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Generalized quadratic model for charge transfer†

Angel Albavera-Mata, ‡a José Luis Gázquez b and Alberto Vela *c

We present a two-parabola interpolation model that reproduces the observed behavior for the total

energy as a function of fractional occupation for known density functional approximations to the Kohn–

Sham exchange–correlation energy. The model is based on the second-order Taylor series expansion of

the energy as a function of the electron number for a reference chemical species, and it correctly

reduces to a linear regime for density functionals satisfying the ionization theorems. The use of this

generalized quadratic model results in revised definitions of electrodonating and electroaccepting

powers that correctly diverge for the exact functional. Further application to charge transfer processes

using two hydration reaction sets shows that this quadratic generalization unequivocally distinguishes

between electrophilic and nucleophilic reaction mechanisms. This distinction was unattainable with

previous approximations based on one- and two-parabolas.

1 Introduction

Chemical reactivity theory within the density functional form-
alism is known for its remarkable success in describing
chemical events and charge transfer in particular.1–6 It often
is denoted in the literature by the acronym CDFT that stands
for conceptual density functional theory. Its main purpose is to
reproduce trends observed in chemical reactivity studies and
provide an explanation for them in terms of reactivity indexes
defined within the context of density functional theory.7–9 The
fundamentals of CDFT rely on a perturbation-based approach
by means of the functional Taylor series expansion of the
energy for a many-electron system, where the energy has a
function-like dependence on the number of electrons N and a
functional-like dependence on the external potential n(r). The
expansion is centered on a reference system with N0 electrons,
and in the external potential n0(r).

It is undeniable that much has been learned by assuming
that the energy is a continuous function of N, for processes or
events occurring at fixed n(r),10–12 where explicit inclusion of
high-order terms13,14 from the series expansion has been used

to assess reactivity trends for molecule families.15 These are the
so called charge transfer models in CDFT,16–18 with extensions to
account for the effects of finite temperature,19–25 or the presence
of solvents and external fields.26,27 The literature discussing the
basics and applications of CDFT, and the fundamentals for the
entirety of chemical descriptors is too rich to survey here.
Instead, we refer the reader to ref. 6, 28, and 29.

These chemical reactivity studies evidently depend not only
upon the underlying nature of the approximation to the
exchange–correlation energy,30–32 but also on the fundamentals
for the charge transfer model at hand. Therefore, clear distinction
between the exact properties for each, and their relationships,
is pivotal. For completeness, one can mention that among
the exact constraints32 known for the exchange–correlation
functional are the homogeneous and non-homogeneous
scaling relationships,33,34 self-interaction35–40 and many-electron
self-interaction,41,42 the Lieb–Oxford bound43–46 and its strongly
tightened counterpart for single-orbital systems,47 in addition to
decaying48–52 and cusp53,54 conditions for the exchange and corre-
lation potential, respectively. We refer the reader to ref. 32 and 53
for complete references and detailed discussions. Some of the
prominent constraints used in CDFT include Janak’s theorem55

and the ionization theorems,49,56–60 related to the frontier orbital
energies, as well as the ensemble theorem61–63 that provides
the basis for the assumption that the energy is a continuous
function of N. The derivative discontinuity for the exchange–
correlation energy,64,65 on the other hand, also has been studied
extensively64–73 both for density functional design and in the
context of CDFT for the calculation of fundamental gaps74–78

and the energy curvatures for E(N) using fractional charges79–84

under the assumption that the total energy, and its derivatives, are
differentiable.
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In the late 70s and early 80s, R. G. Parr realized the fact of
the continuity for E(N) and introduced a quadratic model E(N),
allowing the formalization of important concepts in chemistry.
More specifically, the electronegativity was identified with
(qE/qN)n(r),

85,86 and the chemical hardness with (q2E/qN2)n(r).
87

This one-parabola model further inspired and justified princi-
ples such as Sandersons electronegativity equalization,88 Pear-
sons hard–soft acid–base principle,89 and also new concepts
like electrophilicity,90,91 and hyperhardness.92 A drawback of
this one-parabola model (1PM), however, is its failure to satisfy
the ensemble theorem.61–63 This is a rigorous restriction for an
open quantum system in a grand-canonical ensemble at 0 K.
For these conditions, the theorem establishes that the energy
for a fermionic system is comprised by a set of straight lines
connected at the integers N, resulting in a linear piecewise
continuous function with first derivatives that are constant for
any fractional number of electrons, and with derivative dis-
continuities at every positive integer number of electrons.61–63

Thus, restoration of the piecewise linearity is the evident and
necessary next step. In 2007, the two-parabola model (2PM) was
introduced to account for the missing derivative discontinuities93

but keeping Parr’s original quadratic model proposal. The 2PM
succeeded in capturing the fundamental fact that chemical species
respond differently to the direction of charge transfer processes.
Here, in the context of chemical reactivity, the directionality of
charge transfer means addition or removal of charge density.
Similar to the 1PM, this revised model generalized the electro-
philicity concept by defining the electrodonating and electroac-
cepting powers in global and local versions. Later works proved the
importance of distinguishing the direction of electron transfer for
the understanding of some chemical reactions.7,94–103 Two of the
authors of this work showed the utility of the 2PM in defining
nucleophilic and electrophilic channels to determine the electron
transfer process prevailing in electron-donor reactions.104–106

From the mathematical point of view, the 2PM assumes that
E(N) can be expressed as

