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Nonadiabatic Thouless pumping of electrons is studied within the framework of topological Floquet
engineering, particularly focused on how atomic lattice dynamics affect the emergent Floquet
topological phase in trans-polyacetylene under the driving electric field. Following the approach in a
previous study [R. Zhou et al., J. Phys. Chem. Lett., 2021, 12, 4496], real-time time-dependent density
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Accepted 11th June 2025 number of pumped charges remains equal to the topological invariant, the winding number, when the
temperature effect of ions and the dynamical coupling of electrons and ions are taken into account. Our

theoretical work shows that the Floquet topological phase remains intact but the condition on the
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1. Introduction

An earliest realization of how the topological characteristics of
a Hamiltonian govern certain dynamical properties came from
Thouless when he discussed the quantized pumping phenomenon
in 1983." By studying one-dimensional quantum-mechanical par-
ticle transport in a slow varying potential, he showed that the
quantization of the number of transported quantum particles
stems from the topology of the underlying Hamiltonian. Under
adiabatic evolution (i.e. instantaneous eigenstates of Hamiltonian),
the particle current in a one-dimensional system is determined by
a topological quantity known as the winding number when the
Hamiltonian is periodic in time. For topological materials, the
winding number can take a non-zero integer value while it is zero
for normal/trivial insulators. In recent years, Thouless pumping
has been demonstrated experimentally in various systems®
including an ultracold Fermi gas® and ultracold atoms in an
optical lattice.” Various theoretical studies® " have employed
model Hamiltonians such as the Rice-Mele model'” and the
description of topological pumping has often assumed complete
adiabaticity of Hamiltonian evolution. At the same time, studies
of nonadiabatic effects on Thouless pumping have appeared in
the literature."**> A particularly notable development in recent
years has been the idea of the so-called topological Floquet
engineering, in which one uses a time-periodic external field to
induce a topological phase in the driven system that is otherwise
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driving field necessary for observing the topological phase becomes more limiting.

a trivial insulator.'®'” Briefly, in a Floquet system, the time-
dependent Hamiltonian satisfies A(t + T) = A(¢) and an effective
time-independent Hamiltonian can be defined from the time
evolution operator. One can then apply the topological descrip-
tion analogously to this effective Hamiltonian. Under certain
conditions on the driving field, the Floquet topological phase,
in which the winding number is a non-zero integer, can emerge.
At the same time, unlike for the equilibrium cases, the robust-
ness of such a topological phase is not guaranteed."”
Increasing efforts have been devoted to developing a
molecular-level understanding of topological materials from
the perspective of chemistry,'®>* which would open up the
field for further exploration with a more intuitive viewpoint
based on the arrangement of atoms. In our previous work,”> we
have demonstrated nonadiabatic Thouless pumping of elec-
trons in ¢rans-polyacetylene under a driving electric field using
first-principles theory in the framework of Floquet engineering.
By exploiting the gauge invariance of the quantum dynamics in
terms of minimal particle-hole excitations,>® the topological
pumping of electrons can also be understood as a cyclic
transition among the bonding and antibonding orbitals. Hav-
ing connected the topological invariant to the chemical bond-
ing concepts,” we further demonstrated molecular-level
control on the emergence of the Floquet topological phase,
presenting exciting possibilities of the intuitive molecular-level
engineering for such an exotic topological phase.>* At the same
time, the feasibility of observing Floquet topological pumping
at room temperature still remains a practical open question. In
this work, we investigate the interplay between the electronic
current and the lattice dynamics of atoms on the Floquet
topological phase using Ehrenfest dynamics simulation based
on real-time time-dependent density functional theory (RT-
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TDDFT). Additionally, we examine the impact of thermal fluc-
tuations in the atomic lattice on the Floquet topological phase
by performing RT-TDDFT calculation with first-principles mole-
cular dynamics simulation.

