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Treatment of spin–orbit coupling with internally
contracted multireference coupled cluster theory†

Andreas Köhn * and Julia Netz

We present the formalism for computing state-interaction matrix elements within the multistate

extension of internally contracted multireference coupled-cluster theory. In particular, we focus on the

determination of spin–orbit coupling matrix elements. A pilot implementation is presented and tested

for the zero-field splitting of atomic 2P and 3P terms as well as for molecular 2P terms. We also

investigate the impact of the non-Hermiticity of the underlying coupled-cluster theory on spin–orbit

couplings between non-equivalent states. For this, we consider the coupling between the 3S� ground

state and the 1P excited state of NH for several interatomic distances. Only a very small asymmetry is

found for this case, but it is also seen that the present theory has to be carefully revisited with respect to

the treatment of the response of the reference coefficients in order to avoid artefacts.

1 Introduction

Spin–orbit interactions1 are at the heart of many important
phenomena, such as intersystem crossing,1,2 being important
for the photophysics of organic dyes, or zero-field splitting of the
ground state of transition metal or rare earth ions, giving rise to
their unique magnetic properties3,4 and making them interesting
candidates for molecular magnetism, spintronics and quantum
technology.5 The computational modelling of spin–orbit interac-
tions was pursued early on in quantum chemistry, starting with
perturbation approaches within configuration interaction (CI)
theory.6–9 There also exist implementations that include the
spin–orbit effects directly into the self-consistent solutions10,11

and full relativistic treatments based on the Dirac equation.12

For light and medium-sized nuclei, spin–orbit coupling
matrix elements do not exceed 2000 cm�1 (0.25 eV) and the
perturbative approach is usually sufficient. While the size of
spin–orbit coupling effects are qualitatively well recovered by
small CI expansions, a more quantitative treatment calls for the
inclusion of dynamic correlation effects. This can of course be
accomplished by larger multireference CI expansions,7,8 or by
(multiconfiguration) perturbation theory.13–17 For large mole-
cules, density functional theory is an alternative option.18,19

In terms of accurate wavefunction theory, coupled-cluster
theory is the most desirable target due to its high accuracy and
size-consistency.20 However, appropriate extensions of the the-
ory have to be developed in order to make it applicable to near-

degenerate states,21,22 for which spin–orbit coupling is often
most important. Pioneering work has been carried out at the
level of equation-of-motion ionisation potential coupled-cluster
(EOMIP-CC) theory by Klein and Gauss.23 This approach was
later generalised to further EOM approaches (like electron-
attachment or spin–flip) by Epifanovsky et al.,24 which signifi-
cantly widens the scope of spin-cases that can be treated. Spin–
orbit effects for multireference coupled-cluster theory have for
the first time been explored by of Mück and Gauss25 who
focused on Mukherjee’s state-specific multireference coupled-
cluster (Mk-MRCC) theory.26,27

In the present work, we seek to integrate spin–orbit effects into
internally contracted multireference coupled-cluster (icMRCC)
theory.28–35 While some works exist that combine icMRCC energies
and spin–orbit interaction matrix elements from small CI expan-
sions to arrive at spin–orbit coupled states of small molecules,36,37

the aim of the present work is to also include dynamic correlation
effects on the matrix elements. To this end, we exploit that the
solutions of the icMRCC equations, despite obtained in a state-
specific fashion, can also be viewed as the solutions of a multistate
framework33,35 such that they can be directly used as zeroth-order
function for the evaluation of spin–orbit coupling matrix elements.

The present work is organised as follows: in Sections 2.1–2.3,
we review the icMRCC theory for state specific energies and
first-order properties, as well as the multistate extension of the
theory. In Section 2.4 we introduce the new equations for
treating state interactions within the multistate framework
and its application to spin–orbit coupling (Section 2.5). In
Section 3.1, we shortly describe the implementation and show
thereafter the first exploratory results obtained by the new
approach. These consist of the zero-field splittings of atoms,
Section 3.2, and molecules with degenerate ground state,
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Section 3.3. In addition we will investigate the impact of the
non-Hermiticity of the coupled-cluster approach, Section 3.4.

2 Theory
2.1 Internally contracted multireference coupled-
cluster theory

The internally contracted multireference coupled-cluster (icMRCC)
wavefunction30,31 is defined as

jCi ¼ eT̂ c0j i ¼ eT̂
X
m

Fm
�� �

cm (1)

where |c0i is the multiconfigurational reference wave function. We
assume that it is a complete active space (CAS) expansion in terms
of Slater determinants |Fmi and corresponding coefficients cm. The
index m is assumed to run over the entire CAS manifold.