DE�ðDNÞ ¼ m�ðDNÞ þ 1

2
Z�ðDNÞ2 (1)

where m� and Z� are the chemical potentials and the global
hardnesses, respectively, and the superindexes � denote whether
the system is losing (�) or gaining (+) electrons. Furthermore, two
assumptions are made in the 2PM, namely, that the left and right
hardnesses are equal, Z� = Z+ = Z, and that it reduces to Z = m+ �
m�. Regarding this assumption, it has been shown that Z� may be
evaluated according to the following expression

Z� ¼
ðð

drdr0
1

jr� r0j þ
d2Exc

drðrÞdr r0ð Þ

� �
rLUMO=HOMOðrÞf �ðrÞ;

(2)

where rLUMO/HOMO(r) are the LUMO and HOMO orbital densities,
f�(r) are the right (+) and left (�) Fukui functions,107 and the two
terms in braces constitute the linear response kernel for the Coulomb
and exchange–correlation contributions. Two observations were made
for the magnitudes of Z� in (2) using a series of 16 small molecules,
namely, that Z� and Z+ are different, and that Z+oZ�.108,109

From the perspective of practical Kohn–Sham implementa-
tions for the evaluation of the basic ingredients for these
chemical models, the inexorable role played by the choice of
density functional approximation to the exchange–correlation
energy cannot be overlooked. In the context of the dependence
of the energy on fractional occupation numbers, it is well
known that common exchange–correlation approximations
deviate from the exact linear behavior dictated by the ensemble
theorem at 0 K,75,76,82,110–121 regardless the use of single-
determinant exchange in hybrid functionals. As defined in the
so-called Jacob’s Ladder classification.122 The nature of this
deviation, whether associated with the delocalization
error,112–115 or the many-electron self-interaction error,41,42 makes
possible the existence of a non-zero chemical hardness in the one-
and two-parabolas models. For the exact density functional,
however, Z = 0 for any fractional number of electrons, and it is
undefined at every integer number of electrons. The consequence
of these exact requirement is that, by construction, neither of the
quadratic models discussed so far satisfy this condition. Imposing
this exact constraint to the different chemical descriptors within
the framework of CDFT remained missing.

Therefore, the present work aims to address this omitted
aspect in CDFT by developing a model for DE(DN) that imposes
restoration of the piecewise linear condition to (1), for any density
functional approximation that is many-electron self-interaction
free. For this purpose, we start by analyzing the dependence of
the energy on the number of electrons for the molecular systems in
the G3/99 set.123 We provide support to propose a generalized
quadratic model for DE(DN), and show that incorporation of
the frontier orbital energies leads to distinction between the left
and right hardness. We apply the resulting generalized quadratic
model to obtain expressions for the global hardness and improve
upon the well-known electrodonating and electroaccepting
powers. Finally, we evaluate the performance of our generalized
quadratic model on the description of charge transfer processes
for the nucleophilic and electrophilic channels for a series of
hydration reactions of aldehydes, ketones and alkenes.

2 Methods

We now proceed to detailing the technicalities for all calcula-
tions in our study. The NWChem code124 was chosen for the
single-point energy calculations used to asses the influence of
different mixtures of the single-determinant exchange contri-
bution for PBE,125 PBE0,126 PBEh,126,127 LC-PBE,128 and the
CAM-PBE0128 exchange–correlation density functionals. These
calculations were done with the def2-TZVPP spherical basis
set,129 and for the NH molecule that is part of the G3/99 set.123

We considered the aug-cc-pVQZ spherical basis set130–133 to
compare the quadratic models for BeH and NOCl with the PBE
density functional approximation. Likewise, these molecules
are part of the G3/99 set and were calculated with NWChem.
We further note that the choice of a larger basis set was made to
improve the description of the anionic interval for both molecules.
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All calculations for the NH, BeH, and NOCl molecules were
done with the convergence thresholds for the total energy,
density and orbital gradient fixed to 10�6, 10�5, and 10�4

atomic units, respectively.
Regarding the additional charge transfer computations, we

chose two sets for hydration reactions to asses the three different
quadratic models; the first is constituted by eleven protonated
aldehydes and ketones taken from ref. 104, and the second
includes twelve alkenes taken from ref. 106. Computations were
done with NWChem and the widely used PBE+D3125 with the
Becke–Johnson damping function for the dispersion correction134

and using the Ahlrich’s VTZ spherical basis set.135 We emphasize
that we report all values for the optimized equilibrium geometry for
each chemical species in these sets, and asserted no imaginary
frequencies for the final structures. For these geometry relaxations
we used a threshold of 10�4 for the maximum and root mean
squared gradient, and for the maximum and root mean squared of
the Cartesian step as the optimization criteria. We tightened the
convergence threshold for the total energy, density and orbital
gradient to 10�8, 10�7, and 10�6 atomic units, respectively.

The numerical integrations for all previous calculations with
NWChem were done with 70 shells using an Euler–MacLaurin
scheme for the radial components, and 302 shells with a Lebedev
scheme for the angular components. We disabled the level
shifting for the unoccupied diagonal elements of the Fock matrix.
Moreover, the Schwarz screening tolerance for the Coulomb
integrals was set to 10�12, as well as for the electron density.

The single-point energies with fractional number of elec-
trons used to compare the different approximations to the
chemical hardness, Z, and Z� were done with a local version
of the deMon2k electronic structure code.136 For this analysis, a
series of single-point calculations in an unrestricted spin
formalism were done for every molecule in the G3/99 set123

for the interval �1 r DN r +1 with a step DN = 1/10. Here, we
considered the VWN137 local density approximation; the
PBE,125 RPBE,138 CAP,72 and lsRPBE139 generalized gradient
approximations; the TPSS,140 SCAN,141 and M06-L142 meta-
generalized gradient approximations; and the PBE0,126

lsRPBE0,143 M06,144 B3LYP,145,146 and M06-2X144 global hybrids
that, overall, sample the first four rungs of Jacob’s ladder.

