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Tunneling splittings in the energetically low-lying
structural isomers of the water hexamer: the
prism, the cage and the book†

Nina Tokić, a Mihael Eraković b and Marko T. Cvitaš *a

Tunneling splitting (TS) patterns of the energetically low-lying structural isomers of the water hexamer are

calculated using the modified WKB (Wentzel–Kramers–Brillouin) method in full dimensionality. TSs in the

water hexamer prism are determined for a number of excited low-frequency vibrational modes. Internal

rotation of a double-donor water monomer is identified as the mechanism that potentially plays a role in

the appearance of the TS pattern in vibrationally excited states in addition to the mechanisms that shape the

TS pattern in the ground state. The ground-state TSs of the water hexamer cage were found to form a

doublet of doublets. The finer splitting is two orders of magnitude smaller due to a stark difference in the

barrier heights for bifurcations of the water monomers at the two opposite vertices of the cage. We also

give the first estimates of the ground-state TSs in the water hexamer book structure. The TS pattern is again

a doublet of doublets, with the wider doublet of similar size to that in the cage and the narrower doublets

an order of magnitude larger than that in the cage. The case study of the cage and the book represents the

first realistic application of instanton theories to systems with symmetrically inequivalent wells.

1 Introduction

Understanding water from first principles requires a detailed
knowledge of its molecular interactions.1,2 These interactions
can be analysed on a fundamental level by studying the properties
of size-selected water clusters.3–5 Rearrangements of water clusters
between the symmetry-related, equivalent minima produce mea-
surable energy splittings of the otherwise degenerate vibrational
states. These spectroscopic signatures of tunneling at zero tem-
perature are highly sensitive to the molecular interactions along
the rearrangement pathways. They can vary over many orders of
magnitude depending on the cluster structure, the mechanism of
the rearrangement and the excitations of the vibrational modes
of the cluster.

Tunneling splittings (TSs) of vibrational states in water dimer
have been measured in experiments6–9 and found to vary over
four orders of magnitude depending on the rearrangement
mechanism.10 More recent experiments11,12 found that the vibra-
tional excitation of a librational mode magnifies the ground-
state (GS) splitting pattern up to 40 times. Water trimer, tetramer
and pentamer form hydrogen-bonded ring structures in their

minimum-energy conformations. Each water monomer acts as a
hydrogen-bond donor and acceptor with a ‘free’ hydrogen on
each monomer pointing either above or below the ring plane.
The GS splitting pattern in water trimer has been measured
experimentally13–15 and rationalized in terms of six different rear-
rangement mechanisms.16–18 The mechanisms include torsional
motion (or flip of ‘free’ hydrogen), whereby a water monomer
rotates about its in-ring hydrogen bond, while the ‘free’ hydrogen
moves from above to below the ring plane. Torsional states are
further split by bifurcations, in which the in-ring hydrogen bond is
broken and the monomer rotates about the in-plane axis passing
through its oxygen such that the ‘free’ hydrogen rotates into the
ring plane to replace the in-bond hydrogen and reforms the
hydrogen bond. Bifurcations were found to be accompanied by
one or more flips of ‘free’ hydrogens on other monomers (in the
remaining five mechanisms). Similar mechanisms are found to be
responsible for the TS pattern formation in tetramer19–21 and
pentamer22–26 (using five dominant rearrangement pathways).
Vibrational excitation of a librational mode in water trimer and
pentamer was also found to have a pronounced effect on the sizes
of the splittings, resulting in 400-fold12,27 and 4000-fold28 increases,
respectively.

Larger water clusters form three-dimensional (3D) structures.
The number of these structures is vast29 with many of them lying
close in energy. Strong directionality of hydrogen bonds results
in many competing effects affecting their energetics, which
places high demands on the accuracy of the potential energy
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surface (PES) for a reliable prediction of stable structures. In a
water hexamer, a number of low-energy isomeric structures have
been located computationally.30,31 A planar ring structure, simi-
lar in nature to those found in the smaller clusters, has been
detected in experiments.32 However, 3D structures, the so-called
cage, prism and book isomers, which were simultaneously
detected in experiments,33 have lower energies. Whether the
hexamer cage or the prism isomer lies lowest in energy has been
a subject of debate.34,35 It has now been established through
experiment33,36 and theoretical analysis31 that the cage lies the
lowest. It is only after the inclusion of the nuclear zero-point
vibrational motion that the cage structure becomes more favourable
than the prism.31 Interestingly, the energetic order reverses upon
deuteration and the prism isomer becomes more stable.35 With
growing temperature, due to entropic effects, the book structure
becomes more likely than either the cage or the prism.34

The TS pattern was measured for the hexamer cage and the
hexamer prism. It was found that the TS pattern in the hexamer
cage in the excited state at 83 cm�1 forms a triplet.36,37 This was
rationalized37,38 in terms of two rearrangement mechanisms
and the assumption of an accidental degeneracy of a pair of
states. The TS pattern in the GS of the hexamer prism was
found to form a doublet of triplets.39 Computational work
using instanton theory identified two rearrangement mecha-
nisms responsible for the formation of the spectral pattern
including one which involves a simultaneous breaking of two
hydrogen bonds.39 In the vibrationally excited librational modes,
large enhancements of TSs, of three orders of magnitude, were
found for both the hexamer cage40 and the prism,41 with the
accidental degeneracy in the cage removed. Attempts to detect
TSs in the water heptamer,42 octamer43 and nonamer44 did not
yield evidence of tunneling. Instanton calculations confirmed
that the splittings in the octamer are below the detection limit.43

TSs in the water decamers have been observed for two different
isomers44 and the widths were found to qualitatively match the
calculations using instanton theory.45

A water dimer is the only water cluster that has been solved
using exact quantum mechanics46,47 in full dimensionality.
Torsional rearrangements in water trimer48,49 and OH flipping
vibrations in the water hexamer cage50 have been studied using
variational methods in 3D and 2D reduced-dimensional
models. Recently, vibrational states of the water trimer, including
the tunneling splittings due to bifurcations, were determined in
nine dimensions,51 with all angular degrees of freedom of rigid
water monomers treated explicitly, in the calculations that reached
good agreement with experiment. The GS splitting patterns can
also be determined using diffusion Monte Carlo (DMC) methods
in reduced dimensionality.52–54 A full-dimensional treatment of
the fine splittings due to bifurcations has recently been accom-
plished using a path-integral molecular dynamics (PIMD)
approach55,56 for the water dimer, trimer and hexamer. Other
recent studies of the GS splitting patterns in water clusters, from
dimers to decamers, have employed semiclassical approaches,
instanton theory18,39,43,45 or the modified WKB26,57,58 methods.
Both PIMD and the semiclassical approaches determine tunneling
matrix elements in the so-called tunneling matrix approach,

developed in the earlier studies of water clusters.14,16,17,38 Tunnel-
ing matrix elements are calculated in separate calculations in the
limited regions of configuration space.

Modified WKB (M-WKB)59,60 and instanton methods61 for
calculating TSs are closely related. Both use the minimum action
path connecting two minima on the PES and quadratic expansions
of the potential around it in order to evaluate the energy shifts in
full dimensionality. We modified the original formulation59,60 of
the M-WKB method to treat asymmetric paths (with an asymmetry
in the potential energy profile along the path),62,63 which regularly
arise in systems with multiple minima, such as the water
clusters,64 and showed that it is equivalent to the instanton theory
in the vibrational GS.62 The M-WKB method has recently been
tested on vinyl radical65 and it was shown that it gives the TSs in
quantitative agreement, within a factor of 2–3, with the exact
quantum results. In the vibrationally excited states, it reproduces
the enhancements of TSs of three orders in magnitude in all cases
where they occur. This method was also applied to calculate TSs in
the low-lying vibrational states of water trimer,58 including the fine
structure due to bifurcations. We extended the theory66 to calculate
TSs in asymmetric systems, having minima that differ in energy or
the shape of the potential well. This allowed us to estimate the TS
patterns in the partially deuterated water trimers57 for the states
that lie in the symmetry-related minima but possess an energy
asymmetry due to a difference in their zero-point energies (ZPEs).

The objective of the present study is to apply the M-WKB
method to study the TS patterns of the low-lying isomers of
water hexamers. The GS TS pattern of the hexamer prism has
already been studied using instanton theory and the relevant
rearrangement mechanisms determined that rationalize the
experiment.39 A PIMD55 treatment of the hexamer prism
showed that the instanton results lie within a factor of two
relative to those obtained in a formally exact approach. M-WKB
allows us to calculate the TS patterns in the low-lying vibra-
tionally excited states at a similar level of accuracy and to study
the effect of modal excitations on the sizes of the splittings
below. We also apply the M-WKB method to study the GS TS
pattern in the hexamer cage and book isomers. These isomers
possess nearly degenerate minima connected by the low-barrier
OH flips,67 which we treat below using the recent modification
of the M-WKB method66 to provide numerical estimates of the
sizes of the splittings. Our calculations below present the first
application of the M-WKB method to a realistic system with
inequivalent wells having both the energy and the shape asym-
metry, in full dimensionality. A more accurate PIMD approach68

cannot be applied to any of the calculations below as it is, at
present, limited to the GS and the degenerate potential wells.
Water hexamer is a 48-dimensional system and the variational
methods could only be applied to it in reduced-dimensional
models. The choice of the appropriate coordinates to describe
the dynamics accurately then is not straight-forward, especially so
in the vibrationally excited states, which involve motion of the
whole cluster.

All the above methods for treating the rearrangement
dynamics in water clusters rely on an accurate PES. They are
thus made possible by the recent developments in constructing
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accurate water potentials. The commonly used water potentials
are the so-called CC-pol,69 WHBB,3,70,71 MB-pol72–74 and, more
recently, a new version of MB-pol75 and q-AQUA,76 a fully
ab initio potential. They all employ a many-body expansion of
the monomer potentials, up to 4-body terms, that are fits to
high-accuracy ab initio electronic energies. We use MB-pol72–74

potential below.
The paper is organized as follows. Section 2 summarizes the

M-WKB theory for calculating tunneling splittings and the
computational methods that we use to evaluate them. In
Section 3, we summarize previous work on the GS TS in water
hexamer prism and proceed to study the effect of vibrational
excitation on TSs. This is followed by the study of TSs due to
bifurcations in the GS of the hexamer cage, where we give the
first theoretical estimates of their size. We then identify the
relevant rearrangements for the appearance of the TS pattern in
the hexamer book and estimate the sizes of the splittings in its
GS. Section 4 concludes the presented results.

2 Methodology
2.1 Theoretical

In molecular systems with multiple minima, the sets of local
vibrational states of each minimum interact by tunneling via
feasible rearrangements. The tunneling interaction causes
energy shifts in their vibrational spectra. The local vibrational
states can be used as a basis set to construct the nuclear
Hamiltonian. If tunneling interaction is small compared to
the energy differences of the single-well localized states, it is
sufficient to include one such state per minimum in the basis
set. Hamiltonian is then represented by a square matrix of the
dimension equal to the number of minima that are accessible
via tunneling and is referred to as the tunneling matrix (TM).
Localized state energies of each well lie on its diagonal and
pairwise tunneling interactions are off-diagonal elements con-
necting the corresponding pair of minima that interact via
tunneling in the overlap region inside the barrier.

