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Point + Gaussian charge model for electrostatic
interactions derived by machine learning

David van der Spoel * and A. Najla Hosseini

At short distances between atoms, point charges are a poor

approximation of the electrostatic interaction. Due to overlapping

electron clouds, charges are effectively shielded and the electro-

static interaction energy is modified. In molecular simulations, two

main approaches have surfaced to deal with this. First, the Thole-

screening [B. T. Thole, Chem. Phys., 1981, 59, 341–350], which

introduces a mathematical modification of the Coulomb interaction

at short range, and second, the use of Gaussian-distributed charges

[C. M. Smith and G. G. Hall, Theor. Chim. Acta 1986, 69, 63–69].

Here, we show that these approaches are practically equivalent,

that is the screening functions are numerically very similar and their

parameters related by a simple expression. A quantitative compar-

ison between electrostatic interactions in alkali-halide ion pairs,

computed using high level symmetry-adapted perturbation theory

(SAPT), and in point charge models shows that the electrostatic

interactions are not always weaker than those predicted by point

charge approximations, highlighting that more complex atomic

models may be needed. We then proceed to use machine learning

with the Alexandria Chemistry Toolkit to train models for alkali-

halides based on a positive core and a virtual site with a negative

Gaussian-distributed charge and show that this model yields energies

very close to SAPT.

Understanding the limitations of charge models is essential for
accurately representing electrostatics in molecular systems.
Standard point-charge approaches can overestimate dipole
moments, particularly in systems with significant charge over-
lap or polarization effects. For instance, the experimental
dipole of alkali halide ion-pairs at their minimum energy
distance is 15–30% smaller than what would be expected from
point charges (see Table S2 in ref. 1). This shows that charge
penetration has to be taken into account when computing
electrostatic interactions and several, relatively simple, modifi-
cations of the Coulomb equation can be used to incorporate
this effect.

In the early 1980s, Thole introduced a smeared interaction
between point dipoles i and j at distance rij to better model
short range interactions:2

S rij
� �

¼ 1� 1þ rij

2a

� �
exp �rij

a

� �
(1)

where

a ¼
aiaj
� �1

6

t
(2)

in which the a are the polarizability volumes of the atoms i and
j, and t is a dimensionless constant. This kind of function is
used, for instance, in the CHARMM-Drude force field (FF) to
screen the Coulomb interactions between divalent cations and
water oxygen.3

Some years after the Thole paper, it was realized that both
the electron density and the electrostatic potential generated by
small molecules can be reproduced by a combination of point
charges and a Gaussian-distributed charge.4–6 The Coulomb
interaction between two Gaussian-distributed charges qi and qj

with screening widths zi and zj, respectively, is given by

V rij
� �

¼ qiqj

4pe0rij
erf zijrij
� �

(3)

where e0 is the permittivity of vacuum and

zij ¼
zizjffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
zi2 þ zj2

p : (4)

The screening function due to the distributed charge hence
equals erf(zijrij). Models featuring Gaussian-distributed charges
have been studied at length over the last two decades.1,7–12

Both the Thole screening function (eqn (1)) and the error
function in eqn (3) converge to 1 rapidly with increasing
distance r. By integrating the difference between the functions
from zero to infinity it is possible to approximate z in terms
of a:

z ¼ 2

3a
ffiffiffi
p
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Fig. 1 shows the effective screening functions due to Thole and
Gaussian distributed charges for two typical atomic polariz-
abilities a11 with z corresponding to eqn (5). Although not
identical, these curves are very similar. Thole himself wrote2

that ‘‘the use of the scaling distance (eqn (2)) is arbitrary’’.
On the other hand, to describe the charge distribution of an
atom by a single Gaussian is an oversimplification as well, that
is insufficient for modeling the electron density around, for
instance, a water molecule.5 In short, there is no physics-based
argument to prefer one or the other description.