For these calculations with deMon2k we chose the def2-
TZVPP spherical basis set129 and the GEN-A2* Hermite auxiliary
function set. The threshold tolerance for the self-consistent
field, screening, and single value decompositions were set to
10�6, 1.25�11, and 10�7, respectively, using an adaptive grid
with 70 shells for a Gauss–Chebyshev radial quadrature, 590
shells for the angular quadrature, and a grid tolerance of 10�5.
Same as for NWChem, we disabled the level shifting option for
all calculations with deMon2k. Detailed data for all 223 species
and density functional approximations is included as ESI.†

3 Discussion

We begin our discussion by first addressing the basis of our
approach, namely, the deviation of the linearity constraint in (1).

Since this artifact has been used to fit parameters in density
functional approximations,147 we remind the reader that our work
is not focused on developing density functionals nor re-
parameterizing existing ones. As already stated, the ensemble theo-
rem establishes that at T = 0 K, E(N) is a series of straight lines with
different slopes connected at integer N, hence having a discontinuity
in the first derivatives. Common approximations to the exchange–
correlation functional, however, are well known for exhibiting the
prototypical behaviors depicted in Fig. 1. Different density func-
tionals show different behaviors. Most of them are convex in both
the electron-deficient and electron-rich intervals, and some like
CAM-PBE0 are concave for the NH molecule shown in Fig. 1. The
role of the single-determinant exchange contribution becomes
evident while climbing Jacobs ladder. The main message from
Fig. 1 is that by improving the exchange and correlation description,
the E(N) curves get closer to a linear behavior with respect to N.

Quantifying the deviation from this exact linear behavior, for
non-degenerate ground state reference species with N elec-
trons, is important for at least three reasons,
� First, the ionization theorems state that for a Kohn–Sham

potential that decays asymptotically to zero, said species satisfy
the condition eHOMO = �I.49,56–60

� Second, the extent to which the previous identity is not
fully satisfied defines the magnitude of the many-electron self-
interaction error.41,42

� Lastly, a quadratic model that recovers linearity for the
exact functional must then satisfy eHOMO = �I for Z = 0.

The relationship between the many-electron self-interaction
and the chemical hardness thus becomes evident, namely, that
density functional approximations with Z 4 0 will inevitably
result in eHOMO + I 4 0.77,148

Fig. 1 Energy as a function of the fractional charge for the NH molecule
using the set of exchange–correlation density functional approximations
shown in the inset. Each belonging to a different rung in Jacob’s ladder
and sharing as basic element the PBE functional. The calculations were done
within the unrestricted approach and using the def2-TZVPP spherical basis set.
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3.1 Chemical hardness

An alternative to gaining deeper insight into this relationship, in
the context of CDFT, is to focus attention on the behavior of Z for
different choices of density functionals. For that purpose, we
calculated the curves for the energy as a function of fractional
occupation numbers, DE(DN), for the 223 molecules comprising
the G3/99 set, using a selection of different density functionals to
sample different rungs of the Jacobs ladder categorization. For the
sake of additional context, we also note that there are three
different alternatives to calculate the chemical hardness. This is
a consequence of the different considerations that define the 1PM
and 2PM. First, as already stated, Parr and Pearson87 defined Z = I –
A, where I and A are the vertical first ionization potential and the
vertical electron affinity, respectively.86,87,89,149 These are calculated
by finite energy differences between the total energies for the
cation, neutral, and anion for the corresponding species with N
number of electrons. Second, the reference Z extracted from the
second-order coefficient using a quadratic fit for self-consistent
calculations with fractional occupations for the interval �1 r DN
r +1. Third, the analogous reference Z� using a quadratic fit but
for�1 r DN r 0 that is related to the electron-deficient interval in
eqn (1), and the reference Z+ for 0 r DN r +1 that instead is
related to the electron rich interval in eqn (1).

In an effort to summarize the large number of results for all
223 molecules, we selected a representative subset of density
functional approximations, and depicted in Fig. 2 are the
average values for Z = I � A, the reference Z, and Z�. Individual
results are available in the ESI.†

We first note that the difference between the reference Z and
I � A is relatively small, differing by no more than 1 eV. This
indicates that use of a single quadratic function to fit the
interval �1 r DN r +1 essentially results in magnitudes for
the chemical potential and global hardness comparable to
those using finite energy differences. Evidently, using three
points, as originally suggested by Parr, is the most computa-
tionally efficient approach.

The second message from Fig. 2 is that the magnitudes for Z
and I � A always are larger than both Z� and Z+. This difference

becomes more evident for higher rungs in Jacobs ladder, and
more noticeable the larger the mixing of single-determinant
exchange. The averages for Z� and Z+ roughly resemble half the
average for Z, especially for local, VWN; generalized gradient,
PBE, RPBE, CAP, lsRPBE; and meta-generalized gradient
approximations, TPSS, SCAN, M06-L. This trend, of course, is
not general and cannot be extrapolated to the hybrid approx-
imations PBE0, lsRPBE0, M06, B3LYP, and M06-2X. It serves
nonetheless to provide numerical support for the assumption
that Z� = Z+ = m+ � m� = (I � A)/2, at the core of the 2PM.

A final noticeable observation in Fig. 2 is that we confirm the
previous finding108,109 for eqn (2) that, on average, Z+ o Z�,
indicating that the curvature for the electron-deficient interval
tends to be larger than that for the electron-rich interval.