Tunneling interaction between the localized states of two
wells, i and j, can be evaluated using the Herring formula,77,78

hij ¼
1

2

ð
jð jÞðnrÞjðiÞ � jðiÞðnrÞjð jÞ
� �

dS; (1)

where f(i/j) are the localized wavefunctions in wells i and j, S is
the dividing plane, placed inside the barrier which separates
the two wells, with the unit normal n, oriented in the i - j
direction. Eqn (1) assumes the use of Cartesian mass-scaled
coordinates and atomic units (h� = 1). We note that the Herring
formula is valid even in the case where the wells i and j are
inequivalent and the localized states are not degenerate.66

Localized wavefunctions f(i/j) are obtained using the M-WKB
approach of ref. 62 and 63. The wavefunctions are constructed
along the characteristics of the M-WKB equations, which follow
the classical imaginary time trajectories on the inverted
potential that start out at a minimum with zero total energy
and run towards the dividing plane S. The classical path is a
continuous sequence of molecular geometries x(S) in the

f-dimensional mass-scaled coordinate space, parametrized by
the arc-length distance S from the minimum. The f-dimensional
momentum is

p ¼ dxðSÞ
dt

¼ dxðSÞ
dS

dS

dt
¼ tðSÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 VðSÞ � Vminð Þ

p
; (2)

where t is the imaginary time, t is the tangent to the path at S, V(S)
is the potential at x(S) and Vmin = V(0) is the potential at
minimum. The action integral from the minimum at S = 0 to
the dividing surface at S = SS is then

A ¼
ðSS
0

pðS0ÞdS0 ¼
ðSS
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 VðS0Þ � Vminð Þ

p
dS0; (3)

where p(S) = dS/dt is the magnitude of the momentum. The two
paths from minima i and j are connected at S in such a way that
the sum of their associated actions in eqn (3), A(i) + A( j), is
minimal. This path produces the largest amplitude of the wave-
function at S in the M-WKB approach or, in path-integral
formalism, gives the dominant contribution to the double-well
partition function, the instanton. Instanton theory61,79 and M-
WKB59,62 lead to the equivalent expression for the GS TS. In the
case of inequivalent wells, the MAP has a tangent discontinuity at
SS due to the different Vmin, in eqn (2), in wells i and j.

The M-WKB wavefunction for the GS (n = 0) and the first
excited state (n = 1) of the normal mode Ue with frequency oe at
a general geometry x then reads,63

jnðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
detA0

pf
4

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2oeð Þn

ð2n � 1Þ!!

s
FðSÞ þUTðSÞDx
� �n

� e
�1
2

Ð S
0

Tr AðS0Þ�A0ð Þ
pðS0Þ dS0

e
�
Ð S
0
pðS0ÞdS0�pTDx�1

2
DxTAðSÞDx

;

(4)

where Dx = x � x(S) is a displacement from the reference point
on the path x(S) and we drop the indices (i/j) that label minima.
The wavefunction in eqn (4) at minimum has the form of the
harmonic oscillator wavefunction. The matching to harmonic
oscillator determines the first two factors on the right-hand
side (r.h.s.) in eqn (4) as normalization constants for the GS and
the first excited state, the normal mode vector U(0) as Ue and
the f � f matrix A(0) = A0 as the square root of hessian H0 at
minimum. The evolution of F(S), U(S) and A(S) along the path is
determined by the following equations,63

pðSÞ d
dS

A ¼ HðSÞ � A2ðSÞ; (5)

pðSÞ d
dS

FðSÞ ¼ oeFðSÞ;

pðSÞ d
dS

U ¼ oeUðSÞ � AðSÞUðSÞ: (6)

Function F can also be determined63 using F(S) = Up/oe. A(S)
in eqn (5) describes the Gaussian shape of the wavefunction in
eqn (4). Its evolution is governed by H(S), Hessian of the
potential at x(S). At each reference point on the path x(S), the
wavefunction in eqn (4) represents the M-WKB solution of
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the Schrödinger equation in the full-dimensional space. The
underlying potential is a quadratic expansion of the potential
at x(S) on the path. In the third factor on the r.h.s. of eqn (4)
(for n = 1), F(S) describes the shift of the nodal plane away from
the minimum action path (MAP), while U(S) traces the direction
of the nodal plane along the MAP. The exponential factors that
follow describe the change of the amplitude due to the effect of
the change of ZPEs of normal modes along the MAP and the
Gaussian shape of the wavefunction in all space. The wavefunc-
tion amplitude decays as exp(�A) along S.

TSs are evaluated by substituting the wavefunctions f(i) and
f( j), for the wells i and j, of the form given in eqn (4), into the
Herring formula, eqn (1). Dividing surface S is set to be a plane
normal to n. n is fixed along the (p(i) � p( j)) vector evaluated at
SS. For inequivalent wells, there is a MAP tangent discontinuity
at SS and momenta p(i) and p( j) have different magnitudes and
directions at S = SS. n is parallel to the weighted mean of the
MAP tangents at the two sides of S. We note that for the
equivalent wells p(i) = �p( j) and n = t(SS). Directional deriva-
tives, (nr), in eqn (1) bring down a constant factor �|p(i)(SS) �
p( j)(SS)|/2 as the leading order contribution in front of the
product f(i)f( j) in the integrand. The product of Gaussians is
then integrated over the ( f � 1)-dimensional S analytically, one
dimension at a time, in the diagonal representation of

�A ¼ AðiÞ SSð Þ þ Að jÞ SSð Þ
2

����
?

. The symbol > means that the direc-

tion n has explicitly been projected out from %A. The final
formula for the TM element hij is given by

hij ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det 0A

ðiÞ
0 det 0A

ð jÞ
0

q
pdet 0 �A

vuut pðiÞ � pð jÞ
�� ��

2

� ~F ðiÞ
� �nðiÞ

~F ð jÞ
� �nð jÞ

þ1
2
U ðiÞT �A�1U ð jÞd1;nðiÞd1;nð jÞ

� 	

� e�pT �A�1�p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2oðiÞe
� �nðiÞ

2oð jÞe
� �nð jÞr

e
�
Ð SS
0

pðiÞdS�
Ð SS
0

pð jÞdS

� e
�1
2

Ð SS
0

Tr AðiÞ�AðiÞ
0

� �
pðiÞ

dS�1
2

Ð SS
0

Tr Að jÞ�Að jÞ
0

� �
pð jÞ

dS
;

(7)

where all quantities outside integrals are evaluated at S = SS,
%p = (p(i) + p( j))/2, F̃(i) = F(i) � U(i)T %A�1

%p, and det0 denotes the
product of all non-zero eigenvalues. Zero eigenvalues are asso-
ciated with the overall translations and rotations, while %A has
an additional one associated with n. %A�1 in eqn (7) is therefore a
pseudoinverse of %A. In the case of equivalent minima, %p = 0. In
eqn (7), the number of vibrational quanta in states (i/j) are
n(i/j) = 0 or 1.

2.2 Computational

Numerical evaluation of the TM element hij starts with the
locating of the MAP that connects minima i and j. The mole-
cular geometries at the two minima are aligned by minimizing
the Euclidean distance between them in mass-scaled Cartesian
coordinates using a quaternion-based algorithm.80 The initial

path is discretized using N system replicae with the geometries
given by a linear interpolation at equally-spaced distances S
between two minimum geometries. If the linear path passes
through physically inadmissible geometries, as it does for water
monomer rotations below, we create an intermediate geometry
explicitly, e.g., by rotating one water monomer around its C2

axis by p/2, and perform a linear interpolation at equidistant S
values using a ‘three-point’ path. The MAP is then determined
iteratively using string method81,82 that requires the evaluation
of potential gradients at all discretization points at each itera-
tion. End points of the string are fixed at minima and their
orientation, as well as all intermediate geometries are adjusted
to minimize the action integral. The convergence criterion is set
to 10�6 a.u. for the largest magnitude of the perpendicular-to-
path Nf-dimensional action gradient at a discretization point
along the string. MAP is determined by progressively increasing
the number of discretization points at subsequent optimizations.
Up to N = 1000 is used in this work. For the water hexamer cage
and book, where MAP connects minima at different energies, we
first set both Vmin’s in eqn (3) (for the wells i and j) to the lower
energy of the two minima to determine a MAP. We then use this
MAP as the initial path in the optimization in which we minimize
the sum of actions in eqn (3) evaluated on the two sides relative to
the connection point SS which, initially, is chosen at the discre-
tization point with the highest potential V. Vmin’s are thereby set to
different values in the two action integrals. The definition of the
path tangent at the connection point, used for the action gradient
projections in the string method,81,82 is adjusted to the difference
in the momenta on the two sides of the connection point.

After locating the MAP, cubic spline interpolants for mole-
cular geometries x(S), potential V(S) and Hessians H(S) are
constructed, element-by-element, from their values at the dis-
cretization points. For MAPs connecting inequivalent minima,
two interpolants are constructed on the two sides of SS. These
are used to solve for A(i/j)(S) by solving eqn (5). Cubic spline
interpolants of A(i)(S) and A( j)(S) are then constructed and used
to solve eqn (6) for each excited mode Ue of interest. Due to
p(0) = 0, there is a singularity at S = 0 in eqn (5) and (6) and the
solution at S = e is obtained using a polynomial expansion63

in H, A and U. We varied e in the interval from 0.1me
1/2a0 to

10me
1/2a0 in our calculations below. TM elements are next

calculated using eqn (7). Dependence of TM elements on N
and e is used to assess their convergence.

Finally, TM elements for all relevant rearrangements are
inserted into a TM, which is then diagonalized to give tunnel-
ing splittings. This is performed separately for each vibration-
ally excited mode of interest. The symmetry of TM eigenvectors
determines the symmetry of vibrational states, which allows
one to determine the nuclear spin degeneracies and thus the
allowed transitions and their intensity pattern. In a system with
multiple symmetry-related minima, diagonal state energies are
left out of the TM and the eigenvalues of TM give the relative
energy shifts due to tunneling. In systems with inequivalent
minima, such as in the hexamer cage and book, we use
harmonic energies of the localized states on the diagonal of
TM. These are considerably less accurate than the M-WKB TM

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

0 
M

ar
ch

 2
02

5.
 D

ow
nl

oa
de

d 
on

 1
2/

25
/2

02
5 

8:
42

:2
3 

PM
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n-
N

on
C

om
m

er
ci

al
 3

.0
 U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d5cp00155b


6942 |  Phys. Chem. Chem. Phys., 2025, 27, 6938–6957 This journal is © the Owner Societies 2025

elements. We thus concentrate only on the splittings due to
bifurcations in the lowest torsional branch of the GS of the
hexamer cage and book below.

