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Advanced association theory for monoethylene
glycol: thermodynamic perturbation theory,
Monte Carlo simulation, and equation of
state parametrization

Mahmood Abdi and Hassan Hassanzadeh *

Thermodynamic perturbation theory (TPT) is a breakthrough in developing an equation of state for systems

containing hydrogen bonding. In this work, we derive the association contribution to Helmholtz’s free energy

for spherical particles composed of four patchy sites and verified it by performing Monte Carlo (MC)

simulations. The theory suggests that the site placement significantly impacts the system’s phase behavior at

constant temperature and density. We apply our theory to correlate and predict the experimental phase

behavior data of pure monoethylene glycol (MEG) and its binary mixtures with non-associating molecules

(including methane, ethane, propane, and hydrogen) and compare the theory’s performance with the case

where the association contribution to the system’s pressure is based on first-order TPT (TPT1). Our theory

outperforms TPT1 in terms of error and predictive capabilities for the physical properties of pure MEG. In the

binary mixture application, TPT1 presents a better predictive ability for the mole fraction of the non-associating

molecule in the glycol-rich liquid than our theory.

1. Introduction

Monoethylene glycol (MEG) has various applications in hydrate
inhibition,1–4 gas separation,5 and toluene catalytic oxidation.6

The phase behavior of MEG is crucial in designing experiments
and operation conditions in these applications. MEG was
studied by Grenner et al.7 in the PC SAFT framework, where
the 4C association scheme (two negative and two positive sites)
was considered for MEG. In addition, Kruger et al.8 considered
various association schemes for MEG in the cubic plus associa-
tion (CPA) EoS framework. They presented multiple idealiza-
tions for the association sites of MEG. Among these, the 4F
association scheme, which includes two negative and two
bipolar sites, provided the most accurate phase behavior
predictions.

A thermodynamic study of fluid behavior is feasible by
incorporating the necessary idealizations. In molecular studies,
one of these idealizations is related to the geometrical structure
of the objective molecule. Patchy particles are used to idealize
the structures of hydrogen-bonding molecules in statistical
thermodynamics, spanning applications from molecular simu-
lation to the derivation of equations of state (EoS). This
molecular model facilitates analytical evaluations of graphs of

partition functions in various ensembles. In molecular
biology,9 the globular proteins are represented by patchy sphe-
rical particles, enabling researchers to study their self-
assembly. In the thermodynamic study of polymer–enzyme
conjugate formation,10 the polymer chain is represented by a
connected chain of patchy spherical particles, where each patch
is equivalent to a specific functional group. All these mentioned
idealizations facilitated the thermodynamic modeling of self-
assembly.

Wertheim’s thermodynamic perturbation theory (TPT)11–14

is used to study the phase behavior of patchy particles.
Wertheim developed the original theory for molecules contain-
ing monovalent associating sites. There are several studies
where the researchers developed TPT-based models for parti-
cles containing multivalent patchy associating sites.15–18 First-
order TPT (TPT1) considers the first-order graphs in
Wertheim’s theory. The TPT1 formulation demonstrates lim-
ited predictive capabilities when an association in one patch
interferes with an association in another. In this case, TPT1
overcounts the number of particles self-assembled into chain
formations. Wertheim developed the resumed TPT1 for hard
spheres with glue spot bonding and applied it to equilibrium
polymerization.19 Depending on the placement of sites, parti-
cles self-assemble into ring formation. TPT considers all types
of associating ring structures. In this context, Sear and
Jackson20 developed an analytical formulation for the integrals
corresponding to ring graphs in TPT. The original formulation
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of TPT does not consider the doubly-bonded dimer graphs. Sear
and Jackson21 evaluated the doubly-bonded dimer graph and
investigated its contribution to Helmholtz’s free energy of the
system studied by Wertheim in equilibrium polymerization.
Furthermore, the geometrical integrals associated with
resumed TPT1, rings, and doubly-bonded dimers require care-
ful mathematical investigation for patchy sites. Marshall and
Chapman22 developed TPT for a two-patch system to address
this by simultaneously considering resumed TPT1, rings, and
doubly-bonded dimers. They evaluated the geometrical inte-
grals as a function of bond angle and patch size. As a result,
their theory’s results agreed with the Monte Carlo (MC)
simulation.

TPT quantifies the contribution of highly directional attrac-
tive forces to Helmholtz’s free energy. By integrating this theory
and physical contributions such as ideal gas, hard-chain, hard-
sphere, and dispersion, the EoS that describes the system is
obtained. Moreover, the statistical associating fluid theory
(SAFT) developed by Chapman23 combines physical terms with
TPT1. Consequently, the derived EoS is a general formulation
that is applied to all systems. However, moving from TPT1 to
higher-order graphs in TPT makes the SAFT formulation case-
specific. In this context, Haghmoradi et al.24 developed a new
TPT formulation that can be applied to water by assuming that
water is a spherical particle composed of one divalent (oxygen)
and two monovalent (hydrogen) patchy sites. Similarly, Hagh-
moradi and Chapman25 developed TPT for hydrogen fluoride
by idealizing its molecular structure as a spherical patchy
particle with two monovalent patches. Their final EoS success-
fully predicted the phase change data. Additionally, Marshall26

considered the contribution of the doubly-bonded dimer
graphs in EoS formulation for various carboxylic acids. The
theory was applied to acid–alkane and acid–alcohol mixtures,
and their Txy and Pxy phase diagrams were successfully pre-
dicted. In another work, Marshall27 investigated the effect of
steric hindrance in associating chain formation in EoS deriva-
tion for methanol and ethanol. The new EoS outperformed
TPT1 in predicting liquid density and heat of vaporization.

In this work, we develop the TPT for a patchy particle
characterized by four patchy sites, taking into account the
effect of ring, double-bond, and steric hindrance in chain
formation. This work advances the previous research con-
ducted by Marshall and Chapman22 on a two-patch system.
To validate our theory, we perform Monte Carlo (MC) simula-
tions in both the NVT and NPT ensembles. Additionally, we
integrate our theory with the physical terms in PC SAFT and
apply the EoS to predict the phase behavior of MEG.

2. Theory and simulation
2.1. Theory

Statistical thermodynamics is a powerful tool in developing
equations of state. In this area, all fundamental equations
are based on the probability of finding particles at
specific conditions (location, orientation, and momentum).