3.2 Alternative expression for the energy as a function of the
number of electrons

An enticing aspect of the one- and two-parabola models relates
to the coefficients m and Z for DE(DN). These only depend upon
knowledge of I and A, that are obtained from the energies for the
neutral species, its cation, and its anion. In order to improve the
description for DE(DN), it is necessary to extend the quadratic
model. In this vein, we appeal to the following considerations.
According to Janaks theorem,55 the chemical potentials m� and
m+ may be approximated by m� = eHOMO and m+ = eLUMO. Since this
information already is available for the reference system, we can
include the orbital energies for the frontier molecular orbitals
without any increase in computing demand. Preserving the spirit
of the 2PM, we additionally distinguish the direction of electron
transfer. For a charge removal process, (�), where the reference
system loses an electron,

DE�(DN)|DN=0 = 0, (3)

DE�(DN)|DN=�1 = E(N0 � 1) � E(N0) = I, (4)

m� = eHOMO(N0). (5)

Whereas for a charge addition process, (+), where the reference
system gains an electron,

Fig. 2 Average global chemical hardnesses for the G3/99 set and a selected number of exchange–correlation density functional approximations. All
calculations were done with an unrestricted formalism and using the def2-TZVPP spherical basis set.
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DE+(DN)|DN=0 = 0, (6)

DE+(DN)|DN=1 = E(N0) � E(N0 + 1) = A, (7)

m+ = eLUMO(N0). (8)

Substituting eqn (3)–(8) in the corresponding (�) and (+)
expressions in eqn (1), leads to the following expressions,

I ¼ �eHOMO þ
1

2
Z�; (9)

A ¼ �eLUMO �
1

2
Zþ; (10)

which indicate that
1

2
Z� and

1

2
Zþ are the shifts added to the

frontier orbitals eHOMO and eLUMO, to attain the exact values for I
and A, respectively.

In order to obtain the correct energy values at the endpoints
when N = N0 � 1 or N = N0 + 1, and considering the perspective
of the parabolic nature for the density functional shown in
Fig. 1, we can state that the quadratic term, as constructed in
the present approach, corrects for the incorrect slope given by
eHOMO and eLUMO, around N = N0. In other words, eqn (5) and (8)
fix the values for the first-order coefficient m� and m+, while
from eqn (9) and (10) one finds that Z� and Z+ can be
determined through the expressions

Z� = 2 (I + eHOMO), (11)

Z+ = �2 (A + eLUMO), (12)

where the set m� and Z� is associated with electron removal
processes, whereas the set m+ and Z+ describes electron addition
processes. In what follows, we refer to this model as the
generalized quadratic charge transfer model (GQM).

Notice that eqn (11) relates the chemical hardness and the
many-electron self-interaction error. In fact, eqn (11) estab-
lishes that Z� is twice the many-electron self-interaction error
as defined in ref. 41 and 42.

With all three quadratic models properly defined, and their
different parameters collected in Table 1, we now proceed to
scrutinize the prototypical behavior for charge transfer pro-
cesses, depicted in Fig. 3(a) for the BeH molecule and in
Fig. 3(b) for the NOCl molecule. It is evident in Fig. 3 that
neither the 1PM nor the 2PM reproduce the self-consistent
calculations using fractional occupation numbers, depicted
with the filled circles, that are the reference (exact) values for
PBE. Moreover, the 1PM overestimates the maximum energy

deviation DE�max, whereas the 2PM underestimates this max-
imum deviation. The GQM, on the other hand, resembles
closely the self-consistent reference points for both molecules,
regardless whether these curvatures are asymmetric, as for the
BeH molecule in Fig. 3(a), or symmetric as for NOCl in Fig. 3(b).

Furthermore, any quadratic model based on the energies for
the species with N0 � 1, N0 and N0 + 1 electrons has an
extremum at these rotated representations exactly at the middle

of each branch, i.e., DN�max ¼ �
1

2
. The energy values at these

extrema are DE�max(DN�max) = �Z�/8. Clearly, when both (+) and
(�) are equal, the extrema in both branches have the same
value. This result implies that for the 1PM the energy value at
these extrema is �(I � A)/8, a quantity that always is negative,
provided that I 4 A. On the other hand, the corresponding values
at the extrema for the 2PM are �(I � A)/16. The relation between
the two is a factor 1/2, hence establishing that the 2PM minima are
half that for the 1PM, as observed for both panels in Fig. 3.

Table 1 Expressions for the different parameters in the 1PM, 2PM and
GQM. I and A are the vertical first ionization potential and the vertical
electron affinity, respectively

1PM 2PM GQM

m = �(I + A)/2 m� = �(3I + A)/4 m� = eHOMO
m+ = �(I+ 3A)/4 m+ = eLUMO

Z = I � A Z� = (I � A)/2 Z� = 2(I + eHOMO)
Z+ = (I � A)/2 Z+ = �2(A + eLUMO)

Fig. 3 Comparison of the energy curvature as a function of electron transfer
using the three quadratic models for (a) BeH, and (b) NOCl. The acronyms 1PM,
2PM, and GQM are used for the one-parabola, two-parabola and generalized
quadratic charge transfer models, respectively. The acronym Ref, on the other
hand, depicts self-consistent fractional charge calculations used as the refer-
ence (exact) values. All computations were done with the PBE exchange–
correlation functional and the aug-cc-PVQZ spherical basis set.
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Another interesting aspect worth analyzing with the GQM
are the electrodonating and electroaccepting powers. Gázquez,
Cedillo, and Vela93 showed that these quantities are associated
to the maximum number of electrons that a system can
exchange with an electron bath. These are given by

o� ¼ m�ð Þ2

2Z�
; (13)

for the (�) and (+) intervals or branches. Substituting eqn (9)–
(12) in eqn (13) results in

o� ¼ eHOMOð Þ2

4 I þ eHOMOð Þ; (14)

oþ ¼ � eLUMOð Þ2

4 Aþ eLUMOð Þ; (15)

where eqn (14) and (15) correspond to the GQM expressions for
the electrodonating and electroaccepting powers, respectively.

