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Soft carbon and hard carbon materials are two of the most promising materials for sodium ion battery
anodes. However, the relation between the Na storage mechanism and the microstructure of the
carbon materials is not well understood. In this work, we extend our previous phenomenological model
and develop an efficient mean field theory for the calculation of the OCV of carbon materials ranging

Received 3rd July 2025,
Accepted 3rd November 2025

from soft carbon materials to closed pore and open pore hard carbon materials. Our model utilizes a
very simple model for the energetic sites within the microstructure of disordered carbon materials and
aims for a unifying picture of the Na storage mechanism in carbon materials ranging from soft carbon to
hard carbon. In addition, we also study the impact of the current density on the utilization of energetic
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1 Introduction

Sodium ion batteries (SIB) are potential alternatives to lithium
ion batteries (LIB) because Na is a much more earth abundant
element than Li and thus they are cheaper."” Unfortunately,
graphite, the traditional anode for LIB,>* is not suitable for SIB
because of its low capacity® and high volume expansion.”
Other carbon material anodes suitable for SIB are expanded
graphite,® carbon nanotubes”'® and graphene oxide.’'* Soft
carbon (SC), with a high surface area,"®'* and hard carbon
(HC), with a large layer distance and high porosity,’* ' are
promising SIB anode materials because they have low cost
precursors™® and high capacity.'*'® Moreover, the structures
of SC and HC can be varied by changing the ratio of
precursors'” or the synthesis temperature'® and they can be
combined to create soft/hard carbon composites to improve the
electrochemical performance.'?°

The Na storage mechanisms in SC and HC materials are
different due to their different microstructures. For SC, experi-
mental studies suggest that due to the lack of closed pores Na
can adsorb only on the surface of the graphite layers and may
intercalate in between two graphite layers."” Na ions can also
adsorb on the defect points of defect-rich SC.*"** Density-
functional theory calculations suggest that intercalation is
energetically favourable only for layer distances larger than
0.35 nm.”* Layer separation of this size is mostly absent in SC
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sites in the microstructure of hard carbon materials.

and also in the systems investigated in ref. 17. Therefore inter-
calation seems to be an unlikely storage mechanism in SC. Models
for Na storage in SC have to adopt to the qualitatively different
behaviour of SC to be consistent with the DFT calculations.

Additionally, the Na storage mechanism in HC materials is still
under debate. Different combinations of mechanisms have been
discussed: adsorption-intercalation,> adsorption-insertion,>’
intercalation-insertion,®®  adsorption-intercalation-insertion®”
and adsorption-intercalation—pore filling-deposition.>® Moreover,
the pore structure of HC materials, closed pore and open pore,
also affects the Na storage mechanism. The open pore structure
affects the slope capacity and the closed pore structure affects the
plateau capacity.”® A possible explanation for these different
mechanisms is that each mechanism corresponds to a specific
microstructure of HC. In other words, there is a strong relation
between the microstructure of the HC material and the Na storage
mechanism.

There have been several theoretical investigations of
the relation between the material microstructure and the Na
storage mechanism at the atomic and microstructural scale. At
the atomic level, DFT was used to study Na interaction with
graphite layers. Wasalathilake et al. calculated the adsorption
energy of Na on a graphite surface with heteroatoms,*° Cai et al.
studied the intercalation energy of Na in between two graphite
layers,?® and Olsson et al. investigated the insertion energy of
Na into a cylindrical pore (carbon nanotube).*® However, a
complete understanding of Na insertion in carbon materials
requires considering the interplay of different mechanisms. Na
can occupy at least 4 energetically different sites in non-
graphitizing carbon materials depending on the position of
the Na relative to the graphite layers. The energetically different
states correspond to Na inside a pore, in between two graphite
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layers, Na adsorbed on the graphite surface and Na adsorbed
on defect sites.*>*® Due to the simulation costs, DFT cannot
cover all 4 mechanisms simultaneously.