This probabilistic evaluation of states is done in various
ensembles, including canonical, Gibbs, and grand canonical
ensembles. The normalizer of the probability function is called
the partition function. In the grand canonical ensemble, the
grand partition function represents the sum of all possible
microstates in a system with fixed volume, temperature,
chemical potential, and external potential. This sum is repre-
sented by graphical cluster expansion, where the points carry a
fugacity factor in each graph and are connected via bonds. This
cluster expansion is called fugacity expansion. The grand
partition function is expressed with density expansion using
an appropriate topological reduction, where each point carries
a density factor. Wertheim used this density expansion to
develop the thermodynamic perturbation theory (TPT) for
fluids with highly directional attractive forces. In this theory,
the residual Helmholtz’s free energy due to attractive forces is
expressed as follows:

A rf g½ � � AR r½ �
VkBT

¼ Aassoc

VkBT
¼ r ln

r0
r
þ rþQ� Dc 0ð Þ

V
; (1)

Q ¼ �rþ
X

a�Gn+
sG�aca; sg ¼

X
y�g

ry; (2)

ca ¼
@ Dc 0ð Þ�V� �
@sG�a

; (3)

where A, AR, r, r0, V, kB, and T, are the Helmholtz free energy,
Helmholtz free energy at reference conditions, number density,
monomer density, volume, Boltzmann constant, and tempera-
ture, respectively. The term Dc(0)/V is the associating graph
contribution to the fundamental graph sum that encodes all
the highly directional attractive interactions. In eqn (2), ry is
the density of molecules bonded at the site set y. The central
part of developing the theory is the evaluation of Dc(0)/V. The
molecular model studied in this work is a spherical four-patch
particle (Fig. 1). Patch size is represented by bc, and the angle
between the centers of two adjacent patches, A and B, is shown
by aAB. In this molecular model, the patches are distributed
around the equator. The square-well potential is used to define
the interaction between two patches on particles 1 and 2

Fig. 1 Schematics of patchy particles. (a) Patch size. (b) The angle
between adjacent sites.
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(jSP(12)), as described by Bol:28

jSP 12ð Þ ¼ �eSP r12 o rc; b
ð1Þ
S obc; b

ð2Þ
P obc

0 Otherwise

�
; (4)

which has proven highly effective in describing interactions
between patchy particles. Wertheim first used the notation (1)
in eqn (4), which represents the location and orientation of a
particle. r12 denotes the distance between the centers of parti-
cles (1) and (2). b(1)

S defines the angle between the center of the
patch S and the line connecting the centers of particles (1) and
(2). The constraints rc and bc are set such that it ensures the
patches are monovalent. According to Kalyuzhnyi et al.,16 bc =
271 and rc = 1.1d (d is the particle diameter) secure a mono-
valent patch. In deriving the theory, the non-identical patches
interact via a similar potential, i.e., eSP = e for S a P, and
association is not allowed for identical patches (eSS = 0).

The next step is to evaluate the integrals in the term Dc(0)/V.
This work considers the first-order (TPT1), chain, double-bond
(DB), and ring graphs:

Dc 0ð Þ

V
¼ DcTPT1

V
þ Dcchain

V
þ Dcdouble-bond

V
þ Dcring

V
: (5)

All possible dimers for the proposed patchy particle are con-
sidered to evaluate the term DcTPT1/V. According to the
Wertheim’s theory

DcTPT1 ¼ 1

2

X
S2G

X
P2G

ð
sG�S 1ð ÞsG�P 2ð ÞfSP 12ð ÞgHS 12ð Þd 1ð Þd 2ð Þ;

(6)

where fSP(12) is the Mayer f-function for the square-well
potential (= exp(jSP(12)/kBT) � 1) and gHS(12) signifies the
two-body correlation function for the hard sphere reference
fluid. To evaluate this integral, a precise approximation for
gHS(12) is needed. The following relation proposed by
Chapman23 is assumed to be true in the bonding range:

gHS rð Þ ¼ d

r

� �p

gHS dð Þ; (7)

where

p = 17.87Z2 + 2.47Z, Z = prd3/6. (8)

Substituting eqn (4), (7) and (8) into the eqn (6) and evaluating
the integral yield:

DcTPT1

V
¼ 1

2

X
S2G

X
S2G

sG�SsG�PfSPxk; (9)

x ¼ 4pd3gHS dð Þ rc=dð Þ3�p�1
3� p

" #
; (10)

k ¼ 1

4
1� cos bcð Þ2: (11)

We evaluate the chain contribution in five steps. The angles aBC

and aAD are kept above 901; therefore, there is no steric
hindrance blocking the chain of particles connected at site sets
BC and AD. The five chain classes include chains of AB, CD,

AB–CD, AB–CD–AB, and CD–AB–CD (the corresponding graphs
are presented in Fig. 2):

Dcchain = Dcchain
AB + Dcchain

CD + Dcchain
AB–CD + Dcchain

AB–CD–AB + Dcchain
CD–AB–CD.

(12)

The corresponding integral of the first term in TPT is
given by

DcchainAB ¼
X
S2G

X
P2G

X1
n¼1

ð
XSP

n YSP
n GHS 1 � � � nþ 2ð Þd 1ð Þ � � � d nþ 2ð Þ;

(13)

XSP
n = sG�S(1)sG�AB(2)� � �sG�AB(n + 1)sG�P(n + 2),

(14)

YSP
n = fSA(12) fAB(23)� � �fAB(n, n + 1) fBP(n + 2). (15)

In eqn (12), the term GHS(1� � �n) represents the n-body correla-
tion function. An analytical form of this term facilitates the
evaluation of the integral in eqn (13). Kalyuzhnyi et al.16

proposed the following relation for the n-body correlation
function:

GHS 1 � � � nð Þ ¼ gHS rn�1;n
� �Yn�2

k¼1
gHS rk;kþ1
� �

fHS rk;kþ2
� �

; (16)

where fHS(rij) is the Mayer f-function for the hard-sphere
potential function. Taking into account the resummation prop-
erties of the graph in eqn (12) yields

DcchainAB

V
¼
X
S2G

X
P2G

sG�SsG�P
fSAfBP

fAB
xk lAB � 1ð Þ; (17)

where

lAB ¼
1

1þ 1�CABð ÞxkfABsG�AB
; (18)