3 Results
3.1 Prism

3.1.1 Tunneling pathways in D2d. The lowest-energy isomer
of the water hexamer is the prism shown in its equilibrium
geometry in Fig. 1. The labeling of atoms is introduced to
distinguish between different versions, the permutational iso-
mers that differ only in the labeling of atoms. Rearrangements
that interconvert versions and produce tunneling splittings of
vibrational states are termed feasible. From a large number of
possible rearrangement processes, those that break covalent
bonds and those that break many of its hydrogen bonds
simultaneously result in negligible splittings and can be
excluded from consideration. Ref. 39, in a joint experimental
and theoretical study, identified two processes that are respon-
sible for the formation of the GS splitting pattern, a doublet of
triplets, in the water hexamer prism. By means of isotopic
substitutions of 16O by 18O, it was found that monomers A
and D, labeled by their oxygen atoms, must be involved in the

relevant rearrangements. Isotopic substitutions of A and D, B
and F, or C and E, all preserve the splitting pattern. The
substitution of the heavier isotopologues in the place of A and
D resulted in a reduced splitting. Under these constraints,
instanton theory was used to estimate the sizes of the splittings
for the viable rearrangements to find those that are responsible.

The mechanism responsible for the formation of the doub-
let splitting in the hexamer prism is the antigeared double
flip39 of monomers A and D. In a simultaneous action, the
hydrogen atoms 1 and 7 on monomers A and D move from below
the basis of the prism, formed by oxygens ABC and DEF, to
above, by rotating around the bonds A-2 and D-8, respectively, in
opposite directions, as shown in Fig. 2(a). The mechanism is
labeled AD by the symbols of oxygen atoms of the monomers
involved in the motion. The motion of each monomer is similar
to the single monomer flip in water trimer, but, contrary to it, the
process breaks and reforms a hydrogen bond. It connects the
reference version in Fig. 1 to the version labeled by and related to
it by the symmetry operation (A D)(B F)(C E)(1 7)(2 8)(3 11)
(4 12)(5 9)(6 10). The operation is its own inverse and the two
minima form a symmetric double-well system. The potential
profile along the MAP is shown in Fig. 3. The MAP length is
294.3me

1/2a0, which is four times shorter than the minimum-
energy path (MEP),39 due to a large corner-cutting effect. The
barrier height along the MAP is 1602 cm�1, while it is 1041 cm�1

at the transition state. The barrier from the vibrational ground
state, corrected for the harmonic ZPE of orthogonal modes, is
636 cm�1.

The mechanism that is responsible for the triplet splitting of
each doublet branch is a geared bifurcation of monomer A and
a flip of monomer D,39 shown in Fig. 2(b). The mechanism is
labeled ÃD, whereby the atom capped by a tilde refers to the
monomer undergoing bifurcation, a similar dynamics to the
bifurcation mechanism in water trimer.18 Monomer A rotates
about the axis that is perpendicular to the monomer plane and
passing through the oxygen A, while monomer D executes
similar motion to that in the antigeared double flip AD. The
process breaks two hydrogen bonds and produces a smaller
splitting than the antigeared double flip AD. The symmetry
operation that links the two minima connected by this rear-
rangement is (A D)(B F)(C E)(1 7 2 8)(3 11)(4 12)(5 9)(6 10). Four
consecutive applications of the symmetry operation lead back

Fig. 1 Minimum-energy geometry of the water hexamer prism labeled in
its reference version.

Fig. 2 Minimum action paths of the four rearrangements in the water hexamer prism that are responsible for the formation of its tunneling splitting
pattern: (a) AD, (b) ÃD/D̃A, (c) rot C, and (d) rot E (see text for notation).
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to the reference version. The four state energies form a triplet in
each doublet branch, with the mid level doubly degenerate. The
reverse motion is associated with D̃A and the symmetry operation
(A D)(B F)(C E)(1 8 2 7)(3 11)(4 12)(5 9)(6 10). The MAP length is
320.7me

1/2a0, which is, according to ref. 39, two times shorter than
the MEP for this rearrangement. The potential along the MAP,
shown in Fig. 3, is asymmetric (with a barrier top at 52% of its
length). The MAP barrier height is 1550 cm�1, lower than that
for the double flip AD, with a transition state at 1339 cm�1. The
corrected barrier height is, on the other hand, higher, at 952 cm�1.
We also note that the MAP length is 9% longer than that of the
double flip AD.

Combined together, the two symmetry operations (for AD
and ÃD) generate a group of order 8 that is isomorphic to the
D2d point group.39 The remaining symmetry elements (apart
from the identity and D̃A) are the rotation of monomer A,
denoted ‘rot A’ and associated with the element (1 2), the
rotation of monomer D or ‘rot D’, associated with (7 8), the
double bifurcation ÃD̃, associated with (A D)(B F)(C E)(1 8)
(2 7)(3 11)(4 12)(5 9)(6 10), as well as the element (1 2)(7 8). We
determined the MAPs for these rearrangements and found that
the last one decomposes into a two-step process ÃD + D̃A
(or vice versa), achieved by applying the symmetry element for
ÃD twice. Potential curves along MAPs for the remaining
rearrangements are shown in Fig. 3. They result in higher
barriers and longer paths and, therefore, larger action in
eqn (3). Their contribution is neglected, as in ref. 39.

3.1.2 Ground-state tunneling splittings in D2d. TM in the
D2d group is an 8 � 8 matrix which has three non-zero TM
elements in each of its rows/columns (associated with AD, ÃD
and D̃A), with two of them equal in size (see Fig. 4B in ref. 39).
The resulting TS pattern is shown in Fig. 4. The left-most set of
energy levels displays the doublet splitting due to the anti-
geared double flip AD of width 2ha, where ha is the associated
TM element (adopting notation from ref. 39). In the mid set,
the geared ÃD/D̃A mechanism is introduced with its TM

element hg. Each doublet branch resolves into a triplet with
relative energies 2hg, 0 and �2hg. TM eigenvectors allow one to
determine the symmetries of vibrational states in D2d, given in
Fig. 4, and the nuclear-spin statistical weights of the sextet
states, given in ref. 39 and, for the fully deuterated hexamer-d12,
in ref. 41.

TM elements ha and hg in the GS have been determined
using instanton theory and experiment in ref. 39 and, later,
using formally exact PIMD in ref. 55. They are compared on the
MB-pol PES in Table 1 of ref. 55. Our M-WKB calculation of the
TM element for the antigeared AD flip gives ha = �0.74 MHz,
which is in agreement with �0.75 MHz of ref. 39 and it
overestimates the PIMD result by a factor of 1.85. The PIMD
result lies within 5% of the experimental value.39 This likely
means that the error in our calculation originates mainly from
the anharmonicity of the potential in directions orthogonal
to the MAP, and not from the approximations introduced by using
the TM model. For the geared ÃD/D̃A mechanism, we obtain
hg = �0.10 MHz, in good agreement with both, �0.11 MHz of
ref. 39 and �0.12 MHz obtained using PIMD.55 The experi-
mental value is �0.073 MHz, or E30% smaller. The difference

Fig. 4 Tunneling splitting pattern of the vibrational ground state of the
water hexamer prism on MB-pol PES.72–74 The vertical sets of levels, from
the left to right, are the energy splittings due to the mechanisms: AD, AD +
ÃD/D̃A, and AD + ÃD/D̃A + rot E + rot C, respectively. See the text for
notation.

Fig. 3 Potential energy curves along the minimum action paths for
different rearrangement mechanisms in the water hexamer prism. See
the text for notation.
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between the PIMD and experiment could potentially be attrib-
uted to the accuracy of the PES. Instanton calculations39 of TM
elements using the potential of ref. 3 differ from those obtained
using MB-pol by 36% for hg and 17% for ha, which suggest that
the potential is possibly more accurate in the region probed by
the mechanism AD.

3.1.3 Tunneling pathways and symmetry analysis in G32.
Vibrational excitations can have a drastic effect on the sizes of
the splittings. Ref. 41 measured a more than 1000-fold increase
in the TM element for the geared ÃD/D̃A mechanism in the fully
deuterated water hexamer-d12 prism for the excited librational
mode at 510 cm�1. GS showed no measurable splittings, which
indicates that |hg| o 1 MHz, while |hg| = 1720 MHz, in the
excited state. In systems with multiple tunneling pathways, the
sizes of the TM elements are mode specific; the excitation of a
particular vibrational mode can increase the size of one TM
element and decrease the size of another, or even change its
sign.58 For that reason, we calculated the TM elements in the
low-lying vibrational modes of the hexamer prism for all single-
step mechanisms discussed above, as well as the rotations of
water monomers B, C, E and F, associated with the symmetry
elements (3 4), (5 6), (9 10) and (11 12), respectively. The MAP
barriers for mechanisms ‘rot B’ and ‘rot F’ (not shown in Fig. 3)
are higher, at 3333 cm�1 and 3901 cm�1 with the MAP lengths
of 316.2me

1/2a0 and 322.5me
1/2a0, respectively. They can be

neglected along with the single-step processes of ‘rot A’,
‘rot D’ and ÃD̃. ‘rot E’ and ‘rot C’ mechanisms have higher
barriers along their MAPs than mechanisms AD and ÃD/D̃A,
1782 cm�1 and 1910 cm�1, but they pass near transition states
at 1135 cm�1 and 1310 cm�1, which are comparable. The
corrected barrier heights from the GS, including harmonic
contributions of orthogonal modes at transition state, are
755 cm�1 and 898 cm�1, lower than for the geared ÃD/D̃A
motion, but higher than for the antigeared double flip AD. The
MAP potentials are shown in Fig. 3. We note that the tunneling
in ‘rot E’ and ‘rot C’ proceeds over wider barriers than AD and
ÃD/D̃A, with MAP lengths of 341.9me

1/2a0 and 357.7me
1/2a0, and

that the paths are asymmetric, with the barrier top at 50.8%
and 55.6% of the full pathway, respectively. The relevance of
these processes to the splitting pattern is discussed next.

Inclusion of ‘rot E’ and ‘rot C’ mechanisms through TM
elements hE and hC, respectively, generates a group G32 of order
32. TM is then a 32 � 32 matrix with five non-zero elements in
each row/column; one associated with ha, hE and hC and two
with hg. Any minimum can be accessed in a maximum of five
single-step processes. The group elements divide into 14
classes, defined in Table 9. We devised its character table in
Table 10 and therewith defined the names of irreducible
representations (irreps) of the group. Symmetries of tunneling
states, Gtun, are found by reducing the representation of the full
set of localized single-well states,64 which has character 32 for
identity and zero for all other symmetry elements. One obtains
Gtun = A1a " A1b " A2a " A2b " B1a " B1b " B2a " B2b "
2E1a " 2E1b " 2E2 " 2E3 " 2E4 " 2E5. All one-dimensional
representations appear only once in our set of tunneling states,
which allows one to construct a symmetry-adapted linear

combination of localized states for each of them uniquely.
Expectation value of TM in symbolic form in a state of a
particular symmetry gives us an analytical expression for its
energy. Two-dimensional representations appear twice in the
set of tunneling states. We generate four different symmetry-
adapted vectors of the particular symmetry and use them to
construct a 4 � 4 representation of the TM in this subspace in
symbolic form. Diagonalization of this matrix leads to a biqua-
dratic equation and gives us pairs of energies of two doubly-
degenerate states. The analytic expressions for energy levels in
terms of TM elements are given in Table 1 in the order in which
they appear in the GS of water hexamer prism, i.e., assuming
that |ha| c |hg| c |hE| E |hC| and that all TM elements are
negative. Setting hE = hC = 0 reproduces the set of D2d energies.
Each branch of the D2d sextet now splits into a triplet of equal
width 2|hC + hE|. The triplet is equally spaced only if hC = hE in
this TM model.

