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Improving structure search with hyperspatial
optimization and TETRIS seeding

Daviti Gochitashvili, a Maxwell Meyers,a Cindy Wangb and
Aleksey N. Kolmogorov *a

Advanced structure prediction methods developed over the past decades include an unorthodox

strategy of allowing atoms to displace into extra dimensions. A recently implemented global

optimization of structures from hyperspace (GOSH) has shown promise in accelerating the identification

of global minima on potential energy surfaces defined by simple interatomic models. In this study, we

extend the GOSH formalism to more accurate Behler–Parrinello neural network (NN) potentials, make it

compatible with efficient local minimization algorithms, and test its performance on nanoparticles and

crystalline solids. For clusters modeled with NN potentials, four-dimensional optimization offers fairly

modest improvement in navigating geometric relaxation pathways and incurs increased computational

cost largely offsetting the benefit, but it provides a significant advantage in facilitating atom swaps in

nanoalloys. In comparison, the introduction of a moderate, controlled bias for generating more

physically sensible starting configurations, achieved via TETRIS-inspired packing of atomic blocks, has a

more direct impact on the efficiency of global structure searches. The benchmarked systems are

Lennard-Jones clusters, Au or Cu–Pd–Ag nanoparticles and binary Sn alloys described by NN potentials,

and compounds with covalent B or BC frameworks modeled with density functional theory.

I. Introduction

Accurate and efficient prediction of atomic structures has
evolved from an intractable challenge in the 1990s to an
integral component of the materials discovery process.1–4

Advanced structure search methods are now routinely used to
identify crystalline and nanoscale configurations synthesizable
under specific experimental conditions.5–7 Prediction of ther-
modynamically stable compounds with unique morphologies
beyond known prototypes8–11 has been particularly important
in the exploration of matter subjected to extreme pressures.
Notable predictions that guided materials synthesis or helped
interpret experimental results include the ground states of
elemental Na12 and B13 exhibiting unusual properties under
compression; LiB,14,15 MB4 (M = Cr, Mn, or Fe),16–18 and
CaB6

19,20 metal borides featuring unfamiliar frameworks;
Na2IrO3,21 Na3Ir3O8,22 and Cu2IrO3

23 iridates showcasing rich
strongly correlated physics; and SiH4,24,25 H3S,26 and other
compressed hydrides boasting record superconducting critical
temperatures.

The complex optimization problem of locating global
minima on multidimensional potential energy surfaces in

given chemical spaces has been addressed with a variety of
strategies implemented in USPEX,4 XtalOpt,27 CALYPSO,28

AIRSS,29 MAISE,30 and other packages. The methodological
diversity reflects the implications of the no-free-lunch theorem,
which posits that no single optimization algorithm can outper-
form all others across every possible system.31 While the
developed algorithms are often fine-tuned for specific materials
classes, such as metal alloys,32,33 molecular crystals,34,35 or
nanoparticles,36,37 their overall efficiency is largely determined
by common factors: how structures are generated, evolved, and
selected.

Creation of diverse yet physically meaningful starting con-
figurations is critical for a large-scale efficient screening
and ranges from purely random to highly constrained. It has
been demonstrated that the introduction of atom exclusion
zones,38,39 incorporation of lattice parameters from experi-
ment,19 seeding searches with supercells of randomized known
ground states,19,22 or generation of crystal structures with
randomly chosen symmetries40,41 can speed up the determina-
tion of ground states by orders of magnitude.

Equally important is to control bias in structure optimiza-
tion. Local relaxation of starting configurations with determi-
nistic gradient-based algorithms introduces minimal bias and
has been used extensively in ab initio random structure
searches (AIRSS).29 Variable degrees of implicit steering
toward global minima can be achieved with the minima
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hopping method,42 particle swarm optimization,43 evolutionary
algorithm,4,44,45 and other strategies that allow structure popu-
lations to escape from local minima. Modified variable-
composition46–48 and variable-size multitribe49 evolutionary
algorithms further facilitate the sharing of favorable motifs
identified in large configuration spaces to iteratively construct
improved configurations. The introduction of fingerprint-based
energy penalty for low-symmetry structures has been shown to
enhance convergence in various systems.50

Screening candidate structures with classical interatomic
potentials can be a promising means of accelerating ab initio
structure searches. Inexpensive traditional interaction-specific
models have been used extensively in studies of nanoclusters37

but their generally limited transferability can lead to finding
suboptimal solutions.49,51 Recently developed machine learning
interatomic potentials offer significantly higher accuracy52,53 and
have been successfully used to identify more favorable nanocluster
configurations49,51 and thermodynamically stable compounds54,55

overlooked in previous ab initio searches.
An out-of-the box idea explored decades ago is based on