2. Computational details

We examined several exchange-correlation (XC) functionals by
calculating the equilibrium geometry of trans-polyacetylene as
shown in Table 1. Popular XC approximations such as GGA:
PBE,”® meta-GGA:SCAN,*® and hybrid-GGA:PBE0*’ have not
yielded Peierls distortion.”® This failure is primarily due to
self-interaction errors that lead to an over-delocalization of
electrons, incorrectly favoring an undistorted structure. In
contrast, the SCANO approximation,*® which incorporates
25% exact exchange within a meta-GGA framework, correctly
predicts the Peierls distortion, yielding bond lengths in good
agreement with experimental data.’>® The accurate representation
of bond length alternation is necessary here because these struc-
tural details govern the electronic structure and, consequently, the
material’s electrical conductivity properties. Inaccuracies in bond
lengths, as seen with the other XC approximations, would indir-
ectly lead to erroneous predictions of these key characteristics.
Therefore, we employ the SCANO XC functional for examining
lattice dynamical effects in our study.”’ To simulate trans-
polyacetylene at room temperature (300 K), we performed first-
principles molecular dynamics (FPMD) simulations using the
SCANO XC functional with the FHI-aims code.’*** We employ
the tier 2 numeric atom-centered orbital (NAO) basis set.>* FPMD
simulations were carried out in the NVT ensemble at 300 K for
4 picoseconds, employing a Nose-Hoover thermostat®> with a
thermostat frequency of 1600 cm '.>*® The FPMD time step of
0.5 femtoseconds was used.

In order to study the Floquet topological phase by simulat-
ing nonequilibrium electron dynamics, we perform real-time
time-dependent density functional theory (RT-TDDFT)*”*° and
Ehrenfest dynamics® based on RT-TDDFT. The mean-field
approximation inherent in Ehrenfest dynamics for coupled
electron-ion systems imposes limitations on the description
of certain energy exchange phenomena, such as Joule
heating.>"" However, the characteristic timescale of the Floquet
topological pump under investigation (approximately several
femtoseconds) is significantly shorter than the time required to
reach the detailed balance conditions (typically hundreds of

Table 1 Comparison of carbon—carbon bond lengths of the optimized
equilibrium structures using several exchange-correlation (XC) func-
tionals, together with the experimental values reported in ref. 30

XC C-C bond length ~ C=C bond length  Peierls
functional (Angstrom) (Angstrom) distortion
PBE 1.396 1.396 No

SCAN 1.387 1.387 No
Hartree Fock  1.332 1.460 Yes

PBEO 1.393 1.393 No
SCANO 1.357 1.419 Yes
Experiment 1.36 1.44 Yes
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femtoseconds to picoseconds or longer). Therefore, we posit that
Ehrenfest dynamics provides a sufficient framework for describing
the pertinent physics in this study. For Ehrenfest dynamics
simulations, we use the Qb@Il branch**™® of the Qbox code®”
within the plane-wave pseudopotential (PW-PP) formalism.*® All
atoms were represented by Hamann-Schluter-Chiang-Vander-
bilt (HSCV) norm-conserving pseudopotentials,*>*® with a
plane-wave cutoff energy of 40 Ry for the Kohn-Sham (KS)
orbitals. For integrating the time-dependent Kohn-Sham equa-
tion, we employed the enforced time-reversal symmetry (ETRS)
integrator’’ in the maximum localized Wannier function
(MLWF) gauge,”® and we used an integration step size of
0.1 a.u. For the Ehrenfest dynamics simulation, atomic posi-
tions were also updated at a time interval of 0.1 a.u. for each

integration step. The electric field E(r) =Asin<2%tt) was

applied as the driving field, and we considered the time periodi-
city T of 50-200 a.u. and the field amplitude |4| range of 1.0-6.0
x 102 a.u. with the uniform sampling intervals of 25 a.u. and 1.0
x 1072 a.u., respectively. Note that the time-dependent electric
field was applied in the length gauge using the scalar potential in
the KS Hamiltonian.*®*? For all simulations, a 55-atom simula-
tion supercell, consisting of 11 C-C monomer units along the x-
axis, was employed under the periodic boundary conditions
(51.32 x 15.0 x 15.0 Bohr), and the I'-point approximation for
Brillouin zone integration was adopted as done in previous
work.”>** The comparison between the FHI-aims and Qb@ll
codes is provided in Table S1 in the ESLt