Total internal wavefunction is the product of rovibrational
state and the nuclear spin state, Grovib # Gnuc * Gint. The
wavefunction must be antisymmetric under an exchange of
hydrogen nuclei and symmetric under an exchange of oxygen
nuclei, and its symmetry is thus Gint = B1b. Inversion is not a
symmetry element of the group and there are thus two sets of
degenerate prism states. Nuclear spin states span Gnuc = 666A1a

" 78A1b " 66A2a " 6A2b " 78B1a " 48B1b " 630B2a " 66B2b

" 432E1a " 48E1b " 144E2 " 144E3 " 432E4 " 48E5. In the
rotational ground state, the rotations do not affect the symme-
try, so the vibrational tunneling states have the following
statistical weights: Gvib = 10A1a " 78A1b " 66A2a " 630A2b

" 78B1a " 666B1b " 6B2a " 66B2b " 48E1a " 432E1b "

Table 1 Analytic expressions for the tunneling energy levels of the water
hexamer prism. Energy levels are labeled by the irreducible representations
of the G32 group

E(A1a) ¼ ha + 2hg + hE + hC

E E4ð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ha þ 2hg
� �2þ hE � hCð Þ2

q
E(A1b) ¼ ha + 2hg � (hE + hC)

E(E1a) ¼ ha + hE + hC

E E2=E3ð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ha2 þ hE � hCð Þ2

q
E(E1b) ¼ ha � (hE + hC)

E(B1a) ¼ ha � 2hg + hE + hC

E E5ð Þ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ha � 2hg
� �2þ hE � hCð Þ2

q
E(B1b) ¼ ha � 2hg � (hE + hC)

E(A2a) ¼ �(ha � 2hg) + hE + hC

E E5ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ha � 2hg
� �2þ hE � hCð Þ2

q
E(A2b) ¼ �(ha � 2hg) � (hE + hC)

E(E1a) ¼ �ha + hE + hC

E E2=E3ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ha2 þ hE � hCð Þ2

q
E(E1b) ¼ �ha � (hE + hC)

E(B2a) ¼ �(ha + 2hg) + hE + hC

E E4ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ha þ 2hg
� �2þ hE � hCð Þ2

q
E(B2b) ¼ �(ha + 2hg) � (hE + hC)
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144E2 " 144E3 " 48E4 " 432E5. For the fully deuterated
hexamer-d12 prism, internal wavefunction is of Gint = A1a

symmetry and the statistical weights are then Gvib = 52 650A1a

" 13 203A1b " 13 041A2a " 3240A2b " 13 203B1a " 3321B1b

" 52 326B2a " 13 041B2b " 52 488E1a " 13 122E1b "
26 244E2 " 26 244E3 " 52 488E4 " 13 122E5. None of the
states have a statistical weight zero. Following the analysis of
ref. 39 in the D2d group, the representation of the dipole
moment operator has character 3 under all group operations
that do not switch the oxygens A and D and character�1 for the
operations that do and thus require a rotation Rp

0 to return the
oxygen framework into its initial configuration. Therefore,
Gdip = A1a " 2B2a. The largest dipole component lies along
the principal axis that points approximately perpendicular to
the two triangular bases of the prism and is of B2a symmetry.

TM elements for the four rearrangement mechanisms dis-
cussed above and computed using the M-WKB method are
listed in Table 2 for the GS and the 13 excited lowest-frequency
normal modes of the prism. TM elements hE and hC include a
multiplicative factor of two to take into account the clockwise
and counter-clockwise monomer rotation, in an analogous way
to the acceptor tunneling motion in water dimer.18 The con-
vergence properties of the method degrade for the states with
higher excitation energies. We use a heuristic definition of the
uncertainty in TM element as the maximum deviation in its size
when e is varied in the interval 0.1–10me

1/2a0 and N between
100–1000. The uncertainty in the states GS-5 is less than 2%.
The uncertainty in the TM elements for the excited modes 6–13
goes up to 40%, with several exceptions where the error is
larger. The excited mode 10 for ÃD/D̃A, 9, 10 and 12 for ‘rot E’,
and 12 and 13 for ‘rot C’ come with relative errors of 50–100%.
The sizes of the TM elements for ‘rot E’ in the excited modes 11
and 13 and for ‘rot C’ in the excited mode 8 are smaller than
1.4 � 10�6 cm�1, 4.0 � 10�5 cm�1 and 1.0 � 10�6 cm�1,
respectively, with its sign uncertain. They are thus set to zero
in Table 2.

TM elements in the excited states are determined by
the projections of U(SS) on the eigenvectors of A(S) with

eigenvalues oi(S). These projections at S are obtained by
integration of eqn (6) and exhibit, adiabatically, an exponential
growth p exp[(oe � oi)t] for oi o oe. Tiny projections of Ue at
S = e on lower frequency eigenvectors of A can lead to signifi-
cant contributions at S = SS and this creates numerical noise
that leads to uncertainty in the results58 and finally to the
failure of the method for the higher excited modes.58,65,83,84

3.1.4 Ground-state tunneling splittings in G32. The TS
pattern in the GS of the water hexamer prism is obtained by
inserting the TM elements in Table 2 into expressions in
Table 1. It is displayed in the right-most set of lines in Fig. 4.
The calculated energies are given as shifts relative to the GS energy
of the single-well localized GS. Each sextet branch is split into a
triplet with a width of 6.3 � 10�6 cm�1 (or 0.2 MHz). This is
comparable to the ÃD/D̃A splitting. The largest B2a component of
the dipole induces the transitions between A1a 2 B2a, A1b 2 B2b

and E4 2 E4 which overlap the pair of lines for the A1 2 B2

transition in the D2d group analysis of the spectrum in ref. 39. The
analogous analysis applies to the transitions B1 2 A2 and E 2 E
in D2d. Ref. 39 does not report a change in the splitting pattern
when monomers C and E are substituted by the heavier 18O
isotopes. This means that hE is overestimated by a factor of more
than two, because the effect of this mechanism was not captured
in the experiment. hC is smaller by an order of magnitude than hE

and is not manifested in the appearance of the TS pattern.
A way to reveal whether the ‘rot E’ mechanism is relevant for

the GS TS pattern of the hexamer prism would be to perform
measurements on the hexamer prism with the deuterated
monomers A and D. TM elements for that isotopologue,
obtained using M-WKB, are reported in the ESI† in Table S1.
Our calculations estimate that the GS splitting due to ‘rot E’ is
then reduced by 9% to 5.32 � 10�6 cm�1 (or 0.16 MHz), which
is smaller than the observed ÃD/D̃A splitting with line separa-
tion of 0.29 MHz. Nevertheless, it could possibly be observed
if the calculations do not overestimate it. In the excited modes
1–5, the ‘rot E’ splitting is up to 16% enhanced (in the excited
mode 2) and does not change appreciably. The TM elements for
other mechanisms are 1–3 orders of magnitude smaller.

3.1.5 Excited-state tunneling splittings in G32. In Fig. 5, we
plot the widths of the AD doublet, the ÃD/D̃A triplets and the

Table 2 Tunneling matrix (TM) elements of the water hexamer prism
(H2O)6 on MB-pol PES72–74 for rearrangement paths AD (ha), ÃD/D̃A (hg),
rot E (hE) and rot C (hC) in the vibrational ground state and the 13 lowest-
frequency excited vibrational modes in cm�1

Mode oe ha/10�5 hg/10�6 hE/10�6 hC/10�7

GS 0 �2.47 �3.44 �2.92 �2.09
1 62.1 �2.29 �3.53 �3.44 �2.71
2 72.0 �2.95 �4.48 �3.29 �2.33
3 74.4 �0.759 0.0639 �2.96 �2.38
4 110 �0.814 1.56 �2.89 �6.20
5 120 �1.20 �0.351 4.17 �2.09
6 150 �1.5 �2.6 �13.6 �0.60
7 172 �2.0 �1.8 �17.2 7.7
8 179 �5.6 �3.0 �10 0
9 204 �2.7 �10 �4.0 �14
10 218 �19 33 12 �2.8
11 230 �1.9 10 0 �26
12 240 �0.13 2.5 �20 6.0
13 271 �2.7 7.0 0 �22

Fig. 5 Widths of the energy splittings in the water hexamer prism: doublet
width 2|ha|, triplet width 4|hg| and a further triplet width 2|hE + hC| for the
ground state and the 13 lowest-frequency excited vibrational modes. See
the text for details.
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‘rot E + C’ triplets, that are equal to 2|ha|, 4|hg| and 2|hE + hC|,
respectively, for the GS and the excited modes 1–13. As evident
in the figure, TS patterns in the excited modes 1, 2, 9, 10 and 13
will have a similar appearance to the GS TS pattern (noting also
that |hE| c |hC|). TM element ha has the same sign in all the
studied excited states. hg changes sign in the excited modes
10 and 13 and thus the order of the states in each triplet in the
D2d group in Fig. 4 is reversed. The same holds true for the
triplet levels in the G32 group for the excited mode 10, where hE

has the opposite sign to the GS and the order of levels is
reversed. The size of ha varies from that in the excited mode 12,
where it is reduced by a factor of E20 compared to the GS
(uncertainty of 30%), to the excited mode 10, where it is
increased by a factor of 7.7 (uncertainty of 5%). The limits of
variation in hg relative to the GS are between the reduced size,
by a factor of E50 in the excited mode 3, to the increased size,
by a factor of E10 in the excited mode 10.

The 13 lowest frequency normal modes of vibration of the
hexamer prism are depicted in the ESI† in Fig. S1. Normal
modes below E270 cm�1, 15 in count, are the shape deforma-
tion modes and torsional modes of ‘free’ hydrogens 3, 7 and 11.
Torsions are significantly mixed into modes 10, 12 and 13–15.
The region between E270–1000 cm�1 contains librational
modes and has been accessed in a previous experiment,41 but
is outside the convergence domain of the present theory.
Intramolecular monomer modes lie above 1600 cm�1. Tor-
sional motion of monomer D in the excited mode 10 is seen
to significantly enhance the splitting due to AD and ÃD/D̃A
mechanisms. The excitation of the longitudinal mode, the one
with the largest projection on the MAP (Uet) at e, usually results
in the enhancement of the associated splitting.63 For the AD
mechanism, the longitudinal mode is mode 3 and its excitation
results in the decreased |ha|. This is the result of the cancela-
tion of two terms in the brackets in the 2nd line of eqn (7).
Large F term (1st term in the bracket) is the usual cause of the
enhancement, but, in this case, mode 3 is diabatically con-
nected to mode 4 at the transition state and this results with a
large U-term (2nd term in the bracket) of opposite sign, due to
the alignment of U(SS) with the eigenvector of %A. Other MAPs
have no distinct longitudinal mode, and we thus observe no
large TS enhancements for the excited low-frequency modes.