A first feature worth noting is that the GQM electrodonating and
electroaccepting powers depend solely on quantities associated with
the same charge transfer branch. This contrasts the 1PM and 2PM
expressions that depend both on the ionization potential and the
electron affinity. Another distinctive aspect of eqn(14) and (15) relates
to the exact exchange–correlation functional. For the exact func-
tional, the Kohn–Sham frontier orbital energies satisfy eHOMO =
�I and eLUMO D�A, implying that o� diverges, whereas o+ has a
large non-diverging absolute value. Certainly, this is the expected
behavior for the exact functional where the energy as a function
of the number of electrons follows a strict linear behavior. Thus,
one can conclude that one characteristic of the exact Kohn–
Sham functional is that it must have an infinite electrodonating
power and a large but finite electroacepting power.

4 Application to chemical reactions

One of the interests of this work is to benchmark the GQM against
the 1PM and 2PM in discerning charge transfer trends for donor–
acceptor reactions. For this purpose, and for reproducibility as
well, we made the same assumptions used for the 1PM and 2PM.
More specifically, the space of chemical reactions comprises those
with early transition states where the geometries for the reacting
fragments in the transition state can be considered the same as
those for the isolated fragments. Granted that reactant A is
donating charge while reactant B accepts it, then, the interaction
energy can be expressed as

DEAB D DE�A + DE+
B. (16)

Substituting eqn (1) for each (+) and (�) interval in eqn (16) and
imposing charge conservation, namely, DN+

B = �DN�A , leads to

DEAB ffi m�A � mþB
� �

DN�A þ
1

2
Z�A þ ZþB
� �

DN�A
� �2

: (17)

Minimizing this last expression with respect to DN�A results
in the well-known expression stating that the number of

electrons transferred from A to B is given by

DN�A ¼
mþB � m�A
Z�A þ ZþB

: (18)

The analogous procedure but for the opposite situation where
A is accepting the electrons donated by reactant B leads to

DNþA ¼
m�B � mþA
ZþA þ Z�B

: (19)

Eqn (18) and (19) are the generalized charge transfer expres-
sions. Note that (18) and (19) reduce to the 2PM expressions
when Z�A = Z+

A = ZA and Z�B = Z+
B = ZB without need to assume

equality for the nucleophilic and electrophilic hardnesses.
Substituting eqn (9)–(12) in eqn (18) and (19) lead to the

following expressions for the amount of transferred charge:

DN�A ¼
1

2

eBLUMO � eAHOMO

IA � ABð Þ þ eAHOMO � eBLUMO

� �; (20)

DNþA ¼
1

2

eBHOMO � eALUMO

IB � AAð Þ þ eBHOMO � eALUMO

� �: (21)

It is appealing that both expressions depend explicitly on the
frontier orbital energies for the donor and the acceptor. Note
that if eA

HOMO 4 eB
LUMO and IA 4 AB, which are reasonable and

expected conditions for a reaction where A is a donor and B an
acceptor, then eqn (20) correctly implies that DN�A o 0. Eqn (21)
also predicts the correct sign for the reverse situation.

For in-depth analysis of eqn (20) and (21), we chose two
hydration reactions studied previously to assess the validity of
the chemical trends observed for the GQM, and compare the
tendencies provided by the three quadratic charge transfer
models. The general chemical reaction for the set of eleven
aldehydes and ketones from ref. 104 is R1C(QO–H)+R2 + H2O
" R1C(OH)2R2 + H+, and in analogy for the set of twelve alkenes
from ref. 106, R1R2CQCR3R4 + H3O+ " R1R2C(H)�C(OH)R3R4 +
H+, where R1, R2, R3, and R4 label different substituent groups.

As stated in the Introduction, recall that charge transfer
models are meant to determine the direction of electron
transfer between two reactants. For that we need an appropriate
protocol. First, we will denote by A any R1(COH)+R2 or
R1R2CQCR3R4, and by B the target reagent, i.e., H2O for
R1(COH)+R2, and H3O+ for R1R2CQCR3R4. Then, the protocol
is as follows:

1. Directionality must remain consistent for the 2PM and
GQM with built-in information for the direction of charge
transfer. If species A is the electron donor and B is the acceptor,
then the associated chemical potentials must satisfy m�A 4 m+

B.
Distinction of charge transfer (�) with the 1PM is not possible,
by construction, and the condition at hand is mA 4 mB.

2. If the previous ordering of chemical potentials is not
satisfied, then the reaction conditions ought to be analyzed in
more detail. Use the reaction mechanism to identify the inter-
acting chemical species that satisfy the preceding step.

3. Provided a reaction with an early transition state, such
that rearrangement of nuclear positions for the interacting
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species is negligible, consider the following ansatz: a property P
that measures the extent of a chemical reaction may be linearly
related to the amount of charge transfer DN�A , to wit

P(DN�A ) = mDN�A + b, (22)

where P is, for instance, the hydration equilibrium constant
pKhyd, or a rate constant log[k], whereas m and b are the slope
and intercept of the linear fit. Notice that as P(DN�A ) increases
so does the magnitude |DN�A |.

