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Dynamical symmetries and selection rules in
high-harmonic generation spectroscopy of
nonlinear molecules†

Marco Marchetta,a Eleonora Luppi*b and Emanuele Coccia *a

In this work we have computed high-harmonic generation (HHG) spectra of H2O and NH3, interacting

with linearly polarised pulses in different orientations. All the calculations have been carried out using

the real-time time-dependent configuration interaction with single excitations (RT-TD-CIS) method with

a Gaussian basis set. The selection rules in the HHG spectra, as computed with RT-TD-CIS, are

interpreted in the framework of dynamical symmetries (DSs). These symmetries emerge as a

combination of the temporal properties of the driving pulse and the spatial characteristics of the

molecular electronic Hamiltonian and of the pulse. Moreover, multiple-orbital effects have been

observed and analyzed. The findings underscore the pivotal role of DSs in shaping the HHG response,

highlighting their ability to bridge the complex interactions between molecular structure, electronic

transitions, and the pulse. We show that Gaussian-based RT-TD-CIS is a reliable tool to study the HHG

spectra of aligned nonlinear molecules, and the role of ionisation/recombination channels in the

dynamics.

1 Introduction

High-harmonic generation (HHG) is a highly nonlinear process
arising when matter interacts with an intense nonresonant
laser pulse.1–7 Emitted photons are coherent, and can be used
as sources of extreme ultraviolet6,8,9 or even X-ray light
pulses10–14 to study the electron structure and dynamics of
the emitter itself.2,15–22 Since the HHG is the result of ionisa-
tion and recombination processes that can possibly occur from
different molecular orbitals,17,23–40 HHG spectra encode infor-
mation about the electronic structure41–50 and ultrafast
dynamics in atoms and molecules.18,31,51–57

A fascinating aspect of HHG is the origin of the selection
rules, that is, the first-principles-based understanding of the
emission of a specific subset of harmonics, given the symmetry

of the emitter and its interaction with the pulse.58,59 A general
approach to the study of selection rules in HHG is given by the
so-called dynamical symmetries (DSs),60 which combine spatial
symmetry of the emitter and the pulse with that of the temporal
symmetry of the pulse alone. Specifically, the pulse spatio-
temporal symmetry combines with the system spatial symme-
try, and selection rules emerge, dictating which harmonics are
permitted and in which direction they are polarised.58–65

A theoretical understanding of selection rules in HHG is
needed to rationalise experimental results and make strong-
field dynamics analysis systematic and predictive. Simulations
based on a first-principle quantum description of electronic
degrees of freedom are a valuable tool to investigate the strong-
field dynamics of complex systems.40,66–68

In real-time time-dependent configuration interaction with
single excitations (RT-TD-CIS), HHG spectra are computed
thanks to a real-time propagation of the time-dependent Schrö-
dinger equation (TDSE) in the space of configuration inter-
action singly-excited ansatz of the wavefunction (CIS).69–81 This
ab initio approach, which consists of the real-time evolution
of a singly excited ansatz wavefunction constructed from a
Gaussian basis set,82 was shown to be a reliable compromise
between accuracy and computational cost, allowing the study of
strong-field dynamics in (large) molecular systems.39,79,83–85

This approach combines the efficiency of implementing
quantum chemistry methods, adapted to represent states above
the ionisation threshold, with TDSE, allowing non-linear
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responses to be calculated in the time domain.74,78 In addition,
RT-TD-CIS has recently been extended to study the partial
contribution of occupied molecular orbitals (MOs) to the
HHG signal of molecules.37,39,40

In this work, we investigated the HHG spectra of H2O and
NH3 molecules under various orientations with respect to a
linearly polarised laser pulse, interpreting the results based on
the corresponding DS. Furthermore, we explored the role of
MOs40 in HHG for these molecules under different pulse
polarisations and configurations.

The main goal of this paper is to show that Gaussian-based
ab initio time-dependent approaches, such as RT-TD-CIS, repro-
duces the expected selection rules in HHG spectroscopy, inter-
preted in the general context of DSs. DSs have been studied
extensively in model systems58 or in realistic molecules using
physical models, perhaps enriched quantitatively by ab initio
ingredients.63 To the best of our knowledge, few examples of
works that combine DSs with first-principles methods formu-
lated in time domain be found in the literature.59,67 Here we
aim to demonstrate how our RT-TD-CIS with Gaussian basis set
reproduces selection rules in aligned nonlinear molecules,
even in non-‘‘standard’’ orientations with respect to pulse
polarisation.