performing global searches in higher dimensions. It was
proposed that introducing extra spatial dimensions could help
structures escape local minima by enabling exploration of
directions unavailable in 3D space.56,57 In these studies, struc-
tures were first minimized in 3D, then displaced into a higher-
dimensional configuration space where they performed
constant-energy walks, before being returned to 3D for further
relaxation. The added degrees of freedom provided access to
relaxation pathways that more effectively traverse barriers on
the potential energy surface, increasing the likelihood of reach-
ing low-energy configurations. This strategy proved particularly
useful for systems with complex landscapes, such as the
double-funnel topology of the Lennard-Jones (LJ) 38-atom
cluster. The unorthodox approach was investigated further in
a recent study.58 The global optimization of structures from
hyperspace (GOSH) generates atomic configurations stochasti-
cally in higher special dimensions and gradually brings them
back to the real 3D space during a local optimization. The
algorithm was found to outperform the traditional 3D local
relaxation for several non-periodic systems, from unary and
binary clusters to linear chains and covalently bonded frame-
works, modeled with simple pairwise potentials. The prob-
ability enhancement of finding the ground state reached two
orders of magnitude in some cases and was especially evident
for the connected systems.58 One of the open questions was
how effective the hyperdimensional optimization would be in
the exploration of energy surfaces defined by more sophisti-
cated potentials.

The present study focuses on implementing and examining
two structure generation and optimization factors. First, we
investigate the performance of GOSH by extending the formal-
ism to neural network potentials (NNPs). We have modified our
MAISE package30 to perform GOSH for clusters and crystals
described with more complex interatomic NNPs of the Behler–
Parrinello type59 that provide near- ab initio accuracy. Our
implementation reproduces and enhances the previously

observed efficiency gains for LJ monoatomic clusters but shows
little to no advantage over the deterministic 3D optimization in
the case of Au clusters or Sn crystalline alloys, especially when
the increased computational cost is taken into account. On the
other hand, a notable improvement is observed for multicom-
ponent clusters.

Second, we generalize our previously proposed TETRIS gen-
eration of atomic configurations49 to periodic materials and
benchmark its performance against more stochastic population
initialization. The scheme was originally designed for creating
compact starting nanoparticle configurations with physically
meaningful interatomic distances by shooting atoms toward
the cluster’s center iteratively and keeping the closest positions.
Our present tests reveal that this essentially parameter-free
approach offers a better efficiency improvement than GOSH
does for monoatomic LJ and multicomponent Cu–Pd–Ag clus-
ters. The implementation of the TETRIS scheme for crystalline
compounds enables a controlled injection of bias in the form of
atomic blocks and targeted number of bonds. We demonstrate
that the method has little effect on the probability of finding
ground states in M–Sn alloys (M = Li, Pd, or Ag) with predomi-
nantly metallic bonding54,55 but offers significant improvement
in locating more stable configurations in a layered metal
borocarbide (ambient-pressure LiB2C2)60 and a metal boride
(CaB6 at 50 GPa)19 featuring complex covalent networks. The
customizable TETRIS seeding protocol, made available in the
open-source MAISE package,30 holds promise for accelerating
the convergence of global optimization searches via a judicious
introduction of beneficial motifs in structure populations.

II. Methods
A. GOSH original formulation

The global optimization method designed by Pickard58 relies on
generating atomic arrangements in higher dimensions, following
a downhill trajectory on a hypersurface, and eventually forcing the
system to materialize in the normal space. The creation of non-
periodic structures involves random placement of hard hyper-
spheres of radius ã0 within a confining hypersphere of volume
Ṽ/f, where ã0 is half the expected equilibrium bond length, Ṽ is the
total volume of atom centered hyperspheres, and f is the packing
fraction. The potential energy surface in the hyperspace of dimen-
sion d = d0 + d+ is a combination of the pairwise potential energy
Vij(r̃ij) and a harmonic penalty term

�E ~xif gð Þ ¼ ~E ~xif gð Þ þ 1

2
m
X
i

li
2 ¼

X
i;j

Vij ~rij
� �
þ 1

2
m
X
i

li
2;

where the Euclidian distances are defined as

~ri;j ¼
Xd
n¼1

~xj;n � ~xi;n
� �2" #1=2

;

li ¼
Xd

n¼d0þ1
~xi;n
� �2" #1=2

:
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The chosen two-step steepest-decent algorithm61 that does
not require line minimization allows for incrementing the
spring constant mk+1 = mkb after each atomic position optimiza-
tion cycle k. The m0 = 10 and b = 0.001 values provided an
efficient convergence of the hyperspatial energy gradients and
ensured the fall of extraspatial coordinates below an acceptable
threshold for most systems, while a more conservative m0 = 1
starting value was used for covalent materials.

B. GOSH implementation in MAISE

As discussed by Pickard,58 GOSH can be naturally generalized
for non-pairwise potentials and coupled with other minimiza-
tion algorithms. In order to make the method compatible with
the existing structure generation and optimization capabilities
available in MAISE, we introduced a few modifications in the
original scheme.