Fig. 2 Graphs of various chains contributing to Dcchain. (a) Dcchain
AB ,

(b) Dcchain
CD , (c) Dcchain

AB–CD, (d) Dcchain
AB–CD–AB, and (e) Dcchain

CD–AB–CD.
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and CAB is the ratio of the number of states where three
colloids are associated with no core overlap between the non-
bonded particles and the number of states if there was no steric
hindrance and patches A and B were independent. Marshall
and Chapman22 evaluated this probability function, and we use
their results in eqn (18). If the probability equates to one, i.e.,
aAB is more than 901, Dcchain

AB /V vanishes.
The same approach is applied in evaluating Dcchain

CD :

DcchainCD

V
¼
X
S2G

X
P2G

sG�SsG�P
fSCfDP

fCD
xk lCD � 1ð Þ; (19)

where

lCD ¼
1

1þ 1�CCDð ÞxkfCDsG�CD
: (20)

The following contribution is Dcchain
AB–CD. The graphical form of its

repeating pattern is presented in Fig. 2c. By taking advantage of
the assumption fAC = fAD = fBC = fBD, and performing the
calculation similar to eqn (13)–(16), the following equations
are obtained:

DcchainAB�CD
V

¼ FAB�CD
SP xk

X
G¼2;4;...

2G�2 fACð ÞG�1 SABð Þ
G
2 SCDð Þ

G
2 ;

(21)

FAB�CD
SP ¼

X
S2G

X
P2G

sG�SsG�P fSAfDP þ fSAfCP þ fSBfDP þ fSBfCP½ �;

(22)

SAB ¼ �
sG�AB 1�CABð Þxk

1þ sG�AB 1�CABð ÞxkfAB
¼ 1

fAB
lAB � 1ð Þ; (23)

SCD ¼ �
sG�CD 1�CCDð Þxk

1þ sG�CD 1�CCDð ÞxkfCD
¼ 1

fCD
lCD � 1ð Þ: (24)

By taking advantage of the resummation properties of the
summation of eqn (21), it is expressed in the following form:

DcchainAB�CD
V

¼ xkFAB�CD
SP fACSABSCD

1� 4 fACð Þ2SABSCD

: (25)

The remaining chain contributions (Dcchain
AB–CD–AB and Dcchain

CD–AB–CD)
are evaluated similarly:

DcchainAB�CD�AB

V
¼ xkFAB�CD

SP fACð Þ2 SABð Þ2SCD

1� 4 fACð Þ2SABSCD

; (26)

FAB�CD�AB
SP ¼

X
S2G

X
P2G

sG�SsG�P fSAfAPþ fSAfBPþ fSBfAPþ fSBfBP½ �;

(27)

DcchainAB�CD�AB

V
¼ xkFCD�AB�CD

SP fACð Þ2SAB SCDð Þ2

1� 4 fACð Þ2SABSCD

; (28)

FCD�AB�CD
SP ¼

X
S2G

X
P2G

sG�SsG�P fSCfCPþ fSCfDPþ fSDfCPþ fSDfDP½ �:

(29)

For the particular case of A = C (i.e., fAC = 0) and B = D (i.e., fBD = 0),

the combined chain equations presented in eqn (25)–(29) are
converted into the following form:

DcchainAB�CD
V

¼ xkFAB�CD
SP fBCSABSCD

1� fBCð Þ2SABSCD

; (30)

FAB�CD
SP ¼

X
S2G

X
P2G

sG�SsG�P fSAfDPþ fSBfCP½ �; (31)

DcchainAB�CD�AB
V

¼ xkFAB�CD�AB
SP fBC SABð Þ2SCD

1� fBCð Þ2SABSCD

; (32)

FAB�CD�AB
SP ¼

X
S2G

X
P2G

sG�SsG�SfSAfBP; (33)

DcchainCD�AB�CD
V

¼ xkFCD�AB�CD
SP fBCSAB SCDð Þ2

1� fBCð Þ2SABSCD

; (34)

FCD�AB�CD
SP ¼

X
S2G

X
P2G

sG�SsG�PfSCfDP: (35)

A cycle or ring is the self-assembly structure contributing to the
association graph. Marshal and Chapman’s method22 is deployed
to evaluate the ring integral. The ring integral value (Y(n)) depends
on the patch size, the angle between patches, and the number of
particles in the ring formation. In this formulation, the number of
particles varies between 3 and 10. The details of ring formation are
available in the literature.22 We consider rings of the same patch
pairs. Therefore, four types of rings are considered:

DcringAB

V
¼
X10
n¼3

fABsG�ABGKð Þn

nd3
Y nð Þ

AB; (36)

DcringBC

V
¼
X10
n¼3

fBCsG�BCGKð Þn

nd3
Y nð Þ

BC; (37)

DcringCD

V
¼
X10
n¼3

fCDsG�CDGKð Þn

nd3
Y nð Þ

CD; (38)

DcringAD

V
¼
X10
n¼3

fADsG�ADGKð Þn

nd3
Y nð Þ

AD; (39)

where K is the bond volume (= 4pd2(rc � d)k), and G = 2pgHS(d)/
(rc/d + 1)p.

The last contribution to the association graph considered is
due to the double bond between two particles. According to
eqn (4), when two patches overlap, two particles associate via
two bonds. We consider the overlap between patch sets {A, B}
and {C, D}. Three types of double bonds possibly exist (Fig. 3).
The corresponding integral in the association graph is
expressed as

Dcdouble-bond = Dcdouble-bond
AB + Dcdouble-bond

CD + Dcdouble-bond
AB–CD ,

(40)
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Dcdouble-bondAB

¼ 1

2

ð
sG�AB 1ð ÞsG�AB 2ð ÞfAB 12ð ÞfBA 12ð ÞgHS 12ð Þd 1ð Þd 2ð Þ;

(41)

Dcdouble-bondCD

¼ 1

2

ð
sG�CD 1ð ÞsG�CD 2ð ÞfCD 12ð ÞfDC 12ð ÞgHS 12ð Þd 1ð Þd 2ð Þ;

(42)

Dcdouble-bondAB�CD

¼
ð
sG�AB 1ð ÞsG�CD 2ð Þ fAC 12ð ÞfBD 12ð Þ þ fAD 12ð ÞfBC 12ð Þ½ �

gHS 12ð Þd 1ð Þd 2ð Þ ;