It is tempting to compare screened Coulomb functions
to real electrostatic interactions as can be computed using
SAPT.13,14 Based on the ratio of the SAPT electrostatic energy
component and the Coulomb interaction between two point
charges, z or a can be computed. Table 1 lists, for nine alkali
halide ion-pairs, the energy corresponding to point charges
(PC), and from SAPT. Then, z is computed from

rz ¼ erf�1
ESAPT

EPC

� �
(6)

where the inverse error function was computed using Scientific
Python.15 a was computed using a bisection algorithm hand-
coded in Python. Finally, z0 in Table 1 is derived from a using

eqn (5). The keen reader will note that the electrostatic inter-
action between Li+ and halides as computed by SAPT is indeed
weaker than that of a pair of point charges, and hence both a
and z can readily be analyzed. Intriguingly, the electrostatic
interactions of Na+ and K+ with halide ions are stronger than
those of a pair of point charges. The reason for this, is that real
atoms consist of nucleus with an electron cloud, and at
sufficiently close distance and sufficiently large nuclear charge,
the sum of interactions will be stronger than that of a point
charges.

The electrostatic energies computed by SAPT were compared
to a polarizable alkali-halide model by Walz and co-workers.1

Fig. 2 shows that the SAPT electrostatic energies for nine ion
pairs and a range of distances are reproduced poorly by this
relatively advanced model. Indeed, the Walz et al. model is
quantitatively (ion pairs involving Li+) and even qualitatively
(ion pairs involving Na+ or K+) incorrect. The reason for this is,
that core and shell share the same Gaussian screening width in
this model, and hence the electrostatic interaction at short
distance is weaker than a point charge, which is not consistent
with SAPT for ion pairs involving Na+ or K+ (see also Table 1).
Despite this, the model was found to be quite accurate in
applications such as the prediction of molten salt properties,
melting points, and conductivity20–23 because it relies on error
compensation between the energy components, like most
classical FFs.24,25 The CHARMM-Drude model for ions men-
tioned above3 employs point charges and therefore yields the
exact same electrostatic energy as a pair of point charges.

Taken together, this analysis suggests that FF models should
be constructed from the combination of a positive point charge
and a Gaussian-distributed ‘‘electron cloud’’ with a compensat-
ing negative charge. The latter can be implemented as a virtual
site located at the ion position, such that the net charge is +1
for Na+ and K+ and �1 for the halide ions. Li+ can be modeled
as a point charge. The Alexandria Chemistry Toolkit (ACT)25

was used to train such a model, by optimizing atomic charges
and Gaussian distribution widths (z, eqn (4)) to reproduce the
SAPT electrostatic interactions for all ion pairs at the same
time. The resulting parameters are listed in Table 2.

The ACT point + Gaussian model yields energy curves that
adhere closely to SAPT (Fig. 2). In fact, the ACT model is an
order of magnitude more accurate than point charges or the
model due to Walz et al.1 (Table 3), showing that accuracy of
force field electrostatics can be improved vastly over simple
point charges.

In a recent review of the Open Force Field project, Wang
et al. coined the term ‘‘Force Field Science’’ to describe the
study of potential functions and algorithms in a systematic
manner.27 They went on to suggest that this new branch of
computational chemistry was virtually unexplored. Indeed,
systematic design of FFs28 is needed and the long history of
model building by hand29,30 should be incorporated in these
efforts. Our group has focused on highlighting the effect diff-
erent potentials have on simulations for alkali halides,1,20–23 for
noble gases31 and most recently on alcohol-water mixtures.25

The introduction of the Alexandria Chemistry Toolkit25 will

Fig. 1 Screening function due to Thole with polarizabilities ai and aj both
set to a as indicated, and t = 2.6, compared to the screening due to two
Gaussian-distributed charges with z as computed from eqn (5). Distance
corresponds to rij in eqn (1) and (3).