First, we enabled access to a wider range of local optimiza-
tion algorithms with line minimization available in the GSL62

by switching from gradual stepwise to sharp plateau-wise
change in the spring constant m. We break down the maximum
number of minimization steps M into N equal groups and set
mn = m0b

n. In the last set, we zero the extraspatial coordinates,
which are almost always negligible at this stage, to ensure that
the structure is fully optimized in the normal space. At each
stage n, the relaxation halts if the energy change between
successive steps falls below 10�8 eV (the same tight tolerance
value is used in pure 3D minimizations). We observed little
dependence of the optimization efficiency on these settings and
used M = 600, N = 6, m0 = 2, and b = 2 (for ease of comparison,
we keep specifying unitless m values but scale the parameter as
eV Å�2 and set the pairwise LJ energy parameter to 1 eV in our
simulations). Choosing a moderate starting spring constant
value of m0 = 2 proved important for converging structures with
large initial extraspatial coordinates. Based on the benchmarking
tests for Broyden–Fletcher–Goldfarb–Shanno (BFGS2), Fletcher–
Reeves conjugate gradient (CG-FR), Polak–Ribiere conjugate

gradient (CG-PR), and steepest descent (SD) algorithms63–66 in
Fig. 1(a), we chose BFGS2 as the default minimizer.

Second, we implemented alternative procedures for extend-
ing structures beyond the normal space. For clusters, we aimed
to retain the possibility of initializing configurations with the
efficient TETRIS algorithm or generating offspring with various
mutation or crossover operations in evolutionary searches.30,49,51

Therefore, instead of creating clusters with equally randomized
atomic coordinates in all dimensions, we enabled random shifts
into the extra dimensions for clusters with already defined 3D
atomic positions. Protocol MAP0 illustrated in Fig. 2(a) involves
uncorrelated random displacements of atoms into each extra
dimension up to D+ (for d0 = 2 and d+ = 1, this operation
transforms a 2D disk into a fuzzy flat cylinder). Optionally, the
normal coordinates are uniformly contracted to compensate for
the increase of the interatomic distances in the hyperspace
(MAP1 in Fig. 2(b)). Fig. 1(b) illustrates a good performance of
the modified GOSH for D+ B 1 Å. The last tested protocol, MAP2
in Fig. 2(c), treats the normal and extra dimensions on a more
equal footing and maintains a roughly uniform atomic density
via a correlated adjustment of the normal and hyper coordinates
(for d0 = 2 and d+ = 1, it converts a 2D disk into a near-spherical
3D shape). If the maximum distance to the origin in a cluster
with N atoms is R0 in the normal space and becomes R̃0 upon
expansion into one extra dimension, the normal space radial

distance roldd0
for each atom can be mapped approximately as

rd0 ¼ ~R0 1� 1�
roldd0

R0

 !2
0
@

1
A

p2
4

3
5
1=2

;

with p = 0.625, 2/3, and 0.694 for 1D, 2D, and 3D, respectively
(see Note SI with Fig. S1 and Fig. S2 for further detail67).
The extra dimensional coordinate xd0+1 should be generated

randomly in the �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R0

2 � rd0
2

q
range. The R̃0/R0 ratios, assessed

Fig. 1 Performance of different protocols in hyperdimensional optimiza-
tion of LJ or Au clusters and Li–Sn crystals. DEave represents the average
energy of the best half of 2000 structures relative to the corresponding
ground state. (a) The local minimization algorithms were tested for MAP0
and D+ = 1.0 Å. (b) The mapping and displacement variants were tested
with BFGS2. The MAP2 scheme is independent of D+.

Fig. 2 Atom distributions in 20 50-atom 2D clusters (in gray) expanded
into 3D (in black) using different mapping protocols. The hyperdimensional
x3 coordinate is plotted as a function of the 2D radial distance normalized
to the largest radius R0. (a) x3 is generated randomly in [�D+; D+]. (b) After
the random x3 generation, the 2D coordinates are contracted. (c) The 2D
coordinates are remapped and x3 is generated randomly in the

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~R0

2 � ri2
p

range as detailed in the main text.
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by rearranging N atoms on uniform grids in d0 and d0 + 1
dimensions, are 1.110N�1/6 for d0 = 2 and 1.082N�1/12 for d0 = 3.
Since Fig. 1(b) illustrates a generally good performance of the
MAP0 protocol with D+ = 1 Å, we have used it in all present
simulations unless specified otherwise.

For crystals, the normal and extra dimensions are inherently
different because the periodicity over hyperspatial coordinates,
once introduced, cannot be naturally phased out. Therefore, we
chose to extend crystalline structures with 3D periodicity by
introducing random hyperspatial positions up to �D+ = �1 Å
and uniformly shrinking the 3D volume by 0.8. It should be
noted that the normal space contraction compensating for the
average bond elongation due to the random shifts in the extra
dimensions may bring some atoms too close to each other.
To avoid that, we perform a series of hyperspatial coordinate
adjustments with a simple repulsive potential for both clusters
and crystals until all interatomic distances are larger than 0.7 of
the expected equilibrium length, just as done for making
random 3D structures.30,49

C. TETRIS algorithm

MAISE features several options for generating initial struc-
tures.30 Our default approach for constructing clusters,
denoted BLOB in the code,30 relies on randomly placing atoms
around the origin and tweaking their positions to ensure
realistic interatomic distances with a combination of a repul-
sive pairwise potential and attractive springs that keep atoms
within a targeted cluster radius. An alternative TETRIS-inspired
algorithm involves sending atoms from random directions
toward the origin one by one and keeping the closest position
out of N3/2 tries to create spherical o r ellipsoidal shapes.49 Our
previous studies illustrated benefits of initializing evolutionary
searches with TETRIS-generated configurations. Fig. S367 con-
firms that TETRIS clusters are more compact than BLOB ones,
with the volume definition adopted from ref. 68, even after the
latter procedure is tightened with a compression factor of 1.3.