Dynamical electron correlation is introduced by the cluster
operator

T̂ ¼
X
r

trt̂r (2)

consisting of excitation operators t̂r and corresponding cluster
amplitudes tr. The index r runs over all included excitations,
e.g. one- and two-body excitations in case of the icMRCC singles
and doubles (icMRCCSD) approximation. For the present work,
we keep the notation rather abstract, for a more detailed
definition of the excitation manifold see for example ref. 34.
For the purposes of the present work it suffices to say that the
excitation manifold includes excitations that promote electrons
from doubly occupied orbitals into partially occupied or unoc-
cupied orbitals in either the active space or the secondary space
(virtual orbitals), but they also promote electrons within the
active space or from the active space into the secondary space.
Purely active excitations that only reshuffle electrons inside the
active space are omitted, instead the expansion coefficients cm
will be reoptimised. As the excitation spaces overlap, the
excitation operators do not commute in general, at variance
to the single-reference case. The specific choice of the excita-
tion manifold requires special considerations in order to avoid
linear dependencies and to achieve size-consistency, as dis-
cussed previously.31,34,38

By inserting the icMRCC wavefunction, eqn (1), into the
electronic Schrödinger equation with the (non-relativistic)
clamped-nuclei electronic Hamiltonian Ĥ, the equations to deter-
mine the cluster amplitudes tr and coefficients cm can be derived.
We use the linked form of the projection approach, where we first
premultiply both sides of the Schrödinger equation by e�T̂ before
projecting to excited configurations. We obtain the amplitude
equations

0 ¼ c0 t̂
0y
~r e
�T̂ ĤeT̂

���
���c0

D E
(3)

by projecting to the non-redundant internally contracted

manifold c0h jt̂
0y
r

n o
.

Projection onto the reference space determinants leads to an
eigenvalue problem

X
n
hFmje�T̂ ĤeT̂ jFnicn ¼ Ecm (4)

of the effective Hamiltonian

Heff
mn = hFm|e�T̂ĤeT̂|Fni. (5)

The equations, eqn (3) and (4) are solved simultaneously, the
lowest eigenvalue of the effective Hamiltonian gives the icMRCC
energy.

2.2 Expectation values

In analogy to single-reference coupled-cluster theory, molecular
properties can be computed within the icMRCC framework by
introducing a stationary energy functional.31,39 For a more com-
pact notation, we define the similarity transformed Hamiltonian

%H = e�T̂ĤeT̂ (6)

and write the desired energy functional as:

L = h ~c0| %H|c0i + hc0|L̂ %H|c0i � E(h ~c0|c0i � 1). (7)

This expression contains additional coefficients, which are
contained in the left-hand reference function

h~c0j ¼
X
m

~cmhFmj (8)

and the L̂ operator

L̂ ¼
X
r

lr t̂0r
� �y

: (9)

The energy E appears here as Lagrange multiplier for the
normalization condition h ~c0|c0i = 1.

Taking the derivatives with respect to lr and %cm recovers, by
construction, the amplitude and coefficient equations, eqn (3)
and (4). Requiring stationarity with respect to the cluster
amplitudes and the reference coefficients leads to two addi-
tional equations. The condition qcmL = 0 leads to39

h ~c0|( %H � E)|Fmi + hc0|L̂ %H|Fmi + hFm|L̂ %H|c0i = 0,
(10)

and the condition qtrL = 0 gives

h ~c0|(qtr
%H)|c0i + hc0|L̂(qtr

%H)|c0i = 0. (11)

The last term on the left-hand side of eqn (10) results from
the derivative of the internally contracted projection manifold.
As this term vanishes in the limit of a complete cluster
operator, it has been argued to neglect this term (neglect of
internal projection response, NIPR).39 Eqn (10) and (11) can be
summarized as a homogenous linear set of equations

�
~cm
� �

lr
� �

Þ
Heff

mn � Edmn
� �

hFmj @ts �Hð Þjc0i
� �

hc0jt̂0r �HjFni
� �

hc0jt̂0~r @t~s �H
� �

jc0i
� �

0
BB@

1
CCA ¼ 0

(12)
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which can be solved by searching for the zero eigenvalue of the
matrix.

For any perturbation

Ĥ(e) = Ĥ + eV̂ (13)

the first-order response of the system can now be
computed as

qeL|e=0 = h ~C0| %V|c0i + hc0|L̂ %V|c0i (14)

with %V = e�T̂V̂eT̂. Note that the orbital response was neglected in
this approximation.

