this excited state is non-degenerate, then it is non-
magnetic and hence would not support an energy barrier to
magnetic relaxation above it. That is, the molecule could simply
emit a phonon and return to either one of the pseudo-doublet
ground states with approximately 50 : 50 probability; thus, the
energy of this excited state would be a good estimate for Ueff. If,
on the other hand, the excited state is a pseudo-doublet, then
we consider the tunnelling gap of the excited state. If it is larger
than say 41 cm�1, then QTM in that excited state will be fast
and hence the magnetic moment can reverse and emit a
phonon to relax to the ground state; the energy of the excited
doublet will be a good estimate for Ueff. If, however, the tunnel
gap is small, then QTM may be slow enough for the molecule to

be excited by another phonon to a further excited state. So on,
and so forth, we consider the tunnel splitting of each excited
state to determine at point QTM will facilitate reversal of the
magnetisation to determine Ueff.

Another consideration is the orientation of the largest
principle g-value for each of the excited pseudo-doublets. Even
if the tunnel splitting is small, if the orientation of the largest
principle g-value is not collinear with that of the ground state,
then this state will also permit reversal of the magnetisation.
Consider the extreme case where the excited state g-value is
perpendicular to that of the ground state, then if the molecule
is excited into this state it has already re-oriented its magnetic
moment into the plane, and so reversal back to the opposing
ground state via emission of a phonon is facile. Experience
suggests that angles differing by 4151 are sufficient for that
state to define the upper limit of Ueff (although see SI and Fig.
S2 for discussion on this point).

7.2 Kramers ions

For a Kramers ion we are guaranteed at least a doubly-degenerate
ground state, and hence there is no tunnel splitting to worry
about. Thus, in principle, there should be no QTM for Kramers
ions. However, experiments indicate this is not true. QTM can be
facilitated by hyperfine coupling to nuclear spins96,97 but more
commonly by the presence of transverse magnetic fields. Con-
sider a doublet with g-values of gx = gy = 1 and gz = 19: application
of a magnetic field in the xy-plane can split the state because gx

and gy are non-zero (recall that the g-value gives the gradient of
the state energy as a function of magnetic field). Thus, if there is a
fixed magnetic field in the plane (which can arise from the
dipolar magnetic field of neighbouring magnetic molecules),
then when the external magnetic field along the z-axis goes to
zero there is an avoided crossing just like for a non-Kramers ion
(Fig. 5). Hence, the presence of transverse magnetic fields and
non-zero transverse g-values permits QTM in Kramers ions by
directly mixing the opposing projections of the ground state
magnetic moment. [This is the reason many experiments are
conducted on doped samples, replacing a large portion of the
LnIII ions with diamagnetic LaIII, LuIII or YIII, to reduce the
magnitude of the internal dipolar fields experienced at each
paramagnetic LnIII ion.] Thus, QTM efficiency in Kramers doub-
lets is related to the magnitude of the transverse g-values as well
as the strength of the local transverse magnetic field.

With this in mind, the same process described above for
non-Kramers ions can be carried out to predict Ueff. Excited states
sharing a common easy-axis magnetic anisotropy with small
transverse g-values suggests that they will support an energy
barrier to magnetic reversal, but the first doublet that is non-
collinear with the ground state or has a non-negligible transverse
g-value will likely facilitate QTM and hence define Ueff. Looking
back on SA-CASSCF-SO calculations of 20 high-performance
monometallic DyIII SMMs performed by our group,67,85,98–107 we
find that excited state QTM appears to be favoured when the
product of the average transverse g-value of an excited Kramers
doublet (gT = (g1 + g2 + g3 sin y3)/3) and the angle between the
maximal g-values of the ground and excited Kramers doublet (y3)

Fig. 5 Avoided crossing owing to a non-zero tunnelling gap. After mag-
netic polarisation (red circle), slow reversal of the magnetic field will lead to
adiabatic passage and reversal of the magnetic moment via QTM (red
arrow going to green circle). Fast reversal of the magnetic field can lead to
a non-zero probability of a diabatic transition via Landau–Zenner tunnel-
ling (blue arrow going to blue circle).
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are greater than 20; i.e. QTM will generally occur when gTy3 4 20
(see SI, Fig. S2).

7.3 Quantification of QTM rates and prediction of Ueff

Beyond the hand-waving rules discussed above, it is common
plot a figure of the energy barrier (e.g. Fig. 4a) simply from the
properties of the eigenstates of the Hamiltonian. While the
transition rates between states due to the spin–phonon cou-
pling can be determined fully ab initio, it is quite costly (but it
can be done and is becoming more routine, see ref. 88, 92, 108
and 109). A common approximation is to assume that the
oscillations of the Hamiltonian caused by phonons may act
like an oscillating magnetic field and hence that the transition
rates can be approximated by the average of the square mod-
ulus of the three Cartesian magnetic moment operators:

gkf �
1

3

X
a2x;y;z

cf gJ Ĵa
�� ��ck

� ��� ��2
From earlier you will see that the off-diagonal matrix ele-

ments of the Ĵa operators will in generally be non-zero as these
operators will not necessarily be diagonal in the eigenstate basis
of the Hamiltonian. You will also see that using these operators
implies the action of Ĵ� operators, which can cause transitions
between states differing by DmJ = �1 (this is the EPR selection
rule); in situations where the eigenstates are not pure |mJi states
but rather mixtures thereof, these matrix elements are scaled by
the squares of wavefunction coefficients of pairs of states
differing by DmJ = �1. We have favoured an approach that uses
these ‘‘rates’’ to propagate a fictional population starting in the
ground state with negative magnetic moment ‘‘over the bar-
rier’’,110 representing a relaxation process over the predicted
energy barrier Ueff (Fig. 4a). Keep in mind, however, that these
‘‘rates’’ are generated by assuming a magnetic perturbation and
a uniform phonon density of states and so they are not realistic.
Indeed, phonons modulate the entire Hamiltonian and oscillat-
ing crystal field terms Ôq

k can give rise to transitions between
states differing by DmJ = �q, and the phonon density of states of
molecular crystals is highly featured.109,111–115

The rates above provide a way of estimating which states
might be connected by phonons, and similarly-qualitative
metrics for estimating QTM rates have been suggested. One
approach considers the average internal dipolar magnetic field
as a parameter Bdip, and then calculate the QTM rate arising
as:116

tQTM ¼
h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gx2 þ gy2 þ gz2

p
mBBdip

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gx2 þ gy2

p
A slightly more realistic approach is to take assume a

Gaussian distribution of dipolar fields and calculate the rates
in a similar fashion.117 These calculations make a lot of
assumptions and so they best used to obtain qualitative esti-
mates, and while more specific methods are possible,91 these
require far more in-depth calculations.

8 Conclusions

In this article I have attempted to provide a step-by-step guide
to de-mystify the process of setting up, running, and interpret-
ing a SA-CASSCF-SO calculation for LnIII-based SMMs. All-in-all,
there is a lot that can be learned about potential SMM behaviour
from a SA-CASSCF-SO calculation, including insights into the
dynamic magnetic properties, even before launching into more
advanced topics such as explicit relaxation rate calculations. The
interested reader should be able to use this guide as a starting
point for calculation of optical properties of LnIII complexes, or
paramagnetic nuclear magnetic resonance effects, but these
topics usually require more elaborate active spaces and calcula-
tion of additional properties.
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M. Guo, C. E. Hoyer, M. Johansson, S. Keller, S. Knecht,
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