Following ref. 104, we considered that hydration of alde-
hydes and ketones is done under mild acidic conditions and,
therefore, these reactants are protonated. For the hydration of
alkenes, the acidic conditions are stronger, therefore, water is
considered to be protonated, as it was done in ref. 106. The
global chemical reactivity indexes for the three quadratic
models calculated using the expressions in Table 1 are reported
in Table 2 for both reactions.

Now, we apply the protocol presented above. For aldehydes
and ketones, the chemical potentials for the 1PM result in mA o
mB for the hydration of R1(COH)+R2. Recall that A is reserved for
R1(COH)+R2 and B for H2O. This indicates that H2O donates
electrons to any aldehyde or ketone in the set. Put simple,
aldehydes and ketones (A) are electrophiles and H2O (B) is the
nucleophile. Keep in mind that for the 1PM, there exists no
electrophilic nor nucleophilic distinction for the species.

Moving forward to the 2PM, the protocol states that if H2O is
the electron donor, then the chemical potentials must satisfy

m�B¼H2O
4 mþA8A 2 R1ðCOHÞþR2. This inequality states that the

electrons donated through the nucleophilic (�) branch for H2O are
accepted through the electrophilic (+) branch for R1(COH)+R2. The
data reported in Table 2 shows that this condition is not satisfied
for all species. Compare, for instance, m�B¼H2O

¼ �8:77 eV with m+
A

for ClCH2(COH)+CH3, CH3CH2CH2(CHOH)+, ClCH2(COH)+CH2Cl,
and CH3CH2ClCH(CHOH)+.

Turning to the GQM, we see that the model itself complies with
the ordering for the chemical potential. Here, m�B¼H2O

¼ �6:82 eV,

while the chemical potentials mþA8A 2 R1ðCOHÞþR2 are in the
range �11.63 r m+

A r �9.27 eV. Thus, the GQM leads to conclud-
ing that water plays the nucleophile role during the hydration of
aldehydes and ketones that act as electrophiles.

For the hydration of alkenes in a strong acidic medium, the
chemical potentials reported in Table 2 for the 1PM establish
that mA 4mB¼H3O

þ8A 2 R1R2C ¼ CR3R4, indicating that all

alkenes donate electrons to the H3O+ moiety. For this reaction,
the 2PM and GQM coincide with the prediction provided by
1PM. The reason is that the chemical potentials satisfy the
inequality m�A 4 mþ

B¼H3O
þ8A 2 R1R2C ¼ CR3R4. We thus con-

clude that these three charge transfer models predict that
alkenes are nucleophiles whereas H3O+ is an electrophile.

Regarding the charge transfer analysis, Table 3 reports
detailed data for DN�A . Table 3 also highlights the columns
corresponding to the correct electrophile, DN+

A, or nucleophile,
DN�A , behavior for each set to facilitate identification. Here,
species A is reported as both an electrophile and nucleophile

Table 2 Ionization potentials, electron affinities, chemical potentials and hardness for the selected aldehydes, ketones and alkenes calculated with the
PBE+D3 density functional. I and A are in eV

I A

1PM 2PM GQM

m Z m� m+ Z m� m+ Z� Z+

Aldehydes and ketones
CH3(COH)+CH3 18.55 5.74 �12.15 12.80 �15.35 �8.94 6.40 �14.90 �9.27 7.30 7.05
ClCH2(COH)+CH3 16.18 6.21 �11.19 9.96 �13.69 �8.70 4.98 �12.18 �9.60 7.98 6.78
CH3CH2CH2(CHOH)+ 16.18 6.03 �11.10 10.15 �13.64 �8.57 5.07 �12.81 �9.45 6.74 6.84
CH3CH2(CHOH)+ 17.33 6.07 �11.70 11.25 �14.52 �8.89 5.63 �13.67 �9.75 7.33 7.34
CH3(CHOH)+ 19.43 6.31 �12.87 13.12 �16.15 �9.59 6.56 �15.51 �10.15 7.84 7.67
Cl2CH(COH)+CH3 15.68 6.73 �11.20 8.95 �13.44 �8.97 4.47 �12.43 �9.89 6.49 6.33
ClCH2(COH)+CH2Cl 15.18 6.48 �10.83 8.71 �13.01 �8.65 4.35 �11.94 �9.79 6.49 6.63
CH3CH2ClCH(CHOH)+ 15.79 6.35 �11.07 9.45 �13.43 �8.71 4.72 �12.78 �9.63 6.03 6.57
ClCH2(CHOH)+ 17.20 6.72 �11.96 10.48 �14.58 �9.34 5.24 �13.11 �10.46 8.19 7.49
CH2(OH)+ 21.41 7.29 �14.35 14.12 �17.88 �10.82 7.06 �16.61 �11.63 9.61 8.69
Cl3C(CHOH)+ 16.02 7.43 �11.72 8.59 �13.87 �9.58 4.30 �12.96 �10.73 6.12 6.61
H2O 12.55 �2.58 �4.99 15.13 �8.77 �1.20 7.57 �6.82 �0.28 11.47 5.71