At the microstructure scale, the correlations between the
microstructure, synthesis parameters and performance are
studied using machine learning (ML) algorithms. Ji et al
investigated the impact that the synthesis parameters have on
the microstructure,® while Liu et al. analyzed data sets from
the literature to identify performance and capacity indicators.>
Oral et al. expanded the model by considering electrolytes and
experimental conditions.>® Also Li et al. demonstrated the
correlation between synthesis conditions, microstructure and
capacity.’” However, one of the limitations of ML is the need for
a lot of datasets.>*>’ More importantly, physical insights
cannot be provided by ML techniques due to the lack of any
mechanistic explanation of the identified correlations.

To the best of our knowledge there are no theoretical studies
that quantify the relation between the microstructure of hard
carbon materials and the Na storage mechanism in a given
structure. In our paper we propose a simple mechanistic model
for the relation between the microstructure parameter and Na
storage mechanism. The purpose of our work is to propose a
simple unified description of the OCV of disordered carbon
materials which allows us to establish a correlation between
microstructural changes and the OCV. In our previous work, we
formulated a model for Na insertion in HC.>® Here, we will modify
this model to include both SC and HC. We also develop a simple
mean field theory to quantify the insertion of Na in SC and HC
materials. Also, the impact of non-zero currents on the distribu-
tion of ions across the internal energy states'” will be investigated.

This paper is arranged as follows. A new simple mean field
theory for the calculation of chemical potentials is described in
detail in Section 2. The model is parameterized using existing
literature data in Section 3. The relation between the Na storage
mechanism and microstructure with OCV and voltage curves at
finite currents are also discussed in this section. Finally,
conclusions with an outlook on future applications are given
in Section 4.

2 Model

2.1 Unit cell of the carbon materials

In our previous work,*® we proposed a simple model for Na
insertion in HC. Here, we extend the model to include Na
insertion in both SC and HC materials. A simplified cartoon of
the unit cell for the carbon materials is shown in Fig. 1.
Characteristic parameters for the microstructure, the aver-
age length of a graphite layer L,, the layer thickness L., layer
distance dy,, and density p obtained from experiments are
used to describe the unit cell of the carbon material. In our
simplified model, the unit cell of the carbon materials has a
pore confined by a triangular prism with an isosceles triangle
base with a base length L, and a side length of L; < L,. Each
side of the triangle has n layers with layer distance d,, and a
thickness of L. = (n — 1)doo.. The side length L is varied until

25664 | Phys. Chem. Chem. Phys., 2025, 27, 25663-25674

View Article Online

PCCP

|

Fig. 1 Unit cell of the carbon materials with different types of Na: pore Na
(blue), layer Na (red), adsorption Na (black), and defect Na (orange).

the total density p is obtained. The change from SC to closed
pore or open pore HC is determined by the density p, Fig. 2.

2.2 Mean field theory for the chemical potential

In our previous work,*® we performed Monte Carlo NVT simu-
lations to study Na insertion in HC. However, the simulation
becomes very time consuming on a large scale. For example, to
simulate Na storage in carbon materials with layer length L, =
14 nm, a number of layers of n = 9, and a maximum capacity of
187 mAh g~ ','” we need to model more than 10* Na particles.
To reduce simulation cost, a mean field theory for the calcula-
tion of the chemical potential will be developed. As in any mean
field theory, the mean field theory for the chemical potential
assumes that insertion of another ion takes place in the
presence of all the other ions in the system. In an averaged
sense this also includes local interactions. Therefore, the
chemical potential is not restricted to the ideal dilute limit.
Mean field theory is for the excess chemical potential which
includes non-ideal behaviour (see Appendix B). On the other
hand, the averaging excludes by definition the impact of
clustering e.g. being close to defects. To go beyond mean field
theory, the free energy functional would need to include the

High density p Low density p

Soft Carbon Hard Carbon Hard Carbon

Closed pore Open pore

Fig. 2 The change from soft carbon (high density) to closed pore and
open pore hard carbon (low density).
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interplay between exclusion interaction due to the finite
volume of the Na ions and attractive interactions. This could
be part of future investigations.

2.2.1 4-Site model of Na insertion. As shown in Fig. 1,
depending on the relative position between the Na and graphite
in the carbon materials, Na can occupy at least 4 energetically
different sites: ions in pores, ions intercalated in graphite
layers, and adsorbed ions on the surfaces of the graphitic
sheets and on defect sites. For simplicity, we call the different
positions “pore Na”, “layer Na”, ‘“adsorption Na” and ‘“‘defect
Na”, respectively.