The article is organised as follows: in Section 2 we present
the theoretical method used in this work, in Section 3 we give
the computational details, in Section 4 we describe the results
obtained for H2O and NH3, and in Section 5 we summarise the
main results found in the work.

2 Theory
2.1 Real-time propagation

Electron dynamics in a spectroscopic molecular target irra-
diated by an external time-dependent electric field is described
by the TDSE

i
@jCðtÞi
@t

¼ ĤðtÞjCðtÞi; (1)

where Ĥ(t) is the time-dependent Hamiltonian. The
Hamiltonian can be written as the sum of the time-
independent field-free molecular electronic Hamiltonian Ĥ0

and the time-dependent potential V̂(t)

Ĥ = Ĥ0 + V̂(t). (2)

In the semi-classical dipole approximation, the interaction
between the molecule and the time-dependent external laser
field is given in the length gauge by

V̂(t) = �l̂�E(t), (3)

where l̂ is the molecular dipole operator and E(t) is the electric
field of the laser pulse.

For a linearly polarised pulse the electric field can be
written as

E(t) = E0na sin(o0t � j0) f (t), (4)

where E0 is the maximum amplitude of the field, na is the unit
vector along the a axis of the pulse polarisation, o0 is the pulse
frequency, j0 is the phase of the carrier pulse and f (t) is the
envelope function. In this work, the envelope function is

f ðtÞ ¼ cos2
p
2s
ðs� tÞ

� �
if jt� sj � s

0 otherwise;

(
(5)

where s represents the width of the function envelope.
In the RT-TD-CIS eqn (1) is numerically approached by

expanding the time dependent wavefunction |C(t)i in the space
of the Ĥ0 eigenstates, i.e. the Hartree–Fock (HF) ground state
(k = 0) and the excited states (k 4 0)71

jCðtÞi ¼ c0ðtÞ c0j i þ
X
k4 0

ckðtÞ ckj i; (6)

where ck(t) are complex time-dependent coefficients and for
k 4 0

ckj i ¼
Xocc
i

Xvir
a

rai;k fa
i

�� �
; (7)

which contains singly-excited Slater determinants derived from
the HF ground state |c0i, by exciting an electron from the singly
occupied MO i to the virtual MO a.

The TDSE in eqn (1) is thus propagated in the space of
electronic states from eqn (6)

i
@cðtÞ
@t
¼ H0 þ VðtÞð ÞcðtÞ; (8)

where c(t) is the vector of the coefficients ck(t), H0 is the matrix
representing the field-free Hamiltonian, with elements H0,lk =
hcl|Ĥ0|cki and V(t) is the matrix representing the light–matter
interaction, with elements Vlk(t) = �E(t)hcl|l̂|cki. Further
details are found in ref. 40 and 70.

Once the time-dependent wavefunction |C(t)i is deter-
mined, the time-dependent dipole moment is computed as

lðtÞ ¼ hCðtÞjm̂jCðtÞi ¼
X
lk

c�l ðtÞckðtÞ cl jm̂jckh i: (9)

By applying the Fourier transform to l(t), the HHG power
spectrum is then obtained

PðoÞ ¼ 1

tf � ti

ðtf
ti

WðtÞhCðtÞjm̂ðtÞ � na0 jCðtÞie�iotdt
����

����
2

; (10)

where ti and tf are the initial and final propagation times, na0 is
the unit vector defining the direction of detection of the
emitted signal and W(t) is a window function.

2.2 MO decomposition of the HHG signal

For a singly-excited ansatz wavefunction, the time-dependent
dipole can be further analyzed by decomposing it into the sum
of occupied MO contributions37,39,40

lðtÞ ¼
Xocc
i

liðtÞ; (11)

where
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mi(t) = mG,i(t) + mG–E,i(t) + mE–E,i(t), (12)

with

mG,i(t) = |c0(t)|2hi|m̂|ii, (13)

mG�E;iðtÞ ¼
X
k4 0

Xvir
a

c�0ðtÞckðtÞ þ c�kðtÞc0ðtÞ
� �

rai;khijm̂jai; (14)

and

mE�E;iðtÞ ¼
X
k4 0

X
l4 0

Xocc
j

Xvir
a

c�l ðtÞckðtÞrai;l rai;kh jjm̂j ji

þ
X
k4 0

X
l4 0

Xvir
a

Xvir
a

c�l ðtÞckðtÞrai;l rbi;khajm̂jbi

�
X
k4 0

X
l4 0

Xocc
j

Xvir
a

c�l ðtÞckðtÞrai;l raj;kh jjm̂jii:

(15)

By inserting the MO contribution li(t) in eqn (10) one can
compute the partial HHG spectrum coming from the i-th MO as

PiðoÞ ¼
1

tf � ti

ðtf
ti

WðtÞliðtÞ � na0e�iotdt
����

����
2

: (16)

Moreover, by using the quantity pi(o) given by

piðoÞ ¼
1

tf � ti

ðtf
ti

WðtÞliðtÞ � na0e�iotdt; (17)

the relative phase Fi,j between contributions to the total HHG
spectrum from the different MOs i and j is computed

cos Fi;j

� �
¼ Re

p�i ðoÞpjðoÞ
piðoÞj j pjðoÞ

�� ��
 !

: (18)

Dyson orbitals can be used to analyse physical processes,
such as ionisation.86,87 Dyson orbitals represent the overlap
between the many-electron wavefunction of the neutral mole-
cule and that of the corresponding ionised state.86 At HF level,
Dyson orbitals coincide with the standard occupied MOs. This
equivalence implies that HF orbitals provide a valid and
practical basis for interpreting HHG spectra, as they approx-
imate the Dyson orbitals that govern the ionisation and recom-
bination pathways. Therefore, rather than working directly with
Dyson orbitals, which may be computationally demanding or
difficult to extract with more sophisticated electronic-structure
theories, we use HF MOs as an effective alternative for describ-
ing the HHG process. The same approach was also used in
ref.34 and 40.

Our channel analysis, while based on a formally arbitrary
decomposition of the total dipole, e.g. the observable, is none-
theless physically meaningful for interpretative purposes, as
also discussed in ref. 40, since the non-invariance under orbital
phase choice for the third term of eqn (15) does not affect the
total result, as this term is numerically negligible.

3 Computational details

The strong-field real-time calculations have been carried out
using fixed nuclear geometries obtained from DFT geometry
optimizations. For H2O the optimization was performed using
a PBE functional, resulting into an equilibrium distance of
1.831 a0 and a bond angle of 104.21. For NH3 we used the B3LYP
functional, obtaining an equilibrium distance of 1.915 a0 and a
bond angle of 107.21. Q-Chem quantum-chemistry package has
been used.88

CIS calculations using Q-Chem have been then carried out to
determine the excited-state energies and transition dipole
moments, essential for simulating electron dynamics. Special
attention must be given to the basis set choice,82 as it must
accurately describe Rydberg and continuum energy states. The
basis set is constructed by starting from a cc-pVTZ basis89 and
then augmenting it with five diffuse functions and five opti-
mised Gaussian functions designed for the continuum90 (K) for
each angular momentum, thus obtaining a basis set named
5aug-cc-pVTZ+5K basis set. The use of K90 optimal continuum
Gaussian basis sets, along with other optimised continuum
basis sets, has been extensively investigated,71,82,91,92 highlight-
ing the importance of achieving a proper balance with diffuse
Gaussian functions to get accurate HHG spectra. Furthermore,
we stress that by including in the basis set the continuum-
optimised Gaussians, we addressed one of the main challenges
associated with Gaussian basis sets, their inherent limitation in
representing continuum states. We have previously developed
and validated an approach that systematically augments stan-
dard basis sets with additional diffuse and continuum-adapted
functions. Our benchmarks against grid-based methods82

demonstrate that such tailored basis sets can accurately repro-
duce the main features of HHG spectra, including the position
of the harmonic cutoff, plateau structure, and orbital-specific
contributions.37,39,40,72

When constructing the basis set, special care was taken to
preserve the overall symmetry of the molecular system. Diffuse
and continuum functions were added symmetrically across all
angular momenta to avoid asymmetric distortions in the wave-
function representation. This approach ensures that symmetry-
related selection rules are respected, for instance, in centro-
symmetric systems where only odd harmonics should be
observed due to the parity of the dipole response.70,71 A detailed
discussion of the methodology and its validation can be found
in ref.71 and 82, to which we refer the reader for further
information.

For H2O, 800 electronically excited states were used to
expand the time-dependent wavefunction, while 703 states were
employed for NH3. This choice ensures that all ionisation
channels investigated in this study are included for both
systems.

