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A hybrid classical-quantum algorithm to simulate
ECD spectra – the case of tryptophan zwitterions
in water

Renato Olarte Hernandez,ab Armand Soldera b and Benoı̂t Champagne *a

The vibronic structure of electronic circular dichroism (ECD) spectra is simulated in silico using a hybrid

method that encompasses ab initio time-dependent density functional theory (TD-DFT) calculations and

the Doktorov quantum algorithm. Four low-energy electronic excitations of the chiral tryptophan amino

acid are characterized and their spectra are simulated with and without considering the Duschinsky

rotation effects. The normal mode mixing shows a very small impact on the vibronic structure.

Moreover, it demonstrates the versatility of the quantum algorithm to focus on individual normal mode

contributions to the vibronic structure of the spectrum.

1. Introduction

The last decades have witnessed the development of quantum
chemistry methods and algorithms to predict molecular pro-
perties, ranging from vibrational and NMR signatures to linear
and nonlinear optical responses.1–6 More recently, develop-
ments have focused on elaborating quantum computing
algorithms.7,8 These encompass quantum algorithms for pre-
dicting the molecular ground state energies,9–18 the vibrational
and vibronic signatures of molecules,19–32 accounting for sol-
vent effects,33 their excited states and excitation energies,34–41

and nonlinear optical properties.42 Recently, the vibronic struc-
tures of UV-vis absorption spectra have also been calculated
using quantum algorithms.43

The current contribution deals with the vibronic structure of
electronic circular dichroism (ECD) spectra. ECD is one of the
typical optical activity (OA) phenomena, routinely used for
determining the absolute configuration of chiral molecules,
and their enantiomeric purity.44,45 Enantiomers of the same
molecule show the same degree of OA but with opposite signs
(opposite signs of the ECD peaks) so that when a solution
contains an enantiomeric excess of a chiral molecule, the
enantiomers of that molecule can be distinguished using
ECD. While the interpretation of ECD spectra is commonly
performed using time-dependent density functional theory

(TD-DFT) within the Franck–Condon (FC) approximation,46–49

this approach often neglects vibronic coupling effects which
can significantly influence spectral features.50–55 More
advanced methods including Herzberg–Teller coupling and
explicit vibronic simulations are necessary for capturing fine
structure and intensity modulation in chiroptical spectra.52,56

To address this, the present study aims to exploit the
promise of quantum computers for simulating ECD spectra
with their vibronic structure. Quantum computing offers an
efficient encoding and manipulation of vibronic transitions
through unitary transformations. The Doktorov formalism57

can be implemented as a sequence of Gaussian opera-
tions,20,23,26 or as in our recent works, as a trotterized quantum
circuit,32,43 enabling the calculation of FC profiles and other
vibronic observables with potential quantum speedup. Given
the limitations of near-term quantum hardware, a hybrid
classical–quantum approach is employed, where classical algo-
rithms provide the electronic and structural information, which
then serve as input for the Doktorov-based quantum algorithm.

As a case study, the zwitterionic form of the chiral trypto-
phan molecule is chosen (Fig. 1). It is an essential amino acid
of biological relevance, notable for its chiral centers and well-
characterized zwitterionic forms in solution. The Rectus (R-)
and Sinister (S-) enantiomers exhibit distinct ECD signals,
making them suitable benchmarks for validating quantum
simulations of optical activity.

The proof of principle of this methodology has already been
given for UV-vis absorption spectra.43 In this work, the meth-
odology is adapted to retrieve ECD spectra while studying the
effects of the Duschinsky transformation. This article is orga-
nized as follows: The Theory section presents the ECD absorp-
tion equation, the Doktorov and circuit formalism for the
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vibronic framework and the main structural–physical factors.
The Methods section presents the level of theory adopted for
the TD-DFT calculations, the methodology used to obtain the
vibronic structure, and the data processing complement. The
Results and discussion section presents the simulated ECD
spectra of tryptophan, comparing cases with and without
the inclusion of Duschinsky effects. Finally, the Conclusions
section highlights the key findings and insights of the study.

2. Theory

The rotatory strength R12 of a vibronic transition between an
initial state 1 and a final state 2, relevant for ECD spectroscopy,
under the Born–Oppenheimer approximation, is expressed as
the dot product of two vectors multiplied by the Franck–
Condon (FC) factor:

R12 / cvib
2

� ��cvib
1

��� ��2Im ce
2j b~mejce

1

D E
� ce

1jc~mejce
2

D Eh i
/ FC1!2Im~m12 � ~m21½ �

(1)

The FC factor represents the square of the vibrational overlap
between the initial and final nuclear wavefunctions, |cvib

1 i and
|cvib

2 i, respectively. The second part corresponds to the elec-
tronic chiroptical factor, specific to ECD given in its length-
form, involving the imaginary component of the scalar pro-

duct between the electric transition dipole moment b~me and the

magnetic transition dipole moment c~me vectors. This term
captures the differential absorption of left- and right-
circularly polarized light and is characteristic of the chirop-
tical activity.

