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General integrated rate law for complex self-
assembly reactions reveals the mechanism of
amyloid-beta coaggregation
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Analyzing kinetic experiments on protein aggregation using integrated rate laws has led to numerous

advances in our understanding of the fundamental chemical mechanisms behind amyloidogenic

disorders such as Alzheimer’s and Parkinson’s diseases. However, the description of biologically relevant

processes may require rate equations that are too complex to solve using existing methods, hindering

mechanistic insights into these processes. An example of significance is coaggregation in environments

containing multiple amyloid-beta (Ab) peptide alloforms, which may play a crucial role in the

biochemistry of Alzheimer’s disease but whose mechanism is still poorly understood. Here, we use the

mathematics of Lie symmetry to derive a general integrated rate law valid for most plausible linear self-

assembly reactions. We use it in conjunction with experimental data to determine the mechanism of

coaggregation of the most physiologically abundant Ab alloforms: Ab42, Ab40, Ab38 and Ab37 peptides.

We find that Ab42 fibril surfaces catalyze the formation of co-oligomers, which accelerate new Ab40,

Ab38 and Ab37 fibril formation whilst inhibiting secondary nucleation of new Ab42 fibrils. The simplicity,

accuracy and broad applicability of our general integrated rate law will enable kinetic analysis of more

complex filamentous self-assembly reactions, both with and without coaggregation.

I. Introduction

The self-assembly of proteins and peptides into amyloid fibrils
has been intensively studied in the past decades due to its key
role in a multitude of increasingly prevalent and incurable
human pathologies, such as type-II diabetes, Alzheimer’s
and Parkinson’s diseases.1,2 The kinetics of the self-assembly
process have been found to be well-described by differential
equations that, although relatively simple, do not normally
possess exact analytic solutions. Instead, great success has been
had in developing accurate approximate analytic solutions for
several particularly important mechanisms of self-assembly.3–9

These expressions have been widely fitted to experimental data

in order to identify the constituent reaction steps and their
associated rate constants for many different proteins under
diverse conditions.10 This has enabled fundamental discoveries
about the chemical mechanisms behind the formation of both
pathological and functional amyloid,11,12 ranging from Amyloid-
b and tau fibrils in Alzheimer’s disease6,9,13,14 to functional yeast
prions in S. cerevisiae15 and bacterial biofilms.16 Such solutions
are also used in the screening of candidate inhibitory drugs for
the treatment of aggregation-related diseases.17–19

Now that many of the fundamental aggregation reactions in
simple systems have been characterized, researchers have
become increasingly interested in aggregation in complex
systems. This requires less idealized and more realistic repre-
sentations of the self-assembly process, described by more
complex kinetic equations. In particular, interactions between
different proteins or different forms of a protein during aggre-
gation in vivo is expected to be the norm rather than the
exception, given that biological environments tend to contain
multiple self-assembly-prone species as well as other molecular
factors in close proximity. For instance, post-translational
modifications appear to play an important role during in vivo
aggregation of tau,20 but lead to a non-uniform monomer pool,
and the coaggregation of lipids and protein likely plays an
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important role in a-synuclein aggregation.21 Another particu-
larly notable example is the large number of different length-
variants (alloforms) and post-translationally modified variants
of the Alzheimer’s disease-associated Ab peptide22,23 that
appear to be involved in aggregate formation during the
disease. Several of these variants occur in vivo at non-
negligible concentrations, and have been shown or proposed
to have differing effects on both the aggregation rate and the
progression of the disease.22–29 A complete understanding of
Alzheimer’s disease will likely require a full understanding of
the ways in which these proteins interact during aggregation
into fibrils.

Some such coaggregation reactions have already been stu-
died experimentally in vitro.26,30–35 However, it was not possible
at the time to derive analytical solutions to their rate equations,
limiting the kinetic analysis that could be performed. The
present study focusses on an example of particular biological

significance: the coaggregation of the key Ab alloforms Ab40,
Ab37 or Ab38 (hereafter referred to collectively as Abxx) with
Ab42. In recent studies30,31 this has been monitored over time
by Thioflavin T (ThT), a dye that fluoresces when it binds to
amyloid fibrils, under physiologically relevant conditions (in
20 mM sodium phosphate and 0.2 mM EDTA at pH 7.4, without
agitation). The resultant kinetic curves describing the transfor-
mation of monomeric to fibrillar protein feature two separate
sigmoidal transitions (Fig. 1a).

Even in the absence of analytical solutions and their global
fitting to kinetic data, a partial determination of the mecha-
nism of coaggregation nonetheless proved possible in ref. 31
and 30. Using various biophysical techniques, the first transi-
tion was established to correspond to the formation of fibrillar
Ab42, and the second to the formation of fibrils consisting
exclusively of Abxx.30,31 This ruled out any significant cross-
elongation reaction steps. Since the second sigmoid occurs
much earlier than that observed for the corresponding shorter
peptide in isolation, it was deduced that aggregation of new
Abxx fibrils must nonetheless be accelerated by monomeric
Ab42, aggregated Ab42, or the two together. The possibility that
aggregated Ab42 alone could cause this acceleration was ruled
out directly by use of ‘‘cross-seeding’’ experiments. In these,
pure pre-formed Ab42 fibril seeds were added to pure Abxx
monomers, which failed to significantly accelerate aggregation
of the latter.30,31 Since cross-elongation was ruled out, it was
further deduced that ‘‘co-nucleation’’ reactions involving both
Ab42 and Abxx monomers cause the acceleration. It was also
found that monomeric Abxx always inhibits the aggregation of
Ab42 (Fig. 1b). However, without the ability to solve analytically
the rate equations describing different candidate reaction net-
works, it was not possible at the time to correctly identify or
confirm the mechanisms of co-nucleation and cross-inhibition
of these peptides.

This study makes 3 distinct scientific contributions. First,
the Results section is devoted to the discovery of the molecular
mechanisms of coaggregation of Ab42 and Abxx alloforms. We
derive the rate equations governing the various plausible
candidate mechanisms, and present their solutions as calcu-
lated in the Methods. We next globally fit these solutions to
both new and published experimental data on Ab42 and Abxx
coaggregation. We find that the central process driving coag-
gregation interactions is the catalytic formation of co-oligomers
at the surface of Ab42 fibrils. This both inhibits Ab42 fibril
formation and promotes Abxx fibril formation. For readers less
focussed on the strategies we develop to solve rate equations,
both the Methods and the SI can be skipped, without impairing
understanding of the Results.

Second, the Methods section describes a formula giving the
general solution for the kinetics of a very broad class of protein
aggregation reactions, that includes many coaggregation reac-
tions. We present a non-technical overview of how this general
solution originates from the symmetry properties of the rate
equations, and explain the conditions for its applicability. We
then show that Ab42–Abxx coaggregation satisfies these condi-
tions, and demonstrate how the general solution formula can

Fig. 1 Previously established mechanistic features of Ab42 coaggregation
with Ab40/38/37 (Abxx), illustrated using typical kinetic curves for these
reactions. (a) Ab42 and Abxx coaggregation at pH 7.4 shows separate
sigmoidal increases in fibril mass, with the first corresponding to pure Ab42
fibril formation, and the second to pure Abxx fibril formation. Thus, no
significant cross-elongation occurs. Representative kinetic curves (black)
are generated from the later-determined integrated rate laws for Ab
alloform coaggregation (eqn (22)) using typical parameter values (see
Table 1). (b) Monomeric Abxx has a clear inhibitory effect on Ab42 fibril
formation, whereas monomeric Ab42 accelerates Abxx fibril formation.
(Addition of pure Ab42 fibrils to monomeric Abxx was found in ref. 30 and
31 not to accelerate or ‘‘cross-seed’’ nucleation of new Abxx fibrils.) The
detailed mechanism of these inhibitory and accelerating effects was
heretofore unknown and is a key focus of the present study. The red
and blue curves are generated from published analytical solutions for Ab40
and Ab42 aggregation in isolation,9 using the same parameter values as in
a (see Table 1).
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be applied in practice by using it to solve the corresponding
rate equations. We also briefly explain in the Methods (and at
greater length in the SI) why the standard technique for
deriving analytical solutions for simpler protein aggregation
rate equations, fixed-point theory,3–6 is unsuitable for most
coaggregation reactions.

Third, the SI is focused on the development of a mathema-
tical method based on Lie symmetries for solving differential
equations of the kind governing protein aggregation kinetics.
This method is then used to derive the general solution formula
presented in the Methods. These findings constitute the detailed
mathematical justification for the contents of the main text. They
are nonetheless relegated to the SI because they are too technical to
be accessible to a wide audience: although powerful and elegant,
Lie theoretic techniques for differential equations are not widely
known. In the Discussion we explore the implications both of our
findings about Ab coaggregation and of our mathematical method,
their limitations, and prospects for future research.

II. Results
A. Rate laws for Ab alloform coaggregation

We begin our analysis by building explicit kinetic models of
Ab42 aggregation in which the Abxx monomer inhibits one
of the reaction steps. In keeping with convention for the field of
amyloid kinetics, we use the letters m and M to denote the
concentrations of free monomer and of monomeric subunits
within fibrils, respectively. In a minor departure from conven-
tion in homomolecular kinetic models, we use P to refer to the
concentration of fibril ends rather than fibril numbers. We do
so since in principle a co-nucleation event could produce a
fibril with an Ab42 residue at one end and an Abxx residue at
the other. This modifies the expressions for the various homo-
molecular rates by a factor of 2, as will be seen. To these letters
we add the subscripts a and b to signify concentrations of
species consisting of Ab42 and Abxx, respectively. For example,
ma is the concentration of free monomeric Ab42. In keeping
with convention for amyloid kinetics we will use kn, k2 and k+

for rate constants of primary and secondary nucleation and of
elongation, respectively, and nc and n2 for the reaction orders of
primary and secondary nucleation. To these we append brack-
ets (a) and (b) to signify rate constants and reaction orders for
homomolecular Ab42 and for Abxx aggregation, respectively.