We now extend the method to crystals and introduce an
option to seed structures with predefined motifs. While pack-
ing algorithms are popular for determining molecular crystal
ground states,34,35 the use of atomic building blocks is uncom-
mon in explorations of inorganic solid-state materials. Our
TETRIS-based generation proceeds as follows: (i) create random
lattice vectors; (ii) extend the c lattice vector to temporarily
disable periodicity along this direction; (iii) randomly select
atomic blocks, natural for the material’s bonding type and
producing the desired composition, from a user-defined set;
(iv) optionally perform a random 3D rotation of each block
using quaternions; (v) send blocks one by one from a random
lateral position along the c axis, trying all possible orientations
in the x–y plane at each downward step, until they either reach
the bottom or come into close contact with another block; (vi)
repeat the previous step for several starting lateral positions
and keep the position with the lowest z; and (vii) once all the
blocks are dropped, turn the periodicity along c back on and
shrink the axis until atom separations match the shortest
allowed distance.

Due to the observed insignificant influence of implementa-
tion details on the method’s overall performance, the degree of
introduced bias can be controlled by customizing the set of
atomic blocks. Additionally, one can specify the targeted num-
ber of nearest neighbors within a cutoff sphere for each species
to discard configurations with unphysical local environments.
Our tests illustrate that the designed algorithm works particu-
larly well for generating layered covalent frameworks.

D. DFT and NN calculations

For metal borides and borocarbides, DFT calculations were
performed with VASP69 using projector augmented wave
potentials70 and the optB88-vdW functional.71 A 500 eV plane-
wave cutoff and dense Monkhorst–Pack k-meshes72 with Dk B
2p � 0.025 Å�1 ensured numerical convergence to typically
within 1 meV per atom.

Detailed information about our previously developed NN
interatomic potentials for Au, Cu–Pd–Sn, and Sn alloys, avail-
able on GitHub, can be found in ref. 30, 49, 51, 54 and 55. The
local atomic environments were represented with 51 Behler–
Parrinello symmetry functions per element, with the explicit
expressions provided in Note SII67 and the parameters detailed
in ref. 49. The details of NN models of different systems studied
in this paper are summarized in Table 1. NNs were fitted to
PBE-level energies and forces and extensively tested in global
structure searches. The iterative generation of reference struc-
ture sets and NN training were done with the automated
MAISE-NET wrapper.30

III. Results and discussion
A. Lennard-Jones clusters

Over a century, the LJ potential has served as a canonical model
for systems with isotropic interactions and negligible many-
body effects. Despite the simplicity of the functional form, the
ground states of LJ clusters, established at least up to at N = 150
atoms,42,74,75 exhibit surprising structural complexity and have
become standard benchmarks for developing and tuning global
optimization algorithms.42,44,50,58,74–77

We applied our implementations of the TETRIS and BLOB
structure generation methods along with hyperdimensional

Table 1 Neural network (NN) parameterization details by chemical com-
position, including the total number of adjustable weights, the number of
energy and force data points in the training sets, and the root mean square
errors on the test sets for energies (meV per atom) and forces (meV Å�1).
All models were trained and evaluated using PBE-level73 reference data

Chemical
system

# of
weights

# of
E data

# of F
data

Testing
error E

Testing
error F

Reference
study

Au 641 2912 21 621 6.5 37 51
Cu–Pd 3162 3725 32 223 6.6 63 49
Cu–Ag 3162 3724 32 034 3.5 38 49
Pd–Ag 3162 3705 32 166 4.8 58 49
Cu–Pd–Ag 8853 2191 29 163 5.2 53 49
Li–Sn 3162 6046 46 410 10.2 49 54
Pd–Sn 3162 5507 46 272 9.6 52 55
Ag–Sn 3162 5410 37 548 8.4 33 55
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optimization to five LJ clusters that feature ground states with
different point group symmetries: 37 (C1), 38 (Oh), 39 (C5v), 47
(C1), and 55 (Ih). These sizes were selected due to their non-
trivial geometries, such as LJ38 known for its double-funnel
energy landscape.78 Fig. 3 shows the success rates of global
minimum searches using various structure generation proto-
cols and optimization strategies. To ensure statistical signifi-
cance and direct comparison with the original GOSH study, we
generated sufficient structure sets, up to 2.5 � 105 per size, to
reach 100 ground state hits and picked the highest reported
success rates obtained with AIRSS for packing fractions ranging
between 0.1 and 0.3, as denser packing was determined to be
not universally beneficial for locating ground states.58 In fact,
the consistently high compressions achieved with our TETRIS
generation scheme (Fig. S367) were apparently detrimental for
all considered sizes, as starting configurations constructed with
the BLOB protocol converged to global minima B2.3 times
more frequently.