2.3 Multistate extension

The icMRCC theory can be extended to a multistate frame-
work.33 The reference function |c0i is generalized to a model
space M0 = {|cii} of multiconfigurational wavefunctions. These
are normalized, hci|cii = 1, but not necessarily orthogonal. We
therefore introduce the biorthogonal complements

h�cij ¼
X
j¼1

Sij
�1hcj j; Sij ¼ hcijcj

�
(15)

and the model space projector

P ¼
Xn
i¼1

cij ih�cij (16)

The correlated states are then generated by the wave opera-
tor

Û ¼
Xn
i¼1

eT̂ðiÞ cij i �ci

� �� (17)

which is an internally contracted generalisation of the
Jeziorski–Monkhorst ansatz.40 It has the property

ÛÛ = Û (18)

After inserting the operators into the Bloch equations ĤÛ =
ÛĤÛ, one arrives at an expression for the amplitudes:33

cih jt̂
0ðiÞy
r e�T̂ðiÞĤeT̂ðiÞ cij i ¼

Xn
jai

cih jt̂
0ðiÞy
r e�T̂ðiÞeT̂ð jÞjcjiHeff

ji (19)

Here, t̂
0ðiÞy
r are excitation operators in the non-redundant

manifold for the respective reference state. The effective Hamil-
tonian is given as

Heff
ji = h �cj|e�T̂(i)ĤeT̂(i)|cii (20)

The equations are invariant under orbital rotations within
the orbital subspaces, but depend on the choice of the model
space expansion. As discussed in ref. 33, solving the state
specific icMRCC equations, eqn (3) and (4) leads to solutions
that give vanishing coupling matrix elements via the effective
Hamiltonian and thus effectively decouple the multistate equations,
ref. 19. As a consequence, the state-specific solutions of the
icMRCC equations can also be viewed as the solutions of the
multistate icMRCC (MS-icMRCC) theory.

2.4 Transition moments in multistate theory

We consider individually optimised icMRCC wavefunctions of
two states

|Cai = eT̂a|cai, (21)

|Cbi = eT̂b|cbi (22)

and assume, for the course of the present work, that they
have different spatial symmetry. We introduce the shortcuts

%Ha = e�T̂aĤeT̂a, %Hb = e�T̂bĤeT̂b (23)

which allow writing the off-diagonal contributions to the effec-
tive Hamiltonian as

Heff
ab = h �ca| %Hb|cbi = 0, (24)

Heff
ba = h �cb| %Ha|cai = 0. (25)

Due to the assumption of different symmetry for the wave-
functions, these elements are zero and guarantee that the
icMRCC equations for obtaining the two states, |Cai and
|Cbi, were decoupled, irrespective of the actual nature of the
biorthogonal states h �ci|. In fact there is a slight complication
that the states h ~ci| entering the left-hand wavefunction in the
expression for the expectation value, eqn (8), and the biortho-
gonal states that were introduced in the multistate theory,
eqn (15), are not the same. In the present work, we will focus
on the response of the cluster amplitudes and neglect those of
the reference coefficients (vide infra).

In order to arrive at an expression for the transition
moments, we introduce a perturbation to the Hamiltonian

Ĥ(e) = Ĥ + eV̂. (26)

The perturbed amplitudes and wave functions are

tb
r(e) = tb

r + etb,(1)
r + . . . (27)

|cb(e)i = |cbi + e|cb
(1)i + . . . (28)

and the effective first-order Hamiltonian becomes

H
eff;ð1Þ
ab ¼ h�caj �Vbjcbi þ h�caj

X
r

ð@tbr �HbÞtb;ð1Þr jcbi

þ h�ca
ð1Þj �Hbjcbi þ h�caj �Hbjcb

ð1Þi;
(29)

where %Vb = e�T̂b

V̂eT̂b

. In order to cut down the complexity, we
will neglect the reference state response in the following and
therefore ignore the last two terms of (29). Still, the equations
include perturbed amplitudes tb,(1)

r . In order to avoid ampli-
tudes that explicitly depend on the perturbing operator, we
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employ the Lagrange formalism of coupled-cluster response
theory and set up the following functional:

LabðeÞ ¼ �ca
�HbðeÞ
�� ��cb

� �
þ cb L̂abðeÞ �HbðeÞ

�� ��cb

� �

� cb L̂abðeÞe�T̂bðeÞeT̂
aðeÞ

���
���ca

D E
�ca

�HbðeÞ
�� ��cb

� �
:

(30)

It contains the objective quantity as the first term, the
second and third term involve the operator

L̂ab ¼
X
r

labr t̂
0by
r (31)

which includes the Lagrange multipliers for the constraint that
the multistate equations, including the coupling between states
a and b, must be fulfilled for any value of e:

cb t̂
0by
r

�HbðeÞ
���

���cb

D E
� cb t̂

0by
r e�T̂

bðeÞeT̂
aðeÞ

���
���ca

D E
Heff

ab ðeÞ ¼ 0:

(32)

This functional is required to be stationary with respect to
variations of the amplitudes, and for vanishing perturbations we
get

@tbrLabje¼0¼ �ca @tbr
�Hb

� ����
���cb

D E
þ cb L̂ab @tbr

�Hb
� ����

���cb

D E

� cb L̂ab @@tbre
�T̂b

� �
eT̂

a
���

���ca

D E
�ca

�Hb
�� ��cb

� �

� cb L̂abe�T̂
b
eT̂

a
���

���ca

D E
�ca @tbr

�Hb
� ����

���cb

D E
¼ 0:

(33)

The second term on the right-hand side vanishes due to
eqn (24). This leaves us with the following linear set of
equations, from which L̂ab can be determined:

cb L̂ab @tbr
�Hb

� ����
���cb

D E
� cb L̂abe�T̂

b

eT̂
a

���
���ca

D E
�ca @tbr

�Hb
� ����

���cb

D E

¼ � �ca @tbr
�Hb

� ����
���cb

D E
:

(34)

Note that these equations are independent of the specific
perturbing operator. The desired coupling matrix elements for
any perturbing operator V̂ are given by

@eLabje¼0 ¼ �ca
�Vb
�� ��cb

� �
þ cb L̂ab �Vb

�� ��cb

� �

� cb L̂abe�T̂
b
eT̂

a
���

���ca

D E
�ca

�Vb
�� ��cb

� �
:

(35)

2.5 Spin–orbit coupling matrix elements

As specific perturbation, we consider here the spin–orbit
operator. A simple, yet accurate approximation is the mean-
field spin–orbit operator8,41,42

ĤSOMF ¼
X
x

X
pq

f
ðxÞ
SO

� �q
p
D̂

p;x
q (36)

where the summation is restricted to spatial orbitals and we are
assuming restricted spin orbitals with equal spatial orbitals for either
spin case. This formulation reduces the spin–orbit interaction to a

one-particle operator, while the two-particle contributions are
treated as a screening interaction by the mean field of the
remaining electrons. Eqn (36) contains the spin excitation
operators8

D̂
p;x

q ¼
1

2
â
p
�q þ â�p

q

� �
; (37)

D̂
p;y

q ¼
1

2i
â
p
�q � â�p

q

� �
; (38)

D̂
p;z

q ¼
1

2
âpq � â

�p
�q

� �
: (39)

The operator has triplet spin symmetry, which implies that
the required multipliers L̂ab are also triplet operators.

The h �ca| states in eqn (35) are formally the left-hand solu-
tions of the effective Hamiltonian, which is a bit inconvenient
in general as the left-hand side eigenvalue problem involves
similarity transformed matrix elements e�T̂i

ĤeT̂i

of all model
space states. Within the present work, we have chosen the ad
hoc provision to use the coefficients c̃m from the state-specific L
equations, eqn (12). The expression for the spin–orbit inter-
action matrix elements reads therefore

HSO
ab = h ~ca| %Hb

SOMF|cbi + hcb|L̂ab %Hb
SOMF|cbi (40)

�hcb|L̂abe�T̂b

eT̂a

|cai h ~ca| %Hb
SOMF|cbi

= HSO,eff
ab + HSO,L

ab � SLabHSO,eff
ab (41)

The matrix elements can be partitioned into contributions
that are very similar to those found by Mück and Gauss for the
Mk-MRCC theory.25

3 Results and discussion
3.1 Implementation and computational setup

Integrals and CASSCF orbitals were imported from the Molpro
program package.43–47 CASSCF optimizations always included
state-averaging over all relevant orbitals, in particular avoiding
symmetry breaking in atomic P or molecular P states. The
spin–orbit mean-field integrals were based on the Breit–Pauli
operator,8 where the two-electron contributions were con-
tracted with the state-averaged CASSCF density.

Based on these integrals, the GeCCo code48 was employed to
carry out state-specific icMRCCSD computations for the rele-
vant states, including reference relaxation. The resulting coeffi-
cients cm and amplitudes tr were stored for the subsequent
computations. For each state, also the state-specific L equa-
tions were solved39 and the c̃m coefficients were stored, too. All
coefficients and amplitudes are spin-adapted, but are stored in
their explicit spin-orbital representation for one specific MS

state. Usually the smallest MS (0 or 1/2) is used. For the
computation of the coupling between triplet states the MS = 1
components had to be used, as the SO coupling matrix element
between the MS = 0 components is vanishing.

The spin–orbit computations were implemented by a plug-in
code for GeCCo, which sets up the relevant equations in
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symbolic form. Details of this are given in the ESI,† which also
contains sample inputs and program outputs that illustrate the
procedure.

The code in particular autogenerates all the required equa-
tions. It starts by generating the contributions to the Lagrange
expression, eqn (30). In accordance with the general truncation
rules employed for icMRCCSD,31 the energy terms retain the
cluster operator terms up to quartic terms and the amplitude
equation terms up to quadratic order. The generated terms are
then further processed symbolically: by symbolic derivation,
the linear set of equations to determine Lab is generated, see
eqn (34), and by replacing the (unperturbed) Hamiltonian by
the spin–orbit operator, the final expressions for the transition
matrix elements are obtained, see eqn (35) and (40), respec-
tively. These equations are then translated into a sequence of
binary tensor contractions, which are evaluated numerically.