In the excited modes 3–8, TM element |hE| 4 |hg| (hC is non-
manifest). The TS pattern for the excited mode 3 is shown in
Fig. 6. The appearance is similar to the GS TS pattern, but the
underlying mechanisms of ÃD/D̃A and ‘rot E/C’ switch roles.
From left to right, the sets of levels show the doublet splitting
induced by ha, further splittings induced by the monomer
rotations hE/C (with hg set to zero) and finally the full splitting
pattern, including hg, consisting of 18 energy levels, now in a
different order relative to the GS, as the symmetry labels suggest.
The mechanisms included in the mid set of levels in Fig. 6 do
not form a group. The fine splitting of triplets into triplets due to
ÃD/D̃A in Fig. 6 is below the current experimental resolution.39

In the excited mode 12, the sizes of all widths in Fig. 4 are
reversed. The uncertainties in ha, hg, hE and hC are 30%, 20%,
50% and 90%, respectively. Inside of these error ranges, TM

elements do not change order (apart from possibly hE and hC).
The TS pattern in this state, shown in Fig. 7, is highly spec-
ulative, due to the high uncertainties in the TM element sizes.
However, in this example, we show how the TS patterns in higher
vibrational states might appear. The left-most set of levels dis-
plays the doublet of doublets splitting due to the largest TM
elements, hE and hC (with ha and hg set to zero), whereby hC is
non-negligible here. The mid set of levels includes the hg

contribution, in which both doublets split their branches into
a doublet and a triplet, which overlap. In the full splitting pattern
on the right side of the figure, each branch is further split into a
doublet by ha apart from levels at energies �(hE � hC).

3.1.6 Isotopic substitutions. We also calculated the TS
patterns in the GS and the excited low-lying modes 1–5 for
the isotopically substituted hexamer prism (H2

18O)6. The
results are summarised in the ESI† in Table S2. TM elements
in the GS are reduced by 17% for AD, ÃD/D̃A and ‘rot C’ and by
42% for ‘rot E’. Monomer rotation thus plays a smaller role in
this case. In the excited modes 1 and 2, a small decrease of TSs
relative to 16O-prims is also present, while the TSs in modes 3–5
are very similar for both isotopologues.

Fig. 6 Tunneling splitting pattern of the excited vibrational mode 3 of the
water hexamer prism on MB-pol PES.72–74 The sets of levels, from left to
right, are the energy splittings due to AD, AD + rot E + rot C, and AD + ÃD/
D̃A + rot E + rot C. See the text for notation.
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For the fully deuterated hexamer-d12 prism, (D2O)6, the TS
pattern is unobservable. Results are given in the ESI† in Table S3.
The low-lying normal modes of hexamer-d12 align well with the
normal modes of the hexamer-h12. The AD doublet width in the
GS is 7.7 � 10�8 cm�1, while the ÃD/D̃A triplet width is 10 times

smaller. The mechanisms ‘rot E/C’ are negligible for the appear-
ance of the TS pattern for all states (with a 10 times smaller triplet
width in the GS), apart from the excited mode 5, where the
mechanism ÃD/D̃A and ‘rot E’ give approximately equal contribu-
tions. The sizes of the TM elements for AD and ÃD/D̃A upon
excitation vary in a similar way to the hexamer-h12.

3.2 Cage

The most stable isomer of the water hexamer is the cage shown in
its equilibrium geometry in Fig. 8 (1), where atom labels are also
introduced. Its minimum is 89.1 cm�1 higher in energy than the
minimum of the hexamer prism in Fig. 1, on MB-pol PES, but the
harmonic ZPE is 91.4 cm�1 smaller than that of the prism, making
it slightly more stable. More accurate calculations of the ZPEs85

confirm this. The other three minimum structures of the cage,
shown in Fig. 8 (2–4), are linked to it by a torsional flip of the
terminal OH bonds in the doubly-bonded monomers A and B.36,67

Potential energies of cage structures i = 1–4 at their respective
minima, Vmin,i, differ by no more than 56.6 cm�1, as seen in Table 3.
The total local GS energies Ei, including the ZPE in harmonic
approximation, bring them closer together, within 21.5 cm�1.

3.2.1 Dynamics of flips. Single OH flip of monomer B
connects cage isomers 1 2 2 and 3 2 4. The MAP for the
former is shown in Fig. 9(a). The MAPs of the two flips are
168.2me

1/2a0 and 168.6me
1/2a0 long and have a slight asymmetry,

with barriers at 50.6% and 51.3% along the pathway at 175 cm�1

and 183 cm�1 relative to cage 1 and cage 3 minima, respectively.
The ZPE corrected barriers are �9.67 cm�1 and �3.24 cm�1

relative to cage 1 and 3, respectively. Flip of monomer A connects
minima 1 2 3 and 2 2 4. The MAPs of these mechanisms are
shorter, 111.6me

1/2a0 and 111.3me
1/2a0, have a more asymmetric

potential profile along the MAP, with minima at 58.7% and 63.3%
along the pathway, and lower barriers, 56.4 cm�1 and 59.8 cm�1,
respectively. Corrected GS barrier heights, relative to the cage 1
and 2 GSs, are �57.9 cm�1 and �52.7 cm�1, respectively. Flips of
monomer A and B are over-barrier motions and the cage GS is a
superposition of four cage structures,38,67,85 bringing further
stabilization of its energy with respect to the hexamer prism.

Fig. 7 Tunneling splitting pattern of the excited vibrational mode 12 of the
water hexamer prism on MB-pol PES.72–74 The sets of levels, from left to
right, are the energy splittings due to rot E + rot C, rot E + rot C + ÃD/D̃A,
and AD + ÃD/D̃A + rot E + rot C. See the text for notation.

Fig. 8 Equilibrium geometries of four non-degenerate minima of the water hexamer cage ordered in energy 1–4 on MB-pol PES.72–74
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The localized GS wavefunctions fi of the four non-
degenerate cage structures i may be used as a basis to construct
a 4 � 4 Hamiltonian matrix, in an analogous way to the design of
TM. Diagonal entries of the TM are the local GS energies Ei of
cage i = 1–4 in Table 3. Off-diagonal TM elements hij

A/B quantify
the interactions between the cage structures i and j and the letter
in the subscript indicates the monomer involved in the motion.
They are calculated using M-WKB and given in Table 4. Eigenva-
lues of TM are then the energies of the four states, delocalized
over four cage structures, and form a quartet. The energy level
shifts relative to the cage 1 GS are �115 cm�1, �54.9 cm�1,
73.8 cm�1, and 133 cm�1. It is known that the instanton theories
overestimate the TM elements for the over-barrier states
significantly.58 The off-diagonal TM elements are similar in size
to the diagonal energies Ei and also to the excitation energies of
vibrational modes, which may consequently interact. The error is
thus of similar size to the energy differences of vibrational states.
It is therefore not possible to give meaningful estimates of the
state energies using only the harmonic energies and M-WKB TM
elements. Nevertheless, we list the coefficients ci of the wavefunc-

tion, cGS ¼
P4
i¼1

ciji, in the lowest branch of the quartet, in

Table 3. They are compared there with the coefficients cMM
i ,

obtained as a square root of the isomer fractions of the cage,
calculated in the DMC study of ref. 85 on the same PES. We use
these coefficients to estimate the tunneling splittings in the
lowest branch of the GS quartet due to bifurcations, below.

3.2.2 Dynamics of bifurcations and symmetry analysis.
Bifurcation mechanisms, which break and reform hydrogen
bonds in the hexamer cage, were first identified in ref. 36 and
37 as rotations of monomers A and B in cage structure 1. Other
mechanisms were also identified and found to be irrelevant to
the TS pattern in a theoretical study of ref. 67. Subsequently,
ref. 38 considered four cage isomers linked by flips between the
structures, as described above, and also by bifurcations, that
change structures and switch the positions of hydrogens 1 and
2 in monomer A, or 3 and 4 in monomer B, in the process. The

Table 3 Relative energies of the water hexamer cage isomers in Fig. 8
(1–4) on MB-pol PES72–74 in cm�1. The first column refers to the potential
energies relative to cage 1; the second column refers to the total energy
differences, including harmonic zero-point energy; the third and fourth
column list the coefficients of the ground-state wavefunction as a super-

position of localized single-well cage 1–4 states, cGS ¼
P4
i¼1

ciji , obtained

using M-WKB and using isomer fractions from ref. 85, cMM
i

Cage Vmin,i Ei ci cMM
i

1 0 0 0.559 0.574
2 12.8 3.63 0.480 0.537
3 31.3 11.7 0.519 0.454
4 56.6 21.5 0.433 0.418

Fig. 9 Minimum action paths of the rearrangement mechanisms in the water hexamer cage involving a doubly-bonded water monomer: (a) flip B,
(b) bifurcation B̃ and (c) rotation of monomer B (rot B).

Table 4 Tunneling matrix elements of the water hexamer cage isomers in
Fig. 8 (1–4) on MB-pol PES72–74 in the ground state (GS) and the excited
modes 1–15, in cm�1. Labels are defined in the text

Mode hB
12 hB

34 hA
13 hA

24

GS �30.6 �28.8 �95.6 �92.2

hB̃
12/10�4 hB̃

34/10�4 hÃ
13/10�5 hÃ

24/10�6

GS �7.65 �8.09 �1.04 �6.16
1 �7.67 �8.11 �1.06 �6.18
2 7.70 8.11 �0.414 �3.08
3 8.07 8.51 1.08 6.39
4 �7.99 �8.42 �1.08 �5.74
5 �7.34 �7.74 �1.08 �7.13
6 �8.1 �5.5 �0.56 —
7 �9.0 3.8 3.0 0
8 �7.7 �8.9 �0.78 �5
9 �9.0 �9.7 �3 —
10 �13 �15 — —
11 �7.0 5.0 �2 �6
12 �9.1 �11 �1 �12
13 �3.0 �4.6 �1 —
14 �70 60 — �15
15 �3 �8 �100 150
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MAP for bifurcation mechanism B̃, which links cage structures
1 and 2 and also switches the hydrogen 3 by 4 in the hydrogen
bond, is shown in Fig. 9(b). The rotation of monomer B, shown
in Fig. 9(c), can thus be viewed as a flip B from cage 1 to cage 2,
followed by a bifurcation B̃ back from cage 2 to cage 1.

The switching of hydrogens (1 2) and (3 4) generates a 4-
element molecular symmetry group of the cage that is iso-
morphic to the point group C2v. Its character table is given in
Table 3 of ref. 37. Here, we follow ref. 38 and use the C2v irrep
names. Each cage structure has four additional versions gen-
erated by the permutations of hydrogens. The localized GS
wavefunctions of the 16 minima are denoted as jk

i , where
i = 1–4 and k = E, (1 2), (3 4) or (1 2)(3 4). Ref. 38 constructs a
16 � 16 TM as a matrix representation of Hamiltonian in this
basis. The states jk

i have energies Ei. TM elements for flips hij
A/B

in Table 4 link the like, i.e., same k, permutational isomers of
cage i and j. TM elements for bifurcations, denoted hij

Ã/B̃, link
different permutational isomers of cage i and j, specifically,
those that are connected by the symmetry element (3 4) for hB̃

12

and hB̃
34, and by the symmetry element (1 2) for hÃ

13 and hÃ
24.