TDSE propagation has been done by means of Light,70,85

interfaced with Q-Chem. For all the HHG spectra simulated in
this work we employed a cos2-shaped pulse (eqn (5)) with
frequency o0 = 0.057 Ha (1.55 eV, 800 nm) and intensity
I = E0

2/2 = 8.5 � 1013 W cm�2. The pulse duration is 23 optical
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cycles (oc), with s = 23 oc (eqn (5)), where 1 oc = 2p/o0. The
discrete time step used in the propagation is 1.21 attoseconds
(0.05 a.u.).

A further crucial aspect is the treatment of artificial reflec-
tions and basis set incompleteness in the description
of the outgoing electronic wavepacket. In this regard, we use
a heuristic lifetime model.93 This model consists of adding

to the CIS energies Ek an imaginary term �iGk/2 where Gk ¼

Pocc
i

Pvir
a

y eað Þ rai;k
��� ���2 ffiffiffiffiffiffiffi

2ea
p 	

d represents the inverse lifetime of the

excited state n above the ionisation threshold, with ea being the
energy of the virtual MO a and y being the Heaviside step
function. The parameter d represents the characteristic escape
length that the electron is allowed to travel during the
lifetime 1/Gk. The value of d is taken equal to the quiver radius
d = E0/o0

2, i.e., d = 15.143 a0. While more sophisticated
approaches for the representation of states above the ionisation
threshold exist, the strategy adopted here provides a computa-
tionally efficient and physically reliable framework for HHG
simulations in molecular systems. The ionisation potentials
can be determined using Koopmans’ theorem, considering
Ip = 19.3 eV (HOMO�2) for H2O and Ip = 17.1 eV (HOMO�1)
for NH3.

We applied a Lorentzian broadening to all the spectra
reported in this work.

4 Results and discussion

In the present work, we study how the selection rules for
harmonics arise from the DS that involves a linearly polarised
pulse and the field-free Hamiltonian. We report and discuss
results for H2O and NH3 aligned molecules, obtained using the
RT-TD-CIS method and the MO decomposition shown in Sec-
tion 2. These two systems represent a case study for HHG
spectroscopy of aligned nonlinear molecules, including partial
contributions from MOs.

A DS generates selection rules in the HHG spectrum if it
commutes with the Hamiltonian symmetry Ĥ0, and conse-
quently with the molecular symmetry.59,60 A linearly polarised
pulse is symmetric with respect to the Ẑ and Ĉ2 DS operations,
which coincide for a linear pulse. The Ẑ operation corresponds
to a time translation by half a period (t̂2) and to reflection
through a plane (ŝ) perpendicular to the polarisation direction.
For the Ẑ DS, odd harmonics are polarised linearly and ortho-
gonally to the plane, while only even harmonics are
allowed within the plane. Similarly, the Ĉ2 operation is defined
by a time translation by half a period (t̂2) and a p rotation
around an axis (C2) perpendicular to the polarisation
direction. For the Ĉ2 DS, linearly polarised odd harmonics are
allowed in the plane orthogonal to the C2 rotational axis,
while only even harmonics are polarised parallel to the C2

rotational axis.60

4.1 H2O

In Fig. 1, the H2O molecule is represented with the symmetry
elements characterizing the C2v symmetry, that are: the two
reflection planes (sn and s0n) and the C2 rotational axis. The
analysed MOs, computed at HF level of theory, are also
reported. While in Table 1, we list the irreducible representa-
tion and ionisation energies of the H2O MOs, evaluated accord-
ing to Koopmans’ theorem, and the channel label associated
with the MOs. MOs are representative of the ionisation chan-
nel, as widely reported in the literature.23,26,30,34–36,40,67

In Fig. 2 we represent the specific orientation of the pulse
and the harmonic polarisation that have been investigated in
this work, and reported in the main text. Within this reference

Fig. 1 Representation of the H2O molecule with sn and s0n reflection
planes and the C2 rotational axis, and H2O HF occupied MOs studied in
this work.

Table 1 Channel label, irreducible representation and ionisation energy
for H2O MOs, computed at HF level

Channel Irred. repr. MO Energy (eV)

X B2 HOMO 13.9
A A1 HOMO�1 15.9
B B1 HOMO�2 19.3
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frame, the molecule lies in the xz plane, with the principal
rotation axis C2 oriented along the z axis. This orientation
results in two reflection planes: sxz s0n

� �
and syz (sn).