The total energy in the system is:

4
Eot =Y _ Niei(N) 1)
P

where the subscript i = 1-4 labels the energetically different
sites. N; and ¢; are the number of Na ions in type i and the
energy per Na ion of type i.

The total number of Na ions in the carbon material is:

N=>"N, (2)

At equilibrium, the chemical potential of each type of Na in the
carbon material is equal to some value y, which depends on the
number of inserted Na ions. Please note that y, is the chemical
potential of the Na ion plus the chemical potential of the
electron which is inserted in the graphite together with the
Na ion.

Wi(N7) = o,

By varying u,, the state of charge (SOC) is varied smoothly from
0 to 1. In this work, the chemical potential f, is in the range
Ho =—3 to 0 eV.

The chemical potential of each type is:

i=1-4 3)

i = i+ (4)

where 49 is the ideal chemical potential of type i. The expres-
sion for 4l is shown in Appendix A.

™ is the excess chemical potential of type i.

From eqn (1), the excess chemical potential ™ is:
_ O O(Nig;) _ O¢;

=& + Nim—,
on, i g

€X

AN,

i=1-4. (5)

The expression of ¢; for each type will be given in detail in
Section 2.2.2.

We use eqn (2) and (3) to obtain the capacity at each value of
Uo. The OCV voltage ¢ is calculated as:

ep = 80 — UNac = 80 - (ﬂ{\?ac + ,u;TXaC) (6)

where ¢° (eV) is the reference potential of the hard carbon vs.
Na/Na'.

14 c and & (eV) are the ideal and average excess chemical
potential of Na in the carbon materials. The expression and
detailed derivation of ui\?ac and ixac are shown in Appendices A
and B, respectively.
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Fig. 3 The OCV results for the SOC of Na adsorption with different values
of as.

2.2.2 Energy of each type of Na

a. Defect Na. In ref. 38 we assumed all defect sites to have
the same energy ¢, and a limiting number N;'** of defects. The
number of accessible defect sites N, can be obtained as:

0, Uy < &4
Ny = ()
NP,y > &

b. Adsorption Na. The energy of adsorption Na can be
approximated as:*®

ol QGE]

where &3 is the energy at which Na starts to adsorb on the
surface of graphite.*® For NaClO, in experiments,'” we have & =
—2.52 eV.*® NI is the maximum number of adsorption sites
for Na. a; is the exponent number for fitting with experiments.
Higher values of a; lead to a larger occupation of adsorption
sites at high voltage, Fig. 3.

¢. Layer Na. Since the exact intercalation energy of layer Na
is not known, the impact of interaction between the Na ions on
the intercalation energy is assumed to be a polynomial function
of layer Na:

€2 = €20 F Ea1Xp + E2pX” + -+ + 0(x5]) ©)

where &, is the dilute limit of intercalation energy of Na in

between two graphite layers. This can be considered as the

interaction between Na and the graphite layers. ¢,, is the energy
Ny

Ncarbon
(%)
is the normalized equation for layer Na.*®
In At the low density limit (less than one Na per 24 carbon
units, x, < 1), the interaction energy with the Na ions can be
assumed to be linear:

scale for interaction between the layer Na ions. x; =

£y = &30 + £21% + 0(X3). (10)

Phys. Chem. Chem. Phys., 2025, 27, 25663-25674 | 25665
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Fig. 4 The change from closed pore Na to open
approach to Na adsorption depending on the ratio L—p.

a

pore Na and the

For higher concentrations of layer Na, we include a higher
degree polynomial function, eqn (9).

d. Pore Na. In experiments, the pores in carbon materials can

. o
be open or closed.>® In our model, Fig. 4, we choose the ratio L—p
a

as the descriptor for the type of pore. For small Z—p values the
a

pore is closed. As the z—p value increases pore opens up and I’:—p —
a a

oo like an adsorption site, since the surface of the layers become
accessible to the Na. The unit cell of the carbon materials turns
into that of a soft carbon material which only has adsorption
sites and layer sites, Fig. 2. The closed pore affects the plateau
capacity since the Na ions have to intercalate. Open pores affect
the sloping capacity®® as Na gets more and more access to the
surface of the layers where they can adsorb.