The FC factors can be seen as a distribution of the prob-
ability of a given electronic transition into the vibrational
states. This energy conservation is outlined by the following
property: X

n
FC1!2ðnÞ ¼ 1 (2)

where the sum is over all possible vibronic transitions n of the
considered state transition. One major complexity when esti-
mating the FC integrals lies in the coordinate system used to

express its components. In practice, the vibrational wavefunc-
tion is written in terms of the molecule’s normal mode (NM)
coordinates, since these provide a natural basis for describing
its vibrational motion. In order to calculate the overlap,
a transformation is therefore needed to change the initial
state (1) NM coordinate basis into the final state (2) NM
coordinate basis (or vice versa). In first quantization calcula-
tions, this relation between PES (and their coordinates) is
usually handled via the Duschinsky transformation.58 In the
boson ladder operator formalism, another strategy is typically
applied: one of the bosonic wavefunctions is transformed
from the initial (ground) state into the final (excited) state
via the Doktorov’s operator:

cvib
:f

��� E
¼ ÛDok cvib

:i

�� �
¼ ÛtÛsÛr c

vib
:i

�� �
(3)

The primary framework employed in this work to obtain
vibronic intensities associated with electronic transitions is
based on the second-quantized formulation of Doktorov’s
expressions.57 As detailed in our previous study,32 the Doktorov
operator ÛDok is implemented through a trotterized Doktorov
ansatz within a (superconducting) quantum circuit simulator.
This quantum circuit representation, combined with the SWAP
test circuit59,60 and supplemented by classical post-processing,
enables the evaluation of vibronic intensities corresponding to
each bosonic transition.

This theoretical framework is valid within the harmonic
oscillator approximation. In turn, the Doktorov’s tensor is the
product (i) of a rotational operator Ûr that mixes the NM
coordinate bases of the initial and final states, (ii) of the
squeezing operator Ûs, which converts the vibrational frequen-
cies of the initial state into those of the final state, and (iii) of
the translation operator Ût that accounts for the displacements
of the initial and final states PES in the direction of the NM
coordinates.

The rotational operator is as big as the dimension spanned by
the considered normal modes to mix. Conversely, the squeezing
and translation operator can be decoupled into operators acting
on each NM independently:32

ÛDok ¼
YL
l¼1

Ût;l

YL
l¼1

Ûs;lÛr (4)

where 8 lA [1,L],

Ût;l ¼ exp
dl

ffiffiffiffiffiffiffiffi
o2;l
pffiffiffi
2
p

�h
b̂
y
l � b̂l

� �� 	
Ûs;l ¼ exp

ln o2;l=o1;l


 �
4

b̂
y
l b̂
y
l � b̂l b̂l

� �� 	 (5)

The operator Ût,l denotes the translational operator associated
with a specific normal mode l. Its definition involves the final
(excited-state) vibrational harmonic frequency (or pulsation) o2,l,
the mass-weighted displacement dl, and the bosonic creation and

annihilation operators, b̂
y
l and b̂l, corresponding to the lth mode.

Similarly, the operator Ûs,l represents the individual squeezing
transformation for a given mode. It depends on both the initial
(ground-state) and final (excited-state) vibrational frequencies,

Fig. 1 Sinister- and Rectus-tryptophan molecules in their zwitterion form.
(top) The 2D line-dash-wedge representation. (bottom) The 3D stick-ball
representation of the ground state geometry.
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denoted o1,l and o2,l, respectively, as well as on the corresponding
bosonic ladder operators. To facilitate the parameterization, it is
useful to introduce dimensionless coefficients that capture the
essential physical characteristics of the transformation:

al ¼
dl

ffiffiffiffiffiffiffiffi
o2;l
pffiffiffi
2
p

�h
; bl ¼

ln o2;l=o1;l


 �
4

(6)

These coefficients are unique for a specific normal mode l and
also a given electronic transition. The rotational operator admits a
more complex form due to its multidimensional nature. However,
due to hardware limitations (more about it in the Methods
section), only a pair of normal modes are coupled together herein
when accounting for the Duschinsky effects. Therefore, two-
dimensional rotation operators are defined:

8 l1; l2ð Þ 2 ½1;L�2; Ûr;l1 ;l2 ¼ exp yl1;l2 b̂
y
l2
b̂l1 � b̂l2 b̂

y
l1

� �� �
(7)

where yl1,l2
is the angle of rotation of the considered normal

modes. It is found by applying the natural logarithm function to
the 2 � 2 -sub-Duschinsky matrix:

ln
UD;l1l1 UD;l1l2

UD;l2l1 UD;l2l2

 !
¼

0 �yl1;l2

yl1;l2 0

 !
(8)

where UD is the Duschinsky matrix, and UD,ij is its i-line- j-row
element. The previous equality is valid provided that the sub-
Duschinsky matrix is a unitary rotational matrix. Complementary
information on the Doktorov operators and their implementation
can be found in our previous study.32

The Huang–Rhys factor, HRl, is a useful quantity to describe
the displacement along the l normal coordinate. It measures
the ratio between the vibrational relaxation energy and the
quantum of vibrational energy. It is connected to the transla-
tional displacement coefficient via the relation:

HRl ¼
1
2o1;l

2dl
2

�ho1;l
¼ o1;l

2�h
dl
2 , dl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�hHRl

o1;l

s
(9)

This parabolic formulation highlights its role in quantifying
the squared displacement between the minima of the excited-
state potential energy surface (PES) and the vertical (adiabatic)
transition point from the ground state. Any displacement along
a given vibrational NM can be expressed (and, therefore,
calculated) in terms of the atomic Cartesian shifts arising from
the geometric relaxations occurring during the electronic
transition:61

dl ¼
X
A;z

ffiffiffiffiffiffiffi
mA

p
QAz;lDXAz (10)

where DXAz denotes the Cartesian shift of atom A along the
z A {x,y,z} direction, mA is the atomic mass of atom A, and QAz,l

corresponds to the elements of the orthonormal matrix that
maps the vibrational eigenmodes onto the normal displace-
ments. In other words, it is the matrix that diagonalizes the
mass-weighted Hessian. A second way to estimate the dl and
HRl factors is to use the Gradient method, which consists of

estimating the mass-weighted displacement by considering the
relation:62

dl ¼ �
1

o1;l
2

@Eelec
2

@ql

� 	
0

(11)

where Eelec
2 is the electronic energy of the final state that is

differentiated with respect to the normal mode coordinate ql,
and the subscript 0 refers to the equilibrium geometry of the
ground state.

With the Doktorov operator fully characterized, both boso-
nic vibrational states can be represented within the initial NM
coordinate frame. The final form used to compute a given
Franck–Condon (FC) factor is:

FC1!2 ¼ cvib
2f jc

vib
1i

D E��� ���2¼ cvib
2i jÛDokjcvib

1i

� ��� ��2 (12)

The remainder of this study is dedicated to implementing this
formalism on a superconducting quantum processor simulator
to predict the vibronic features of ECD spectra, with a specific
demonstration for the case of tryptophan.

3. Methods
3.1. Classical algorithms: TD-DFT calculations

The molecular geometries were constructed using the Drawmol
package.63 A multi-step protocol was adopted to perform the
quantum chemical calculations, as outlined below:

(I) Ground-state geometry optimization was carried out
employing the CAM-B3LYP64,65 exchange–correlation (XC)
functional, which belongs to the range-separated hybrid family.
This XC functional incorporates 19% Hartree–Fock (HF)
exchange at short range and 65% at long range, using a
Coulomb-attenuating scheme with a range-separation parameter
of m = 0.33 Bohr�1. The chosen atomic basis set was the triple-z,
polarized, 6-311G(d) Pople basis. The self-consistent field (SCF)
and geometry-optimization convergence criteria were set to the
’tight’ thresholds implemented in Gaussian 16,66 and the DFT
calculations employed the UltraFine integration grid.

(II) Using the same level of theory as in step I, the Hessian
matrix, vibrational frequencies, and normal modes were com-
puted. This step provides the vibrational characteristics of the
ground state.

(III) The first 30 vertical electronic excitation energies were
calculated at the TD-DFT level, along with their corresponding
oscillator and rotatory strengths.

(IV) Steps I and II were repeated at the TD-DFT level for each
excited electronic state of interest. This included full geometry
optimizations and vibrational frequency analyses, thereby
giving the vibrational data for the final (excited) states.

This final step is crucial to account for the vibrational
frequency shifts that accompany electronic excitation. Only
transitions with sufficiently large rotatory strengths (those
expected to contribute visibly) were considered for this step,
i.e. here the 3rd, 5th, 6th, and 7th excited states.

For all steps, incorporating the solvent effects was achieved
by using the integral equation formalism polarizable continuum
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model (IEF-PCM).67 The solvent used was water, modeled with a
static dielectric constant e = 78.355 and a dynamic dielectric
constant edyn = 1.78, in accordance with reference values for water
at T = 298 K,68 as implemented in Gaussian 16.66

As mentioned in the Introduction section, several quantum
algorithms have been proposed to compute the electronic and
vibrational properties. However, current quantum hardware is
not yet capable of performing such calculations without errors,
and the classical simulation of these quantum algorithms is
not presently feasible because of the limited memory resources.
Consequently, all vibronic parameters required in this work
were computed using classical algorithms.