3. Results and discussion

We study two different aspects of the influence of atomic lattice
dynamics on the nonadiabatic Thouless pumping of electrons.
We examine how the quantum dynamics of electrons can induce
the atomic lattice dynamics and potentially degrade the intri-
cated nature of the topological pumping even at 0 K. We
performed this by taking into account the nonadiabatic coupling
between electrons and classical nuclei in the Ehrenfest dynamics
simulation. In this simulation, an initial temperature of 0 K is
used for the lattice. Secondly, we examine the thermal fluctua-
tions of the atomic lattice on the quantum dynamics of electrons.
Because of the vastly different relevant timescale differences (i.e.
femto-seconds for the pumping dynamics vs. picoseconds for the
lattice dynamics), we simple take snapshots from FPMD simula-
tions at 300 K and perform RT-TDDFT on these static structures.

3.1. Coupling between lattice dynamics and electron transport

As shown in our previous work,>>** the (time-) integrated
current, Q(7), can be calculated via time-dependent maximally
localized Wannier functions (MLWFs), w,{r, t), as follows:**

Occ.

o(T)=L" Z[(W:‘(T)\flwf(T» — (wit = 0)[F[wi(r = 0))] (1)

where the position operator 7 is defined according to the
formula given by Resta for extended periodic systems® and L
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is the lattice length of the unit cell. In short, the integrated
current Q(7) is equal to the number of the geometric centers of
the MLWFs (i.e. Wannier centers) transported over time 7.> In
the context of Floquet theory, the initial state must return to the
same Hilbert subspace of the Floquet operator after a driving
period. The Kohn-Sham Hamiltonian depends on the time-
dependent electron density even when the adiabatic approxi-
mation is adapted for the exchange-correlation potential.>®”
Therefore, the Hamiltonian is time-periodic (i.e. Floquet theory
H(t + T) = A(t) is applicable) only if the initial electron density is
recovered after each driving cycle is completed. We can quantify
the extent to which the Floquet condition is satisfied by calculat-
ing the determinant of the overlap matrix S; = (y/(0)|WAT)),
between the initial time-dependent Kohn-Sham (TD-KS) orbitals
and those after one driving cycle has finished, as shown in Fig. 1,
and also discussed in ref. 22. When the Floquet condition (i.e.
|det(S)| = 1) is satisfied, the integrated current, Q(7), is equal to
the winding number, W, an integer.**** The topological phase is
identified as having a non-zero integer value of W while the W=0
phase indicates the trivial insulator phase.

In the RT-TDDFT simulation, the lattice (atomic nuclei) is
held fixed in time at equilibrium positions. In the Ehrenfest
dynamics simulation, the atomic nuclei are allowed to respond
to the time-dependent movement of electrons in the system
according to the instantaneous Coulomb force on the atomic

(a) RT-TDDFT
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nuclei. The atomic nuclei thus move and respond to the non-
equilibrium electron density and to the external driving field.
Fig. 1 (top) shows the extent to which the Floquet condition is
satisfied; the red-colored areas (indicating |det(S)] > 0.95)
decrease when the dynamical coupling between the electrons
and atomic nuclei is taken into account as in the Ehrenfest
dynamics simulation. As perhaps expected, the higher the driving
field amplitude is the more differences we tend to observe
between RT-TDDFT and Ehrenfest dynamic simulations.

Fig. 1 (bottom) shows Q(7) per monomer as a function of the
driving field amplitude and period. As can be seen, the Floquet
topological phase remains largely intact even with the dynamical
coupling between electrons and atomic nuclei. For the driving
field amplitude above || =2 x 107% a.u. (1 a.u. ~ 5.1422 VA™),
the RT-TDDFT simulation shows that the topological phase is
observed when the Floquet condition is satisfied. With the
Ehrenfest dynamics simulation, the lattice movement somewhat
makes it more difficult to satisfy the Floquet condition; a notable
change is observed for =150 a.u./|4| =5 x 10 ? a.u. (as marked
by the red square box in Fig. 1 (bottom)). The Floquet topological
phase (W= 1) can be found here as opposed to the trivial phase in
the RT-TDDFT simulation. With the dynamical coupling of
electrons and atomic nuclei in Ehrenfest dynamics, |Det(S)| is
only 0.93, and the Floquet condition is not lifted appreciably. The
integrated current gives Q(T) = 0.92, and it deviates noticeably