To account for the impact of the pore size, we modify eqn (8)
with the pore parameter aj:

[ (L))
The pore parameter q, is defined as:
&)

ap = La (12)

—
1 _P
i (L>

’
For when L—p — o0, the pore parameter a, — 1 and eqn (11)
a
changes back to eqn (8).
The scale r,, of the pore radius is estimated from an idealized

picture of a pore in the carbon materials, where it is assumed

Fig. 5 The carbon material pore.
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Table 1 Input energy parameters in mean field theory
Type of Na  Parameter Equation Value

Ho 3) —3to0eV
Adsorption &3 (8) —2.52 eV*
Na az (8) Parameterizing to fit with

N3 (8) experiments
Layer Na €20 (9)

&1 9
Pore Na N (10)

that the pore is formed as a perfect triangle (in 2D) with the
width of the graphitic sheets as boundaries, as shown in Fig. 5:

S
I'p = ;p (13)
where
1
p= E(La +2L7) (14)
and
Sp = \/P@_La)(]’_L:)% (15)

2.3 Input energy parameter in mean field theory

For convenience, the input parameters are shown in Table 1.

As shown in Table 1, we have total of 7 input parameters for our
phenomenological model. In these parameters, we fix the value of £3
to —2.52 eV from DFT calculations, and vary i, in a range from —3
to 0 eV. Other parameters are fitted to experimental values, giving
insights into the relation between the material microstructure and
Na storage mechanism (see Section 3.2.2). All parameters are fitted
to experiment. There are no derived parameters in this model.

3 Results and discussion
3.1 Experiment data

In experiments,'” a series materials ranging from SC to HC are

synthesized by changing the molar ratio of terephthaloyl chlor-
ide (TPC) and perylene (PER), x = ZT—PC The molar ratio is
PER

varied from x = 0.5 (SC) to x = 10 (HC). The microstructures of
the carbon materials are shown in Table 2.
3.2 Microstructure effect

3.2.1 Comparison of the model with experiment. In Fig. 6,
the OCV results obtained from experiment are compared to the

Table 2 The microstructure properties of the carbon materials obtained
from experiments®’

x Ly,nm Ly, nm  dop, Nm 7 pyem® gt Sppr, m*g?
0.5 14.03 2.655 0.345 8.7 2.29 8.2
2 12.02 1.768 0.352 6.0 1.65 9.9
4 9.81 1.382 0.376 4.6 1.50 3.6
6 8.82 1.392 0.379 4.7 1.34 9.0
10 8.78 1.305 0.382 4.4 1.35 6.4

This journal is © the Owner Societies 2025
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Fig. 6 (a) The OCV results when x = O obtained from experiment’ (blue) and from our model (red). (b) The OCV results when x = 2 obtained from
experiment’ (blue) and from our model (red). (c) The OCV results when x = 4 obtained from experiment’ (blue) and from our model (red). (d) The OCV
results when x = 6 obtained from experiment?” (blue) and from our model (red). () The OCV results when x = 10 obtained from experiment’ (blue) and
from our model (red). (f) Comparison of the voltage error of the carbon materials obtained from experiment!’ and from our model.

results obtained from our model in 5 cases when x between
is 0.5-10 and the error between experiment and our model
A = |Pexp — Pmoa| is also shown. The capacities obtained from
our model are 182.0 mAh g™, 273.8 mAh g™ !, 314.6 mAh g™,
401.7 mAh ¢ ' and 401.7 mAh g '; compared with
181.7 mAh g™, 272.7 mAh g, 307.0 mAh g, 396.4 mAh g~*
and 399.3 mAh g ' obtained from experiment, respectively.
The highest error is at low capacity when x = 0.5 and x = 2,

This journal is © the Owner Societies 2025

where the greatest contribution comes from adsorption Na.*®
This could be because our assumption for adsorption Na
interactions, eqn (8), is oversimplified. The overall excellent
agreement between our model based on specific material
parameters and the experimental data,'” Table 2, motivated
us to explore the impact that the microstructures of SC
and HC materials have on the change of the Na storage
mechanism.
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Fig. 7 The OCV results when x = 0.5 obtained from experiment'’ (blue)
and from our model (red) with as = 0.5.