In contrast to the reported GOSH results, the addition of the
extra coordinate through MAP0 improved the convergence
across all considered sizes and seed generation strategies,
effectively doubling the average probabilities of finding the LJ
global minima. Unsurprisingly, the highest success rates, up to
1 in 100 tries, were observed for LJ39 and LJ55 with the most
symmetric global minimum configurations. Histograms of
local minima energies collected in Fig. S467 establish that the
extra dimension helps LJ clusters transform into more favor-
able configurations not just near the bottom of the potential
energy surface but across the full landscape. The presented
findings for different sizes and structure initializations demon-
strate that systematic gains in hyperspatial optimization of LJ
clusters can be attained through relatively modest �1 Å maxi-
mum displacements of preconstructed 3D configurations into
the extra dimension.

The net performance should be assessed by taking into
account the increased computational cost of the introduced

structure generation and optimization algorithms. According to
our estimates, the BLOB and TETRIS operations take one to two
orders of magnitude less time than typical local optimizations
with the LJ potential. However, hyperspatial optimization can
lead to significant slowdowns due to the overhead introduced
by the extra spatial dimension and the increased number of
energy and force evaluations required for convergence. For the
LJ potential, the dimensional overhead added only about 8%,
while the average number of relaxation steps increased by a
factor of 413/212 E 1.9, offsetting but not fully negating the
benefit of 4D optimization.

B. Au clusters modeled with NNPs

As the first testbed for benchmarking hyperdimensional opti-
mization on a chemically realistic many-body system, we chose
small Au clusters described by a NNP. Nanosized Au has a
complex potential energy surface due to relativistic effects and
strong d-orbital hybridization, which lead to low-symmetry
ground states including planar, hollow, and amorphous
morphologies.79–82 Accurate structure prediction is particularly
relevant for nanoparticles of this noble metal, as their rich
catalytic properties are known to be highly sensitive to
geometry.83,84 Extensive tests in our previous study established
that the conventional Gupta potential or embedded atom
model are inadequate for guiding ab initio structure searches,
with Gupta-potential minima dispersing by nearly 30 meV per
atom upon DFT relaxations.51 In contrast, our NNP trained to
6.5 meV per atom accuracy enabled refinement of ground-state
candidates across the 30 r N r 80 range and helped identify a
more stable amorphous configuration for Au55.

Since NNPs are roughly two orders of magnitude more
expensive than the LJ potential and their ground states are
subject to particular parametrization, we adopted a different
benchmark strategy for Au clusters. Rather than measuring
success rates based on the successful identification of global

Fig. 3 Success rates of finding global minima for LJ clusters using
different structure generation protocols (BLOB versus TETRIS) and opti-
mization methods (3D versus 4D). The AIRSS results were taken from ref.
58. Each run contained between 104 and 2.5 � 105 structures that ensured
the location of the ground state at least 100 times. Lower �log10 pe values
mean higher success rates.

Fig. 4 Average energies (between 6 and 14 meV per atom) and standard
deviations (between 1.8 and 3.6 meV per atom) of the best 2000 structures
relative to the ground states for Au clusters modeled with NNPs. Each set
generated with different protocols (random versus TETRIS) and optimized
with different methods (3D versus 4D) consisted of 5000 structures. The
full DE histograms for Au38 and Au55 are shown in Fig. S5.67 The asterisk
denotes CPU-time-adjusted average as explained in the text.
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minima, we generated 5000 structures for each cluster size and
method and calculated the NN average energy of the lowest
40% (2000) minima relative to the best NN-relaxed structure
obtained in this dataset. This metric reflects the sampling
efficiency of each method while remaining robust to uncer-
tainty in the true ground-state configurations. For example, the
combined 2 � 104 tries for each size summarized in Fig. 4,
reproduced the putative NN ground state for Au47, converged to
suboptimal minima for Au32 and Au55, and identified a more
favorable configuration, by B1.7 meV per atom, for Au38

compared to the prior multi-tribe evolutionary searches with
2.5 � 104 local optimizations.51

Across all tested cluster sizes and initialization strategies, 4D
optimization yielded average energy reductions of approxi-
mately 2.5 meV per atom compared to 3D relaxation. However,
this gain is counterbalanced by an average 1.63-fold increase in
the number of iterations leading to an average 1.78-fold
increase in total wall time per relaxation. To account for this
difference in computational cost, we reevaluated the effective
sampling performance by proportionally reducing the size of
the low-energy pool used for averaging. Namely, we adjusted
the 3D data by computing the average over the lowest 2000/1.78
structures instead of 2000. When this correction is applied, the
apparent advantage of 4D optimization largely vanishes, indi-
cating that the observed improvements stem from extended
local relaxation rather than more efficient exploration.