(b) Ehrenfest
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(top) The determinant of the overlap matrix, S, between the initial and final TD-KS states in a single driving cycle and (bottom) the time-integrated

current over a single driving cycle Q(T) plotted as a function of the driving electric field amplitude |A| and the period T for (a) RT-TDDFT and (b) Ehrenfest

dynamics. The colors indicate the value of |det(S)| in top figures: red (>0.95),

orange (0.90-0.95), and yellow (< 0.90). In bottom figures, the purple and

blue colors indicate the assignment of the trivial and topological phases, respectively. The red box indicates the specific driving field for which the

electron dynamics were analysed in detail (see the main text).
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Fig. 2 Electron dynamics from RT-TDDFT and Ehrenfest dynamics simulations of trans-polyacetylene with the driving field of T =150 a.u./|A| = 5 x 10~ a.u.
(as marked by the red box in Fig. 1). (a) Time-integrated current Q(t) as a function of time t. (b) Time-dependent hole occupation, calculated by projecting the

time-dependent orbitals onto the equilibrium Kohn—Sham eigenstates.

from the integer value of Q(7) = 1 as one would expect for the
topological phase even if one considers errors from numerical
simulations. The difference becomes more evident when Q(¢) is
plotted as a function of time as done in Fig. 2(a). This quantity
can be conveniently calculated using the Wannier centers as in
eqn (1) from the RT-TDDFT and Ehrenfest dynamics simula-
tions. Both simulations show identical behavior up until the last
t = 25 a.u. However, for the Ehrenfest dynamics, the Q(t) value
starts to decrease, indicating that the transport direction of the
C-C and C=C Wannier functions reverses to the opposite
direction at ¢ = 125-150 a.u. Then, the time-dependent electron
density does not evolve back to the initial state after a single
driving cycle, leaving some electrons excited after the periodic
time, T (see Fig. 2(b)); the Floquet condition is not satisfied
because the single-particle KS Hamiltonian is dependent on the
time-dependent density.

3.2. Thermal fluctuations of the lattice on electron transport

Let us now discuss the impact of thermal fluctuations of atoms at
room temperature on the Floquet topological phase. In order to
sample representative geometries, the first-principles molecular
dynamics (FPMD) simulation was performed in the electronic
ground state at 300 K for 4 picoseconds. FPMD trajectories show
fluctuations in both C-C and C—C bond lengths. At the same
time, the analysis of the Wannier functions shows that the
alternating bonding pattern, resulting from the Peierls instability,
is consistently observed throughout the FPMD simulation. To
quantify the extent of the Peierls distortion effect,”® we employ a
collective variable, called the bond length alternation (BLA)*®
index. The BLA is defined as the averaged bond length differ-
ences between the C-C and C—C bonds

1 - -
BLA =4 (17~ =177

where N represents the number of unit cells in the simulation
supercell. 7¥~ ¢ and 7 are the lengths of the carbon-carbon
double bond and the carbon-carbon single bond in the i unit
cell, respectively. We considered only the absolute value of BLA

This journal is © the Owner Societies 2025

due to the inversion symmetry of trans-polyacetylene although
BLA can take negative values.”® BLA is a geometric measure of
conjugated polymers, and other studies have shown that various
electronic®®°® and optical®®* properties can be rationalized in
terms of the BLA value. To better establish the relationship
between the BLA index and the Peierls distortion in trans-
polyacetylene at the electronic structure level, the maximally
localized Wannier functions (MLWF) are calculated on several
selected structures from the FPMD trajectory. Fig. 3 shows how
the average spread values of the MLWFs associated with C—C
double bonds are correlated with the BLA value. The dashed
vertical line indicates the equilibrium structure at 0 K. C—C
bonds tend to become, on average, more delocalized with the
decreasing BLA value while C-C bonds remain largely unaffected.
While the average MLWF spreads show a rather large standard
deviation for the double bonds, as indicated by the error bars in

3.0 :
| ! Cc=C
28 | * } + ; c-c |
- 26} } E i
8 + ‘ !
G241 bl
[0 : + +
g22F : ]
2 !
<20t : :
18} | ;
RN S I TR T
16 %0 o004 o006 008
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Fig. 3 Average spread values of C=C (red) and C-C (green) maximally
localized Wannier functions (MLWFs) in the electronic ground state for
structures with different bond length alternation (BLA) values. The struc-
tures are taken from the trajectory of the FPMD simulation of trans-
polyacetylene at 300 K. The vertical dashed line represents the BLA value
of the equilibrium (0 K) structure. The error bars indicate the standard
deviations among the MLWFs for each bond type.
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Fig. 3, a clear distinction between the double and single bonds
can be made for all structures with various BLA values, indicating
that the electronic conjugation remains intact even at room
temperature.