Abxx is almost entirely unaggregated during aggregation of
Ab42 in our coaggregation experiments (Fig. 1). Therefore, in
this situation, none of the reaction steps responsible for Ab42
fibril formation depend on Pb or Mb. Moreover, mb is well-
approximated as constant at its initial value mtot,b when model-
ling the aggregation of Ab42 monomer into fibrils. So, the rates
of the reaction steps responsible for Ab42 fibril formation have
time-dependence only via the variables ma, Ma and Pa. Conse-
quently, the first sigmoid, corresponding to Ab42 aggregation,
can be described by kinetic equations of the form:

dPa

dt
¼ a1;a mað Þ þ a2;a mað ÞMa; (1a)

dMa

dt
¼ ae;a mað ÞPa; Ma þma ¼ mtot;a; (1b)

where a1,a, ae,aPa and a2,aMa are the rates of primary nucleation,
elongation and secondary nucleation respectively. The as-yet
unknown functions a1,a, ae,a and a2,a express the dependence of
these rates on the time-dependent variable ma. In principle, ae,a

could be defined to also account for fibril depolymerization.
However, we will neglect this possibility for simplicity, because
the experiments analyzed in this study, as with almost all
kinetic experiments on Ab alloforms, use initial monomer
concentrations far above the solubility limit. (For instance,
under the conditions of this study this limit is o100 nM for
Ab4236 and B300 nM for Ab40.37) Thus, these aggregation
reactions are effectively irreversible, with depolymerization
rates negligible in front of elongation rates. Consequently,
depolymerization can be ignored without affecting modelling
accuracy.4

Since the first sigmoidal transition is never accelerated by
Abxx, any co-nucleation step must produce new Ab42 fibrils
much slower than ordinary Ab42 primary nucleation. Thus, we
may neglect co-nucleation in our models of Ab42 aggregation.
The dependence of the rates of each individual reaction step on
mtot,b therefore purely reflects its inhibitory effects. Since the
concentration of fibril ends and primary and secondary nuclea-
tion sites is typically low, monomer binding to them should be
at partial or pre-equilibrium.9 So, the inhibitory effects of Abxx
monomer on Ab42 primary nucleation and elongation can be
modelled using the perturbed rate laws of ref. 18 and 38:

a1;a mað Þ ¼ 2knðaÞmncðaÞ
a

1þmtot;b

�
KPðbaÞ

; (2a)

ae;a mað ÞPa ¼
kþðaÞma

1þmtot;b

�
KEðbaÞ

Pa; (2b)

where KP(ba) and KE(ba) are equilibrium constants for dissocia-
tion of Abxx monomer from Ab42 fibril ends and from Ab42
primary nucleation sites, respectively.

Modelling inhibition of secondary nucleation is more com-
plicated, because Ab42 secondary nucleation is at least partly
saturated under the reaction conditions (meaning that mono-
meric protein binds faster to the fibril surface than surface-
bound monomer can convert to new fibrils6). The rate of
inhibited secondary nucleation is found (see Appendix A) to be:

a2;a mað Þ ¼

2k2ðaÞmaðtÞn2ðaÞ

1þ maðtÞ=KSðaÞð Þn2ðaÞþ maðtÞ=KSðbaÞð Þn2ðaaÞ mbð0Þ=KSðbaÞð Þn2ðabÞ
;

(3)

where KS(a)n2(a) is the dissociation constant for a cluster of
n2(a) Ab42 monomers from an Ab42 fibril surface, and
KS(ba)n2(aa)+n2(ab) the dissociation constant for a cluster of
n2(aa) Ab42 monomers and n2(ab) Abxx monomers from an
Ab42 fibril surface.
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Since Abxx fibrils form in significant quantities only long
after Ab42 monomers, any interactions between the two can be
neglected. (In any case, there is evidence that such interactions,
if they exist, are weak30) So, it is reasonable to model the
aggregation of Abxx monomers into fibrils as follows:

dPb

dt
¼ a1;b ma;mbð Þ þ a2;b mbð ÞMb (4a)

dMb

dt
¼ ae;b mbð ÞPb; (4b)

a1,b(ma, mb) = a1,bb(mb) + a1,ba(ma, mb) + a2,ba(ma, mb)Ma,
(4c)

where a2,b and ae,b correspond to the known rate laws6,31 for
Ab40 and Ab38 elongation and secondary nucleation (modified
by a factor of 2, as discussed above):

ae,b(mb) = k+(b)mb (5a)

a2;b mbð Þ ¼ 2k2ðbÞmn2ðbÞ
b

1þ mb=KSðbÞð Þn2ðbÞ
; (5b)

The total Abxx primary nucleation rate a1,b contains contribu-
tions from the rates of production of new Abxx fibril ends via
primary co-nucleation and secondary co-nucleation on Ab42
fibrils, a1,ba and a2,baMa respectively, as well as the rate of
normal Abxx primary nucleation a1,bb. These rates are:

a1;bb mbð Þ ¼ 2knðbÞmncðbÞ
b (6a)

a1;ba ma;mbð Þ ¼ 2knðbaÞmncðbaÞ
a m

ncðbbÞ
b (6b)

a2;ba ma;mbð ÞMa ¼ 2k2ðbaÞmn2ðbaÞ
a m

n2ðbbÞ
b Ma: (6c)

Note that, from the point of view of Abxx, the Ab42 fibrils are
just another heterogeneous nucleation surface, whose abun-
dance is not increased directly by the formation of more Abxx
fibrils. It has been demonstrated that primary nucleation is
usually overwhelmingly heterogeneous, occurring at nucleation
sites such as plate surfaces or the air–water interface rather
than in free solution.9,39–44 This is why secondary co-nucleation
on Ab42 fibrils enters the primary nucleation term for Abxx,
rather than contributing to Abxx secondary nucleation.

B. Ab40 and Ab38 monomers bind to Ab42 fibril surfaces,
inhibiting secondary nucleation

In Methods Section V A we present a general class of rate
equations, eqn (11), governing many protein reactions. In
Methods Sections V B–V D we outline how we solve those
equations, concluding with a general solution formula,
eqn (16), alongside conditions for its applicability. In Methods
Section V E1 we confirm that eqn (1)–(3) fall into the class of
eqn (11), and demonstrate that they satisfy the conditions for
applicability of eqn (16). This is finally used to calculate the
explicit solution eqn (22). In the absence of seed, this

simplifies to:

MaðtÞ
mað0Þ

¼ 1� 1þ ea
ca

ekat þ e�kat � 2ð Þ
� ��ca

(7a)

ca ¼
3

2n02ðaÞ þ 1
; ka ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ae;a mtot;a

� �
a2;a mtot;a

� �q
(7b)

ea ¼
a1;a mtot;a

� �
2mtot;aa2;a mtot;a

� �; (7c)

where n02ðaÞ interpolates between n2(a) and 0 depending on the
degrees of saturation and inhibition, and is given by eqn (21).
This solution corresponds closely to the numerically integrated
rate eqn (7a). As KS(a)/mtot,a and KS(ba)/mtot,b - N (i.e. when
initial monomer concentration is far below the saturation
concentration), single-step kinetics are recovered as required.

It is known that, under the reaction conditions employed
in the studies whose Ab alloform coaggregation data we are
revisiting (30,31), secondary nucleation of Ab42 is saturated at all
but the lowest monomer concentrations, with a dissociation
constant of 1.1 mM,45 and nc = n2 = 2. We confirm these
parameter values by fitting in SI Section S7 a standard saturat-
ing secondary nucleation model6 to homogeneous Ab42 aggre-
gation experiments conducted in the same studies.

Using these values, we then test eqn (7) against data for
Ab42–Ab40 coaggregation and that for Ab42–Ab38 coaggrega-
tion, both truncated after the first sigmoid. Allowing inhibition
only of primary nucleation by setting KE(ba)�1 = KS(ba)�1 = 0
and fitting KP(ba) (Fig. 2a), or only of elongation by setting
KP(ba)�1 = KS(ba)�1 = 0 and fitting KE(ba) (Fig. 2b), yields
misfits. However, allowing inhibition only of secondary nuclea-
tion by setting KP(ba)�1 = KE(ba)�1 = 0 and fitting KS(ba) yields
good fits in both systems (Fig. 2c), providing strong evidence
that at the concentrations investigated here Abxx inhibits
predominantly Ab42 secondary nucleation.

The apparent specificity of the inhibitory effect of Abxx
monomers to this step alone implies they achieve this effect
by binding to the surface of Ab42 fibrils. This follows since the
other possible binding targets participating in secondary
nucleation, oligomers and monomers, also participate in other
reaction steps. In Appendix B, we use global fitting to a larger
Ab42–Ab40 coaggregation dataset (including previously unpub-
lished data) to determine the most likely mechanism for this
inhibition. We find this to be the co-operative binding of Ab42
and Abxx monomers to nucleation sites on Ab42 fibrils (i.e.
n2(aa) = n2(ab) = 1), which then forms co-oligomers that do not
readily convert to new Ab42 fibrils. Inhibition instead by non-
co-operative binding of individual Abxx monomers to nuclea-
tion sites on Ab42 fibrils is found to be less likely although not
impossible. (Although its model gives worse fits, they are
not poor enough to rule out this model altogether.) Note, the
mechanism of inhibition was also investigated in ref. 31, but
without a detailed kinetic model of the possible inhibition
modes being available at the time, the fits and misfits were
prepared simply by allowing the Ab42 rate constants to take
different values for different Abxx concentrations. This approach
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was consequently insufficiently precise to distinguish elongation
inhibition from secondary nucleation inhibition.

It has been convincingly ruled out under the physiologically
relevant reaction conditions used in this study30,31 that Ab42
fibrils alone can catalyze the aggregation of Abxx anywhere near
as strongly as can monomeric Ab42 under the physiologically
relevant reaction conditions used in this study.30,31 In other
words, the formation of pure Abxx nuclei or oligomers is not
strongly catalysed by Ab42 fibril surfaces. Indeed, our fitting
results in Appendix B further confirm this earlier finding, by
ruling out that formation of such oligomers could drive the
inhibition by Abxx of Ab42 secondary nucleation. This is
additionally supported by the results of (Fig. 2c), where n2(ab)
is also fitted and found to be approximately 1 in all three
coaggregation reactions.