In Fig. 3, we report the HHG spectra and channel decom-
position for the pulse polarisation x, which corresponds to
cases (a) (detection along the same direction) and (b) (detection
perpendicular to the polarisation direction and parallel to the
C2 axis, that is, the z axis) collected in Fig. 2. With this molecule
+ pulse configuration, the pulse is invariant under a time
translation of a half period (t̂2) and reflection with respect to
the yz plane (ŝyz), which corresponds to Ẑyz DS, i.e. Ẑyz = t̂2�ŝyz,
as also shown in Table 2. DS is conserved along the dynamics,
thus partial HHG spectra also exhibit the same selection rules
as the total signal. Indeed, due to the DS, panel (a) of Fig. 3
shows that only odd harmonics polarised along the x direction,
i.e. along the pulse polarisation direction, are observed. While
panel (b) of Fig. 3 displays only even harmonics polarised along
the z direction, i.e., perpendicular to the pulse polarisation
direction. The generation of even harmonics polarised
perpendicular to the laser polarisation can also be physically
attributed to the interaction between the molecular permanent
dipole and the external field.94,95 From this interpretation, it is
also possible to understand why odd harmonics in panel (a)
have, on average, higher intensities than even harmonics in
panel (b). The same conclusions are obtained by considering
the Ĉ2 DS. From the analysis of the time-dependent dipole
moments (Fig. S1 and S2 of the ESI†) one observes that the time

variation of the dipole perpendicular to the pulse polarisation
is much smaller than the variation along the polarisation
direction. Moreover, oscillations in the permanent dipole occur
with a frequency of half-period, thus explaining the presence of
even harmonics only.

Furthermore, the HHG spectrum also arises from a multi-
channel contribution for directions of detection. To rationalise
the MO contributions to the HHG spectra, we have to consider
the ionisation energy and the symmetry with respect to the
pulse.23,37 For x detection, the multichannel behavior can be
explained by noticing that the symmetry of the B channel

Fig. 2 Studied configuration of the H2O + pulse system. In configurations
(a) and (b) the pulse is polarised along the x axis, with detection direction
respectively parallel (x) and perpendicular (z) to the polarisation axis. In the
configuration (c) the pulse polarisation is along the z axis and detection
along the same direction, in configuration (d) the pulse is polarised in the
xy plane, with an angle of 451 with respect to the xz plane. The yellow
double arrow represents the laser polarisation the green arrow the direc-
tion of detection.

Fig. 3 Panel (a): Total and partial HHG spectra of H2O, with pulse
polarisation and detection along the x direction, corresponding to the
configuration (a) of Fig. 2. Panel (b): Total and partial HHG spectra of H2O
obtained using a pulse polarised in the x direction, and the signal is
detected along the z direction, i.e. the configuration (b) in Fig. 2. In both
panels, the pulse polarisation is represented by the big yellow double
arrow, while the direction of detection for HHG spectra is represented by
the small green arrow.

Table 2 Summary of the DSs, selection rules and emitted harmonics for
aligned H2O

Pulse polarisation DS Detection Harmonics

x axis Ẑyz x axis Odd
z axis Even

z axis Ẑxy z axis Even and odd

451 in the xy plane Ĉ2 451 in the xy plane Odd
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(HOMO�2) allows a better pulse-channel interaction (no nodal
surfaces), but the B channel still results in a minor contribution
due to the higher ionisation energy if compared with those of
the X (HOMO) and A (HOMO�1) channels, that give a higher
contribution despite their symmetry. For z detection, the weight
of B is even smaller, while the contribution of A becomes larger
also at low harmonics, due to the absence of nodal surfaces.

In Fig. 4, the HHG spectra for the z polarisation of the pulse
and detection in the same direction are shown. This configu-
ration is the case (c) in Fig. 2, characterised by the reflection
plane that defines the DS is the xy plane. For this polarisation,
the spatial part of the DS (Ẑ or Ĉ2) does not commute with the
molecular symmetry, and therefore all odd and even harmonics
are admitted. The A channel has the most favorable coupling
with the pulse, and it thus represents the predominant channel
in the range H1–H8 and from H19 onward. While from H9 to
H18, the X and B channels give a relevant contribution and,
resulting in some case in the largest one, such as H10 for the
channel X and H16 for B channel. HN notation means the N-th

harmonic of the spectrum. Corresponding dipole moments are
given in Fig. S3 of ESI.†