(43)

We use Marshall and Chapman’s method22 to evaluate the
integral (eqn (40)–(43)). A double bond occurs if the two
particles are oriented such that the line connecting the center
of the two particles crosses the overlapped areas. The integrals
are evaluated in terms of these probability functions:

Dcdouble-bondAB�AB

V
¼ fABsG�ABð Þ2xIAB�AB

d

2
; (44)

Dcdouble-bondCD�CD
V

¼ fCDsG�CDð Þ2xICD�CDd

2
; (45)

Dcdouble-bondAB�CD
V

¼ fACfBD þ fADfBCð ÞsG�ABsG�CDxIAB�CD
d ; (46)

where the term Id represents the probability of double bond
formation. Marshall and Chapman22 evaluated this probability
as a function of the ratio between the overlap’s area and a
sphere’s area. Since two particles are involved in this inter-
action, each probability is defined as the product of these
ratios:

IAB�AB
d ¼ FABð Þ2

16p2
; (47)

ICD�CDd ¼ FCDð Þ2

16p2
; (48)

IAB�CD
d ¼ FABFCD

16p2
; (49)

where F represents the surface area of patch overlap. The
details of its mathematical formulation are presented in the
literature.22

In Wertheim’s theory, the term sG�a represents the density
of particles not bonded at the site set a. According to this
definition, the fraction of particles not bonded at a site set a
(Xa) is defined as

Xa ¼
sG�a
sG

: (50)

In the multi-density formalism of TPT, densities are defined in
eqn (45), which P(a) = {g} is the partitioning of site set a into
non-zero sets.

ra
r0
¼

X
P að Þ¼ gf g

Y
g

cg; g � an +f g; (51)

By setting a = G and combining eqn (50) and (51), the monomer
fraction (X0) is calculated using the following relation:

1

X0
¼ 1þ

X
a2G

ca þ
1

2

X
a2G

X
b2G� af g

cacb þ
1

2

X
a2G

X
b2G� af g

cab

þ 1

6

X
a2G

X
b2G� af g

X
g2G� a;bf g

cacbcg þ
1

2

X
a2G

X
b2G� af g

X
g2G� a;bf g

cacbg

þ 1

24

X
a2G

X
b2G� af g

X
g2G� a;bf g

X
y2G� a;b;gf g

cacbcgcy

þ 1

4

X
a2G

X
b2G� af g

X
g2G� a;bf g

X
y2G� a;b;gf g

cacbcgy

þ 1

8

X
a2G

X
b2G� af g

X
g2G� a;bf g

X
y2G� a;b;gf g

cabcgy:

(52)

The coefficients behind each term consider the symmetry (e.g.,
cacb = cbca). The fraction of particles bonded n-times (Xn) is
obtained using eqn (50)–(52):

X1

X0
¼
X
a2G

ca; (53)

X2

X0
¼ 1

2

X
a2G

X
b2G� af g

cacb þ
1

2

X
a2G

X
b2G� af g

cab; (54)

X3

X0
¼ 1

6

X
a2G

X
b2G� af g

X
g2G� a;bf g

cacbcg

þ 1

2

X
a2G

X
b2G� af g

X
g2G� a;bf g

cacbg; (55)

Fig. 3 Different types of doubly-bonded dimers. (a) Dimers double-
bonded at {A, B}, (b) dimers double-bonded at {C, D}, and (c) double-
bonded at {A, B} and {C, D}.
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X4

X0
¼ 1

24

X
a2G

X
b2G� af g

X
g2G� a;bf g

X
y2G� a;b;gf g

cacbcgcy

þ 1

4

X
a2G

X
b2G� af g

X
g2G� a;bf g

X
y2G� a;b;gf g

cacbcgy

þ 1

8

X
a2G

X
b2G� af g

X
g2G� a;bf g

X
y2G� a;b;gf g

cabcgy:

(56)

The contribution of association interaction to the internal
energy of the system (Eassoc/NkBT) is calculated using the
classical thermodynamic relations:

Eassoc

NkBT
¼ 1

kBT

@ Aassoc=NkBTð Þ
@ 1=kBTð Þ

� �
N;V

: (57)

The next step is to derive the pressure of the system. From
classical thermodynamics, we know that the pressure of the
system is related to the chemical potential (m) and Helmholtz’s
free energies of the system:

Passoc

NkBT
¼ rmassos

kBT
� Aassoc

VkBT
: (58)

The following relation gives the association’s contribution to
the chemical potential of a pure system:

massos

kBT
¼ @

@r
Aassoc=VkBTð Þ

� �
T ;V

¼ ln
r0
r
� @

@r
Dc=Vð Þ

� �
T ;V

: (59)

2.2. Simulation

In this work, the results of the proposed theory are compared
with the Monte Carlo (MC) simulation in the NVT and NPT
ensembles. The sampling is based on the Metropolis method.29

Each simulation contains 256 particles. The acceptance ratio in
MC simulations is 0.4. The NVT simulation performs 3 � 106

cycles. A cycle includes 256 random trial moves, where reloca-
tion and reorientation of a random particle are performed in
each move. For each NVT simulation, the system is equilibrated
for 106 cycles, and then the interested properties are averaged
over 2 � 106 cycles. The NPT simulation runs for 12 � 106

cycles. The volume change is tried after each cycle. In this
simulation, the system is equilibrated for 10 � 106 cycles, and
the averaging is performed for the rest of the cycles.

3. Results and discussion
3.1. Theory and simulation

This part presents the comparison between theory and simula-
tion for two general cases. In the first case (Case 1), all non-
identical patches interact with each other at a constant
potential (eSP = e for S a P), and there is no interaction between
identical patches (eSS = 0). In the second case (Case 2), eAB =
eAD = eBC = eCD = e a 0, and the other interactions equal zero. In
all cases, aBC = aAD. The schematic of Case 1 and Case 2 is

presented in Fig. 4. The identical patches in Case 2 are
represented by the same color.

Table 1 lists the summary of the subcases where the theory
is compared with NVT simulation. The motivation of this
comparison is to investigate the effect of temperature on
fractions of particles bonded n-times and internal energy of
the system at constant patch placement and packing fraction.
In the comparison of the theory with NPT Monte Carlo simula-
tion, the motivation is to study the variation of pressure with
packing fraction at constant temperature and patch placement
(Table 2).