3.2.2 Parameterizing microstructure effects on the Na sto-
rage mechanism

3.2.2.1 Adsorption Na

a. The exponent number az. As discussed in Section 2.2.2, a

higher value of a; indicates an increase of Adsorption Na at
high voltage. We obtain a; = 0.5 as the best fit to the experi-
mental data, Fig. 7. Therefore, the value of a; = 0.5 is fixed to 0.5
for all cases.

b. The maximum capacity of the adsorption Na. As shown in

max

3

Fig. 8, the normalized maximum capacity Q7% ~ for

carbon

adsorption Na has a linear relationship with the specific area
Sggr for Sgpr < 10 m® g~ (see Table 2). However, the specific area
of the carbon material can fluctuate in the range from 0.1 m*> g~"
to 1000 m> g '.* A considerable extrapolation of the linear
relation beyond 10 m* g~ * cannot be valid. Deviations from the
linear relation have to be caused by limitations in the accessibility
of Na to the inner surface measured in BET experiments. A better
understanding of the relation between the BET surface area and
capacity due to adsorption is required to find proper general-
izations of the observed linear relation.

3.2.2.2 Layer Na
a. The maximum capacity of the layer Na. DFT shows that
Na cannot intercalate in between two graphite layers when the

Q,™, Adsorbed Na

mAh/g
250
200 R?=0.9936,.-@

...--.

150 -..-..!-ll
100 Pt

50

0
0 2 4 6 8 10 12
SBET’ mz/g

Fig. 8 The maximum adsorption Na capacity of the carbon materials.
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Q,m, Layer Na
mAh/g

80
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40

0

x=0.5 x=2 x=4 X=6 x =10

max

Fig. 9 The maximum layer Na capacity Q32" of the carbon materials.

layer distance is too narrow, dgg, < 0.35 nm.>® Therefore, there
is no layer Na in the SC, x = 0.5. For the other carbon materials,
the maximum layer Na capacity first increases up to x = 4 and
then decreases (Fig. 9). This could be explained by a change in
the microstructure of the carbon materials. When the carbon
material changes from SC to HC, the layer distance dgg,
increases (see Table 2). The larger the layer distance d,,, the
more the layer Na intercalates between the two graphite layers.
Therefore, the maximum layer Na capacity increases from x = 2
to 4. However, when the layer distance d,, is large enough, the
number of intercalated Na ions depends strongly on the layer
length L, and the number of graphite layers n (see Fig. 10). The
layer Na increases when L, and n increase. However, as can be
seen in Table 2, the layer length L, and the number of graphite
layers n decreases from x = 0.5 to 10. Therefore, the maximum
capacity of layer Na begins to decrease above x = 4 despite better
accessibility to the layer sites.

b. The energy of interaction between the Na layer and gra-
phite layers in the carbon materials, ¢ In the DFT
calculations, the initial intercalation energy of layer Na ey
depends strongly on the layer distance dgg,. Based on the DFT
results, it diverges when the layer dyo, is close to the layer
distance of graphite dgraphite- TO mimic this behaviour, we

Increasel . . .

Ly

Increase
n

—)

Fig. 10 The dependence of layer Na on the layer length L, and number of
layers n at a long enough layer distance doo2. The orange circles are the
extra layer Na when the layer length L, (top) and number of layers n
(bottom) increase.
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X],O

Fig. 11 The relationship between and ¢,o and Xy = —g
1 002

dgruphi\e
approximate the value &, by:

a
&0 = 8,00 + 7dl (16)
In 002

dgraphile

(see Fig. 11) where dgraphice = 0.335 nm is the layer distance in
graphite. This is also the minimum distance between 2 gra-
phite layers required for intercalation of Na.*® @; > 0 is the
scaling energy. &° is the insertion energy for layer Na when
dooz — 0. & diverges when doo, = dgraphite- Na cannot be
intercalated at smaller values.