There are thus four non-zero off-diagonal TM elements in each
row/column of TM. Diagonalization of the TM produces a TS
pattern in which the flips split the GS into a quartet and
bifurcations further split each quartet branch into another
quartet, whereby we assumed that |hij

A/B| c |hij
Ã/B̃|.

In order to determine the TS pattern due to bifurcations in
the lowest branch of the flip quartet, we note that the GS of a
particular symmetry in C2v(M) can be written as a linear
combination of fi’s of that symmetry with coefficients ci from
Table 3. Each fi of a particular symmetry is uniquely obtained
as a symmetry-adapted linear combination of jk

i , since all
irreps of the group are one-dimensional. The energies of the
four states comprising the bifurcation quartet in the lowest flip
quartet branch are obtained analytically as expectation values
of the TM in symbolic form, whereby we set energies Ei and TM
elements for the flips to zero. These have been used to
determine ci above. The resulting energies are listed in Table 5.

The remaining task is to determine the TM elements for
bifurcations using M-WKB. The MAPs for bifurcation B̃ linking
cages 1 2 2 and 3 2 4 are 234.0me

1/2a0 and 233.5me
1/2a0 long,

slightly asymmetric with barriers at 50.9% and 51.0% along the
pathway, having heights of 1041 cm�1 and 1055 cm�1. The
nearby transition states are at 989.3 cm�1 and 1006 cm�1 and
the corrected barrier heights are 815 cm�1 and 809 cm�1,
relative to the GSs of cage 1 and 3, respectively. Potential

profiles along the MAPs for the flip and the bifurcation of
monomer B linking cages 1 and 2 are shown in Fig. 10 (red
line). The MAPs for bifurcation Ã linking cages 1 2 3 and
2 2 4 are significantly longer, 301.8me

1/2a0 and 306.8me
1/2a0,

with larger barriers, 1597 cm�1 and 1679 cm�1 at 49.7% and
49.9% along the pathway, respectively. Transition state energies
are 1503 cm�1 and 1586 cm�1, with corrected barrier heights of
1228 cm�1 and 1299 cm�1 relative to the GS of cage 1 and 2,
respectively. Potential profiles along the MAPs for the flip and
the bifurcation of monomer A linking cage structures 1 and 3
are also shown in Fig. 10 (black). The inset in the figure
compares the MAP for the rotation of monomer A with that of
the flip followed by a bifurcation. The paths link the same
versions, but the ‘rot A’ mechanism is shorter. Due to a corner
cutting effect, the MAP for rotation does not quite reach the
cage 3 minimum. The direct route of rotation may contribute
some additional flux in the TM matrix, but we neglect it here
because it would lead to the double-counting of contributions
due to a large overlap with the two-step process of the flip
followed by a bifurcation. Moreover, it is not possible to calculate
the TM element for all rotations in cages 1–4 using M-WKB. The
rotation of monomer A in cage 3, rotation of monomer B in
cage 2 and rotation of A and B in cage 4, all proceed along MAPs
that pass near the lower-energy minima. The present M-WKB
formalism cannot be applied to the regions of space where the
potential is lower than that at the end points of the path (see
eqn (2)). We also note here that the multiplication of the TM
element for rotation, calculated on a single MAP, by two, to take
into account the monomer rotation in the opposite senses,
corresponds to two two-step processes of a flip followed by a
bifurcation and vice versa, in our treatment here.

TM elements for bifurcations in the GS and several excited
vibrational modes, numbered in order of the increasing fre-
quency, are listed in Table 4. Again, convergence within E2% is
achieved for the states up to the excited mode 5. The accuracy

Fig. 10 Potential energy curves along the minimum action paths (MAP)
for the flip (dashed line) and the bifurcation (full line) of the doubly-bonded
monomers A (black) and B (red), positioned at the opposite vertices of the
water hexamer cage. The inset shows the potential energy curve along the
combined MAP for flip (A) and bifurcation (Ã) (black) alongside the MAP for
rotation (blue) of monomer A.

Table 5 Analytic expressions for the tunneling energy levels of the water
hexamer cage in terms of the coefficients ci in Table 3 and the bifurcation
tunneling matrix elements in Table 4. Coefficient ci describes the parent
vibrational state as a linear combination of cage structures i = 1–4. Energy
levels are labeled by the irreducible representations of the C2v group.
Notation is defined in the text

E(A1) = 2c1c2hB̃
12 + 2c1c3hÃ

13 + 2c2c4hÃ
24 + 2c3c4hB̃

34

E(B1) = 2c1c2hB̃
12 � 2c1c3hÃ

13 � 2c2c4hÃ
24 + 2c3c4hB̃

34

E(A2) = �2c1c2hB̃
12 + 2c1c3hÃ

13 + 2c2c4hÃ
24 � 2c3c4hB̃

34

E(B2) = �2c1c2hB̃
12 � 2c1c3hÃ

13 � 2c2c4hÃ
24 � 2c3c4hB̃

34
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of the results drops for higher states and is similar to that
reported for the hexamer prism above. The excited modes 1–15
lie in the frequency range from 43 cm�1 to 267 cm�1 and they
are associated with the cage shape distortions and torsions of
‘free’ OH bonds. Librations correspond to mode 17 and higher.
Significant torsional motion of monomer A is present in modes
7–9, while the torsion of monomer B is present in modes 14, 11
and 12. Longitudinal mode, the one with the largest projection
on MAP tangent at e, is either mode 1 or 2, but the excitation in
those modes does not result in any significant increase of the
associated TM element. The TM elements are largely unchanged
in the excited modes 1–5. We observed a large enhancement of
the TM elements in the excited modes 14 and 15, but no case in
which the TM element for mechanism Ã is larger than that for
mechanism B̃. We have also calculated the TM elements for the
rotation of other water monomers in the cage and found that, in
the GS and other low-lying vibrational states, they lie in the
region 10�10–10�8 cm�1 and can safely be neglected.

3.2.3 Tunneling splittings. The TS pattern in the lowest flip
quartet branch is obtained by inserting coefficients ci from
Table 3 and TM elements from Table 4 in the expressions given
in Table 5. The splittings are schematically presented in Fig. 11
(left panel). The GS is split into a doublet with a width of 1.55 �
10�3 cm�1, whereby each branch is further split into a doublet
with a width of 1.72 � 10�5 cm�1. The larger splitting is due to
mechanism B̃ and the smaller due to mechanism Ã. We
recalculated the widths using coefficients cMM

i estimated from
the isomer populations in the DMC study of ref. 85, and obtain
practically unchanged results; the B̃ splitting is 1.56 � 10�3 cm�1

and the Ã splitting is 1.64 � 10�5 cm�1. If we only consider the
cage 1 isomer and neglect the presence of other isomers in Fig. 8,
as in ref. 36 and 37, the recalculated TS pattern, using the TM
elements for the mechanisms ‘rot B’ and ‘rot A’, results in a B̃
width of 2|hrot B| = 3.48 � 10�3 cm�1 and an Ã width of 2|hrot A| =
8.12 � 10�5 cm�1.

In a terahertz laser spectroscopy experiment, ref. 36 and 37
interpreted the measured TS pattern in the hexamer cage at the
band origin of 83 cm�1 as an equally spaced triplet, having the
width of 1.28 � 10�4 cm�1. The TS pattern was rationalized in
terms of two bifurcation mechanisms, ‘rot A’ and ‘rot B’, having
equal TM elements and thereby causing an accidental degen-
eracy of the A2 and B1 energy levels, as shown schematically in
Fig. 11 (right panel). Our calculations do not support the

presumption that the two mechanisms give equal contributions
either in the GS or the low-lying excited states. A large differ-
ence in the barriers along the two rearrangement paths, shown
in Fig. 10, underlies our results, while the accuracy of the PES is
validated by the correct structures it predicts. Ref. 37 presents
detailed arguments in support of the accidental degeneracy,
including absence of Stark shifts, the correct predicted inten-
sity pattern of transitions and the rotational spacings. Coeffi-
cients ci in the vibrationally excited states cannot be predicted
using harmonic approximation and M-WKB TM elements, but it
is evident that the excited states will make a highly delocalized
mixture of localized vibrational states of different cage isomers.
The coefficients ci, with |ci| r 1 and

P
ci
2 ¼ 1, are not easily

tuned to reproduce the TS pattern in Fig. 11 (right panel). They
would need to satisfy c1c2 E �c3c4 to bring about the partial
cancellation of hB̃

12 and hB̃
34 terms (assuming hB̃

12 E hB̃
34), in

order to reduce the overall width of the TS pattern to E10�4 cm�1

as observed in experiment. With this requirement, the bifurcation
mechanisms Ã also interfere destructively in the TS pattern
(assuming they are of the same sign) and, using values in
Table 4, cannot quite reach the magnitude of 3.2 � 10�5 cm�1,
as observed. The ci’s in the relevant excited state could possibly be
obtained in a separate calculation, e.g., using a reduced-
dimensional model, in view of the fact that the dynamics of flips,
which determines them, is predominantly localized at the two
opposite vertices of the cage. The GS TS pattern that we report
here is not very sensitive to the exact knowledge of ci’s and
depends mainly on our estimates of the TM elements for bifurca-
tions. Bifurcations are tunneling motions through large barriers
and, in this regime, M-WKB is expected to deliver quantitative
results, as exact quantum calculations in the hexamer prism55 and
the vinyl radical65 show.

In another experiment,40 the TS pattern of a hexamer cage
was measured in a librational band at 525 cm�1. TM elements
for the mechanisms Ã and B̃ were estimated at 0.171 cm�1 and
0.0892 cm�1. This region of spectrum is outside the limits of
M-WKB, but large enhancements for modes that are parallel to
the rearrangement path is not surprising. We note, however,
that the experiment implies |hrot A| 4 |hrot B|, which is certainly
possible, although the barrier for mechanism Ã is substantially
higher. Further investigations are therefore needed in order to
reconcile theoretical results with the experimental findings.

3.3 Book

Hexamer book in its equilibrium geometry is shown in Fig. 12 (1).
Atom labels are again introduced to distinguish different permuta-
tional isomers. The potential energy of the book isomer 1 in its
minimum is 369 cm�1 higher than that of the hexamer prism in
Fig. 1, and 280 cm�1 higher than that of the cage 1 in Fig. 8 (1). Its
harmonic ZPE is 296 cm�1 smaller than in the prism and
204 cm�1 smaller than in cage 1. The GS energy of the book is
thus 73.4 cm�1 above the prism and 75.7 cm�1 above the cage 1.