The computational complexity of icMRCCSD formally scales
as that of comparable multireference CI methods, that is, O(N6)
with system size N for fixed active space size (O(M4) with basis set
size M), and factorially with the number of active orbitals. In
comparison to multireference CI computations, the prefactor for
icMRCCSD is large for the present non-optimal implementation.49

The non-linear amplitude and reference coefficient equations,
eqn (3) and (4), can sometimes be hard to converge. For the
computation of spin–orbit matrix elements, in addition the L
equations, eqn (12) for each state and the Lagrange multiplier
equations, eqn (34), need to be solved. The computational
complexity of these equations is the same as for the amplitude
equations, but they are usually easier to converge due to their
linear nature.

The test computations employed the cc-pCVXZ (X = D, T, Q)
basis sets.50,51 Both calculations correlating only valence elec-
trons and calculations including the next-lower electronic shell
were run. For comparison, additional computations were carried
out at the CASCI and MRCI level, using the Molpro code.8,43,52

3.2 Atomic zero-field splitting

As a first set of test cases, we consider the spin–orbit coupling in
the lowest term of the atoms Al, Si, S, and Cl. The results are
summarized in Table 1. As reference, the table reports the
effective spin–orbit coupling constant computed from the experi-
mental fine structure splittings given in ref. 53. In Table 1, we
particularly list the different contributions that add up to the
final MS-icMRCCSD coupling matrix element, see also eqn (41).
These results show that the main contribution comes from the
effective Hamiltonian term but that the effects of the L and
overlap terms are significant and improve the result towards the
experimental reference value. The improvement of correlated
calculations like icMRCCSD and MRCI with respect to CASCI is
particularly obvious for the core-correlation effects, which natu-
rally require an extended correlation space. For the icMRCCSD
computations, core-correlation effects particularly enter through
the effective Hamiltonian term and the L term, whereas the
overlap term does not change much. Within the very similar
expression derived for the Mk-MRCCSD theory, the overlap term

was also interpreted as a dimensionless screening factor for the
effective Hamiltonian matrix element:25

HSO,eff
ab � SLabHSO,eff

ab = xHSO,eff
ab (42)

The values for x = (1 � SLab) are all in the range of 0.95–0.98
for the atomic examples.

Basis set effects are not strongly pronounced for the consid-
ered cases, the differences between the cc-pVCDZ and cc-pVCQZ
results are at most 5 per cent (for silicon). Concerning a compar-
ison of the MRCI and the MS-icMRCCSD results, the two meth-
ods appear to be en par for the considered cases. There is a slight
tendency for MRCI to overshoot the experimental references for
Al, Si, and S by 3 to 10 cm�1 but this is partially an effect of using
the mean-field approach for the spin–orbit operator. In fact,
using the full two-electron operator improves the MRCI results8

(see ESI† for detailed results). Effects of similar size have pre-
viously been observed for spin–orbit coupling matrix elements in
transition metal compounds.54 Our present MS-icMRCCSD
implementation, however, is restricted to effective one-electron
operators, therefore we could not investigate this effect further
for the coupled-cluster case.

Table 1 Computed atomic spin–orbit coupling constants (cm�1) of the
lowest term of third-row atoms in comparison to experimental references.
Negative numbers indicate that the smallest J quantum number is the
lowest state

System/
settingsb

MS-icMRCC

CASCI MRCI Exp.aHSO,eff
ab HSO,L

ab �SLabHSO,eff
ab Total

Al 2P
fc cc-pCVDZ �31.8 1.2 1.4 �29.1 �34.0 �29.7
fc cc-pCVTZ �32.3 1.1 1.6 �29.6 �34.5 �30.2
fc cc-pCVQZ �32.5 1.1 1.7 �29.7 �34.7 �30.4
cc cc-pCVDZ �34.5 �1.4 1.5 �34.4 �34.0 �37.9
cc cc-pCVTZ �35.8 �2.1 1.7 �36.2 �34.5 �39.8
cc cc-pCVQZ �35.9 �2.3 1.7 �36.5 �34.7 �40.4 �37.35

Si 3P
fc cc-pCVDZ �62.5 0.6 1.4 �60.5 �63.7 �61.4
fc cc-pCVTZ �63.7 0.5 1.6 �61.5 �64.6 �62.5
fc cc-pCVQZ �63.8 0.5 1.6 �61.7 �64.7 �62.6
cc cc-pCVDZ �67.1 �4.0 1.4 �69.7 �63.7 �73.6
cc cc-pCVTZ �69.0 �5.1 1.6 �72.5 �64.6 �76.2
cc cc-pCVQZ �69.4 �5.3 1.6 �73.2 �64.7 �76.8 �73.7