c. The energy of interaction between intercalated layer
Na, &;. To obtain a simple fit formula for the energy of
interaction between intercalated layer Na, ¢,1, we note a couple
of properties:

e ¢, should be a function of the total length (n — 1)L,,
Fig. 10.

e &,; is inversely proportional to the total length (n — 1)L,.
The longer the total length (n — 1)L,, the more layer Na N, can
intercalate in between two graphite layers.

e & should always be positive, which means the layer
interaction ¢, increase when the layer Na N, increases, eqn (9).

® &51(Ly » 0)— + oo, which means that at very short layer
lengths, L, — 0 no stable intercalation between two graphite
layers is possible.

€,,, eV &5
1.7
y=24.256x+1.2847
R?=0.9983 @
1.6 ....'
1.5 ..'
1.4
0 0.005 0.01 0.015 0.02
1/[(n-1)L,]

Fig. 12 The relationship between ¢, and 1/[(n — 1)L,].
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Fig. 13 The relationship between the maximum pore Na capacity Q"

and pore radius rp,.

From the listed properties of €,; and based on the experi-
mental data in ref. 17, we could fit a linear relation between €,
and the inverse total length 1/[(n — 1)L,], Fig. 12.

3.2.2.3 Pore Na. From the parameters of the carbon materi-
als in Table 2 we can obtain a parabolic relation between the

max

1

pore capacity Q** ~ and the pore radius rp. At small

carbon

rp, Q1™ increases with r,,, however, at high r,, the value of Q7"

decreases because Na starts to form a quasi-metallic state
which prevents further insertion in the pores of the carbon
materials (Fig. 13).%° This also explains why Na does not fill in
mesopores at very large r,.*!

3.2.3 The change of the Na storage mechanism on chan-
ging from soft carbon to hard carbon. With the results obtained
above we can now summarize the nature of the transition from
a soft carbon to a hard carbon material.

a. Soft carbon (x = 0.5). SC has narrowly spaced layers when
compared to graphite, doo, X dgraphite; Which means that Na
cannot intercalate in between two graphite layers. Moreover, Na
can also not insert into the pores because of the low porosity or
high density p, respectively. Therefore, Na can only adsorb on

8, milhilg Capacity
500
m Pore Na m Layer Na mAdsorption Na = Defect Na

400

300
200
o I
0
SC2 TS HC1 HC2 HC3

Fig. 14 The maximum pore capacity of each type of Na in the carbon
materials.
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Fig. 15 The change in the Na storage mechanism when changing from a
soft carbon to a hard carbon material.

the surface of the graphite layers, Fig. 14, facilitating fast
insertion kinetics.

b. Transition state (x = 2). The ‘transition state’ (TS) in
between SC and HC is characterized by a larger pore volume
and layer distance, allowing the onset of layer insertion and
pore occupation (Fig. 14). The major insertion mechanism is
still adsorption on the surface of the graphite layers. Due to a
high specific area Sggr, (see Table 2), adsorption Na still
contributes most to the total capacity.

c. Hard carbon (x = 4-10). Compared with the SC and TS,
most Na in this state occupies the pores and does not adsorb on
the surface of the graphite layers anymore. The reduction of the
adsorption sites is reflected in the reduction of both the length
of the graphite layers L, and the specific area Sggr. Here, we can
see the continuous change of the Na storage mechanism from
SC (adsorption Na only), via the TS (mostly adsorption Na, less
layer Na and pore Na) to HC (most pore Na, less layer Na,
adsorption Na and defect Na), Fig. 14.

At low density, p & 1.35 for x > 6, the presence of defect Na
also explains the small shoulder at ¢ = 1.8 V observed in the
experimental OCV when x = 6 and x = 10. In general, the defect
Na absorbs on the defect sites like heteroatoms and graphite
defects.>” The edge defects of non-parallel graphite increase
with decreasing p. Therefore, it can be expected that Na ions
adsorb on the edge defect of non-parallel graphite layers.

The change in the Na storage mechanism when changing
from SC to HC is summarized again in Fig. 15.