C. Ab42 accelerates Ab40 aggregation predominantly by
enabling secondary co-nucleation

When Ab42 aggregation is complete before that of the other
peptide, we may use the analytical solution eqn (7) for ma(t) and
Ma(t) in the rate laws for Abxx fibril formation, eqn (4) (or
eqn (22) when Ab42 fibril seeds are present). In Methods

Section V E2 we confirm that under this condition eqn (4) is
an example of the general class of rate equations eqn (11), and
verify the applicability of the general solution formula eqn (16).
This is then used to calculate the following solution (validated
against numerical integration in Fig. 7):

MbðtÞ
mbð0Þ

¼ 1� 1þ ~eb
cb

ekbt þ e�kbt � 2ð Þ
� ��cb

(8a)

cb ¼
3

2n02ðbÞ þ 1
; kb ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ae;b mtot;b

� �
a2;b mtot;b

� �q
(8b)

~eb ¼
a1;bbðmtot;bÞ þ f1a1;baðmtot;a;mtot;bÞ þ f2mtot;aa2;baðmtot;a;mtot;bÞ

2mtot;ba2;bðmtot;bÞ
;

(8c)

where n02ðbÞ is given by eqn (27) and interpolates between n2(b)
and 0 depending on the extent of saturation of secondary
nucleation, similarly to n02ðaÞ. f1a1,ba and f2mtot,aa2,ba are con-
stants that express the contributions from primary and second-
ary co-nucleation to the effective total rate of primary
nucleation of Abxx fibrils. Co-nucleation enters nowhere else
in the equation. The constants f1 and f2 are positive but o1

Fig. 2 Kinetic analysis of first sigmoid of coaggregation data reveals molecular mechanism of Ab42 aggregation inhibition by Abxx. Monomeric Ab42 (3
mM) was aggregated with various initial Ab40 (i), Ab38 (ii) or Ab37 (iii) monomer concentrations. (a) Global misfits of model in which Abxx inhibits primary
nucleation (eqn (7) with KE(ba)�1 = KS(ba)�1 = 0). Mean residual errors (MREs) are 7.9 � 10�3 (i), 4.9 � 10�3 (ii), 1.4 � 10�2 (iii). (b) Global misfits of model in
which Abxx inhibits elongation (eqn (7) with KP(ba)�1 = KS(ba)�1 = 0). MREs are 4.9 � 10�3 (i), 3.7 � 10�3 (ii), 9.4 � 10�3 (iii). (c) Global fits of model in which
Abxx inhibits secondary nucleation (eqn (7) with KE(ba)�1 = KP(ba)�1 = 0). MREs are 1.8 � 10�3 (i), 1.9 � 10�3 (ii), 5.2 � 10�3 (iii). Fitted parameter values are
summarized in Tables S1–S3. Individually for each Abxx alloform, the improvement in fit quality from b to c is arguably insufficient to eliminate the
elongation inhibition mechanism with high confidence. (Brackets around the misfit ‘‘X’’ symbol indicate when the MREs are slightly less than double those
achieved with the model used in (c).) However, collectively they provide strong evidence in favour of secondary nucleation inhibition being the dominant
cause of overall inhibition.
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(see below, and Section V E2), reflecting that co-nucleation is
present during only part of the lag phase for Abxx fibril
formation, until Ab42 monomers are depleted. Therefore, the
only effect of co-nucleation is to shift the second sigmoid in the
kinetic curves (corresponding to Abxx fibril formation) to ear-
lier times, as observed experimentally in ref. 30 and 31.

The dependence of the effective co-nucleation rate f1a1,ba +
f2mtot,aa2,ba on the Ab42 seed concentrations Ma(0) and Pa(0)
gives us a way to distinguish primary and secondary co-
nucleation experimentally. f1 and f2 depend on seed concentra-
tions as follows:

f1 ¼ 1� 2ea þ
Mað0Þ
mtot;a

þ 2kþðaÞ
ka

Pað0Þ
� 	kb

ka �f 1; (9a)

f2 ¼ 2ea þ
Mað0Þ
mtot;a

þ 2kþðaÞ
ka

Pað0Þ
� 	kb

ka �f 2: (9b)

%f1, %f2 4 0 are constants depending on the parameters entering
the Ab42 aggregation rate equations, whose precise forms are
given in eqn (24).

Crucially, as seed concentrations Ma(0) and Pa(0) are raised,
f2 increases but f1 decreases. So if Ab42 influences Abxx kinetics
via primary co-nucleation (a2,ba = 0), increasing Ab42 seed
concentrations should decrease co-nucleation overall and delay
the second sigmoid to later times. Conversely, if Ab42 influ-
ences Abxx kinetics via secondary co-nucleation (a1,ba { mtot,a

a2,ba), increasing Ab42 seed concentrations should accelerate
Abxx aggregation and shift the second sigmoid to earlier times.
An intuitive justification is as follows. The rate of secondary co-
nucleation is proportional to Ab42 fibril concentration so is
promoted by Ab42 seed addition, at least at low seed concen-
trations. However, the rate of primary co-nucleation is not
directly dependent on Ab42 fibril concentration. Instead, add-
ing Ab42 seed indirectly reduces the primary co-nucleation rate
by accelerating Ab42 aggregation, reducing the amount of time
during which both monomeric Ab42 and Abxx are simulta-
neously present.

While in previous work we correctly identified the formation
of co-oligomers as the key step accelerating Abxx aggregation,30

the proposal that this co-nucleation of Ab42 and Abxx is
primary does not hold in our current, more complete analysis.
The key observation that led to this proposal in ref. 30 was an
experiment monitoring the formation of Ab40 fibrils during
aggregation of a 1 : 1 mixture of Ab42 and Ab40 monomers with
the addition of different concentrations of Ab42 fibril seeds
(Fig. 7A of ref. 30). We concluded then that there was no
significant dose-dependent effect on the rate of Ab40 with
varying Ab42 seed. However, in light of the mechanistic con-
clusions obtained above by application of our analytical solu-
tions, we have revisited these data. Applying more stringent
data processing to remove noise (see Methods Section V G), a
steady increase in the Ab40 aggregation rate with Ab42 seed
concentration becomes apparent (Fig. 3i and ii), as would be
expected for secondary not primary co-nucleation.

To confirm that secondary co-nucleation dominates over
primary co-nucleation, we first fit eqn (7) to the data truncated
after the first sigmoid to determine Ab42 aggregation rate
constants for this particular experiment. The overall kinetic
curves are described by:

MðtÞ ¼MaðtÞ þMbðtÞ
mtot;a þmtot;b

; (10)

where Ma(t) and Mb(t) are given by eqn (7) and (8), respectively.
Using these parameters we then test eqn (10) with either
primary or secondary co-nucleation rate constants set to
zero against the full kinetic dataset, yielding fits or misfits
respectively (Fig. 3a and b). To further confirm this finding we
perform a new seeded coaggregation experiment using differ-
ent monomer concentrations; again, fits and misfits reveal that
only secondary co-nucleation is consistent with the new data
(Fig. 3iii). Fitted parameters are given in Tables S4 and S5. The
data for the highest seed concentration used in ref. 30 (Ma(0)/
mtot,a = 0.25) is excluded from our new analysis in Fig. 3i and ii,
because at this concentration the assumption of low seed
concentration used to derive the analytical model is violated.
The half-time of the second sigmoid of the kinetic curve in this
excluded dataset is actually increased relative to the next-
highest seed concentration; this is a key reason why no effect of
Ab42 seeds on coaggregation was recognized in previous
analysis.30 Qualitatively, however, this remains consistent with a
secondary co-nucleation mechanism. It can be rationalized as
being due to the rapid depletion of monomeric Ab42 at such high
seed concentrations outweighing the increased availability of
Ab42 fibril surface. It is also plausible that at such high Ab42
fibril concentrations, a significant proportion of monomeric Ab40
becomes bound to the Ab42 fibril surfaces without nucleating,46

further slowing the kinetics of Ab40 fibril formation.

D. Co-oligomer formation on Ab42 fibril surfaces underpins
both coaggregation and cross-inhibition phenomena

The formation of co-oligomers of Ab42 and Abxx via primary
nucleation has been observed experimentally.47,48 Our findings
confirm the proposal made in ref. 30 and 31 that such co-
oligomers are responsible for the acceleration of Abxx fibril
formation in these coaggregation reactions. However, these
studies assumed that these co-oligomers are formed directly
through primary nucleation. In contrast, we find that the
formation of these co-oligomers is strongly catalyzed by Ab42
fibril surfaces. Consequently only a small minority are formed
directly through primary nucleation, and these ‘‘primary co-
oligomers’’ therefore cannot significantly drive the acceleration
of Abxx fibril formation, which is instead driven by the ‘‘sec-
ondary co-oligomers’’.

The same proposed mechanism can simultaneously explain
our findings in this study that Ab42 secondary nucleation is
inhibited by Abxx monomers. The formation of these secondary
co-oligomers requires binding of Abxx monomers to the sec-
ondary nucleation catalytic sites on Ab42 fibrils. The occupa-
tion by these co-oligomers and/or Abxx monomers of the
catalytic sites then prevents the formation of pure Ab42
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oligomers there. The inhibitory effect on Ab42 secondary
nucleation comes from the propensity of these co-oligomers
to convert into fibrils of Ab42 morphology being much lower
than for pure Ab42 oligomers. Additionally, any Abxx mono-
mers occupying the catalytic sites alone can clearly not convert
into Ab42 fibrils. The promotion of heterogeneous nucleation
of Abxx fibrils comes from these small heteromolecular inter-
mediates having either a greater formation rate or a greater
propensity to convert to fibrils of Abxx morphology than do
pure Abxx nucleation intermediates via primary nucleation.