Case 1: in the first subcase, aAB = 451 and Z = 0.1. The ring
integral in eqn (30) is non-zero, most of which is contributed by
the term n = 3. Rings of BC (eqn (31)) and AD (eqn (33)) rarely
form because the angles aBC and aAD are higher than 1201,
making Y(n)

BC and Y(n)
AD negligible. Fig. 5 shows the results of NVT

Fig. 4 Schematics of Case 1 and Case 2 in the theory and simulation
study. In both cases, identical patches do not associate (eSS = 0). In Case 1,
all patches are non-identical, and in Case 2, A is identical to C, and B is
identical to D.

Table 1 List of Case 1 and Case 2 subcases in theory and NVT simulations
comparison study. In all subcases, aBC = aAD

Patchy particle model aAB aCD Z

Case 1 451 351 0.1, 0.3
451 401 0.1, 0.3
451 451 0.1, 0.3
301 301 0.1

Case 2 301 301 0.1
351 351 0.2
401 401 0.1, 0.2
451 451 0.2
501 501 0.1, 0.2

Table 2 List of Case 1 and Case 2 subcases in theory and NPT simulations
comparison study. In all subcases, aBC = aAD

Patchy particle model aAB aCD e/kBT

Case 1 451 451 3.0, 3.5, 4.0
601 351 3.0, 3.5, 4.0

Case 2 501 501 3.0, 4.5
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simulation and theory for Xn values as a function of aCD and
e/kBT. The Ring contribution associated with eqn (32) (Dcring

CD /V)
is similar to eqn (30) at aCD = 451, and it becomes less
significant at aCD = 401 and aCD = 351. All double-bond con-
tributions presented in eqn (38)–(40) are non-zero and signifi-
cantly affect the variation of bonded fractions with
temperature. By increasing e/kBT, monomer (Fig. 5a) and fully
self-assembled (Fig. 5e) fractions monotonically decrease and
increase, respectively. The other bonded fractions (X1, X2, and
X3 in Fig. 5b–d) present a maximum to e/kBT. The variation of
the fractions with the bond angle aCD is pronounced on each
subplot. When the bond angle aCD decreases from 451 to 351,
the chain integrals in eqn (19), (25), (26) and (28), which
prevent self-assembly, become more significant, but the
double-bond integrals in eqn (39) and (40) increase by decreas-
ing aCD, promoting the self-assembly. The theory and simula-
tion results show that lowering the bond angle aCD promotes
the fraction of fully bonded particles (Fig. 5e). This analysis is
repeated at Z = 0.3, and the same trend is observed (Fig. 6). The
variation of X3 as a function of aCD (Fig. 5d and 6d) differs in
the studied temperature range. In Fig. 5d, from high tempera-
ture to e/kBT = 5.8 (theory’s prediction), X3 increases by lowering
aCD, and the trend is reversed at lower temperatures. In Fig. 6d,
the theory predicts this reversed behavior at e/kBT = 5.6. The
Monte Carlo simulation verifies theory in terms of this trend for

X3. The theory and Monte Carlo simulation predict similar
behavior for X2 (Fig. 5c and 6c).

The theory and simulation results for the internal energy of
the two studied subcases are presented in Fig. 7. The trend is
captured by Monte Carlo simulation. The results are compared
with TPT1. At lower temperatures, TPT1 significantly deviates
from the current theory.

To highlight the deviation level of TPT1, our theory and
TPT1 prediction of the fraction of particles in monomer, chain
(Xchain), double bond (Xdb), and chain–double bond (Xchain–db)
states are compared with Monte Carlo simulation for Z = 0.1
and aAB = aCD = 301. The selected bond angles are such that all
ring integrals are negligible. Therefore, a bonded particle is
either in chain (Xchain), double bond (Xdb), or a combination of
chain and double bond (Xchain–db) state. The analytical equa-
tions for these fractions are presented in Appendix A. The
results are presented in Fig. 8. In TPT1, a particle is either in
monomer or chain (dashed green line) state. In this subcase,
the chain developments of this work (eqn (17)–(35)) signifi-
cantly modify various chain formations. TPT1 ignores steric
hindrance and double bond formation. As a result, the TPT1-
predicted chain fraction deviates from the chain fraction
obtained by Monte Carlo simulation (green squares).

The NPT Monte Carlo simulation is performed for two
subcases in Case 1. Fig. 9 represents the theory and

Fig. 5 Subcase of Case 1. aAB = 451 and Z = 0.1. (a) Monomer fraction, (b) fraction of particles bonded once, (c) fraction of particles bonded twice, (d)
fraction of particles bonded three times, and (e) fraction of particles bonded four times. Lines and points represent the results of theory and simulation,
respectively.
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simulation results of the dimensionless pressure (P* = Pd3/
kBT) at various temperature and packing fraction ranges.
In the first subcase (Fig. 9a), aAB = aCD = 451. All

double-bond contributions studied in this work are active,
while in Fig. 9b (aAB = 601 and aCD = 351), only one double-
bond contribution (eqn (39)) is non-zero. The theory

Fig. 6 Subcase of Case 1. aAB = 451 and Z = 0.3. (a) Monomer fraction, (b) fraction of particles bonded once, (c) fraction of particles bonded twice, (d)
fraction of particles bonded three times, and (e) fraction of particles bonded four times. Lines and points represent the results of theory and simulation,
respectively.

Fig. 7 Theory and simulation results for the internal energy (E* = Eassoc/NkBT) of the subcases presented in Fig. 4 and 5. (a) Z = 0.1 and (b) Z = 0.3.
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underpredicts the NPT Monte Carlo simulation data at higher
packing fractions.

Case 2: in this case, there is no association between the
patches in the subsets {A, C} and {B, D}, i.e., fAC = fBD = 0. The
theory and NVT simulation results for the Xn values are inves-
tigated for two constant packing fractions. In the first subcase,
Z is set to 0.1. The results are presented in Fig. 10. In this
subcase, aAB = aCD = a, and aBC = aAD = 1801 � a. The results are
presented for three different a values (301, 401, and 501). The
results of the theory (solid lines) and simulation (points) are
compared with TPT1 (dashed lines). The theory and simulation
are compared at an elevated packing fraction of Z = 0.2 in the

next subcase (Fig. 11). The definition of a is similar to the
previous subcase. This subcase presents results for four differ-
ent a values (351, 401, 451, and 501).