C. Cu–Pd–Ag clusters modeled with NNPs

Nanoalloys display a broader spectrum of tunable catalytic,
optical, and magnetic properties due to their diverse
composition-dependent core–shell, Janus, and mixed-species
arrangements. To evaluate the performance of the hyperdimen-
sional and TETRIS methods in identifying the most favorable
configurations of multicomponent nanoparticles, we focused
on 50-atom binary and ternary Cu–Pd–Ag clusters. Our previous
investigation of the system with the evolutionary algorithm
coupled with NNPs revealed a highly frustrated energy land-
scape across the composition range, making it a challenging
benchmark for global optimization.49 The reported most favor-
able Cu–Pd–Ag configurations have core–shell morphologies,
with the larger metals preferentially residing on the surface
(see Fig. 5).

Fig. 5 illustrates how the choice of local optimization
strategy and initial population seeding influences search effi-
ciency. All starting structures, 5000 for each data point, were
generated using the TETRIS approach, but species assignment
during cluster assembly followed three different schemes. In
the unbiased case, the order in which atoms of different species
were added was completely random (e.g., BACABC for A2B2C2).
In the random core variant, atoms were grouped by species, but
the sequence of species was randomized (e.g., CCAABB). In the
select core protocol, species were ordered by atomic size, from
smallest to largest (i.e., AABBCC if rA o rB o rC). Since the
introduction of extraspatial coordinates introduces additional
randomness to the atomic distributions, the resulting nine
sets comprised 5000 different initial structures for each

composition. We chose to average the energies over the best
2000 minima, i.e., 40% of each set, to clarify the performance of
the random core generation for binary or ternary nanoalloys
which have 1/(2!) = 50% or 1/(3!) E 17% chances of having the
optimal core–shell sequences.

In unbiased searches, 4D optimizations consistently pro-
duced lower-energy structures than standard 3D relaxations
across all tested nanoalloys. The average energies above the
global minima decreased by B10% with MAP0 and B30% for
MAP2, indicating that the added dimension, with larger aver-
age displacements in the latter case, allows the system to
escape inefficient local geometries during relaxation. As in
the Au case, the additional computational overhead, now
measured at 2.24 for MAP0 and 3.25 for MAP2, diminishes
these gains but the full factors behind this improvement
become clearer when considered alongside the results with
the other two structure initialization protocols. Growing clus-
ters by grouping incoming atoms by species, either randomly or
selectively, dramatically improved the search outcomes for both
3D and 4D optimizations. The moderate randomization of the
extra dimensional coordinate up to �1 Å in MAP0 continued to
provide a B10% improvement, while the cluster ‘spherization’
in all dimensions in MAP2 likely promoted a certain degree of
species mixing and led to less favorable minima than in the
standard 3D case. The random and select core schemes yielded
fairly similar results for binary clusters, which is consistent
with the 50% probability of obtaining the correct species
sequence when two species are randomly ordered. In contrast,
the difference was more pronounced for ternary clusters, where
the chance of realizing the correct sequence under random
grouping drops to about 17%. Compared to our previous
evolutionary searches with 5 � 104 local optimizations per
nanoalloy starting with unbiased TETRIS configurations,49

the present local relaxations totaling 4.5 � 104 tries yielded

Fig. 5 Average NN energies of the best 2000 out of 5000 structures
relative to the ground states for 50-atom clusters found in ref. 49 and
displayed with blue (Cu), yellow (Pd), and silver (Ag) spheres. The solid,
crossed, and open symbols correspond to clusters generated with TETRIS
using different species sequences as explained in the text. Visual repre-
sentations of atomic structures were created with VESTA.85
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comparable best minima for binary clusters, 0.1 meV per atom
higher for Cu30Pd20, the same for Cu15Ag35, and 0.3 meV per
atom lower for Pd15Ag35, but a significantly less optimal mini-
mum, by 7.5 meV per atom, for Cu15Pd20Ag15.

These trends suggest that the key limitation of standard 3D
relaxation lies not in geometric constraints, but in its inability
to reassign species to more favorable environments. Just as in
the optimization of binary chains,58 GOSH circumvents this by
effectively enabling atom reordering during relaxation, but the
same benefit in the more practical case of multicomponent
nanoparticles can be attained more directly through incorpora-
tion of chemical knowledge in the initial population. These
observations align with alternative efforts in the field to address
compositional frustration in multicomponent clusters. Several
methods have been developed to enable or approximate species
swaps during optimization, including identity-exchange Monte
Carlo steps in basin-hopping,77 symmetry-constrained genetic
algorithms,86 and multi-agent search protocols with specialized
roles such as the Flying–Landing–Hiking framework.87

D. Li–Sn, Pd–Sn, and Ag–Sn modeled with NNPs

To test the performance of global optimization in periodic
systems, we selected M–Sn intermetallics known to display a
wide range of morphologies. As a group XIV element capable of
covalent bonding, Sn readily forms directional extended frame-
works and cage-like motifs, especially when alloyed with elec-
tropositive metals.54,55,88–90 For example, Sn-rich alloys can be
represented with particular sequences of Kepler nets, while
M-rich intermetallics often appear as simple decorations of
common metallic lattices with isolated or only weakly con-
nected Sn atoms. Our recent NNP-guided exploration of M–Sn
binaries (M = Li, Na, Ca, Cu, Pd, and Ag) led to the identifi-
cation of over 30 new phases stable under different (T,P)
conditions.54,55 They include tI36-PdSn2 with an A1B1A�A1B1A+

stacking of Pd atoms between Sn layers with rotated squares
and hR75-Li19Sn6 with a34,54 stacking of layered units defining
the bcc decoration.