The RT-TDDFT calculation was performed on four selected
structures with different BLA values from the FPMD simulation,
as shown in Fig. 4. The Floquet topological phase can be observed
in all four cases with the driving field period of approximately
100-150 a.u., which aligns well with our earlier findings.?*** At
the same time, the extent to which the topological phase is
present is highly dependent on the driving field amplitude and
the period (see Fig. 4 top). Due to the dynamical disruption to the
periodicity of the otherwise perfectly repeating polymer units
caused by thermal fluctuations (see Fig. 3), satisfying the Floquet
condition with the external driving field becomes more restric-
tive. Even when the Floquet condition is satisfied, whether the
trivial phase (W = 0) or the topological phase (W = 1) exists is very
sensitive to the driving field conditions, strongly varying with the
BLA value. For instance, for structure A with a small BLA value of
0.010, not only it is more difficult to have the Floquet condition
satisfied but also the emergence of the topological phase is highly
dependent on the driving field, particularly with respect to the
period of the driving field. In experiments performed at room
temperature, all these structural variations with different BLA
values would exist and thus finding the driving field conditions
under which the Floquet topological phase is observed at all
times is likely difficult.

View Article Online
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To gain a deeper insight into the quantum dynamic behavior
underlying the Floquet topological pump, we discuss two
specific conditions for the driving field: T = 125 a.u./|A| = 2 x
10? a.u. (the pink square in Fig. 4) and T = 150 a.u./|[A| =
2 x 107% a.u. (the orange square in Fig. 4). With T = 125 a.u./
|A| =2 x 1072 a.u., the Floquet topological phase is observed for
structures A (BLA = 0.010) and B (BLA = 0.032) while the trivial
phase (i.e. W = 0) is found for structures C (BLA = 0.049) and D
(BLA = 0.080) as shown in Fig. 4. Fig. 5 shows the number of
transported charges Q(t) as a function of time for all these
driving conditions for the four structures. With the driving field
of T=125a.u./|A| =2 x 107> a.u. (Fig. 5(a)), both structures A
and B yield Q(T) = 1, exhibiting the topological phase although
their corresponding quantum dynamics show notable differ-
ences. In structure B, Q(¢) shows a continuous increase, reach-
ing a value of 1.026 electrons at the end of the single driving
cycle. In contrast, for structure A, the current reverses its
direction at around ¢ = 110 a.u. such that Q(¢) decreases before
reaching the value of 1.028 electrons at the end of the driving
cycle. For structures C and D, the current direction more or less
follows the direction of the driving electric field and thus Q(¢) is
diminishingly small after the period T.

With the driving field of T = 150 a.u./|[4| =2 x 107> a.u.
(Fig. 5(b)), the Floquet topological phase is observed for struc-
tures B and C while the trivial phase is found for structure D.
Even accounting for some numerical errors in the simulation,
the Floquet condition is not satisfied for structure A and Q(7) is

A :BLA=0.010 B : BLA=0.032 C :BLA=0.049 D : BLA=0.080
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(top) Time-integrated current over one driving cycle Q(T), and (bottom) the determinant of the overlap matrix, S, between the initial and final TD-

KS states in a single driving cycle. These values are plotted as a function of the driving electric field amplitude |A] and the time period T for the structures
(A)—(D) with various BLA values. These structures are taken from FPMD simulation of trans-polyacetylene at 300 K. The white (colorless) areas in the top
plot represents that the Floquet condition is not satisfied. The pink (T = 125 a.u. and |A| = 2 x 1073 a.u.) and orange (T = 125a.u. and |A] = 2 x 10~% a.u.)
boxes indicates the specific conditions for which the underlying electron dynamics were investigated in detail as discussed in the main text.
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Fig. 5 Time-integrated current as a function of time, Q(t), of trans-polyacetylene for the structures of various BLA values with the driving field of (a) T =
125a.u./|A] = 2 x 1073 a.u. (as marked by the pink square box in Fig. 4) and (b) T = 150 a.u./JA| = 2 x 10~ a.u. (as marked by the orange square box in Fig. 4).