The internal energy of the two subcases (theory and simula-
tion) are presented in Fig. 12 and compared with TPT1. By
decreasing a, the doubly-bonded association structures are
promoted, and the system’s internal energy decreases. Current
theory and NVT simulation verify this trend. Two sets of NPT
simulations are performed for this case. The results are pre-
sented in Fig. 13.

3.2. Monoethylene glycol’s phase behavior calculation

3.2.1 Pure monoethylene glycol. In the previous section,
our proposed theory was evaluated against Monte Carlo simu-
lation results. Building on this, we now aim to apply the theory
to correlate and predict the phase behavior of MEG. MEG is
assumed as a sphere with four patchy sites {A, B, C, D}, where
A = C and B = D. The patch subsets {A, C} and {B, D} are
equivalent to hydrogen and oxygen sites, respectively. This
idealization of the molecular structure of MEG is illustrated
in Fig. 14.

Various contributions to Helmholtz’s free energy (A/NkBT) of
the system are considered in obtaining the equation of state.
These contributions include ideal gas (AIG/NkBT), hard-sphere
(AHS/NkBT), hard-chain (AChain/NkBT), dispersion (ADisp/NkBT),
and association (AAssoc/NkBT), as described by

A

NkBT
¼ AIG

NkBT
þ AHS

NkBT
þ AChain

NkBT
þ ADisp

NkBT
þ AAssoc

NkBT
: (60)

The hard-sphere, hard-chain, and dispersion terms are selected
from the PC-SAFT model developed by Gross and Sadowski.30

Our proposed association theory and TPT1 is used in the last
term. The contribution due to hard-chain formation is auto-
matically zero because we consider one spherical segment in
our molecular structure idealization.

The EoS parametrization is performed for our theory and the
case where the TPT1 is used in development of AAssoc/NkBT. In

Fig. 8 Subcase of Case 1. aAB = aCD = 301 and Z = 0.1. Theory and Monte
Carlo simulation results for fraction of particles in monomer (X0), chain
(Xchain), and double bond and chain ( %Xdb = Xdb + Xchain–db) states.

Fig. 9 Theory and simulation results for the pressure of subcases in Case 1. (a) aAB = 451, aCD = 451, and (b) aAB = 601, aCD = 451.
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the parametrization of our theory, the fitting parameters are the
diameter of the molecule (d), dispersion energy (eDisp/k), asso-
ciation energy (eAssoc/k), and the bond angle a. The parameter m
represents the number of spherical segments. In parametrizing
the model where TPT1 is used in AAssoc/NkBT, d, eDisp/k, and
eAssoc/k are adjusted because the TPT1 formulation is
not a function of a. The experimental saturation pressure and
saturated liquid density data are used in the EoS parametriza-
tion. The adjusting parameters and absolute average relative
deviation (AARD) for our theory and TPT1 are listed in Table 3.
The experimental data31 used in the EoS parameterization are
at the reduced temperature (Tr = T/TC) of 0.40 r Tr r 0.92.
Fig. 15a shows the saturation pressure, and Fig. 15b
represents the saturated liquid density results for our
theory (blue solid lines), TPT1 (black dashed lines), and experi-
mental data (red points). Our theory performs more efficiently
in predicting the phase change data regarding AARD and
trends.

The fractions of molecules self-assembled in six different
configurations in the saturated liquid are presented in Fig. 16
as a function of temperature for our theory. The first three
fractions include molecules in chains (Xchain), double-bonds
(Xdb), and ring (Xring) structures (Fig. 16a). Fig. 16b represents
the fraction of molecules in the chain and double bond (Xchain–db),

chain and ring (Xchain–db). In PC SAFT, the chain is the only self-
assembly formation (dashed black line in Fig. 16a). The final
formula for these fractions is presented in Appendix A. Another
analysis is the fraction of molecules bonded n-times (eqn (52)–
(56)). This analysis is presented in Fig. 17 for our theory and PC
SAFT. The analysis in Fig. 16 and 17 can be compared with future
spectroscopy data of MEG.

The predictive performance of our theory and PC SAFT is
evaluated on two data sets. The enthalpy of vaporization is
presented in Fig. 18a. The computational thermodynamics
scheme used in calculating the enthalpy (H) of each phase is
as follows:

E ¼ @ A=Tð Þ
@ 1=Tð Þ

� �
N;V

¼
@ AIG

�
T

� �
@ 1=Tð Þ

� �
N;V

þ
@ AHS

�
T

� �
@ 1=Tð Þ

� �
N;V

þ
@ ADip

�
T

� �
@ 1=Tð Þ

� �
N;V

þ
@ AAssoc

�
T

� �
@ 1=Tð Þ

� �
N;V

; (61)

H = E + PV. (62)

Fig. 18b shows our theory and PC SAFT’s compressed liquid
density data32 prediction in wide pressure and temperature

Fig. 10 Subcase of Case 2. aAB = aCD = a Z = 0.1. (a) Monomer fraction, (b) fraction of particles bonded once, (c) fraction of particles bonded twice, (d)
fraction of particles bonded three times, and (e) fraction of particles bonded four times. Lines and points represent the results of theory and simulation,
respectively.
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ranges. In Fig. 18b, our theory (solid lines) outperforms PC
SAFT (dashed lines) at pressures of 0.098, 49.030, 98.060, and
147.100 MPa, especially at lower temperatures. However, at the
other pressures (196.130 and 245.60 MPa), our model shows

some deviations, leading to an overprediction relative to the
experimental data.

In this work, three different types of extension of TPT1 are
studied in a single model. The sole effect of each extension is

Fig. 11 Subcase of Case 2. aAB = aCD = a Z = 0.2. (a) Monomer fraction, (b) fraction of particles bonded once, (c) fraction of particles bonded twice, (d)
fraction of particles bonded three times, and (e) fraction of particles bonded four times. Lines and points represent the results of theory and simulation,
respectively.