S 3P
fc cc-pCVDZ 178.3 �3.6 �4.1 170.7 181.5 173.0
fc cc-pCVTZ 180.4 �3.6 �5.8 170.9 182.9 173.9
fc cc-pCVQZ 180.7 �3.7 �6.1 171.0 183.3 174.2
cc cc-pCVDZ 186.8 5.0 �4.2 187.7 181.5 198.2
cc cc-pCVTZ 189.9 6.9 �6.0 190.8 182.9 202.7
cc cc-pCVQZ 190.8 7.4 �6.2 192.0 183.3 204.3 194.61

Cl 2P
fc cc-pCVDZ 272.3 �2.6 �5.3 264.3 272.4 265.4
fc cc-pCVTZ 274.5 �2.9 �7.7 263.8 273.7 265.9
fc cc-pCVQZ 275.2 �2.9 �8.1 264.3 274.4 266.6
cc cc-pCVDZ 283.5 9.0 �5.5 287.1 272.4 288.6
cc cc-pCVTZ 287.0 11.0 �7.9 290.1 273.7 292.7
cc cc-pCVQZ 288.3 11.8 �8.2 291.8 274.4 294.5 294.12

a Computed from energy splittings given in ref. 53. b System: atom and
term as indicated; settings: ‘fc’ = frozen core, ‘cc’ = core-correlation, and
basis sets used.
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3.3 Spin–orbit splitting in molecular 2P states

The spin–orbit splittings of 2P radicals have been investigated
in a number of previous works8,23,25 as test cases with well-
established reference values. In Table 2 we report results using
large cc-pCVQZ basis sets and correlated core electrons. We
consider both runs with minimal CAS and full-valence CAS.
More detailed results on the different contributions to the MS-
icMRCCSD values can be found in the ESI.† The MS-icMRCCSD
results are compared to values obtained from CASCI and MRCI
calculations, and literature results for Mk-MRCCSD25 (minimal
CAS) and EOMIP-CCSD.24

For the homologous series OH, SH, and SeH, the spin–orbit
splitting increases strongly, as expected, where SeH is certainly
a borderline case for the application of the Breit–Pauli operator.
For the lightest case, OH, all methods and choices of active
space agree within 3 cm�1 and are also close to the experi-
mental reference. For SH, core-correlation effects become more
important and CASCI clearly underestimates the coupling. As
for the case of OH, the spin–orbit couplings of SH computed by
MS-icMRCCSD and Mk-MRCCSD are very similar, and rather
close to the experimental reference result (deviation of approxi-
mately 2 cm�1). Larger deviations from experiment (up to
90 cm�1) are found for SeH. Part of the deviations may come
from the use of the Breit–Pauli operator, EOMIP-CCSD compu-
tations reported by Cheng et al.58 also report a value of
�1673 cm�1 for the Breit–Pauli operator, while employing the
spin–orbit operator from exact two-component theory (X2C)
gives �1717 cm�1. In addition, there is also an impact of the
correlation of additional inner core shells.58 In the present
work, we only considered the correlation of the 3s3p3d semi-
core of Se. For instance, the Mk-MRCCSD computations of ref.
25 correlate all electrons, leading to the slightly larger value of
�1708 cm�1 quoted in Table 2.

For the three hydrides, so far no significant differences between
employing a minimal CAS and a full valence CAS was found. This
is clearly different for the case of ClO. Here, the CASCI and MRCI
results are clearly different for the two choices of active space, and
yet both are not sufficient for a quantitative description. The MRCI
value for the full-valence CAS is �276 cm�1, which is still more
than 40 cm�1 off the experimental result of �320 cm�1. As shown
by Berning et al.,8 the MRCI description can be improved by
adding a set of 4p orbitals to the active space, resulting in nearly
quantitative agreement with experiment.

In coupled-cluster theory, already the minimal active space
gives a comparatively good result. The values for MS-icMRCCSD,
Mk-MRCCSD and EOMIP-CCSD range between �308 and
�312 cm�1. Unfortunately, the MS-icMRCCSD computation
with a large active space failed due to memory problems and
we cannot report a value here.

The results for the last case, SN, however, appear promising
for MS-icMRCCSD theory. Here, we also find significant effects of
going beyond the minimal active space and the MS-icMRCCSD
result is very close to the experimental reference.

3.4 Non-Hermiticity of coupled-cluster theory

All the previous examples have in common that they concern spin–
orbit coupling between equivalent, degenerate states. Therefore,
the pair of adjoint matrix elements fulfils the required symmetry

condition HSO
ab ¼ HSO�

ba . However, the non-Hermiticity of coupled-
cluster theory does not guarantee this in general.

Here, we investigate the spin–orbit coupling matrix elements
between two non-equivalent states of the NH radical, its X3S�

ground state and the c1P excited state. The molecule has been
recently studied in detail due to its relevance for astrochemistry,
particularly its photodissociation cross sections in the UV range
were investigated, with special focus on the c1P state.59

With this example, we also want to demonstrate the perfor-
mance of MS-icMRCCSD in the bond-breaking regime, where
multireference effects become strong. We therefore have cov-
ered distances between 0.5 Å (repulsive tail) and 3.2 Å (dis-
sociative tail). Of course, the full treatment of the system
requires much more states to be investigated (ref. 59 considers
12 low-lying electronic states), which is beyond our present
scope; we will focus on the coupling of this single pair of states.