Alkenes
CH2CH2 10.67 �2.40 �4.14 13.07 �7.40 �0.87 6.53 �6.71 �0.91 7.92 6.62
(Me)CHCH2 9.74 �2.55 �3.60 12.28 �6.67 �0.53 6.14 �6.19 �0.57 7.09 6.24
(Et)CHCH2 9.54 �2.43 �3.55 11.98 �6.55 �0.56 5.99 �6.16 �0.50 6.77 5.87
(n-But)CHCH2 9.47 �2.24 �3.61 11.71 �6.54 �0.69 5.85 �6.15 �0.51 6.62 5.50
E-(Me)CHCH(Me) 9.01 �2.68 �3.16 11.69 �6.09 �0.24 5.85 �5.74 �0.27 6.53 5.91
Z-(Me)CHCH(Me) 9.02 �2.55 �3.24 11.57 �6.13 �0.35 5.78 �5.74 �0.23 6.57 5.55
Z-(Et)CHCH(Et) 8.81 �1.97 �3.42 10.78 �6.12 �0.73 5.39 �5.78 �0.39 6.07 4.72
E-(Et)CHCH(Et) 8.80 �2.02 �3.39 10.82 �6.10 �0.69 5.41 �5.79 �0.40 6.03 4.84
(Me)2CCH(Me) 9.19 �2.36 �3.42 11.55 �6.30 �0.53 5.77 �5.89 �0.44 6.61 5.61
(c-Pr)CHCH2 9.01 �2.10 �3.46 11.11 �6.23 �0.68 5.56 �5.95 �0.70 6.13 5.61
(MeO)CHCH2 8.96 �2.60 �3.18 11.56 �6.07 �0.29 5.78 �5.51 �0.27 6.90 5.74
(EtO)CHCH2 8.81 �2.45 �3.18 11.26 �5.99 �0.36 5.63 �5.46 �0.22 6.71 5.34
H3O+ 24.06 5.10 �14.58 18.96 �19.32 �9.84 9.48 �17.86 �8.18 12.41 6.15
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for comparison purposes despite setting the conditions for
having a preference in the electron transfer direction. This
means that we should expect unphysical results whenever con-
sidering the opposite (incorrect) electron transference direction.
We verify this last statement in the following paragraphs.

For the first set of reactions R1(COH)+R2, Table 3 shows
DN�A 4 0 for magnitudes that should be negative, in addition to
showing some magnitudes larger than one. Both are unphysical
situations, provided that the maximum number of electrons
either donated or accepted strictly is sensibly bounded to one
for all these quadratic models. An analogous situation prevails
for the set R1R2CQCR3R4 in Table 3. The 2PM and GQM result
in DN+

A o 0 for magnitudes that should be positive, and the
absolute values for several species also are larger than unity. As
an aside, we note that for charge transfer processes where
|DN�| 4 1, proper incorporation of more energy intervals
seems mandatory.

The 1PM, however, shows no ambiguities in Table 3. Charge
partitioning results in correct signs and reasonable magnitudes
for both the R1(COH)+R2 and R1R2CQCR3R4 sets. Its limitation,
nonetheless, is that unlike the 2PM and GQM, the 1PM
provides no means for discarding charge directionality on the
basis of identifying incorrect signs for DN� or |DN�| 4 1.
Therefore, the propositions discussed previously for determin-
ing the prevailing direction of charge transfer are useful for the
2PM or GQM, but otherwise for the 1PM.

In the interest of a simpler pictorial perspective, we can use
eqn (22) as supplement to the foregoing discussion. We start
with Fig. 4 depicting the results from Table 3 for the

R1(COH)+R2 set, where eqn (22) is used to correlate pKhyd and
DN�A . We stated already that these species are electrophiles and
that charge transfer takes place through DN+

A. Notice that the
1PM and 2PM result in practically identical R2 for the nucleophilic
and electrophilic channels in Fig. 4. This means that the 1PM and
2PM cannot differentiate between an increasing Khyd as |DN�A |
increases in Fig. 4(a), from an increasing Khyd as |DN+

A| increases
in Fig. 4(b). We remind the reader that pKhyd = �log[Khyd],
meaning that Khyd is larger for a negative pKhyd than for its
positive counterpart. A different picture arises for the GQM.
Fig. 4(a) shows a nearly zero R2 for the nucleophilic channel,
which means that the GQM results in no correlation between an
increasing Khyd with an increasing |DN�A |. On the contrary, the
R2 = 0.79 in Fig. 4(b) for the GQM distinguishes successfully the
electrophilic channel for which Khyd increases with |DN+

A|.
The analogous comparison holds for the R1R2CQCR3R4 set

shown in Fig. 5, where we again use eqn (20) but now for the
correlation between log[k] and DN�A . We stated previously that
these molecules are nucleophiles and that charge transfer occurs
through DN�A . Same as before, the 1PM and 2PM flounder
differentiating between the nucleophilic and electrophilic chan-
nels. Both models result in essentially the same R2 that suggests
a failed distinction between an increasing k as |DN�A | increases in
Fig. 5(a), from an increasing k as |DN+

A| increases in Fig. 5(b).
Notice that the plot shows log[k] and not k. Once again the GQM
offers a distinct picture. Fig. 5(a) shows an R2 = 0.67 and Fig. 5(b)
an R2 = 0.28 for the nucleophilic and electrophilic channels,
respectively, evidencing the correct preference towards an
increasing k for an also increasing |DN�A | in Fig. 5(a).