To conclude the study on H2O, in Fig. 5, we present the HHG
spectrum for a pulse linearly polarised in the xy plane, oriented
at an angle of 451 with respect to the molecular plane (xz), i.e.,
bisecting the xy angle. This is the configuration (d) of Fig. 2.
The HHG signal has been computed along the same direction,
and in the z direction. In this configuration, the reflection
plane of the Ẑ DS does not correspond to any reflection plane of
the molecule. However, considering the Ĉ2 DS for the pulse, the
molecule exhibits the same rotational symmetry as the pulse.
Consequently, only odd polarised harmonics are expected in
the plane orthogonal to the C2 rotational axis, while even
harmonics are polarised parallel to the C2 axis, as shown in
Fig. 5. The MO decomposition of the HHG signal for the pulse
polarisation at 451 in the xy plane with detection in the same
direction is also given in Fig. S4 of ESI.† As the HOMO has the
lower Ip and the most favorable symmetry, it represents the
predominant channel in the spectrum, while the A and the B
channels give a much smaller contribution. Time-dependent
dipoles are reported in Fig. S5 of ESI.† In Fig. S6 and S7 of ESI,†
other examples are shown in which the pulse polarisation is
orthogonal to the molecular C2 axis, with angles of 1351 and
301, giving only odd harmonics polarised in the plane ortho-
gonal to the rotational axis. These results confirm that the
involved DS is Ĉ2.

The selection rules for the various H2O + pulse
configurations discussed in the main text are summarised in
Table 2.

Fig. 4 Total and partial HHG spectra of H2O, with pulse polarisation
parallel to the principal axis (z axis). This system corresponds to the
configuration (c) of Fig. 2. The yellow double arrow represents the pulse
polarisation, while a green arrow represents the direction of detection of
the HHG signal.

Fig. 5 Total HHG spectra of H2O obtained with pulse polarisation of 451
in the xy plane, i.e. the configuration (d) in Fig. 2. In green the spectrum
recorded in the same direction of pulse polarisation, in violet the spectrum
detected along the z axis.

Fig. 6 Representation of the NH3 molecule with the reflection planes and
the C3 rotational axis, and NH3 HF occupied MOs studied in this work.
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4.2 NH3

In Fig. 6, the symmetry elements of the NH3 molecule, which
has a C3v symmetry, are represented: C3 rotational axis and
three reflection planes sn, s0n and s00n along each of the three NH
bond. The analysed MOs, i.e. HOMO (channel X) and HOMO�1
(channel A), computed at the HF level of theory, are also given.
We oriented the molecule to make the z axis coincident with the
C3 rotational axis. In Table 3, the ionisation energy for each
channel, together with the irreducible representation of the
corresponding MO, are collected.

Since the DS is conserved along the dynamics by construc-
tion, the appearance of a symmetry breaking, like in the case of
degenerate HOMO�1 of NH3, is an artifact of the representa-
tion. Aa and Ab are therefore not physical ionisation/recombina-
tion channels. Only the combination of the two MOs restores
the correct symmetry and the corresponding selection rules in
the HHG signal.

In Fig. 7, we present the specific orientation for the laser and
the HHG polarisation that have been analysed in the main text,
together with the symmetry elements. We have computed HHG
spectra with the polarisation of the pulse orthogonal to the s0v
plane (which is not xz) and along the z direction, as schema-
tically shown in Fig. 7.

In the case of the laser polarisation with pulse polarisation
orthogonal to the s0v plane, we expect, because of the Ẑ DS, that
only odd harmonics are observed in the total spectrum along
the same direction of the laser pulse polarisation.60 This is
clearly confirmed by the data (‘‘TOTAL’’) in Fig. 8, where the
MO decomposition of HHG spectra obtained with pulse polar-
isation orthogonal to the s0v plane is also presented. As
expected, the X channel (HOMO) is characterised by only odd
harmonics in the HHG spectrum, with the only exceptions of
H12 and H14 whose presence can be attributed to numerical
noise. In contrast, this is not the case for the two Aa and Ab

channels, for which symmetry is broken, thus giving rise to
both odd and even harmonics. We point out that the two
HOMO�1 are defined arbitrarly, and as a consequence their
partial HHG signal are physically meaningless. Only the

Table 3 Channel label, irreducible representation and ionisation energy
for NH3 MOs, computed at HF level

Channel Irred. repr. MO Energy (eV)

X A1 HOMO 11.6
A E HOMO�1 17.1

Fig. 7 Studied configurations of the NH3 + pulse system. In configura-
tions (a) and (b) the pulse is polarised orthogonal to the s0n plane, with
polarisation detection respectively parallel and orthogonal (z axis) to the
laser pulse. In configuration (c) the laser and the detection polarisation are
along the z direction. The yellow double arrow represents the laser
polarisation, while the green arrow the direction of the HHG signal
detection. The purple triangle represents the C3 axis.