From the available data, it cannot be conclusively deter-
mined whether the inhibition of Ab42 secondary nucleation is
driven by the catalytic sites being occupied more by co-
oligomers or by Abxx monomers under these conditions. How-
ever, we judge the former to be more likely since it is supported
by the evidence presented in Appendix B that Abxx monomers
bind co-operatively with Ab42 monomers to Ab42 fibrils. This
unified mechanism is summarized schematically in Fig. 4. The
involvement of Ab42 monomers in binding of Abxx to these
catalytic sites is additionally consistent with the known
sequence specificity of amyloid-b secondary nucleation,49 and
with the findings in ref. 30 and 31 and in Results Section II B
that pure Abxx nuclei or oligomers cannot easily form on Ab42
fibril surfaces.

To validate our mechanistic model as conclusively as possi-
ble, we finally fit eqn (10) to unseeded full-timecourse kinetic
data featuring multiple different monomeric protein concen-
trations for both Ab42 + Ab40 coaggregation (data from ref. 30)
and Ab42 + Ab38 coaggregation (data from ref. 31). This yields
good fits to both the full Ab42–Ab40 dataset (Fig. 5a) and
the full Ab42–Ab38 dataset (Fig. 5b). The fitted rates of

co-nucleation confirm the predictions of ref. 30 and 31 that
co-nucleation produces new Abxx fibrils much faster than self-
nucleation of Abxx. (Reproducibility of the second sigmoid of
Ab42–Ab37 coaggregation data is too low to permit global
fitting.31)

III. Discussion

An implication of our finding that Ab42 fibrils promote Ab40
aggregation is that Ab42 fibril formation may be upstream in
the in vivo formation of fibrils consisting of the much more
common Ab40. Should this apply to the interaction of Ab42
with other peptides, then the relatively rapid Ab42 fibril for-
mation may be upstream in the formation of a number of other
kinds of fibrils. As well as providing a possible mechanistic link
between different amyloid diseases, it raises interesting ques-
tions as whether the morphology of the fibrils of other peptides
could under certain circumstances be influenced by the mor-
phology of Ab42 fibrils. We have found no evidence of changes
in elongation and secondary nucleation rate constants for Abxx
fibrils formed in the presence of Ab42. Consequently, a chan-
ged morphology for Abxx fibrils seems unlikely under the
conditions studied here. However, if the formation of fibrils
of other kinds of peptides can be promoted by Ab42 fibrils in
the same way, then this possibility should be considered.

It is long-established that pure Ab42 or Ab40 nucleation also
occurs predominantly on fibril surfaces,6,13 via the surface-
catalyzed formation of metastable oligomeric intermediates.50

Our discovery in this study that co-nucleation of heteromole-
cular Ab42–Abxx intermediates occurs predominantly on (Ab42)

Fig. 3 Kinetic analysis of second sigmoid of seeded coaggregation data reveals molecular mechanism of Abxx aggregation acceleration by Ab42. (i) and
(ii) Kinetic data from Fig. 7 of ref. 30, showing coaggregation of 1.5 mM each of monomeric Ab42 and Ab40 with several concentrations of preformed
Ab42 fibril seeds, was additionally processed to suppress noise (see Methods V G). This reveals a clear trend of decreasing second sigmoid half-time with
increasing Ab42 seed concentration. (iii) We confirm this trend by performing a similar experiment but using different monomer concentrations (2 mM
Ab42 + 4 mM Ab40; seed concentrations in legend). Only the second sigmoid is shown here; full timecourse is shown in Fig. S4. (a) Global misfits to full
kinetic curves for Ab42–Ab40 coaggregation using model in which only primary co-nucleation occurs (eqn (10) with k2(ab) = 0). (b) Global fits to full
dataset for Ab42–Ab40 coaggregation using model in which only secondary co-nucleation occurs (eqn (10) with kn(ab) = 0; fitted parameter values are
summarized in Tables S4 and S5).
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fibril surfaces rather than in solution should therefore perhaps
not be surprising in hindsight. That such intermediates are
formed predominantly by secondary nucleation rather than
primary nucleation, in competition with pure Ab42 intermedi-
ates simultaneously explains both the acceleration of Abxx
nucleation by Ab42 and the inhibition of Ab42 secondary
nucleation by Abxx. Occam’s razor therefore lends further
support to our mechanistic interpretation of the coaggregation
and cross-inhibition effects over other potential mechanisms
(such as primary co-nucleation with inhibition of elongation)
that would generally rely on two distinct microscopic
phenomena.

Our findings also provide a possible route to reconcile
seemingly conflicting results in the literature regarding cross-
seeding. In ref. 30 it was shown that Ab42 fibrils alone cannot
seed aggregation of Ab40 monomer. Yet, numerous other
studies have found at least a weak cross-seeding effect between
these peptides.33 Our results imply that even a small amount of
Ab42 monomer (or potentially some other Ab variant) present

as an impurity in such reactions could trigger cross-seeding.
There are multiple ways such impurities could appear, including
e.g., disaggregation of a fraction of the Ab42 seed fibrils due to
storage at low temperature where their solubility is higher, or
length and sequence variants inevitably present in synthetic
Ab42 batches. Although other explanations for cross-seeding
differences exist, such as differences in reaction conditions,
the unintended presence of monomeric peptide impurities
should be considered as a possible candidate.

Despite the successes of our analysis, there remains some
uncertainty in the precise mechanism of inhibition of Ab42
secondary nucleation under the present experimental condi-
tions. If we discount the tentative evidence presented in
Appendix B, it remains plausible that Abxx monomers alone
can also bind catalytic sites on Ab42 fibrils, contributing to or
even causing most of the inhibition. This possibility is sup-
ported by published experimental results showing Ab42 fibrils
being coated with pure Ab40 monomers. For example, Ab42
fibrils with added Ab40 monomer are better dispersed and
provide better contrast in cryo-transmission electron micro-
scopy compared to pure Ab42 fibrils.51 Moreover, the results of
surface plasmon resonance experiments show that Ab40 mono-
mers fail to elongate immobilized Ab42 fibrils, yet a saturable
binding curve is observed suggesting the binding of Ab40
monomers to the sides of Ab42 fibrils.46 Although these results
support the finding that Abxx monomers inhibit Ab42 second-
ary nucleation, it also suggests that Abxx monomers can still
bind Ab42 fibrils in the absence of Ab42 monomers, albeit
potentially with lower affinity or specificity. On the other hand,
only binding to the relatively rare catalytic sites for nucleation52

is directly relevant for inhibition. This cannot be distinguished
by such experiments from binding to non-catalytic regions of
the fibril surface. Even if Abxx monomers on their own can
bind such sites, this inhibition could be much weaker than that
caused by co-oligomer formation. Although beyond the scope of
the present paper, establishing a feasible experimental

Fig. 4 Schematic of unified coaggregation model including all key states and reaction steps. Abxx monomers inhibit pure Ab42 secondary nucleation by
competing with Ab42 monomers for catalytic sites on Ab42 fibrils. Co-oligomers therefore form at these sites instead of pure Ab42 clusters. The co-
oligomers undergo structural rearrangement into new growth-competent Abxx fibrils, faster than they can form via primary nucleation. Any conversion
of these co-oligomers into growth-competent Ab42 fibrils is slow enough that Ab42 secondary nucleation is still inhibited overall. Note, formation of
larger heterogeneous on-pathway nucleation intermediates such as protofibrils, rather than co-oligomers, would be equally consistent with the
experimental findings, although co-oligomers are known to form in these reactions.47

Fig. 5 Unified coaggregation model can successfully describe full kinetic
curves for unseeded aggregation reactions using multiple initial concen-
trations of monomeric Abxx. (a) Global fit to full timecourse for Ab42–
Ab40 coaggregation using unified model (eqn (10)); fitted parameter values
are summarized in Table S6. (b) Global fit to full timecourse for Ab42–Ab38
coaggregation using unified model (eqn (10)); fitted parameter values are
summarized in Table S2.
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approach to distinguish these closely related mechanisms
could be a productive research direction for future studies.

Beyond Ab42–Abxx coaggregation, our general solution for-
mula is applicable to a broad range of possible protein aggrega-
tion reactions. This includes reactions with all three known
secondary processes: secondary nucleation, fragmentation and
branching. Indeed, the solution derived in ref. 8 that covers all
such processes can be almost trivially derived using our for-
mula (see SI Section S4B). It also includes reactions in which
any or all of the reaction steps exhibit saturation: again, the
universal solutions presented in ref. 9 for such reactions can be
straightforwardly derived using our formula (see SI Section S5).
In SI Section S4B we explain that this is because the derivation
in ref. 9 unwittingly used a similar Lie symmetry transforma-
tion to that used to derive the general solution formula in the
present study. In a follow-on study53 citing the preprint version
of the present study, we also use the general solution formula to
derive an analytical solution for the kinetics of a protein
aggregation reaction in which any or all species can be bound
by an inhibitor. Another study54 citing the preprint uses the
method to derive solutions for the kinetics of protein aggrega-
tion with a source term, e.g. due to the generation of
aggregation-prone monomer in situ from a precursor. Collec-
tively, and including all possible permutations, these various
solutions listed cover well over 100 possible protein aggregation
reaction mechanisms. Although the derivation of the general
solution formula is challenging, being rooted in a little-known
sub-field of the specialized field of Lie symmetry analysis of
differential equations, its practical application is straightfor-
ward. The remarkably simple form of the solutions it produces
permits easy analysis of the kinetics. Alongside the lack of alter-
natives for solving more complicated protein aggregation rate
equations, we expect these factors will result in widespread adop-
tion of this method, through availability of updated models on the
web-based fitting platform AmyloFit.10 It should find immediate
application in the analysis of kinetic experiments in other more
complex biochemical systems involving protein aggregation in
model mixtures, in vivo or in body fluids, and in the search for
drugs that can inhibit critical reaction steps in this process.

The general solution formula, and the mathematical
method underlying it outlined in the SI, nonetheless have some
limitations, discussed in detail in the Methods. Some impor-
tant examples of protein aggregation reactions to which the
general solution formula is consequently inapplicable include
highly seeded reactions (i.e. with large initial fibril concentra-
tions), and reactions with very slow secondary processes. Both of
these cases require a further generalization of the method, that we
perform in a follow-on study.53 Another limitation of the general
solution formula that is yet to be addressed is that it is inapplicable
to rate equations that explicitly track concentrations of nucleation
intermediates such as oligomers. This includes the rate equations
presented in ref. 50 and 55 and other studies. Since the majority of
protein aggregation reactions are believed to involve such
intermediates,55 using our Lie symmetry method to develop a
new general solution formula for such classes of rate equation
would be a worthwhile subject for a future study.