Fig. 12 Theory and simulation results for the internal energy of the subcases presented in Fig. 12 and 13. (a) Z = 0.1, and (b) Z = 0.2.
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investigated in EoS parametrization. Table 4 lists the adjusting
parameters where TPT1 + chain, TPT1 + double bond, and
TPT1 + ring consider the association contribution of EoS. The
prediction of these three models’ vapor pressure and saturated
liquid density is presented in Fig. 19 and compared with our
theory and PC SAFT.

3.2.2 Binary mixtures of MEG and light gases. This part
applies the theory to MEG and non-associating gas mixtures.
The light gases include methane (CH4), ethane (C2H6), propane
(C3H8), and hydrogen (H2). Due to the availability of

experimental vapor–liquid (VL) and liquid–liquid (LL) equili-
bria data for methane, ethane, and propane, the data points are
divided into two sets. The first data set is used to adjust the
model’s unknown parameters. Then, the model’s capability to
predict the second data set is investigated. The adjusting
parameter is the binary interaction parameter (BIP) between
MEG and gas, denoted by kij. This parameter modifies the
physical cross-interaction between MEG and gas in the disper-
sion term in eqn (60). The association contribution to Helm-
holtz’s free energy is zero for pure light gases. As a result, the
theory is converted to PC SAFT for pure light gases. Table 5 lists
the PC SAFT parameters for the gases.

The model’s parametrization considers a linear temper-
ature-dependent BIP, i.e., kij = C1 + C2T. The AARD of mole
fraction of gas in the glycol-rich phase in the VLE data is the
objective function in adjusting C1 and C2. The final adjusted
forms of BIP and AARD are presented in Table 6 for the
association model based on PC SAFT and our theory. In all
cases, the BIP decreases with temperature.

The EoS parametrization and predictive capability results
are presented in Fig. 20–23. Points, dashed, and solid lines
represent the experimental data, PC SAFT, and our theory. In
Fig. 20a, the adjusted models for the MEG/methane system are
plotted at various temperatures and pressures. Then, the pre-
dictive capability of the two models is investigated (Fig. 20b) at
three temperatures and elevated pressures. At 323.15 K, our
theory and PC SAFT similarly predict the experimental data. At
373.15 K, our theory outperforms PC SAFT in predicting the
methane solubility in MEG. Finally, at 398.15 K, PC SAFT
presents better prediction performance at elevated pressures.
The next studied system is the MEG/ethane mixture. The results
are presented in Fig. 21. The experimental ethane mole frac-
tions in the glycol-rich phase in VLE of MEG/ethane experi-
ments are used to adjust the two models (Fig. 21a). The
predictive performance of the adjusted models is investigated
at 298.15 and 323.15 K and elevated pressures (Fig. 21b). The
experimental data points include VLE and LLE. The two models
underpredict and overpredict the data at 298.15 and 323.15 K,
respectively. The PC SAFT-based model presents a better pre-
dictive capability than the model based on our theory. The
phase behavior study of the MEG/propane system is performed
in the temperature range of 298.15 to 398.15 K. The results are
presented in Fig. 22. The models are parametrized versus the
experimental VLE data (mole fraction of propane in glycol-rich
phase). The results are presented in Fig. 22a. The predictive
capability of the two models is studied at the same tempera-
tures and elevated pressures where pure propane is in the
liquid state (Fig. 22b); therefore, the system is in LLE. Both
models similarly predict the LLE data. In the experimental data
of MEG/ethane and MEG/propane systems, provided the tem-
perature is less than the gas’s critical temperature, the VLE is
converted to LLE by pressurizing the system at a constant
temperature. During this transition, the dependency of the
mole fraction of ethane and propane in glycol-rich liquid on
pressure significantly decreases. This physics is captured by the
two models in the predictive capability analysis. The last

Fig. 13 Theory and simulation results for the pressure of subcases in
Case 2.

Fig. 14 Idealization of the molecular structure of monoethylene glycol
(MEG) as a patchy particle with four patchy associating sites.

Table 3 List of the adjusting parameters and AARDs for our theory and PC
SAFT

Parameter Our theory PC SAFT

M 1 1
d (Å) 4.4405 4.5285
e/kB (K) 499.6781 414.9272
eAssoc/kB (K) 2195.0390 2535.4177
a (1) 37.7861 —
AARD (saturation pressure) 0.0356 0.0513
AARD (saturated liquid density) 0.0111 0.0170
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studied binary mixture is the MEG/hydrogen system (Fig. 23).
The available data include the solubilities presented in Fig. 23.
These data are used in theory parametrization. PC SAFT and
our theory present similar phase behavior for this system.

4. Summary and conclusion

In this work, we developed an association theory for particles
with four patchy sites based on Wertheim’s thermodynamic
perturbation theory (TPT). The theory advances Wertheim’s
first-order TPT (TPT1) by considering all steric hindrances
preventing chain formations, ring, and doubly-bonded associa-
tion structures in Helmholtz’s free energy calculation. The
results are compared with the Monte Carlo (MC) simulation
in the NVT and NPT ensembles. The contribution of our theory

to Helmholtz free energy is integrated with the hard-sphere and
dispersion terms of the perturbed-chain statistical associating
fluid theory (PC-SAFT) to predict the phase behavior of MEG.
One of the fitting parameters (bond angle between two adjacent
oxygen and hydrogen sites) of our theory quantifies the place-
ment of patchy sites in the idealized molecular structure of
MEG. The adjusted bond angle shows that associating rings of
three molecules and doubly-bonded structures are present, and
all types of steric hindrance terms correcting associating chain
formations are active. The predictive performance of the
derived theory and PC SAFT-based theory is investigated to
predict the MEG’s vaporization enthalpy and compressed
liquid density. The two theories show close predictive capability
for vaporization enthalpy. Our theory outperformed PC SAFT in
predicting the compressed liquid density. The derived theory

Fig. 15 (a) Saturation pressure and (b) saturated liquid density of MEG. Line and point represent our theory and experimental data.31

Fig. 16 Fractions of different self-assembly configurations in the saturated liquid of MEG. (a) Fractions of the molecules self-assembled into the chain,
double bond, and ring formations. (b) Fractions of molecules self-assembled into chain-double bond, chain-ring, and ring-double bond formations.
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and PC SAFT are applied to the mixture of binary MEG and non-
associating molecules. The two theories similarly predict the
phase behavior data (mole fraction of non-associating

molecules in the glycol-rich phase). If the density of the
glycol-rich liquid in equilibrium is of interest, our theory is a
better choice.