Table 3 summarizes the results, further details are given in
the ESI.† The two states couple rather strongly at short distances
and also at their equilibrium distances at approximately 1.0 to
1.1 Å. The excited 1P state has a broad avoided crossing at around
1.8 to 2.0 Å (see ESI† for the energy curves), and for longer
distances, the spin–orbit coupling drops rapidly towards zero.

The run of the coupling is also shown in Fig. 1. MRCI and
icMRCCSD are in good agreement, the CASCI curves behaves
slightly differently at intermediate distances, most likely due to a
different position of the avoided crossing in the absence of
dynamical correlation. This again demonstrates the utility of
spin–orbit coupling matrix elements from correlated computations
that include state interactions (which is ensured for icMRCCSD
with reference relaxation33).

Table 2 Computeda spin–orbit splittings (cm�1) of the 2P ground states
of selected molecules. A negative value indicates that the O = 1/2
component is the lowest state

Method CASb OH SH SeH ClO SN

MS-icMRCCSD Min.b �135.8 �375.7 �1672.3 �308.1 230.1
Full val.c �135.5 �374.9 n/a n/a 221.5

CASCI Min.b �138.8 �351.6 �1617.7 �202.2 195.0
Full val.c �138.8 �350.5 �1612.0 �252.0d 213.1

MRCI Min.b �136.8 �380.9 �1709.0 �225.8 218.0
Full val.c �136.7 �380.3 �1704.3 �276.2d 226.2

Mk-MRCCSDe Min.b �135.1 �375.2 �1707.9 �312.3 n/a
EOMIP-CCSDf �136.7 �371.6 �1680.4 �308.3 242.9g

Exp.h �139.2 �377.0 �1764.4 �320.3 222.9

a All computations employ the cc-pCVQZ basis set, core electrons were
correlated (except CASCI), 1s cores of S and Cl and 1s2s2p core of Se was
kept frozen. Used equilibrium distances – OH: 0.9697 Å, SH: 1.3409 Å,
SeH: 1.5811 Å, ClO: 1.5696 Å, SN: 1.4940 Å; the same structures were
used in ref. 8 and 25. b Minimal active space: (3,2) for OH, SH, SeH, and
ClO; (1,2) for SN. c Full valence active space: (7,5) for OH, SH, SeH;
(13,8) for ClO; (11,8) for SN. d Extending the active space by a 4p orbital
improves CASCI to �301.7 cm�1 and MRCI to �317.4 cm�1, see ref. 8.
e Values taken from ref. 25. f Values taken from ref. 24. g A better value
is obtained by EOMEA-CCSD: 226.8 cm�1. h Values taken from ref. 55
(OH, SH, SN), ref. 56 (SeH), and ref. 57 (ClO).
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With respect to the matrix elements from MS-icMRCCSD we
make one observation that is documented in Table 3 and which
calls for further development of the theory concerning the
proper Lagrange multipliers for the reference coefficients. In
eqn (40) we have proposed to use the c̃m coefficient from the L
equations from the individual states. Using this definition, we
get the matrix elements listed in Table 3 under ‘MS-icMRCC
using h ~c|’. For R o 1.8 Å this leads to very similar matrix
elements HSO

ab and HSO
ba with deviations of less than 0.3 cm�1.

For larger distances, however, a problem appears; while the HSO
ab

matrix elements (which use the cluster amplitudes from the 1P
state and the c̃m coefficients from the 3S� state) still follow the
trend of the MRCI computations, the HSO

ba matrix elements do
not. The latter are computed from the cluster amplitudes of the

3S� state and the c̃m coefficients of the 1P state. A close analysis
of the contributions (see also ESI†) shows that the latter are the
main cause of the deviations. Possibly, this effect is connected
to the avoided state crossing, which also leads to slow conver-
gence of the icMRCCSD amplitude and coefficient equations.
The convergence of the (linear) L equations is less problematic
and inspection of the amplitudes does not indicate a major
numerical problem. Nevertheless, the h ~cb|ĤSOMF|cai CASCI-
like contribution is clearly the main term that is responsible
for the non-physical result.

If we replace the c̃m amplitudes by the icMRCC reference
state amplitudes cm, we get the results listed in Table 3 under
‘MS-icMRCC using hc|’. In fact, the alternative HSO

ab matrix
elements deviate only marginally from the initial formulation
and so do the HSO

ba for short distances. In the critical region
beyond 1.8 Å, however, the alternative formulation avoids the
artefacts described above, and the HSO

ab and HSO
ba matrix elements

agree within 0.3 cm�1 for all tested bond distances. In case of a
pure two-state interaction, the resulting energy splitting is

proportional to
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HSO

ab H
SO
ba

q
and we use this procedure to

compute an ‘averaged’ coupling matrix element. These are also
the values used for Fig. 1.