VI. Conclusions

In summary, we have introduced a general mathematical
approach to solving nonlinear rate equations of a kind fre-
quently encountered in self-assembly reactions. We have
applied it to derive integrated rate laws for the coaggregation
of Ab42 with other amyloidogenic peptides, which is a key event
in Alzheimer’s disease. By globally fitting these rate laws to
both new and published experimental data, we have developed
a detailed mechanistic understanding of these reactions under
physiologically relevant conditions. We have revealed that Ab42
fibril formation is inhibited by the binding of Ab40, Ab38 and
Ab37 to Ab42 fibril surfaces, inhibiting secondary nucleation of
new Ab42 fibrils. We have also found that formation of co-
oligomers of Ab42 and Ab40 is catalyzed by these same Ab42
fibril surfaces. These co-oligomers ultimately produce fibrils
consisting purely of Ab40 peptides. Although no data are
currently available to prove it, it seems highly likely both on
physical chemistry grounds and by analogy with Ab40 that the
same holds for the formation of co-oligomers of Ab42 and
Ab38/Ab37.

V. Methods

Section V A introduces general rate equations that describe a
wide range of protein aggregation reactions. In Section V B we
nondimensionalize these rate equations and develop a diver-
gent perturbative solution. In Section V C we explain why most
standard approximate methods fail to produce a convergent
solution. In the SI we therefore develop a new approximate
method for solving differential equations dependent on a kind
of Lie symmetry and use it to solve the general rate equations. In
Section V D we describe qualitatively our method in a way that does
not require knowledge of Lie symmetries or group theory, and
present the resultant general solution formula for protein aggrega-
tion kinetics. In Section V E we apply this general solution formula
to the coaggregation rate equations presented in the Results.
Sections V F–V G outline the experimental techniques used to
collect new coaggregation data, and how these data are subse-
quently processed. Finally, Section V H provides a reference table
for notation used throughout the paper.

A. Generalized rate equations for protein fibril formation
reactions

The kinetics of amyloid fibril self-assembly in vitro can typically
be modelled by developing rate equations for the fibril number
concentration P(t), fibril mass concentration M(t), and the
monomer concentration m(t). In the usual case that the aggre-
gation reaction is ‘‘closed’’, and concentrations of oligomers or
other intermediates is low, the total concentration M(t) + m(t) = mtot

of protein molecules in monomers and fibrils is constant to a good
approximation.

Since amyloid fibrils typically contain a small number of
monomers per plane, but a very large number of planes per
fibril, their aggregation can be accurately modelled as a linear
self-assembly reaction. New protein fibrils form from monomer
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in solution through a slow primary nucleation reaction step
(often mediated by third-party interfaces such as the air–water
interface or plate walls),9,39–43 and subsequently elongate
rapidly by monomer addition (Fig. 6a). Elongation does not
create or remove fibrils and thus only affects M(t) and m(t)
(decreasing the latter with rate proportional to m(t)P(t)). Since
nucleation is much slower than elongation, the monomer lost
during nucleation can be ignored and to a good approximation
primary nucleation increases only P(t) (with rate dependent
only on monomer concentration).

Most amyloid-forming systems also feature reaction steps
whose rates are proportional to the fibril mass concentration,
sometimes summarised as multiplication processes or second-
ary processes. Such processes induce autocatalytic amplifica-
tion in filamentous self-assembly. They include fibril
fragmentation (rate k�M(t)) as well as secondary nucleation of
new fibrils on the surface of existing fibrils (Fig. 6a; rate
dependent on both m(t) and M(t)).

We wish to be as general as possible about amyloid kinetics
in this paper, so we consider a general form for the kinetic
equations that can also capture a range of more complex
behaviours such as coaggregation, multi-step nucleation and
enzyme-like saturation effects. This can be done by writing
them in the form:

dP

dt
¼ a1ðt;mÞ þ a2ðmÞMðtÞ (11a)

dM

dt
¼ aeðmÞPðtÞ: (11b)

Here, a1(t, m) is a general rate law for primary nucleation
processes, depending on time t both explicitly and implicitly
via m(t). The simplest and most commonly studied example is
the classical nucleation rate law knm(t)nc (having no explicit t-
dependence in this case), where kn is the primary nucleation
rate constant and nc Z 0 the monomer reaction order.

Similarly, a2M and aeP are general expressions for the rates of
secondary processes and of elongation; since elongation is
monomer-dependent, lim

m!mc

ae ¼ 2kþ m�mcð Þ; where mc is the

monomer solubility. The most simple and commonly studied
instances of these rate laws are a2(m) = k2m(t)n2 and ae(m) =
2k+m(t), where k+ and k2 are elongation and secondary process
rate constants and n2 Z 0 the monomer reaction order for
secondary processes. (When n2 = 0 this rate law can also
describe fragmentation.) For aggregation reactions (i.e. starting
with an excess of monomer), a1, ae and a2 are always 40.

Certain restrictions on the forms of these rates are necessary
for the applicability of the Lie symmetry method we develop. First,
a2 and ae must depend on constant parameters d in such a way
that d = 0 reduces them to a2(m, d = 0) = k2mn2, and ae(m, d = 0) =
2k+m. Many possible rate laws for elongation and secondary
processes can be written in this way. For example, saturated
elongation can be captured by this formalism with ae = 2k+m(t)/
(1 + m(t)/KE).9 Indeed, excepting those that explicitly model
nonfibrillar oligomers, almost all previously discovered rate laws
describing amyloid fibril formation are captured by these forms.
Crucially, this restriction ensures that eqn (11) admits a special
analytical solution (eqn (S30); derived in SI Section S2C) when d =
a1(0, mtot) = 0 and P(0) is a particular function of M(0). Although
not useful in itself, its existence will later enable us to solve these
equations generally. Second, defining e = a1(0, mtot)/2mtota2(mtot),
which can be interpreted as the relative importance of primary
nucleation over secondary processes, we require that e{ 0. Third,
we require that a1(t, mtot) must grow less rapidly with t than ekt,

where k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ae mtotð Þa2 mtotð Þ

p
. The rationale for these latter two

restrictions will be outlined below.

B. Fibril formation rate equations admit divergent
perturbative solutions

An important first step for mathematical analysis of equations
in general is to nondimensionalize them to remove their units.
This often simplifies their structure and reduces the number of
constants they depend on ref. 56. Defining m= m(t)/mtot and

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ae mtotð Þa2 mtotð Þ

p
, we can productively nondimensionalize

and simplify eqn (1) using t = kt and P(t) = ae(mtot)P(t)/mtotk,
yielding:

dP
dt
¼ 2e

a1ðt;mÞ
a1 0;mtotð Þ þ

a2ðmÞ
a2 mtotð Þð1� mðtÞÞ (12a)

dm
dt
¼ � aeðmÞ

ae mtotð ÞPðtÞ: (12b)

Eqn (12) cannot be solved exactly for M(t), even in its
simplest incarnation.3,4 Nonetheless, since analytical solutions
possess a number of advantages over numerical integration,
accurate approximate solutions to these equations are of great
value. Indeed, the greater clarity and simplicity can often make
simple approximate solutions even more useful than exact
solutions. Many techniques for obtaining globally valid approx-
imate solutions to differential equations, including our techni-
que, use perturbation theory as a starting point. This amounts

Fig. 6 Demonstration that the rate equations of standard protein aggre-
gation reactions are singularly perturbed. (a) Types of reaction steps
involved in standard reactions: initial nucleation of new fibrils (rate a1);
fibril elongation (rate ae); autocatalytic secondary processes generating
new fibrils (rate a2), such as secondary nucleation (illustrated). (b) The
numerically integrated general rate equations (eqn (12) normalized to m(0),
black) compared to the perturbative solutions. Parameters: n2 = 3, nc = 2,
e = 0.01, P(0) = 0, m(0) = 1, and a1 = a2 = ae = const. After a short initial time
period the first- and second-order perturbation series (eqn (15a), red and
eqn (S43), blue) diverge from the numerically integrated kinetics.
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to looking for a series solution in a (usually small) parameter s
entering the equations. For general differential equation F(y, x,
s, dy/dx, d2y/dx2,. . .) = 0, we would first make the substitution

yðxÞ ¼
P
i¼0

siyðiÞðxÞ and then collect terms in powers of s. The

equations at each order in s are often simpler than the original
equation, permitting y(0), y(1), etc to be sequentially calculated.
Even just the first two or three terms of this series can give an
accurate approximate solution.