3.3 The site occupation at non-zero current

In the following chapter we discuss the impact of finite current
on the site distribution of the Na ions. To do this we heuristi-
cally adjust the energy parameters in Table 1 to fit the voltage
curves in the experiment. Under current conditions the capacity
decreases as usual compared to OCV conditions. Part of the
capacity decrease is due to overpotentials caused by the reac-
tion kinetics of insertion and transport. In addition to causing
overpotentials, transport limitations also induce a change in
the relative occupation of the energetic sites within the carbon
material, since there are different energy barriers for the
different occupation sites.*” The change of shape of the voltage
curve is therefore an indicator for the transport limitations
between the energetically different sites. For future modelling
of transport in disordered carbon materials it is therefore
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important to investigate the characteristic change in site occu-
pation during operation. By analysing the shape of the voltage
curve'” under different current loads we try to first obtain an
indication how the relative occupation changes under current
conditions.

3.3.1 Comparison with experiment. In ref. 16 the sample
x = 6 was chosen to study the impact of different C-rates. The
voltage curves obtained from experiments and our model by
modifying the internal distribution of Na occupation are shown
in Fig. 16. The excellent agreement with our model based on
the specific material structure despite the neglection of over-
potentials motivated us to explore the microstructure effect and
the change of Na storage mechanism from SC to HC under load
conditions. At high rates, the agreement decreases due to the
kinetic effect ie. non-equilibrium properties. This will be
explored in future works.

3.3.2 The impact of finite currents on the Na storage
mechanism. In Fig. 17 it can be seen that layer Na quickly
approaches a limiting capacity while other types decrease with
increasing C-rate. Specifically, the capacity of pore Na decreases
considerably with increasing current. This could be explained
by a strong limitation of transport between pores due to a high
tortuosity in the random microstructure which prevents Na
filling into the pores at very high C-rates. The only efficient
insertion mechanism at large specific currents is adsorption.
Intercalation and transport within the layers still seem to be
possible even at large currents. The constant capacity contribu-
tion of the layer sites, especially at high currents, is most
probably an artefact due to the neglection of intercalation
energy barriers. We will investigate the impact of intercalation
overpotentials in a future paper.

4 Conclusions

In this paper, we modify our previous phenomenological model
and develop a unified mean field theory for the OCV of carbon
materials ranging from soft carbon to hard carbon materials.
Our model OCV as well as maximum capacity values are in good
agreement with experiment. The change in the occupation of
different energetic sites for Na storage in the SC and HC carbon
materials allows us not only to illustrate the effect of micro-
structure on the Na storage mechanism but also to clarify
the change in Na storage that occurs upon changing from
SC to HC.

To the best of our knowledge, for the first time, a unified fit
for the OCV of disordered carbons including a simple para-
meterization of different microstructures is obtained. The
change in the OCV with changing microstructure is interpreted
as a result of the changing distribution of the Na ions across
physically different occupation sites. The maximum capacity of
the adsorption Na follows a linear relationship with the specific
area when Sgpr < 10 m* g~ *. The initial intercalation energy of
layer Na depends on the layer distance dy,, while the inter-
action energy of Na inserted within the layers depends on the
total length (n — 1)L, of the graphitic domains. The maximum

This journal is © the Owner Societies 2025
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Fig. 16 (a) The OCV results obtained from experiment? (blue) and our model (red) at a scan rate of 0.025 A g~* when x = 6. (b) The OCV results obtained
from experiment®’ (blue) and our model (red) at a scan rate of 0.1 A g~ when x = 6. (c) The OCV results obtained from experiment®’ (blue) and our model
(red) at a scan rate of 0.2 A g~ when x = 6. (d) The OCV results obtained from experiment!” (blue) and our model (red) at a scan rate of 0.5 A g~ when
X = 6. (e) The OCV results obtained from experiment’ (blue) and our model (red) at a scan rate of 1 A g~* when x = 6. (f) The error between experiment’

and our model when x = 6 at different scan rates.

pore Na capacity increases with pore radius r,, at small values
of r,. However, for large values of r;,, the maximum pore Na
capacity decreases due to quasi-metallic Na aggregation, which
blocks the pores against the further insertion of Na.