0.73 electrons. Unlike for structure A, structures B and C both
largely satisfy the Floquet condition given the same criterion
based on the |det(S)|. While they tend to exhibit the Floquet
topological phase instead of the trivial phase, the degree to which
the Q(T) value is close to the integer value of one is noticeably less
for structure C; the Q(T) value for structures B and C is 0.99 and
0.92, respectively (see the ESIT). For these structures taken from
the room temperature FPMD simulation, the periodicity is not
perfectly satisfied and noticeable deviations of Q(T) from Q(7) =
W =1 can be anticipated, as discussed earlier. In Fig. 5, another
notable feature is the abrupt jump in Q(¢) for structure C around
t =75 a.u., and such quantum tunnelling-like behavior has been
discussed previously.>*>” If computational resources were not a
factor in these highly demanding RT-TDDFT simulations, one
would ideally calculate the ensemble average of Q(t) to model
experiments at room temperature. Fig. 5, even with only four
representative geometries, shows that such an ensemble-average
(Q(¥)) would not yield the topological phase behavior at 0 K (i.e.
an integer value at ¢ = T) even for the most likely/favorable driving
field condition (T = 125 a.u./|4| = 2 x 10~ a.u. (Fig. 5(a))).
Finally, the results here show that bond length alternation
(BLA) is an effective geometric parameter for the emergence
and characteristics of the Floquet topological phase. As the BLA
value decreases, the weakening Peierls distortion leads to
electron delocalization within the conjugated chain. In the
delocalization limit with BLA = 0, the system becomes metallic
with no Peierls distortions. As conveniently seen using the Su-
Schrieffer-Heeger model of Peierls instability,®® a topological
phase is precluded in such a gapless metallic system even with
an external driving field. At elevated temperatures, thermal
fluctuations are more likely to dynamically disrupt the delicate
electronic ordering that is required for the topological phase
since the geometries with low BLA values are more accessible.

4. Conclusions

Building on the previous work,**** we examined the robustness

of the Floquet topological phase in trans-polyacetylene with

This journal is © the Owner Societies 2025

respect to the atomic lattice movement using first-principles
simulation. In particular, the effect of atomic lattice dynamics
on the Floquet topological phase was investigated by perform-
ing Ehrenfest dynamics simulation in which atoms respond to
the electronic current. Secondly, we investigated how atomic
lattice distortion at room temperature could affect the presence
of the Floquet topological phase by performing RT-TDDFT
calculations on selected geometries from a separate FPMD
simulation at room temperature. When the dynamical coupling
between electrons and atomic nuclei is included as in Ehrenfest
dynamics simulation, it becomes somewhat more difficult to
satisfy the Floquet conditions although the topological phase is
largely intact. Additionally, we examined the impact of thermal
fluctuations in the atomic lattice on the Floquet topological
phase. The bond length alternation (BLA) index was used to
quantify the degree of Peierls distortion in terms of the carbon-
carbon single and double bonds. The sensitivity of the topolo-
gical phase to the driving field varies substantially with the BLA
value. Therefore, finding the necessary driving field magnitude
and period for inducing the Floquet topological phase would be
challenging at room temperature in experiments. In this theo-
retical work, the nuclear quantum fluctuation, as often repre-
sented by Wigner distribution, in the Floquet topological phase
was not considered. Such a nuclear quantum effect could
introduce additional challenges for observing the Floquet topo-
logical phase even at low temperatures, and it will be studied in
future studies. Finally, the exchange-correlation (XC) approxi-
mation in the first-principles simulation was found to have a
great impact on the prediction of the Peierls distortion for
trans-polyacetylene. Improving XC approximation continues to
be of great practical importance and such efforts continue to be
necessary in the community.
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