Writing the initial conditions as {m(0) = 1� d, P(0) = p}, eqn (12)
admit a perturbation series in e, d and p. The restriction e { 1 on
the rate equations introduced above is now understood as ensuring
the ability of such a perturbation series to approximately solve
eqn (12). To simplify the perturbation calculations, we first replace
these with se, sd and sp, where s is a bookkeeping parameter to be
later set to 1. We then expand eqn (12) in s, resulting in the
following perturbation equations. At O(s0):

dPð0Þ

dt
¼

a2 mtotmð0Þ
� �
a2 mtotð Þ 1� mð0Þ


 �
; Pð0Þð0Þ ¼ 0; (13a)

dmð0Þ

dt
¼ �

ae mtotmð0Þ
� �
ae mtotð Þ Pð0Þ; mð0Þð0Þ ¼ 1: (13b)

These can be solved by m(0)(t) = 1, P(0)(t) = 0. The O(s1)
equations are:

dPð1Þ

dt
¼ 2e

a1 t;mtotð Þ
a1 0;mtotð Þ � mð1Þ; Pð1Þð0Þ ¼ p (14a)

dmð1Þ

dt
¼ �Pð1Þ; mð1Þð0Þ ¼ �d: (14b)

Provided a1(t, mtot) is integrable, this is solved by:

mð1ÞðtÞ ¼ � eFðtÞ þ d
2
et þ e�tð Þ þ p

2
et � e�tð Þ

� �
(15a)

Pð1ÞðtÞ ¼ e _FðtÞ þ d
2
et � e�tð Þ þ p

2
et þ e�tð Þ; (15b)

whereFðtÞ satisfiesFð0Þ ¼ _Fð0Þ ¼ 0. The above-introduced restric-
tion that a1(t, mtot) must grow less rapidly with t than ekt ensures
further that lim

t!1
FðtÞe�t ¼ ce; with ce a positive constant. This is

necessary to ensure that the leading-order terms in the second-order
perturbation series will be proportional to e2kt, which is an essential
requirement for applicability of the Lie symmetry-based method to
second order in s (see SI Section S3). In the common case that a1

has no explicit time-dependence, FðtÞ ¼ et þ e�t � 2.
Perturbation series for nonlinear differential equations

often only provide accurate solutions near where the initial or
boundary conditions have been imposed. They are said to be
singular, and diverge from the true solution away from the

initial or boundary conditions.
P
i

simðiÞ is an example of such

singular perturbation series, being valid only asymptotically
towards the phase point corresponding to the initial conditions
(Fig. 6b). Unusually, however, whereas a typical singular pertur-
bation series can be solved for arbitrary initial or boundary

conditions, permitting this phase point to be moved arbitrarily, the
region of validity of this series is instead fixed around {m(0) = 1, P(0) =
0}, since these are the only initial conditions for which it solves
eqn (13) and (14). We refer to such singular perturbation series, in
which the initial or boundary conditions contain perturbation para-
meters, as ‘‘local perturbation series’’. (Note that a local perturbation
series is not the same as a perturbation series in the independent
variables, which is usually referred to as ‘‘local analysis’’.57)

C. Failure of standard methods to generate convergent solutions

As mentioned in the Introduction, to date most widely-adopted
convergent analytical solutions for the kinetics of protein aggrega-
tion reactions were derived using a technique called fixed-point
theory.3–6 As was also stated in the Introduction, fixed-point theory
is unsuitable for solving the kinetic equations of most coaggrega-
tion reactions. Ultimately this comes down to the fact that most
coaggregation reactions are dominated by different timescales at
different times, as the composition of the reaction volume evolves.
As outlined in SI Section S4A, fixed-point theory has great difficulty
accounting efficiently for these timescale shifts.

Perhaps the most promising alternatives to fixed-point
theory are so-called ‘‘singular perturbation methods’’. These
are techniques that convert standard (divergent) singular per-
turbation series into globally valid (convergent) solutions.
However, in a recent work58 we demonstrated that the mathe-
matical basis of many of the most popular and powerful
singular perturbation methods, including Chen–Goldenfeld–
Oono renormalization group (CGO RG), the method of multiple
scales, and reductive perturbation, originates in certain sym-
metry properties of the differential equation’s solution. At this
stage we do not need to know the nature of these symmetry
properties. The key relevant finding is that these techniques are
valid only when these symmetry properties are inherited by the
solution’s singular perturbation series. This occurs only if the
perturbation series can be made a valid series expansion of the
exact solution at any point on the solution manifold by careful
choice of the constants of integration. Consequently, such
methods cannot be used here, since local perturbation series
are valid series expansions of the exact solution only at one
position on the manifold, for only one choice of the constants
of integration. The apparent successful use of CGO RG to solve
protein aggregation kinetics in certain prior studies8,9 might
appear to contradict this conclusion. However, in SI Section
S4B we investigate these studies’ derivations in depth and find
that, although correct, they do not truly use CGO RG. Therefore,
the RG formalism in these studies is superfluous and the
apparent contradiction with our findings here is illusory.

D. General solution to the rate equations using Lie
symmetries

Consequently, we have developed an alternative method based on
the symmetry properties of the rate equations and their solutions.
Its mathematical underpinnings are based on Lie group theory
and its applications to differential equations. To increase the
accessibility of our findings we relegate the method itself and its
derivation to SI Section S2, and provide only a high-level
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description here alongside the solution to the general rate equa-
tions. We also provide in SI Section S1 a brief review of those parts
of the Lie group theory of differential equations that are needed to
understand our results; see ref. 58 for a more detailed review.

The basic idea of the method is to symmetry-transform a
known special solution to eqn (12), valid for specific choices of
the constant parameters entering the equations and their initial
conditions, into a general solution valid for any parameter
values. As stated above, such a solution (eqn (S30)) is available
for eqn (11) (or equivalently eqn (12)). The procedure for
transforming this special solution into a general one can be
derived from Lie group theory by considering a type of symmetry
called an ‘‘asymptotic symmetry’’. It is fundamentally different
from the class of symmetries underlying the most popular
singular perturbation techniques mentioned above, which are
instead known as ‘‘approximate Lie symmetries’’.58,59

Using this method, the formula for the general solution to
protein aggregation rate equations of the form eqn (11) is found
in SI Section S3 to be:

MðtÞ ¼ mtot �mtot 1� mð1ÞðktÞ
c1

� 	�c1
(16a)

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ae mtotð Þa2 mtotð Þ

p
(16b)

c1 ¼
3

2n02 þ 1
; n02 ¼

d ln a2ðmÞaeðmÞ2
� 

d lnm

����
m¼mtot

�2; (16c)

and m(1) is the solution, eqn (15a), to the first order perturbation
equation, eqn (14).

There is one further condition that needs to be met for the
applicability of our method, and therefore the validity of eqn (16),
beyond the aforementioned restrictions on the rate terms entering
eqn (11). In technical terms, this condition is that the asymptotic
symmetry underlying the method is approximately valid globally in
the parameter space of interest (see SI Section S2B for a technical
explanation). In practical terms, this means that eqn (16) is only
applicable to aggregation reactions that fall into one of two general
classes. These can be expressed without discussing Lie symmetries
as follows. First, if the parameters d drop out of the m- 0 kinetics
at leading order and the parameters (e, p, d) are small. Most
unsaturated single-protein aggregation reactions with low or no
seeding fall into this class, as do the coaggregation reactions
studied here when unsaturated (see SI Section S4C). The second
class is kinetic equations for which the rate of nucleation remains
large until late reaction times. Most reactions featuring saturation

of secondary nucleation, including the coaggregation reactions
studied here, fall into this second class (see SI Section S4C).
Unsaturated, highly seeded aggregation reactions (where M(0)/mtot

or ae(mtot)P(0)/mtotk are not small) or reactions with slow secondary
processes (i.e. e is not small) fall into neither class; its treatment by
asymptotic symmetry methods requires an extension of the meth-
odology explored in a follow-on paper.53

E. Application of the general solution formula to the Ab42–
Abxx rate equations

1. Ab42 fibril formation. Identifying da = (mtot,a/KS(a),
mtot,b/KS(ba)) shows that ae,a and a2,a are of the form required
for applicability of the general solution formula (eqn (16)) to the
Ab42 rate equations (eqn (1)–(3)). Since a1,a has no explicit time-
dependence, it too is of the correct form (these forms are explained
in Methods Section V A). The nondimensional general protein
aggregation rate equations (eqn (12)), and consequently their first-
order perturbative solution, can therefore be mapped to eqn (1)–(3)
by addition of subscripts a to all terms and identification of t as kat.
Since a1,a has no explicit time-dependence, we can immediately
write down m(1)

a using eqn (15a):

mð1Þa ¼ � ea ekat þ e�kat � 2ð Þ þ da
2

ekat þ e�katð Þ þ p

2
ekat � e�katð Þ

� �
;

(17)

where:

pa ¼ Pað0Þ ¼
ae;a mtot;a

� �
Pað0Þ

mtot;aka
(18a)

da ¼ 1� mað0Þ ¼
Mað0Þ
mtot;a

: (18b)

The general solution formula (eqn (16)) can be mapped in
the same way, by addition of subscripts a to all terms. Its
calculation therefore requires calculation of n02ðaÞ. This requires
evaluation of the quantity ln[a2,a(ma)ae,a(ma)2], with ae,a(ma) and
a2,a(ma) given by eqn (2) and (3). This is:

const:þ

ln
eðn2ðaÞþ2Þ lnma

1þ en2ðaaÞ lnmam
n2ðabÞ
tot;b

.
KSðbaÞn2ðaaÞþn2ðabÞ þ en2ðaÞ lnma=KSðaÞn2ðaÞ

2
4

3
5:

(19)

Differentiating with respect to ln ma gives eqn (20) which gives
in turn eqn (21) for n02(a).

d ln a2;a mað Þae;a mað Þ2
h i

d lnma

������
ma¼mtot;a

¼ n2ðaÞ þ 2�
n2ðaÞ mtot;a

�
KSðaÞ

� �n2ðaÞþn2ðaaÞ mtot;a

�
KSðbaÞ

� �n2ðaaÞ mtot;b

�
KSðbaÞ

� �n2ðabÞ
1þ mtot;a

�
KSðbaÞ

� �n2ðaaÞ mtot;b

�
KSðbaÞ

� �n2ðabÞþ mtot;a

�
KSðaÞ

� �n2ðaÞ : (20)

n02ðaÞ ¼ n2ðaÞ
1þ mtot;a

�
KSðbaÞ

� �n2ðaaÞ mtot;b

�
KSðbaÞ

� �n2ðabÞ
1þ mtot;a

�
KSðbaÞ

� �n2ðaaÞ mtot;b

�
KSðbaÞ

� �n2ðabÞþ mtot;a

�
KSðaÞ

� �n2ðaÞ

� n2ðaaÞ
mtot;a

�
KSðbaÞ

� �n2ðaaÞ mtot;b

�
KSðbaÞ

� �n2ðabÞ
1þ mtot;a

�
KSðbaÞ

� �n2ðaaÞ mtot;b

�
KSðbaÞ

� �n2ðabÞþ mtot;a

�
KSðaÞ

� �n2ðaÞ:
(21)
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In concert with the expression for m(1)
a derived above (eqn (17)),

we can then write down the following analytical solution to the
Ab42 rate equations:

MaðtÞ
mtot;a

¼1� 1þ da
2ca

ekatþe�katð Þþ pa

2ca
ekat�e�katð Þþea

ca
ekatþe�kat�2ð Þ

� ��ca
;

(22a)

ca¼
3

2n02ðaÞþ1
: (22b)

When da = pa = 0, this reduces to eqn (7). We validate this
solution against numerical integration in Fig. 7a, finding it to
be highly accurate.