Conclusions

We have presented the theory of interstate coupling matrix
elements within a multistate framework for internally con-
tracted multireference coupled-cluster (MS-icMRCC) theory.
The equations were implemented in a pilot code based on
our specialised symbolic algebra program GeCCo and tested for
the computation of spin–orbit coupling matrix elements, using
a mean-field Breit–Pauli operator. Apart from computing the
state-specific icMRCC wavefunctions for the individual states,
the formalism requires solving an additional linear system of
equations for each coupled pair. The theory is very similar to
that presented by Mück and Gauss25 for state-specific Mk-
MRCCSD theory, but can be more easily applied to larger active
spaces.

Demonstrative results were obtained for the zero-field split-
ting of the lowest terms (2P or 3P) of the atoms Al, Si, S, and Cl,
as well as for the 2P terms of OH, SH, SeH, ClO, and SN. Active
spaces of different sizes (minimal and full valence) were used,
and the impact of core-correlation contributions was investi-
gated; these are particularly significant for the heavier atoms.
The MS-icMRCCSD results are very accurate and match those of
multireference configuration interaction (MRCI). The advan-
tage of the MS-icMRCCSD approach with respect to MRCI is the
extensivity of the theory, which holds the promise to keep the
same accuracy also for large systems. The currently investigated
systems, however, are clearly too small to demonstrate this.

We have also investigated the impact of the non-Hermiticity
of coupled-cluster theory on the spin–orbit coupling matrix
elements between non-equivalent states. To this end, we inves-
tigated the coupling between the 3S� ground state and the 1P
excited state of NH for several interatomic distances. The

Table 3 Computeda spin–orbit coupling matrix elements (cm�1) between
the states X3S� (state ‘a’) and the c1P (state ‘b’). We show the matrix
element of the Ms = 1 component of 3S� with the x component of the 1P
state which couples via the y component of the spin–orbit operator and
gives real values. We fixed the global phase factor to positive values for the
matrix elements

R

CASCI MRCI
MS-icMRCC
using h ~c| MS-icMRCC using hc|

HSO
ab = HSO

ba HSO
ab = HSO

ba HSO
ab HSO

ba HSO
ab HSO

ba

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
HSO

ab H
SO
ba

q

0.5 24.18 23.52 21.72 21.82 21.71 21.84 21.78
0.8 20.91 20.70 19.05 19.14 19.02 19.10 19.06
1.0 19.75 19.53 18.00 18.03 17.92 18.01 17.96
1.2 19.34 18.48 16.81 16.68 16.72 16.90 16.81
1.4 18.90 16.74 14.69 14.63 14.65 14.89 14.77
1.5 18.09 15.17 13.06 12.98 13.03 13.25 13.14
1.6 16.60 13.12 11.12 11.07 11.11 11.29 11.20
1.8 11.96 8.65 7.30 7.37 7.29 7.40 7.35
2.0 7.43 5.27 4.51 4.75 4.51 4.59 4.55
2.2 4.25 3.10 2.71 3.17 2.70 2.76 2.73
2.5 1.53 1.25 1.14 2.36 1.14 1.19 1.17
2.8 0.30 0.38 0.45 2.66 0.45 0.50 0.47
3.2 0.26 0.02 0.09 0.01 0.08 0.11 0.09

a All calculations use the cc-pCVDZ basis set, the 1s core of nitrogen was
kept frozen.

Fig. 1 Run of the computed spin–orbit coupling matrix elements
between the X3S� and the c1P state of NH. The computations use the
cc-pCVDZ basis set, all electrons were correlated. For MRCC, the averaged
value is plotted, see text.
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impact of non-Hermiticity was not very large for this case, the
differences between the adjoint matrix elements are less than
0.3 cm�1 for matrix elements of an average size of 10 cm�1. It
was found, however, that the treatment of the response of the
reference coefficient has to be carefully reviewed in order to
avoid artefacts.
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13 V. Jovanović, I. Lyskov, M. Kleinschmidt and C. M. Marian,

Mol. Phys., 2017, 115, 109–137.
14 L. Lang and F. Neese, J. Chem. Phys., 2019, 150, 104104.

15 R. Majumder and A. Y. Sokolov, J. Phys. Chem. A, 2023, 127,
546–559.

16 R. Majumder and A. Y. Sokolov, J. Chem. Theory Comput.,
2024, 20, 4676–4688.

17 Z. Zhao and F. A. Evangelista, J. Phys. Chem. Lett., 2024, 15,
7103–7110.

18 S. Schmitt, P. Jost and C. V. Wüllen, J. Chem. Phys., 2011,
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