We focused on Li7Sn9, Li9Sn6, Pd4Sn12, Pd14Sn2, and Ag14Sn4

compositions determined in our prior evolutionary searches to
have complex ground states with sizes between 15 and 18 atoms
per unit cell. To gauge the capability of the TETRIS method,
we tried only broadly applicable structural fragments, such
as M–M, M–Sn, and Sn–Sn dimers or bcc blocks, avoiding
overly material-dependent structural motifs that could bias
the searches toward previously known solutions. Our tests
(not shown) demonstrated little advantage of block seeding
over random structure generation, and we chose the latter in
our investigation of the hyperspatial optimization.

Fig. 6 compares the average energies of the 2000 lowest
structures out of 5000 relative to the ground state, evaluated by
neural network potentials. Unlike in nanoalloys, 4D optimiza-
tion did not yield systematic improvements in periodic crystals.
Both 3D and 4D relaxations sampled similar energy distribu-
tions across the lowest 40% of minima and delivered compar-
able success in locating the lowest-energy states identified
in earlier evolutionary runs. For Li7Sn9 and Pd14Sn2, both

methods repeatedly recovered the ground state. For Pd4Sn12,
only 4D found the ground state, with 3D reaching a structure
2 meV per atom higher. For Ag14Sn4, the ground state was
found only by 3D, with the closest 4D result 0.5 meV per atom
less stable. The lack of significant advantage observed for 4D
relaxation in these periodic systems may result from the
indirect constraints imposed by lattice vectors, which evolve
primarily in response to effective modulation of three-
dimensional interatomic distances by the additional hyperspa-
tial coordinates.

E. LiB2C2 and CaB6 modeled with DFT

The usefulness of the TETRIS adaptation to periodic systems
can be illustrated with ab initio searches for ground states in
complex covalent materials, such as metal borides and boro-
carbides known to display a variety of 2D and 3D
frameworks.91,92 To collect sufficient data for benchmarking
different protocols at the DFT level, we generated 1000 or 2000
medium-sized configurations and assessed each variant’s per-
formance by calculating the average energy of the best 2% of
locally optimized candidates. The dataset sizes were chosen to
approximate fractions of random motifs injected into popula-
tion during typical evolutionary runs totaling 4000–6000 local
optimizations.19,30 Our recent screening of layered metal bor-
ocarbides for conventional high-Tc superconductors synthesiz-
able under ambient pressure revealed that high levels of hole
doping destabilize the honeycomb layer morphology in MxBC
(M = Li, Na, or Mg) essential for strong quasi-2D electron–
phonon coupling.60,93 At the Li1/2BC composition, our evolu-
tionary searches identified an mS20 (Cm) structure with a 3D
framework B70 meV per atom below the best oI10 (Imm2)
layered counterpart.

We performed our present tests for Li3B6C6 and referenced
the resulting 8 � 1000 structures to the mS15 (Pm) polymorph
with 3D morphology determined previously to have the lowest
energy among 15-atom unit cells. Fig. 7 shows the effectiveness
of generating low-energy motifs as a function of the introduced
bias. For each protocol, we checked whether the additional

Fig. 6 Average energies of the best 2000 structures relative to the
ground states for Li–Sn, Pd–Sn, and Ag–Sn crystals modeled with NNPs.
Each set optimized with different methods (3D and 4D) consisted of 5000
structures.
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condition on the number of nearest neighbors, 3–4 within 1.9 Å
around B/C atoms expected to be in the sp2 or sp3 environ-
ments, leads to better starting configurations. The constraint
indeed consistently lowered the average energy, with the largest
improvement of B40 meV per atom noted for the random
scheme. The three TETRIS sets with different numbers of
atomic blocks may help find a desired balance for bias in
structure generation. A simple switch from a random place-
ment of atoms within a unit cell to the TETRIS packing of
individual atoms resulted in a noticeable drop of the average
energy by B50 meV per atom. The introduction of B and C
atoms in pairs to promote a natural alternating order in hetero-
nuclear frameworks further lowered the average energy by
B75 meV per atom. The larger four-atom preassembled units
link into honeycomb layers far more efficiently while not
prohibiting interlayer bridging, as we observed low-energy
configurations with sp3-bonded C atoms.

Investigation of CaB6 under pressure provides information
on the methods’ performance for non-layered configurations.
Our previous studies revealed exceptional complexity of
pressure-induced structural transformations in this compound,
which starts as a simple cP7 at ambient pressure, becomes
dynamically unstable above 23 GPa, and displays a variety of
more stable exotic 3D frameworks above 13 GPa.19,20 The
concurrent synthesis work indicated the formation of a new
phase above 31 GPa but its structure could not be established
from the collected XRD data and was solved with evolutionary

searches without any structural input.19 Our benchmark tests
demonstrated that the construction of the 28-atom tI56 ground
state could not be accomplished with unbiased random
searches in 10 000 tries and required either randomization of
the cP7 supercells or use of the evolutionary algorithm.