2. Abxx fibril formation. Identifying db = mtot,b/KS(b) shows
that ae,b and a2,b are also of the form required for applicability
of the general solution formula (eqn (16)) to the Abxx rate
equations (eqn (4)). Although a1,b now has explicit time-
dependence, it shrinks with time on the timescale of kbt;
therefore, it too is of the correct form (these forms are
explained in Methods Section V A). Eqn (4) can therefore be
mapped to the nondimensional general protein aggregation
rate equations (eqn (12)), and consequently their associated
perturbation equations (eqn (13) and (14)), by addition of
subscripts b to all terms and identification of t as kbt. However,
the explicit time-dependence of a1,b causes the function F
entering the first order perturbation solution, eqn (15a), to be
very complex. Fortunately it can be extensively simplified (SI
Section S6), giving finally:

f1 ¼ 1� 2ea þ dþ p

2ca

� 	kb
ka �f 1; f2 ¼

2ea þ dþ p

2ca

� 	kb
ka �f 2; (23b)

where

%f1 = h(nc(ba)), %f2 = (h(n2(ba) + 1) � h(n2(ba))), (24a)

hðxÞ ¼ 2F1 �
kb
ka
; 1� kb

ka
� cax; 1�

kb
ka
; 1

� �
; (24b)

and 2F1[. . .] is the Gaussian hypergeometric function.
Adding subscripts b, use of the general solution formula

eqn (16) for Mb requires calculation first of n02ðbÞ. This in turn
requires evaluation of ln[a2,b(mb)ae,b(mb)2]. Using eqn (5), this is:

ln a2;b mbð Þae;b mbð Þ2
h i

¼ const:

þ ln
eðn2ðbÞþ2Þ lnmb

1þ en2ðbÞ lnmb=KSðbÞn2ðbÞ

� �
: (25)

Differentiating with respect to ln mb gives:

d ln a2;bðmbÞae;bðmbÞ2
� 


d lnmb

����
mb¼mtot;b

¼ n2ðbÞ þ 2�
n2ðbÞ mtot;b

�
KSðbÞ

� �n2ðbÞ
1þ mtot;b

�
KSðbÞ

� �n2ðbÞ : (26)

So:

n02ðbÞ ¼ n2ðbÞ
1

1þ mtot;b

�
KSðbÞ

� �n2ðbÞ: (27)

Putting this all together, eqn (16) then immediately gives
eqn (8) for Mb(t). This solution too corresponds closely to the
numerically integrated rate equations (Fig. 7b).

Fig. 7 Analytical solutions to the kinetics of Ab42–Abxx coaggregation (red, dashed) are highly accurate, tracking the numerical solutions to the rate
equations (black) almost exactly. Monomer concentrations are 4 mM of each; rate constants are those subsequently determined by fitting experimental
data for Ab40–Ab42 coaggregation (see Table S6). Numerical solutions in the absence of Ab42–Abxx interactions (gray) show a clear difference. (a) The
analytical solution to the kinetics of self-assembly of Ab42 fibrils in the presence of Ab40 monomers (eqn (7)) closely tracks the numerical solution to
eqn (1)–(3). (b) Kinetics of self-assembly of all fibrils together are modelled accurately by the combined analytical solution eqn (10), implying that Ab40
fibrils (rate equations eqn (4)–(6)) are similarly well-described by the analytical solution eqn (8).

mð1Þb ’
a1;bbðmtot;bÞ þ f1a1;baðmtot;a;mtot;bÞ þ f2mtot;aa2;baðmtot;a;mtot;bÞ

2mtot;ba2;bðmtot;bÞ
ekbt þ e�kbt � 2ð Þ (23a)

PCCP Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

6 
Se

pt
em

be
r 

20
25

. D
ow

nl
oa

de
d 

on
 2

/1
9/

20
26

 1
1:

57
:4

6 
A

M
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5cp01288k


21576 |  Phys. Chem. Chem. Phys., 2025, 27, 21563–21580 This journal is © the Owner Societies 2025

F. Experimental methods

1. Chemicals and consumables. Unless otherwise specified,
the experimental buffer used is always 20 mM sodium phosphate,
0.2 mM EDTA at pH 7.4. The buffers used were always filtered
through water-wettable polytetrafluoroethylene (0.22 mm, 60539,
Pall corporation) and degassed prior to use. ThT was purchased
from CalBiochem and stock solution filtered (0.2 mm) before use.

2. Expression & purification of Ab variants. The sequences for
Ab (M1–42), Ab (M1–40), Ab (M1–38) and Ab (M1–37) referred to in
this work as Ab42, Ab40, Ab38 and Ab37 were prepared using
overlapping polymerase chain reaction and cloned in PetSac
plasmid as reported in ref. 60 and 31, see ref. 61 for detailed
protocol. In brief, the peptides were expressed in Escherichia coli,
strain BL21 Star (DE3) pLysS for Ab42 and Ab (M1–37), BL21-Gold
(DE3) pLysS (Invitrogen, Waltham, MA, USA) for Ab38 and T7
Express (New England Biolabs, Ipswich, MA, USA) was used for
Ab (M1–40). After harvesting and lysis of the cells, the peptide was
isolated from inclusion bodies through a series of ion-exchange
and size-exclusion chromatography steps.61 Aliquots of the purified
proteins were lyophilised and kept frozen until further use.

3. Isolation of monomers. Prior to each kinetic experi-
ment, a freeze-dried peptide aliquot was reconstituted in
1 mL 6 M guanidine hydrochloride and subjected to separation
on a 10/300 Superdex 75 increase, size exclusion column. This
was done to ensure the highest possible degree of homoge-
neous monomer at the start of each experiment. The mono-
mers were isolated in the desired experimental buffer and their
concentration was determined by integration of the chromato-
gram monitored at 280 nm and calculated using Beer’s law,
using an extinction coefficient of 1490 M�1 cm�1.

4. Aggregation kinetics. Aggregation kinetics were followed by
monitoring the increase of fibril mass through the fluorescence
intensity of 5 mM ThT with excitation at 448 nm and emission at
480 nm. The reactions were performed with 100 mL in each well
(3881, Corning, USA) in a FLUOstar Omega (BMG LABTECH).

G. Data processing

The data displayed in Fig. 7A of ref. 30 exhibits relatively high
variability between replicates in the half-time of the second sigmoid,
corresponding to Ab40 aggregation. Plotting all replicates visually
obscures the trend in half time versus Ab42 seed concentration for
this transition. Some of this variability originates from variability in
ThT fluorescence, as evident from the large spread in values for the
first ThT plateau’s relative height. Since the direction of this trend is
important in determining the mechanism of coaggregation, we
performed some additional data processing steps prior to re-
plotting these curves and fitting our kinetic models to them.

First, each curve was divided into two time portions, each
containing one of the two sigmoids. This allowed us to normal-
ize each sigmoid independently, and to remove certain large
jumps or discontinuities between adjacent time points that are
clearly artefactual. The two portions were then recombined
with appropriate normalization factors to ensure that the
recombined curves reflect relative fibril mass concentration.
This processing step already reduced the variability in the half
time for the second sigmoid, although still larger than desired.

As a second step, we retained only the replicates with the
median second-sigmoid half time for each condition. For
conditions with even numbers of replicates, we averaged over
the two curves with median half-times. The resulting curves,
displayed in Fig. 3a and b, are much more easily interpretable
than the raw data displayed in ref. 30. Note, comparatively little
variability is evident in the half-times of the first sigmoid prior
to removing these replicates.

We performed identical data processing methodology for
the kinetic curves measured in the fresh experiments we
performed ourselves as part of this study. These are displayed
in Fig. 3c and d.

H. Summary of notation used in this study

Table 1

Table 1 Chemical and mathematical notation used throughout the paper

Parameter Definition Typical value

xa, x(a) Parameter x pertaining to faster-aggregating species a N/A
xb, x(b) Parameter x pertaining to slower-aggregating species b N/A
kn 11 nucleation rate constant 0.01/k+ mM�nc+1 h�1

k2 21 nucleation rate constant 10/k+ mM�n2 h�1

k+ Elongation rate constant 10/k2 mM�1 h�1

nc 11 nucleation reaction order 2
n2 21 nucleation reaction order 2
mtot Total monomer concentration 3 mM
KS Dissociation constant for monomers from fibril surfaces 1 mM
KS ¼ KS=mtot Nondimensionalized dissociation constant 0.25
a1(m) Primary nucleation rate 0.1/k+ mM h�1

a2(m) Secondary nucleation rate 10/k+ h�1

ae(m) Elongation rate 30/k2 h�1

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ae mtotð Þa2 mtotð Þ

p
Rate of proliferation of fibrils by secondary processes 5 h�1

e ¼ a1 mtotð Þ=2mtota2 mtotð Þ Rate of secondary vs primary nucleation 0.01
t = kt Nondimensionalized time 3
m(t) = m(t)/mtot Nondimensionalized monomer concentration 0 r m r 1
P(t) = 2k+P(t)/k Nondimensionalized fibril concentration E1 � m
1 � d Initial dimensionless monomer concentration 0.98
p Initial dimensionless fibril concentration 0.02
s Perturbation indexing parameter N/A
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Appendices
A Derivation of general rate law for saturating and inhibited
secondary nucleation

As discussed at length in the literature,6,9,45,52 secondary
nucleation in amyloid-b formation is well-modelled as the co-
operative binding of two or more monomers to a catalytic site
on fibril surfaces, and their subsequent conversion to a new
fibril nucleus. The rate-limiting step of this conversion reaction
pathway must be monomer-independent for Michaelis–
Menten-like saturation effects to be observed in the secondary
nucleation rate. If Abxx monomers can inhibit Ab42 secondary
nucleation specifically, without also affecting primary nuclea-
tion, then this inhibition must be achieved competitively, by
their also binding to secondary nucleation sites on the Ab42
fibrils. What is not clear a priori is whether or not this binding
is also co-operative, requiring multiple Abxx monomers or even
a mixture of Ab42 and Abxx monomers.