Fig. 8 Panel (a): Total and partial HHG spectra of NH3, with pulse
polarisation and detection direction perpendicular to one reflection plane,
according to the configuration (a) of Fig. 7. The pulse polarisation is
represented by the yellow double arrow, while the recording direction of
HHG spectra is represented by a green arrow. Panel (b): Phase of the
interference between Aa and Ab channels. Panel (c): Same as in panel (a),
but with the A partial spectrum (see the text for details).
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combination of the degenerate MOs recovers the appropriate
selection rule. Indeed, we have investigated the phase of the
interference between Aa and Ab, according to eqn (18), which is
reported in the panel (b) of Fig. 8. A constructive interference
(+1) is found for odd harmonics, whereas even harmonics are
characterised by a destructive interference (�1). In panel (c) of
Fig. 8, the spectrum for the channel A now computed by
summing the contribution to the dipole of Aa and Ab channels,
is shown. The resulting spectrum has only odd harmonics with
intensities comparable to those of the X channel, as a conse-
quence of the destructive interference of even harmonics. This
is a clear signal that the overall system s0n reflection symmetry is
recovered. X (HOMO) contribution is larger than the A
(HOMO�1) one, except for H21 and following. It is worth
mentioning that this interference pattern is only the conse-
quence of the HOMO�1 representation; it is completely differ-
ent from what, e.g., is observed in the aligned CO2, for which
the minimum in the HHG spectrum is physically derived from
the negative interference between HOMO and HOMO�2.40

Time-dependent dipole moments for X, Aa and Ab channels
are collected in Fig. S8 of ESI.†

Conversely, for a pulse polarisation perpendicular to the s0n plane,
only even harmonics are expected when the detection is along any
direction perpendicular to the pulse polarisation direction,60 i.e., in
any direction belonging to the s0n plane, such as, for example, the
z-direction, as shown in panel (b) of Fig. 7. Indeed, the total HHG
spectrum of this configuration shows even harmonics only, as one
observes in Fig. 9. In terms of MO decomposition, the X channel
provides the main contribution to the spectrum. Only even harmo-
nics appear in the spectrum of the channel X. By summing the
contributions from Aa and Ab channels, i.e. defining the physical A
channel, the partial HHG spectrum due to HOMO�1 is seen to
follow the selection rule, with only even harmonics. These harmo-
nics are generally less intense than those of the X channel. The
interference of odd (even) harmonics between Aa and Ab channels is
destructive (constructive), as reported in Fig. S9 of ESI;† few excep-
tions are observed, perhaps due to numerical inaccuracy. The
X channel provides the largest contribution until H18, while A
channel is not negligible at higher harmonics. Fig. S10 of ESI†
collects the time evolution of the total and partial dipole moments.

In Fig. 10, we present the spectra obtained using a
z-polarised pulse (see panel (c) of Fig. 7). In this configuration,
the DS is Zxy, and the reflection plane that defines the DS is the
xy plane. However, this is not a symmetry plane for the
molecule, and therefore, the spatial part of the DS does not
commute with the molecular symmetry; this results in all odd
and even harmonics being allowed. The X channel dominates
across the spectrum due to its more favorable ionisation energy
compared to the A, i.e. Aa + Ab, channel. In this case, the
interference is constructive for the most of the harmonics
(Fig. S11 of ESI†). As observed in Fig. 8–10, the interference
among Aa and Ab restores the expected symmetry leading to the
A channel, as must be for a conserved symmetry in the
dynamics. Time-dependent dipole moments for this configu-
ration are given in Fig. S12 of ESI.†

With a pulse polarised along the x axis and detection along the
same axis, we observe that the partial spectrum by Ab, which couples
favorably with the pulse polarisation, is larger than that by Aa for all
the harmonics (Fig. S13 of ESI†). This result is similar to what occurs
in HHG simulations of atomic systems with a p character, in which
one ‘‘selects’’ the p orbital parallel to the pulse polarisation.