Table 1 Electrostatic energy for ion pairs close to the minimum energy
distance computed using point charges (PC) and for electrostatics as
computed using symmetry-adapted perturbation theory at the
SAPT2+3(CCD)dMP2 level of theory14 with the aug-cc-pvtz basis set,16

except for potassium, where the def2-TZVPP basis set was used instead.17

Energies were computed using the Psi4 suite of programs.18 Details for
computing a, z and z0 are given in the running text

r
(nm)

EPC
(kJ mol�1)

ESAPT
(kJ mol�1)

a
(nm)

z
(nm�1)

z0

(nm�1)

LiF 0.1640 �847.0 �826.4 0.03300 9.72 11.40
LiCl 0.2060 �674.3 �648.7 0.04638 7.12 8.11
LiBr 0.2260 �614.6 �591.8 0.05061 6.52 7.43
NaF 0.2020 �687.6 �708.8 — — —
NaCl 0.2480 �560.1 �573.8 — — —
NaBr 0.2540 �546.9 �562.6 — — —
KF 0.2260 �614.6 �667.9 — — —
KCl 0.2760 �503.3 �540.1 — — —
KBr 0.2820 �492.6 �538.1 — — —
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make it easy to perform Force Field Science experiments by
deriving FFs using different potentials and charge models from
scratch with the purpose to critically evaluate their proper-
ties.32,33 As we show here, both Thole screening and Gaussian-
distributed charges give very similar reduction of the interaction
strength at short distance and the complexity of the eqn (3) and (1)
is similar as well. A careful analysis of the chemistry involved
(Table 1 and Fig. 2) shows, however, that charge interactions can

be more complex than that given by just (screened) Coulomb
interactions. For the alkali halide ion pairs studied here, the still
relatively simple combination of a point charge and a Gaussian
charge distribution provides an order of magnitude more accu-
rate rendering of the electrostatic interactions than previous
models. Further research is needed to determine whether such a

Fig. 2 Difference between electrostatic energy from SAPT2+3(CCD)dMP2/aug-cc-pVTZ, the Walz et al. model (Gaussian), and ACT (positive point
charge + negative Gaussian + distributed charge) and the interaction of two point charges. For calculations of interaction involving the model for alkali
halides due to Walz et al.,1 the exact same charges and z were used as in the original study. Where positive (ion-pairs involving Li+), the interaction is
weaker than that between a pair of point charges and vice versa. Dashed lines indicate the minimum energy distances from gas-phase experimental
data19: LiF (1.56 Å), LiCl (2.02 Å), LiBr (2.17 Å), NaF (1.93 Å), NaCl (2.36 Å), NaBr (2.50 Å), KF (2.17 Å), KCl (2.67 Å), and KBr (2.82 Å).

Table 2 Charges for the core (C) and virtual sites (VS) in the point +
Gaussian model. z is the Gaussian distribution width. To determine these
parameters, the hybrid Genetic Algorithm/Monte Carlo (GA/MC) approach
in the ACT25 was used with a population size of 128 over twenty genera-
tions. Each generation consisted of 40 Monte Carlo iterations, with a
‘‘temperature’’ of 0.0126

Parameter qC qVS zVS (nm�1)

F� 1.24604 �2.24604 11.7866
Cl� 1.84001 �2.84001 8.87883
Br� 1.488 �2.488 7.80382
Li+ 1 — —
Na+ 5.70319 �4.70319 20.4367
K+ 9.80622 �8.80622 14.1548

Table 3 RMSD values (kJ mol�1) for the Walz et al. model (Gaussian),
Point charge (PC), and ACT (point charge + Gaussian virtual sites) with
respect to SAPT2+3(CCD)dMP2/aug-cc-pVTZ energies computed over
the whole curve plotted in Fig. 2

Compound Walz et al. PC ACT

LiF 36.2 18.6 3.9
LiCl 13.6 22.0 3.1
LiBr 10.1 30.0 2.0
NaF 32.0 16.2 1.1
NaCl 32.5 16.0 1.2
NaBr 28.2 13.2 1.8
KF 64.5 54.2 4.2
KCl 68.0 57.2 2.4
KBr 39.4 32.2 1.4

Average 40.4 32.1 2.7
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model is needed for all atoms, or just a subset. The Alexandria
Chemistry Toolkit can be used for this kind of studies in Force
Field Science.25,34
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