Following the steps we have taken to determine the TS
pattern in the cage, we looked for other minimum structures
by flipping of ‘free’ H atoms of the book and found five relevant

Fig. 11 A qualitative diagram of the tunneling splitting pattern of the water
hexamer cage in the ground state, obtained using theory, and in the
excited state at 83 cm�1, determined in the experiment of ref. 36.
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minima; four are shown in Fig. 12 and one in the ESI† in
Fig. S2. The potential energies Vmin,i of book structures i = 2–5
and their total local GS energies Ei, which include the harmonic
ZPE contribution, relative to book 1, are listed in Table 6.

3.3.1 Dynamics of flips. We then determined the MAPs that
connect minima 1–5 to reveal the mechanisms. A simultaneous
flip of monomers A and B, denoted AB, connects book structures
1 2 2 and 3 2 4. The geometries along the MAP for the double
flip AB connecting book 1 2 2 are shown superposed in
Fig. 13(a). The MAP length is 256.8me

1/2a0 and the potential along
the MAP, shown in Fig. 14 (black line), has a barrier of 293 cm�1

relative to book 1. The MAP for the double flip AB between book
structures 3 2 4 has a barrier of 370 cm�1 relative to book 3 and

Fig. 12 Equilibrium geometries of four non-degenerate minima of the water hexamer book ordered in energy 1–4 on MB-pol PES.72–74

Table 6 Relative energies of the water hexamer book isomers in Fig. 12
(1–4) on MB-pol PES72–74 in cm�1. The first column refers to the potential
energies relative to book 1; the second column refers to the total energy
differences, including harmonic zero-point energy; the third and fourth
columns list the coefficients of the ground-state wavefunction as a super-

position of localized single-well book 1–4 states, cGS ¼
P4
i¼1

ciji , obtained

using M-WKB using four (ci), three (cthree
i ) and two (ctwo

i ) book structures in
the model. See the text for details

Book Vmin,i Ei ci cthree
i ctwo

i

1 0 0 0.900 0.905 0.905
2 19.3 29.0 0.430 0.422 0.425
3 73.0 94.9 0.0581 0.0535
4 349 271 0.0291
5 200 106

Fig. 13 Minimum action paths of the rearrangement mechanisms in the water hexamer book, involving water monomers A and B (see Fig. 12): (a) flip AB,
(b) bifurcation ÃB, (c) bifurcation B̃A, (d) rotation of monomer A (rot A), and (e) rotation of monomer B (rot B).
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the length of 276.1me
1/2a0. Analogously, a double flip CD connects

book structures 1 2 3 and 2 2 4 with MAPs with lengths
of 349.7me

1/2a0 and 302.9me
1/2a0, and barriers of 359 cm�1 and

491 cm�1, relative to book 1 and 2, respectively. Book structure 5
connects by a flip of monomer D to book 1 with a MAP barrier of
1.65 cm�1 at the distance of SS = 18.32me

1/2a0 from the minimum.
The frequency of the book-5 normal mode, that is parallel to the
MAP near the minimum, is 33.7 cm�1. This kind of shallow well
cannot accommodate a localized ‘bound’ state that can serve as a
basis function in the TM approach and cannot be adequately
treated using M-WKB. We thus use the localized GS wavefunctions
of book 1–4 as basis functions fi in the TM model. This does not
mean that the region around the minimum of book 5 is excluded
from the treatment. The wavefunction along the paths that pass
near it is constructed via M-WKB equations. Book structure 5 also
connects via a flip of monomer C to book 3, with a barrier of
59.9 cm�1. All paths have an asymmetric potential profile along
the MAP and a derivative discontinuity at the barrier top, since
they connect minima at different energies. Action is calculated
using eqn (3), with Vmin set at different values on the two sides of
the dividing surface S.

A 4� 4 TM is constructed using the local GS energies Ei from
Table 6 on diagonal and TM elements hij

AB/CD calculated via
M-WKB in Table 7 at positions ij. There are two non-zero off-
diagonal elements per row/column for the mechanisms of a
double-flip AB and CD. Energies are obtained as �8.75 cm�1,
36.3 cm�1, 93.5 cm�1 and 274 cm�1. The interaction between
the states of different book isomers brings a further stabili-
zation of its energy, but does not change the energy ordering
with the cage or the prism. TM elements for the flips are similar
in size to the energy differences between the excited vibrational
states (five normal modes have frequencies below 100 cm�1)
with which they may consequently interact. Due to the low
vibrational frequencies of the book modes, the spread of the
wavefunction is significant. Rearrangements start off from
minima with a visually noticeable skeletal deformation over a

flat region of the potential. Although the anharmonicity along
the path is captured using M-WKB, it can still significantly
affect the accuracy in other directions due to a large wavefunc-
tion spread. Therefore, we again concentrate on the lowest
branch of the flip quartet to study its splitting pattern due to
bifurcations below. The eigenvector of the TM that corresponds
to its lowest eigenvalue gives us the coefficients ci, listed in
Table 6, of the delocalized GS wavefunction (of the lowest

quartet branch), cGS ¼
P4
i¼1

ciji. We also list the coefficients in

the three- and two-structure models cthree/two
i in Table 6, which

only include book isomers 1–3 and 1–2, respectively, for
later use.

3.3.2 Dynamics of bifurcations and symmetry analysis.
Book structures linked by a double flip AB/CD can also be
linked by bifurcations. The bifurcating monomer rotates
around the axis perpendicular to the monomer plane to replace
the hydrogen in the hydrogen bond by its ‘free’ hydrogen.
Thereby, the in-bond hydrogen emerges on the opposite side
of the book plane as ‘free’ hydrogen. This motion is accompa-
nied by a flip of a monomer on the same side of the book. The
mechanisms ÃB and B̃A, whereby the bifurcating monomer is
capped by a tilde in our notation, are shown in Fig. 13(b) and (c),
respectively. They link the same book structures as a double-flip
AB, but the hydrogen atoms on the bifurcating monomer switch
places in the final structure relative to the version reached by a
double flip. For each of the four double flips discussed above,
there are thus additionally two bifurcations mechanisms, con-
sisting of a bifurcation accompanied by a simultaneous flip.
These mechanisms are analogous to the mechanisms A1 (C̃A)
and A2 (C̃B) in water trimer18 and the mechanisms ÃE and B̃C in
water pentamer,57 which link equivalent minima.

The mechanisms ÃB, B̃A, C̃D and D̃C involve a permutation
of hydrogens (1 2), (3 4), (5 6) and (7 8), respectively. These four
elements generate a 16-element commutative molecular symme-
try group of the book, G16. Each element is in a class of its own
and we constructed its character table in the ESI† in Table S4 and
named its irreps A1 � A16. Symmetries of tunneling states are

obtained as Gtun ¼
P16
i¼1

Ai. The internal wavefunction of (H2O)6 is

Fig. 14 Potential energy curves along the minimum action paths for the
mechanisms of a double-flip AB, a bifurcation accompanied by a flip ÃB
and B̃A, and rotations of monomers A (rot A) and B (rot B), all shown in
Fig. 13. See the text for notation.

Table 7 Tunneling matrix elements of the water hexamer book (H2O)6 on
MB-pol PES72–74 for rearrangement paths AB, ÃB, B̃A, CD, C̃D, D̃C, and rot
A–D, connecting book structures 1–4, in the vibrational ground state,
given in cm�1. See the text for notation

hAB
12 �17.5 hrot A

11 �2.66 � 10�4

hÃB
12 �1.09 � 10�3 hrot B

11 �5.22 � 10�5

hB̃A
12 �1.35 � 10�4 hrot C

11 �1.84 � 10�5

hCD
13 �6.11 hrot D

11 �6.92 � 10�6

hC̃D
13 �5.81 � 10�5 hrot A

22 �5.02 � 10�4

hD̃C
13 �2.56 � 10�5 hrot B

22 �1.26 � 10�4

hCD
24 �16.5 hrot C

22 �5.50 � 10�6

hC̃D
24 �2.11 � 10�4 hrot D

22 �1.53 � 10�6

hD̃C
24 �6.03 � 10�5 hrot A

33 �1.79 � 10�5

hAB
34 �18.0 hrot B

33 �2.94 � 10�5

hÃB
34 �4.79 � 10�4 hrot C

33 �7.12 � 10�5

hB̃A
34 �2.67 � 10�4 hrot D

33 �3.10 � 10�5
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of Gint = A16 symmetry and of (D2O)6 is of Gint = A1 symmetry.
Nuclear-spin statistical weights of vibrational tunneling states,
that govern the intensities of transitions, are given in the ESI† in
Table S5 for the rotational ground state. No states have zero
statistical weight.

In a two-structure model (book 1 and 2 in Fig. 12) discussed
below, only mechanisms ÃB and B̃A are admitted in the TM
model. The molecular symmetry group consists of four ele-
ments and is isomorphic to the C2v point group. We choose the
correspondence between its elements as (3 4) � C2, (1 2) �
sv(xz) and (1 2)(3 4) � sv(yz) to define the irreps. The tunneling
states are then obtained as Gtun = A1 " A2 " B1 " B2 and the
internal wavefunction of (H2O)6 is of Gint = B2 symmetry and of
(D2O)6 is of Gint = A1 symmetry. Nuclear-spin statistical weights
of the rotation-less tunneling states are Gvib = 256A1 " 768A2 "
768B1 " 2304B2 for (H2O)6 and Gvib = 236 196A1 " 118 098A2

" 118 098B1 " 59 049B2 for (D2O)6.
Each book structure i = 1–4 therefore has 16 permutational

isomers, labeled by k. TM is a 64 � 64 matrix in the jk
i basis set,

where i labels structures and k labels group elements. TM
elements for AB, ÃB, B̃A, CD, C̃D and D̃C, each linking two
pairs of book structures, are inserted at appropriate positions
in TM, following the procedure described for the cage above.
We also consider internal monomer rotations below, linking
like i structures, with its TM element denoted hii

rot X, where
X = A–D, and i = 1–4. The eigenvalues of TM give the vibrational
spectrum, whereby the lowest 16 states constitute the lowest
flip quartet branch. Alternatively, we can derive the analytical
expressions for the energy levels, as we have done for the cage
in Table 5. We construct a state of a particular symmetry

species in G16 as ji ¼
P
k

wkf
k
i , where wk are characters of the

particular irrep (given in the ESI† in Table S4) and normalize it.
We then combine the states fi using coefficients ci from Table 6
and calculate the expectation value of TM in symbolic form,
thereby setting the local GS energies Ei and the TM elements for
flips hij

AB/CD to zero, for each symmetry species in G16, to obtain
analytical expressions for the energy shifts of vibrational states
in the lowest quartet branch of the hexamer book. These are
given in the ESI† in Table S6.