Here, we considered smaller 14-atom Ca2B12 unit cells at
50 GPa, determined to have oS28 (Pm%3m) as the lowest-enthalpy
configuration with up to two formula units,19 and allowed an
additional 3D random rotation of the TETRIS blocks with
quaternions in their starting position. Fig. 8 displays the
average enthalpy of the best 40 structures and shows that
2000 tries were sufficient to locate oS28 with each protocol.
In fact, the TETRIS algorithm offered no improvement over the
random method when we used blocks with one-three B atoms,
a preassembled unit with a uniform distribution of six B atoms
around Ca, or a five-atom fragment of the B octahedron
(only the last two sets are shown). An appreciable enthalpy
drop of nearly 80 meV per atom was observed only when full
octahedron units were used.

We would like to stress that we view the TETRIS generation
not as a stand-alone optimization method but rather as a
protocol for seeding global structure searches with plausible
configurations. The presented results of ab initio searches
demonstrate that steering global exploration toward layered
configurations can be accomplished naturally with minimal
bias, such as heteronuclear dimers. Construction of complex
3D frameworks may require the use of more specific building
blocks favorable for this material’s class but the TETRIS

Fig. 7 Performance of random and TETRIS structure generation methods
in the search for most favorable Li3B6C6 configurations at the DFT level.
The number and types of user-defined TETRIS blocks per set are indicated
at the top. The sets denoted with diamonds were generated with an
additional constraint for B and C atoms to have 2–4 neighbors within
1.9 Å. The energy is referenced to the most favorable mP15-Li3B6C6 phase
with 3 formula units found in our previous study,60 with the dashed line
corresponding the lowest-energy layered configuration.

Fig. 8 Performance of random and TETRIS structure generation methods
in the search for most favorable Ca2B12 configurations at 50 GPa at the
DFT level. The number and types of TETRIS blocks are indicated at the top.
The enthalpy is referenced to the most favorable oS28-Ca2B12 phase
found in our previous study,19 with the dashed line corresponding to the
cP7 ground state at ambient pressure.

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

4 
O

ct
ob

er
 2

02
5.

 D
ow

nl
oa

de
d 

on
 4

/3
/2

02
6 

1:
36

:4
0 

A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d5cp02412a


25644 |  Phys. Chem. Chem. Phys., 2025, 27, 25636–25647 This journal is © the Owner Societies 2025

packing is not constrained to supercells of known prototypes to
generate periodic configurations.

IV. Summary

We present a systematic extension and examination of two com-
plementary strategies for improving global minima searches
in nanoscale and crystalline systems: structure generation
with physically biased seeding and hyperspatial optimization.
To enable treatment of chemically realistic systems with a variety
of structure initialization and minimization schemes, we
expanded Behler–Parrinello-type NNPs to extra dimensions and
reformulated several elements of the GOSH algorithm. Specifi-
cally, we introduced two coordinate mapping schemes, MAP0
and MAP2, that displace physically meaningful configurations
constructed in the normal 3D space into extra dimensions using
distinct extension strategies. MAP2 mimics the original GOSH
approach by generating randomized displacements that effec-
tively treat all spatial directions equally, producing near-
hyperspherical distributions. In contrast, MAP0 introduces mod-
erate, uncorrelated shifts of up to �1 Å into the extra dimen-
sions. Additionally, we adjusted the protocol for changing the
spring constant associated with extraspatial coordinates to
plateau-wise ramp-up during local optimizations, enabling the
use of advanced minimization algorithms, such as BFGS2.

Our benchmark tests showed that both the modified map-
ping scheme and enhanced relaxation protocol were essential
for attaining consistent gains in complex systems. In multi-
component Cu–Pd–Ag clusters initialized with unbiased spe-
cies ordering, 4D optimization with the conservative MAP0
approach reduced the average energy above the global mini-
mum by B10%, while the more aggressive MAP2 scheme
yielded up to B30% reductions, highlighting the benefit of
using extra dimensions to facilitate atom swaps. However, a
chemically informed TETRIS initialization, which assembles
clusters with species grouped by atomic size to favor core–shell
formation, led to significantly better convergence even with
standard 3D optimization, and performed even more effectively
when paired with MAP0. This balance between geometric
flexibility and controlled species placement was especially
important for ternary systems, where the probability of ran-
domly assembling optimal core–shell configurations is inher-
ently low. For bulk alloys, these factors had little impact, as
neither hyperspatial optimization nor species ordering strate-
gies produced measurable gains. In contrast, TETRIS-based
seeding, by assembling unit cells from chemically sensible
atomic blocks, substantially improved convergence in covalently
bonded systems modeled with DFT.

This study provides the first evidence that hyperspatial
optimization, previously applied to simple potential energy
surfaces,56–58 can yield benefits in systems modeled with
sophisticated many-body potentials. By independently varying
the coordinate mapping and initialization strategies, we were
able to disentangle the contributions of geometric relaxation
flexibility and species ordering, a distinction particularly

important for nanoalloys. These insights offer a path toward
improving hyperspatial optimization across a broader range of
materials systems.
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