Fig. 17 Fractions of molecules bonded n-times in the saturated liquid of MEG. (a) Monomer fraction, (b) fraction of particles bonded once, (c) fraction of
particles bonded twice, (d) fraction of particles bonded three times, and (e) fraction of particles bonded four times. Blue and red lines represent our theory
and PC SAFT.

Fig. 18 (a) Molar vaporization enthalpy of MEG and (b) compressed liquid density of MEG at various reduced pressure and temperature ranges. Solid
lines, dashed lines, and points represent our theory, PC SAFT, and experimental data.31,32
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Data availability

The data that support the findings of this study are available
from the corresponding author upon request.
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Appendices
Appendix A

Fractions of MEG molecules in different association configura-
tions: in this part, the derivations are based on eqn (52)–(56) by
considering the active terms. The decomposition of cAB and cCD

is as follows:

cAB ¼ cchainAB þ cdbAB þ c
ring
AB

¼
@ Dcchain

�
V

� �
@sG�AB

þ
@ Dcdouble-bond

�
V

� �
@sG�AB

þ
@ Dcring

�
V

� �
@sG�AB

(A1)

cCD ¼ cchainCD þ cdbCD þ c
ring
CD

¼
@ Dcchain

�
V

� �
@sG�CD

þ
@ Dcdouble-bond

�
V

� �
@sG�CD

þ
@ Dcring

�
V

� �
@sG�CD

(A2)

Xchain is given by

Xchain = Xchain
1 + Xchain

2 + Xchain
3 + Xchain

4 (A3)

Xchain
1 = X1 (A4)

Xchain
2 = X0(cAcB + cAcC + cAcD + cBcC + cBcD + cCcD + cchain

AB + cchain
CD )

(A5)

Xchain
3 = X0[cAcBcC + cAcBcD + cAcCcD + cBcCcD + cchain

AB (cC + cD)
+ cchain

CD (cA + cB)] (A6)

Xchain
4 = X0(cAcBcCcD + cCcDcchain

AB + cAcBcchain
CD + cchain

AB cchain
CD )

(A7)

The next fraction is the fraction of molecules that are in double-
bond configuration. When a molecule is in this state, it is either
bonded twice or four times:

Xdb = Xdb
2 + Xdb

4 (A8)

Xdb
2 = X0(cdb

AB + cdb
CD) (A9)

Xdb
4 = X0cdb

ABcdb
CD (A10)

Similarly, when a molecule is in a ring configuration, it is
bonded either two or four times. The fraction of molecules in a
ring configuration is given by

Xring = Xring
2 + Xring

4 (A11)

Xring
2 = X0(cring

AB + cring
CD ) (A12)

Xring
4 = X0cring

AB cring
CD (A13)

Table 4 List of the adjusting parameters and AARDs for TPT1 + chain,
TPT1 + double bond, and TPT1 + ring

Parameter
TPT1 +
chain

TPT1 +
double bond

TPT1 +
ring

M 1 1 1
d (Å) 4.5029 4.4374 4.5282
e/kB (K) 442.5478 407.0383 415.1417
eAssoc/kB (K) 2482.0340 2444.5518 2534.8661
a (1) 77.3542 36.8342 78.7862
AARD (saturation pressure) 0.0399 0.0491 0.0510
AARD (saturated liquid density) 0.0154 0.0238 0.0172

Fig. 19 (a) Saturation pressure and (b) saturated liquid density of MEG. Blue, red, green, gray, and dashed black lines represent association theories based
on our theory, TPT1 + double bond, TPT1 + ring, TPT1 + chain, and PC SAFT. Point represents experimental data.31

Table 5 PC SAFT parameters of the studied light gases

Component m d (Å) e/kB (K) Ref.

CH4 1.0000 3.7039 150.0300 Gross and Sadowski30

C2H6 1.6069 3.5206 191.4200 Gross and Sadowski30

C3H8 2.0020 3.6184 208.1100 Gross and Sadowski30

H2 0.6800 3.5400 31.5700 Alanazi et al.33
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The next set of fractions are the fractions of molecules in
combined configurations. The fraction of molecules in chain
and double-bond structure is given by

Xchain–db = Xchain–db
3 + Xchain–db

4 (A14)

Xchain–db
3 = X0[cdb

AB(cC + cD) + cdb
CD(cA + cB)] (A15)

Xchain–db
4 = X0[cdb

CD(cAcB + cchain
AB ) + cdb

AB(cCcD + cchain
CD )]

(A16)

The fraction of molecules bonded in chain and ring structure is
calculated as

Xchain–ring = Xchain–ring
3 + Xchain–ring

4 (A17)

Xchain–ring
3 = X0[cring

AB (cC + cD) + cring
CD (cA + cB)] (A18)

Fig. 20 Methane mole fraction in the glycol-rich phase in VLE of the MEG/methane system. (a) Adjusted models and experimental data,34 and
(b) predictive capability of models and experimental data.35 The solid and dashed lines represent our theory and PC SAFT, respectively.

Fig. 21 Ethane mole fraction in the glycol-rich phase in VLE and LLE of the MEG/ethane system. (a) Adjusted models and experimental data,36 and
(b) predictive capability of models and experimental data.36 The solid and dashed lines represent our theory and PC SAFT, respectively.

Table 6 The AARD and adjusted BIP relations between MEG and different light gases

Gas

kij AARD (%)

PC SAFT Our theory PC SAFT Our theory

CH4 0.1877–2.7350 � 10�4T 0.4115–9.4758 � 10�4T 1.85 2.33
C2H6 0.0931–2.2373 � 10�4T 0.2397–5.9309 � 10�4T 2.18 2.77
C3H8 0.0509–2.1393 � 10�4T 0.1637–4.5614 � 10�4T 2.18 3.31
H2 0.9793–1.6383 � 10�3T 1.6036–4.0885 � 10�3T 1.03 1.38
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Xchain–ring
4 = X0[cring

CD (cAcB + cchain
AB ) + cring

AB (cCcD + cchain
CD )]

(A19)

Finally, the fraction of molecules in double-bond and ring
structure is calculated using the following equations:

Xdb–ring = X0(cring
AB cdb

CD + cdb
ABcring

CD ) (A20)
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