Table 3 Nucleophilic DN�A and electrophilic DN+
A charge transfer according to the three quadratic models. For reference, the columns in bold font depict

the correct electrophile or nucleophile behavior for each set. The last column reports the experimental hydration equilibrium constants for aldehydes
and ketones, and the experimental kinetic rate constants for alkenes

1PM 2PM GQM

pKhydDN�A DN+
A DN�A DN+

A DN�A DN+
A

Aldehydes and ketones
CH3(COH)+CH3 �0.122 0.378 1.013 0.013 1.124 0.132 2.70
ClCH2(COH)+CH3 �0.126 0.374 0.995 �0.005 0.870 0.153 1.00
CH3CH2CH2(CHOH)+ �0.129 0.371 0.984 �0.016 1.006 0.144 0.30
CH3CH2(CHOH)+ �0.123 0.377 1.009 0.009 1.027 0.156 0.20
CH3(CHOH)+ �0.111 0.389 1.058 0.058 1.124 0.174 �0.10
Cl2CH(COH)+CH3 �0.121 0.379 1.016 0.016 0.996 0.173 �0.50
ClCH2(COH)+CH2Cl �0.127 0.373 0.990 �0.010 0.956 0.164 �1.00
CH3CH2ClCH(CHOH)+ �0.126 0.374 0.995 �0.005 1.065 0.156 �1.20
ClCH2(CHOH)+ �0.114 0.386 1.045 0.045 0.923 0.192 �1.60
CH2(OH)+ �0.090 0.410 1.140 0.140 1.066 0.239 �3.30
Cl3C(CHOH)+ �0.108 0.392 1.068 0.068 1.072 0.217 �4.50

Alkenes log[k]
CH2CH2 �0.413 0.087 �0.152 �1.152 �0.104 �0.890 �14.80
(Me)CHCH2 �0.426 0.074 �0.203 �1.203 �0.150 �0.927 �8.60
(Et)CHCH2 �0.428 0.072 �0.213 �1.213 �0.156 �0.949 �8.60
(n-But)CHCH2 �0.429 0.071 �0.215 �1.215 �0.158 �0.968 �8.40
E-(Me)CHCH(Me) �0.436 0.064 �0.245 �1.245 �0.192 �0.960 �7.80
Z-(Me)CHCH(Me) �0.436 0.064 �0.243 �1.243 �0.192 �0.982 �7.40
Z-(Et)CHCH(Et) �0.438 0.062 �0.250 �1.250 �0.196 �1.020 �7.10
E-(Et)CHCH(Et) �0.438 0.062 �0.252 �1.252 �0.196 �1.012 �7.00
(Me)2CCH(Me) �0.433 0.067 �0.232 �1.232 �0.180 �0.966 �3.70
(c-Pr)CHCH2 �0.435 0.065 �0.240 �1.240 �0.181 �0.952 �3.60
(MeO)CHCH2 �0.437 0.063 �0.247 �1.247 �0.204 �0.969 �0.10
(EtO)CHCH2 �0.439 0.061 �0.255 �1.255 �0.212 �0.993 0.20
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It also is possible to state that the GQM results in tendencies
slightly different than those observed for the other two models.
These subtle changes in DN�A can be attributed to the finer

information in the GQM due to its dependence on the frontier
orbital energies. See eqn (20) and (21). Finally, regarding the
chemical behavior for the reactants participating in these

Fig. 4 Comparison for the correlation between pKhyd and DN�A for a set of aldehydes and ketones using the 1PM, 2PM and GQM for (a) the nucleophilic
and (b) the electrophilic channels. Contour lines depict the kernel density estimation. The 1PM and 2PM result in R2 = 0.41 for both the electrophilic and
nucleophilic channels, hence failing to distinguish that aldehydes and ketones act as electrophiles during the hydration reaction. The GQM results in R2 =
0.0, and 0.79 for the nucleophilic and electrophilic channels, respectively, that allows to identify unequivocally the electrophilic nature of the aldehydes
and ketones highlighted in panel (b).

Fig. 5 Comparison for the correlation between log[k] and DN�A for a set of alkenes using the 1PM, 2PM, and GQM for (a) the nucleophilic and (b) the
electrophilic channels. Contour lines depict the kernel density estimation. The 1PM and 2PM result in the same R2 = 0.59 for both the electrophilic and
nucleophilic channels. This situation does not allow to discern between a nucleophilic or electrophilic process. The GQM results in R2 = 0.67, and 0.28 for
the nucleophilic and electrophilic channels, respectively, that allows identification of the nucleophilic nature of alkenes highlighted in panel (a).
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reactions, all three models agree in determining that the
protonated (CQO–H)+ group in aldehydes and ketones acts as
an electrophile in the presence of H2O and that the CQC group
in alkenes acts as a nucleophile when these chemical species
are in the presence of H3O+.

5 Conclusions

A generalized quadratic model was proposed by incorporating
the frontier orbital energies through an ansatz based on the
ionization theorems and Janaks theorem. The analysis of the
delocalization error for the family of quadratic charge models
provides an explanation for several results observed previously
and strengthens the considerations used in the two-parabola
model proposed by Gázquez, Cedillo, and Vela. By construc-
tion, the proposed generalized quadratic model correctly
recovers the linear behavior of the energy as a function of the
fractional occupation for the exact exchange–correlation energy
functional in the Kohn–Sham formalism. The model clearly
shows that the chemical hardness may be associated with a
measure of the delocalization error prevailing in density func-
tional approximations. The expressions derived for the electro-
donating and electroaccepting powers show that, for the exact
functional, the electrodonating power diverges, and the elec-
troacepting power is large but finite. We further evidenced that
this generalized quadratic model successfully distinguishes
between electrophilic and nucleophilic species for two sets of
hydration reactions. Previous quadratic models failed to pro-
vide an unequivocal distinction between these two charge
transfer processes. We finally showed that including frontier
orbital energies in charge transfer evaluations improves corre-
lations with experimental equilibrium and rate constants, and
that the amount of charge transfer remains within physical
bounds. The local version for this generalized quadratic model
will be reported elsewhere.
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