We will denote the conversion-competent clusters of Ab42
monomers bound to catalytic sites on Ab42 fibrils as M�

a . For
generality we will allow them to be of arbitrary minimum size
n2(a). We will denote the Abxx-containing species bound to
such sites as MI

a. These consist predominantly of n2(aa) Ab42
monomers and n2(ab) Abxx monomers, with these numbers to
be determined later. Finally, we write Mf

a as the concentration
of free (unbound) catalytic sites. The total mass concentration
of Ab42 fibrils can then be written as:

Ma ¼ sa Mf
a þM�

a þMI
a

� �
; (A1)

where sa is the stoichiometry of secondary nucleation sites,
specifically, the number of monomeric subunits in a fibril
per secondary nucleation site.

As discussed at length in previous publications,6,9 Michae-
lis–Menten-type kinetics are a reasonable approximation to
make for secondary nucleation in amyloid formation. There-
fore, we make the simplifying assumption of pre-equilibrium or
partial-equilibrium between bound and unbound states in the
timescale of protein aggregation, i.e.:

m
n2ðaÞ
a Mf

a

M�
a

¼ KSðaÞn2ðaÞ;
m

n2ðaaÞ
a m

n2ðabÞ
b Mf

a

MI
a

¼ KSðbaÞn2ðaaÞþn2ðabÞ;

(A2)

where KS(a)n2(a) and KS(ba)n2(aa)+n2(ab) are the equilibrium dis-
sociation constants for the unbinding of pure-Ab42 clusters
and of Abxx-containing species from the catalytic sites. Note, if
n2(aa) = 0 and n2(ba) = 1, this is just the dissociation constant
for Abxx monomers from a secondary nucleation site on an
Ab42 fibril.

Combining these equations allows us to express the total
Ab42 fibril mass concentration as:

Ma = saMf
a(1 + (ma/KS(a))n2(a) + (ma/KS(ba))n2(aa)(mb/KS(ba))n2(ab)).

(A3)

Since we have seen that the presence of Abxx protein does not
accelerate the aggregation of Ab42, rates of conversion of mixed
clusters to Ab42 fibrils must be far slower than that of homo-
geneous Ab42 clusters. Therefore, to a good approximation the
rate of generation of new Ab42 fibrils by secondary
nucleation is:

rS ¼ 2kcM
�
a ¼ 2kcM

f
a ma=KSðaÞð Þn2ðaÞ; (A4)

where kc is some conversion rate constant, this ultimately
yields:

rS ¼
2k2ðaÞmaðtÞn2ðaÞMaðtÞ

1þ maðtÞ=KSðaÞð Þn2ðaÞþ ma=KSðbaÞð Þn2ðaaÞ mb=KSðbaÞð Þn2ðabÞ
;

(A5)

where k2 = kc/saKS(a)n2(a). We are additionally at liberty in the
present context to set mb = mb(0) because Ab42 aggregation is
completed before significant depletion of Abxx monomers.
Doing so yields finally eqn (3).

B Global fitting to determine the species causing inhibition

If competitive inhibition is caused by a single Abxx monomer
binding to a secondary nucleation site on an Ab42 fibril, then
n2(aa) = 0 and n2(ab) = 1. Consequently, the expression for a2,a

becomes:

a2;a mað Þ ¼ 2k2ðaÞmaðtÞn2ðaÞMaðtÞ
1þ maðtÞ=KSðaÞð Þn2ðaÞþ mbð0Þ=KSðbaÞð Þ

: (B1)

If instead two Abxx monomers must bind co-operatively to the
nucleation site (i.e. n2(aa) = 0 and n2(ab) = 2), similarly to Ab42,
then homogenous clusters are the dominant species causing
inhibition, and a2,a is:

a2;a mað Þ ¼ 2k2ðaÞmaðtÞn2ðaÞMaðtÞ
1þ maðtÞ=KSðaÞð Þn2ðaÞþ mbð0Þ=KSðbaÞð Þn2ðabÞ

: (B2)
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Note that with our Abxx–Ab42 system it has been shown30,31

that secondary nucleation of Abxx fibrils does not occur on
Ab42 fibrils, so clusters of Abxx monomers are unlikely to form
on Ab42 fibrils, making this possibility unlikely. Finally, if an
Abxx can only bind to the nucleation site co-operatively with an
Ab42 monomer, then mixed clusters dominate inhibition.
Arguably the simplest possible rate law for this involves assum-
ing the same overall reaction order as for homogeneous nuclea-
tion, i.e. n2(aa) + n2(ab) = n2(a) = 2, and equal dependence of
the rate on the concentrations of each type of monomer, i.e.
n2(aa) = n2(ab). Overall, then, n2(aa) = n2(ab) = 1, and a2,a is:

a2;a mað Þ¼ 2k2ðaÞmaðtÞn2ðaÞMaðtÞ
1þ maðtÞ=KSðaÞð Þn2ðaÞþmað0Þmbð0Þ=KSðbaÞÞ2

: (B3)

In Results Section II B it was determined that Abxx slows
down Ab42 aggregation by inhibiting its secondary nucleation,
i.e. KS(ba) a 0. This was done by globally fitting the rate laws for
different inhibition targets to experimental kinetic curves for
reactions featuring 3 mM of Ab42 and varying concentrations of
Abxx (Fig. 2). n2(ab) was explicitly fitted and found to be
approximately 1. Conversely, since only one Ab42 monomer

concentration was used, n2(aa) could not be fitted. In our initial
analysis it was therefore set arbitrarily to 0, i.e. eqn (B1) was
initially used for fitting.

In this Appendix we fit eqn (7) globally to an expanded
dataset for Ab42–Ab40 coaggregation (Fig. 8). Alongside 3 mM
Ab42 monomer, this includes previously-unpublished kinetic
curves for reactions with 5 mM Ab42 monomer (and the same
range of Ab40 concentrations as in Fig. 2). This allows us to
verify that n2(ab) = 1 and to additionally estimate the value of
n2(aa). (The experiments involving 5 mM Ab42 monomer were
performed contemporaneously with those involving 3 mM Ab42
monomer during the preparation of ref. 30. However, since
kinetic model fitting was not thought possible at the time, the
former experiments were ultimately deemed superfluous to
the goals of the study and were therefore omitted from the
publication).

We first confirm that n2(ab) = 1 and that therefore pure-Ab40
clusters do not inhibit Ab42 secondary nucleation, finding that
using eqn (B2) for a2,a in our integrated rate law (eqn (7)) gives
poor fits to this expanded dataset (Fig. 8a). We next test the
possibility that binding of individual Ab40 monomers to fibrils
causes the inhibition, by fitting our integrated rate law eqn (7)

Fig. 8 In-depth kinetic analysis of the competitive inhibition of Ab42 secondary nucleation by Ab40-containing species attached to fibril surfaces
provides further evidence of co-oligomer formation. Monomeric Ab42 (i: 3 mM; ii: 5 mM) was aggregated with various initial Ab40 monomer
concentrations. Kinetic model used for fitting is eqn (7) with KE(ba)�1 = KP(ba)�1 = 0 throughout. (a) Global misfits of model in which pure-Ab40
oligomers are the dominant cause of inhibition (n2(aa) = 0 and n2(ab) = 2). Mean residual errors (MREs) are 4.9 � 10�3 (i), 4.3 � 10�3 (ii). (b) Global fits of
model in which monomeric Ab40 are the dominant cause of inhibition (n2(aa) = 0 and n2(ab) = 1). MREs are 1.8 � 10�3 (i), 3.1 � 10�3 (ii). (c) Global fits of
model in which Ab42–Ab40 co-oligomers are the dominant cause of inhibition (n2(aa) = 1 and n2(ab) = 1). MREs are 2.1 � 10�3 (i), 1.9 � 10�3 (ii). Fitted
parameter values are summarized in Table S1. The improvement in fit quality from b to c is arguably insufficient to eliminate the monomeric-Ab40
inhibition mechanism with high confidence. (Brackets around the misfit ‘‘X’’ symbol indicate when the MREs are slightly less than double those achieved
with the model used in c.) However, in concert with the finding that co-oligomer formation on Ab42 fibril surfaces drives the acceleration in Ab40 fibril
formation, it becomes highly likely that these co-oligomers also cause the inhibition of Ab42 fibril formation, as opposed to some other species.
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using eqn (B1) for a2,a. This gives fits of moderate quality but
that somewhat overestimates the extent of inhibition for reac-
tions with 3 mM Ab42 and underestimates it for reactions with
5 mM Ab42 (Fig. 8b).

Finally, we test the possibility that the inhibition is caused
by the competition between Ab42–Ab40 co-oligomer formation
with homogeneous Ab42 oligomer formation on the fibril sur-
face by using eqn (B3) for a2,a in our integrated rate law. This
gives almost perfect fits (Fig. 8c); however, on its own, the
improvement in fit quality over Fig. 8b is insufficient to confirm
this mode of action and rule out that the competitive inhibition
is caused by monomeric Abxx. It should instead be viewed as a
piece of evidence of moderate strength in favour of the for-
mation of Ab42–Ab40 co-oligomers at the nucleation sites on
Ab42 fibrils in competition with pure-Ab42 oligomers.

Given the apparent commonality in the effects of Ab38 and
Ab37 on Ab42 aggregation and vice versa, it is also more likely
than not that this inhibitory mechanism applies to Ab42–Abxx
coaggregation more generally, not just for Ab42–Ab40 coaggrega-
tion. We therefore use eqn (B3) for all subsequent data fitting
and for calculation of KS(ab). Note, the likelihood of this
mechanism being correct is greatly increased by our subsequent
discovery that formation of Ab42–Abxx co-oligomers on Ab42
fibrils also drives the acceleration of Abxx fibril formation.
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