The change of Na storage mechanism on changing from SC
to HC is also demonstrated. SC has a narrow layer distance and
no porosity; therefore, Na can only adsorb on the surface of the

This journal is © the Owner Societies 2025

graphite layers. Upon changing to HC the amount of Na
inserting into the graphitic layers and pores increases due
to the increasing layer distance in HC and more accessible
pores. At lower density, Na can also adsorb on the edge defect
sites of HC.

The impact of electric currents on the Na storage mecha-
nism was also studied. By modifying the internal distribution
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Fig. 17 The maximum capacity of each type of Na at different scan rates
when x = 6.

of Na occupation, quasi-OCV curves were fitted to the voltage
curves at different currents. Even in the ideal situation where
overpotentials are neglected, a shift in the site distribution
towards adsorption becomes obvious. This observation is con-
sistent with the observed high rate capability of hard carbon,
which is facilitated by the adsorption of Na ions on internal
graphitic surfaces.

In this work, the purpose is to obtain an analytic model for
the OCV, which can be easily parameterized by DFT and/or
experiment. In future publications it is planned to use this OCV
model within a non-equilibrium framework to study the beha-
viour of the anode under current load conditions, as e.g., in the
theory of strongly interacting electrolytes by Schammer et al.*®
This framework is capable of including all mentioned dynamic
effects via appropriate modelling of the Onsager coefficients.
Moreover, the OCV model will be integrated into full cell
models, including kinetic properties, for sodium ion batteries
with carbon material anodes.
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Appendices

Appendix A: Ideal chemical potential of Na in carbon materials

The free energy with layers that have different maximal occupation:

N!(Npax — N)!exp (—l)

F= 7kBThl 2 kBT (Al)
[T N TT (VP = Ny)!
=l =l
Consider only the ideal part and use Stirling’s formula:**
InN! = NInN — N + o(InN). (A2)
Therefore we have:
. N! Niax — N)!
FY= _kgT|In ——+In 4( - ) (A3)
I Nt (N — )|
i=1 i=1
4 .,
i N; Nmax _ N7
F=kgT Niln(— NM™ — Nj)In[ F—— ] |.
o7 o)) v o GEER)
(A4)
The ideal chemical potential of each type of Na is:
id id (1 —
(U ) HM_ (A5)
kgT kgT ON; X(l _xi)
N; N
where: x; = max and X = max”

1
The ideal contribution to the chemical potential of the
anode is:

a OFT  ZLOFYON,
fNaC =N = £ 9N, N

4 . j—
= kBT; 1nH. (A6)

Appendix B: Excess chemical potential of Na in carbon materials

Considering an NVT system for Na insertion in HC as shown in
Fig. 18.

For an NVT system, the excess chemical potential is calcu-
lated via Widom’s method as:**

AU,
HNac = —kBTln<exp<—Kl;{>>
AUN\ 1 AU;
(r(7)) = s oo (r)

where U; is the change of energy in the system for each trial j in
n trials of particle insertion.

In mean field theory, the change of energy in each site i is
equal to the excess chemical potential of this type:

(B1)

(B2)

Ui=ui J € Ve (B3)

where V,, i = 1-4 indicate the pore, layer, adsorption, and defect
sites, respectively.
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Fig. 18 NVT for Na insertion in hard carbon. The blue, red, black, and
orange areas indicate available sites in the pores, within graphite layers, on
the surface of graphitic sheets, and on defects, respectively.

For a given distribution of Na ions across the different sites
eqn (B2) may be approximated as

(o) Loen( )

where ¢; is the probability of a trial particle j inserting at the

4
same site in V; with >~ & = 1.
i=1
In mean field theory, the insertion probability ¢; is approxi-
mated as the probability of choosing a site in V;. This prob-
ability is given by the number fraction of site i with a maximal
number of sites Nj***

N!nax
6[ = Nlmax' (BS)
Substituting eqn (B4) and (B5) into eqn (B2), we have:
4 s
> NMXexp (— ! )
= kgT
(R = —kpTIn |= 2 (B6)

Nmax
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