TM elements for all book mechanisms, which we deter-
mined using M-WKB, are listed in Table 7. We also calculated
the TM elements for double bifurcations, e.g., ÃB̃, and for the
rotations of the remaining two monomers (not labeled) and
found them to be negligible, of the order 10�9–10�11 cm�1. The
bifurcation mechanisms involving monomers Ã–D̃ that start off
from the book structure 1 have MAP barriers/MAP lengths of
951 cm�1/317.0me

1/2a0, 1249 cm�1/359.0me
1/2a0, 1195 cm�1/

419.9me
1/2a0 and 1569 cm�1/417.3me

1/2a0, respectively.
Potential energy profiles of ÃB and B̃A (1 2 2) are shown in
Fig. 14. MAP properties of bifurcation mechanisms involving
monomers Ã–D̃ that start off from the energetically higher book
structures are similar, with path lengths within 15% and
barrier heights within 20% of the corresponding monomer
motions proceeding from book 1. Bifurcation MAPs of mono-
mers B̃–D̃ become shorter in the higher structures, and all the

barriers become higher (relative to the same monomer motion
from the lower book structure). The sizes of the TM elements
accordingly get larger in the order Ã–D̃, which results in the
clear separation of splitting widths in the TS pattern below.
We also calculated the TM elements for internal monomer
rotations, in Table 7, for book structures 1–3. The MAPs for
monomer rotations in book 4 pass through regions where the
potential energy falls below Vmin,4 (apart from ‘rot D’), so they
are not listed. Potential energy profiles for internal monomer
rotations exhibit either two maxima or two inflexion points on
one side of the dividing surface S; those for ‘rot A’ and ‘rot B’ in
book 1 are shown in Fig. 14.

3.3.3 Ground-state tunneling splittings. The TS pattern of
the hexamer book is schematically shown in Fig. 15 with
symmetry labels of C2v(M) and G16, as appropriate. Inclusion
of the bifurcation mechanism involving monomers Ã–D̃, in that
order, splits degenerate levels into equally-spaced doublets
with widths wA � wD, as defined by Fig. 15. Table 8 lists the
widths of the doublets obtained numerically, depending on
which TM elements we include in the TM. In the first three
columns, we include the TM elements for flips/bifurcations and
exclude those for the monomer rotations from the model. The
treatment is then analogous to the hexamer cage above. The
first column lists the widths obtained by including all book
structures 1–4 in a 64 � 64 TM. In the second column, we
exclude book 4, which lies highest in energy, in a 48 � 48 TM

Fig. 15 A qualitative diagram of the tunneling splitting pattern of the
water hexamer book in its ground state. The diagram defines the widths
wA � wD of the splittings due to the bifurcations of monomers A–D in
Fig. 12. M-WKB estimates of the widths are given in Table 8. Levels are
labeled using the C2v and G16 irreducible representations, as appropriate.
See the text for details.
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model. In the third column, we also exclude book 3 and use a
32 � 32 TM. We note that the largest splittings wA and wB, due
to the mechanisms involving Ã/B̃, are already converged in a
two-structure (book 1 and 2) model. The TS pattern is a doublet
of doublets, with widths of 1.7 � 10�3 cm�1 and 2.1 �
10�4 cm�1, respectively. It is qualitatively similar to the TS
pattern obtained for the hexamer cage, but has an order of
magnitude larger widths of the finer doublet splittings. The
splittings due to bifurcations C̃/D̃ are an order of magnitude
smaller than B̃. The inclusion of book 4 in the TM model brings
an additional factor of E2 to their widths wC/D.

It is not clear whether the exclusion of the TM elements for
monomer rotations is justifiable since they do not clearly
decompose into a combination of flips and a bifurcation, as
they do in the hexamer cage. When the MAPs for rotations
(using them as initial paths) are relaxed to MEPs, we find that
‘rot A’ decomposes into ÃB + B + A for all book structures 1–4.
Similarly, ‘rot C’ decomposes into C̃D + D + C. On the other
hand, the MEP for ‘rot D’ decomposes as D̃ + D in book
structures 1–3, while ‘rot B’ does not decompose into flips/
bifurcations. This suggests that only the TM elements for ‘rot B’
and ‘rot D’ should be included in TM, as the other mechanisms
are already represented by the model, at least in part. Some
additional flux through the dividing surface due to a direct
mechanism of rotation, on top of that included by the two-step
process of a flip and bifurcation, is expected, but cannot be
quantified using the present approach. In the fourth column of
Table 8, we list the widths obtained by including all TM
elements for monomer rotations to expose the uncertainty
introduced by the TM model (in addition to that of the M-
WKB approximation). Widths wC and wD are more affected by
inclusion of additional mechanisms (by a factor of E2.5), while
wA and wB increase by 36% and 62%, respectively. In the fifth
column, we list the corresponding widths in the two-structure
(book 1 and 2) model. In general, the widths wA � wD are, to
within 1%, given by the number in column 1 or column 4 in
Table 8, depending on whether the particular monomer rota-
tion A–D is excluded or not, respectively.

In summary, the splittings wA and wB are determined more
reliably than the fine splittings due to bifurcations involving
monomers C and D. Our estimates of wC and wD are

exacerbated by the existence of book structure 5 and also by
the fact that the TM elements that connect to the energetically
higher book structures are larger in size. Our best estimate is
that the TS pattern in the water hexamer book is a doublet of
doublets. The larger width, due to Ã, is 1.7 � 10�3 cm�1, where
we disregarded the ‘rot A’ contribution, while the smaller
splittings, due to B̃, are 3.4 � 10�4 cm�1, where we included
the ‘rot B’ mechanism. The finer splittings due to C̃ and D̃ are
2.3 � 10�5 cm�1 and 2.0 � 10�5 cm�1, where in the latter we
included the rotation of monomer D. Finally, we note that the
widths estimated using only the TM elements for monomer
rotation in book 1 as wX = 2|hrot X

11|, for X = A–D, from Table 8,
give results within a factor of E2–3 to our best estimates
obtained above.

4 Conclusions

We applied the M-WKB method62,63 in full dimensionality to
calculate the TS patterns of energetically low-lying structural
isomers of the water hexamer; in particular, the hexamer prism,
the cage and the book. M-WKB is a semiclassical method, closely
related to the instanton method, which gives equivalent results to
it in the GS, but can also be used to calculate the TSs in the
vibrationally excited states at little additional computational cost.

The GS TS pattern in the water hexamer prism has been
determined experimentally and interpreted in terms of two
rearrangement mechanisms, identified using instanton theory,
in ref. 39. We calculated the TS patterns in the low-lying
vibrationally excited states of the prism and identified an
additional mechanism, the rotation of a double-donor mono-
mer, that potentially plays a role in shaping of the TS patterns
in the excited states. We find that there are no significant
changes of the TS sizes in the excited modes 1 and 2 (numbered
in order of their frequencies). In the excited modes 3–7, the TS
sizes are reduced and the rotation of monomer C, in Fig. 1,
competes with its TS size with the so-called geared double-flip
mechanism of ref. 39. A significant enhancement (E8�) of the
overall TS width is found in the excited mode 10.

In the water hexamer cage, we determined the TS pattern in
its GS, delocalized over four cage minima linked by torsional
flips of the terminal OH bonds at the two opposite vertices of
the cage, due to bifurcations. The TS pattern and the respon-
sible mechanisms were first hypothesized in ref. 36 and 38. We
find that the GS TS pattern is a doublet of doublets. The larger
splitting is due to the bifurcation of monomer B, in Fig. 8, and
is of the order of 10�3 cm�1, while the smaller splitting, due to
bifurcation of monomer A, is two orders of magnitude smaller.
The TSs in the vibrationally excited states of the cage cannot be
reliably estimated using the present method because the local
harmonic energies, TM elements that link different cage struc-
tures, and the error associated with the M-WKB method used to
determine them, are comparable in magnitude. Nevertheless,
we find that, based on the TM element sizes for bifurcations in
the excited states, it is difficult to reconcile the present findings
with the experiment of ref. 36. The accidental degeneracy of the

Table 8 Tunneling splitting widths wA�wD in the vibrational ground state
of the water hexamer book, as defined by Fig. 15, in cm�1. In the first set,
columns 1–3, the tunneling matrix (TM) model includes all TM elements for
flips and bifurcations listed in Table 7 involving book structures 1–4, 1–3,
and 1–2, respectively. The second set, columns 1 and 2, additionally
include the TM elements for rotations, rot A–D, in 4-structure and
2-structure TM models, respectively. See the text for details

wA 1.69 � 10�3 1.66 � 10�3 1.68 � 10�3

wB 2.11 � 10�4 2.06 � 10�4 2.08 � 10�4

wC 2.27 � 10�5 1.12 � 10�5 0
wD 8.37 � 10�6 4.95 � 10�6 0

wA 2.31 � 10�3 2.30 � 10�3

wB 3.42 � 10�4 3.39 � 10�4

wC 5.51 � 10�5 0
wD 2.04 � 10�5 0
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TM element sizes for the bifurcations of monomers A and B,
used in the interpretation, is not reproduced here due to a large
difference in the barrier heights along the associated
rearrangement paths.

We also determined the TS pattern in the GS of the water
hexamer book, delocalized over four minima linked by the
double OH flips at four terminal water monomers, due to
bifurcations. We found that the TS pattern is a doublet of
doublets. The larger splitting is similar in size to that in the
cage, while the smaller doublet splittings are an order of
magnitude smaller. The responsible mechanisms are the
monomer motions on one side of the book (monomers A and
B in Fig. 12). The monomer motions on the other side of
the book (monomer C and D in Fig. 12) cause further
doublet splittings which are an order of magnitude smaller
(E10�5 cm�1) and may play a role in the shaping of TS patterns
in the vibrationally excited states.

The M-WKB method is expected to correctly predict the
mechanisms responsible for the formation of TS patterns. In
the systems with symmetry-related minima, such as the water
hexamer prism, M-WKB results lie within a factor of two of the
exact quantum methods on the same PES.55 Previous studies
found that it correctly predicts large enhancements of the TSs
in the vibrationally excited states whenever they occur.65 The
study of the water hexamer cage and the book presents the first
application of instanton theories to systems with symmetrically
inequivalent minima. This brings an additional uncertainty in
the results and prevents us from studying the TSs in the
vibrationally excited states. Furthermore, low eigenfrequencies
of the hexamer book imply a larger error associated with the
anharmonicity of the potential energy in directions perpendi-
cular to the rearrangement path. The associated error sizes are
difficult to estimate, but the correct trends in the TS sizes and
identifications of the responsible modes for the pattern for-
mation are expected to hold. The use of perturbation theory86

or higher-order WKB approaches87 could potentially be
employed in the future to estimate the errors associated with
the anharmonicity in transverse directions relative to the
rearrangement path. The minimum-action paths, determined
here, could potentially facilitate in the development and appli-
cation of sampling approaches, such as PIMD,55 in more
accurate treatments in the future.
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128, 8170–8189.
52 D. Blume and K. B. Whaley, J. Chem. Phys., 2000, 112,

2218–2226.
53 J. K. Gregory and D. C. Clary, J. Chem. Phys., 1995, 102, 7817.
54 J. K. Gregory and D. C. Clary, J. Chem. Phys., 1996, 105, 6626.
55 C. L. Vaillant, D. J. Wales and S. C. Althorpe, J. Phys. Chem.

Lett., 2019, 10, 7300–7304.
56 Y.-C. Zhu, S. Yang, J.-X. Zeng, W. Fang, L. Jiang, D. H. Zhang

and X.-Z. Li, J. Am. Chem. Soc., 2022, 144, 21356–21362.
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