Table 4 collects the selection rules for various pulse polar-
isations for NH3 explicitly shown in the main text.

5 Conclusions

In this work, we have studied the DS and selection rules in HHG
spectra of H2O and NH3 interacting with a linear pulse with

Fig. 9 Total and partial HHG spectra of NH3, with pulse polarisation
perpendicular to one reflection plane and HHG signal detected along
the z axis, corresponding to the configuration (b) in Fig. 7.

Fig. 10 Total and partial HHG spectra of NH3, with pulse polarisation
oriented parallel to the z axis, i.e. the configuration (c) shown in Fig. 7. The
pulse polarisation is represented by the yellow double arrow, while the
recording direction of HHG spectra is represented by a green arrow.

Table 4 DSs and emitted harmonics for NH3. Emission computed along
the pulse polarisation direction, if not specified

Pulse polarisation DS Detection Harmonics

Orthogonal to s0n Ẑs0n
Orthogonal to s0n Odd
Parallel to s0n Even

z axis Ẑxy z axis Even and odd
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different polarisation directions. HHG spectra have been com-
puted at RT-TD-CIS level of theory, i.e. using an ab initio
method in time domain. Within the same approach, an exact
decomposition of the HHG spectrum in terms of individual MO
contributions has also been applied.

In the case of H2O, with pulse polarisation along x, only odd
harmonics are found when the direction of detection of the HHG
signal is x. In contrast, only even harmonics are observed when the
detection is perpendicular to the x direction. Instead, odd and even
harmonics are present in the HHG spectrum with pulse polarisation
along the z axis and detection in the same direction since, in this
case, the spatial part of DS does not commute with the molecular
symmetry. With pulse polarisation with an angle of 451 in the xy
plane, the HHG spectrum is characterised by odd harmonics only if
the direction of detection of HHG spectra is contained in the plane
orthogonal to the C2 rotational axis. In contrast, even harmonics are
produced when the detection is parallel to the C2 rotational axis.
Additionally, the generated harmonics can stem from either multi-
channel or single-channel contributions. For the configurations (a)
and (b) of Fig. 2, HOMO, HOMO�1 and HOMO�2 contribute to the
HHG signal; the relative weight among the channels changes with
the direction of detection. While, in cases with strong single-channel
character, the predominant channel is the HOMO, as in the align-
ment with the 451 pulse polarisation or HOMO�1, as in the
alignment with z pulse polarisation.

For NH3, with the pulse polarisation orthogonal to the s0n
reflection plane, only odd harmonics are observed when the
direction of detection is perpendicular to the reflection plane,
while even harmonics are observed if the direction of is contained
within the molecular reflection plane. This selection rule is appar-
ently lost with the doubly degenerate HOMO�1. However, the
interference between the two degenerate MOs restores the symme-
try, and the spectra obtained by summing the two contributions
recover the shape dictated by the selection rules, i.e., even harmo-
nics disappear in the HHG polarisation detection orthogonal to the
reflection plane. With a pulse polarisation along the z axis, even
and odd harmonics are found, when detected along the z direction
since, in this case, the DS does not commute with the molecular
symmetry. Moreover, multichannel effects characterise HHG spec-
tra resulting from a pulse orthogonal to the reflection plane. While
the HHG spectrum produced from a pulse polarised along the z
axis is a strongly single-channel process, with HOMO providing the
largest contribution to the total spectrum.

In conclusion, simulations based on a time-resolved
Gaussian-based ab initio method are a valuable tool to investi-
gate the stong-field dynamics of complex systems.
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92 A. P. Woźniak, M. Lesiuk, M. Przybytek, D. K. Efimov,
J. S. Prauzner-Bechcicki, M. Mandrysz, M. Ciappina,
E. Pisanty, J. Zakrzewski and M. Lewenstein, et al.,
J. Chem. Phys., 2021, 154, 094111.

93 S. Klinkusch, P. Saalfrank and T. Klamroth, J. Chem. Phys.,
2009, 131, 114304.

94 X. Chu, Phys. Rev. A, 2024, 109, 053103.
95 H. Hu, N. Li, P. Liu, R. Li and Z. Xu, Phys. Rev. Lett., 2017,

119, 173201.

PCCP Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

6 
M

ay
 2

02
5.

 D
ow

nl
oa

de
d 

on
 1

0/
16

/2
02

5 
6:

27
:3

0 
PM

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5cp01624j