Once all relevant data were obtained, a custom Python script
was developed to import the previously computed ground-state
Hessian matrix. The program then calculates the geometric
displacements between the ground and excited states, deter-
mining the Huang–Rhys factors via eqn (9), (10), or eqn (11).
Obtaining the Duschinsky matrix was achieved by applying the
Santoro et al. algorithm56,69 implemented in Gaussian,66 which
requires the information retrieved in steps II and IV.

3.2. Quantum algorithms: vibronic structures

Quantum hardware simulations were performed using the
state-vector backend of Qiskit70 and Tangelo,71 which ensures
an idealized, error-free simulation. The construction and appli-
cation of the hybrid quantum algorithm were extensively
detailed in our prior work.32 As such, the following summary
focuses on the essential components, while preserving the
necessary rigor.

For any given electronic transition, and within the harmonic
approximation, the nuclear wavefunction is expressed as a
tensor product over (vibrational) normal mode wavefunctions:

cvib
1i

�� �
¼ j0; :::; 0i

and 9 ðn1; :::; nLÞ 2 NL :

cvib
2i

�� �
¼ nL; :::; n1j i ¼ nLj i � � � � � n1j i

(13)

where it is assumed that the system is at 0 K, so the initial state
is always taken to be the vibrational ground state. Preparing the
initial state in higher vibrational levels would be equivalent
to introducing finite-temperature effects. The wavefunctions
nj if gn2N define the Fock basis for each bosonic mode. Since

these bases are infinite-dimensional, a truncation is required.
The under-sizing is governed by the number of qubits M
allocated per mode in the chosen bosonic encoding.25,28 In
this work, the compact Standard Binary (SB) encoding25,72 is
employed. Within the SB encoding, initializing a specific Fock
state is straightforward: a X gate is applied to each qubit
corresponding to a 1 in the binary representation of the desired
vibrational level. For example, with M = 3 qubits per normal
mode (supporting up to 8 vibrational states), state |5i is
encoded as |101i, and initialized via X2X0|000i. This prepara-
tion procedure is simply referred to as initialization. Given the
considerable size of the molecule with its L = 75 normal modes,
the full tensor product is intractable with current quantum

simulation capabilities. The available memory resources restrict to
consider at most two vibrational modes simultaneously. Therefore,
this study focuses on computing spectra for individual modes as
well as for pairs of coupled modes. This will give an estimate of the
impact of Duschinsky rotations. These partial (sub-)spectra are
subsequently combined to reconstruct the full vibronic response,
as described further below.

To represent the Doktorov operator within the framework of
quantum computing, the bosonic ladder operators are expressed
in matrix form, truncated to a dimension of 2M � 2M. Since these
operators are defined in the Fock basis, their ket-bra decomposi-
tion is straightforward and can be mapped onto qubit operators
via the following bosonic encoding:

0j i 0h j ¼ 1

2
ðI þ ZÞ; 1j i 1h j ¼ 1

2
ðI � ZÞ;

1j i 0h j ¼ 1

2
ðX � iYÞ; 0j i 1h j ¼ 1

2
ðX þ iYÞ

(14)

The three components of the Doktorov operator (rotation,
squeezing, and translation) are then represented as complex
exponentials of linear combinations of Pauli strings. As in pre-
vious works, these exponentials are decomposed using a high-
order Trotterization scheme73–77 up to the 64th order. The Trotter
decomposition is implemented using a qubit-wise strategy, result-
ing in a product of exponentials, each involving a single Pauli
string. The full decomposition procedure and examples are
provided in the SI of our previous work32 (SI).

The next step involves preparing the quantum circuit to
compute the Franck–Condon (FC) factors, as defined in
eqn (12). Two distinct scenarios must be considered: indepen-
dent normal modes and coupled pairs of normal modes. For
independent modes, only translation and squeezing operations
are required, as no vibrational mode mixing occurs. In contrast,
coupled modes necessitate the application of the full Doktorov
operator, which includes the additional Duschinsky rotation
operator.

The retained method for evaluating the overlap between
vibrational states is the SWAP circuit.59,60 This method involves
a sequence of CNOT gates applied between corresponding
qubits of the two wavefunctions, followed by a partial layer
of Hadamard gates to perform measurements in the Bell basis.
For the case of independent modes, the simulation uses
8 qubits: 4 qubits to encode the ground vibrational state and
4 for the target excited state |nl1

i. For coupled modes, a total of
16 qubits are used: 8 for the double ground state |0,0i and 8 for
the (double) excited state |nl1

,nl2
i. The SWAP based approach

allows for an easy choice of the input wavefunction. The ansatz
is depicted in Fig. 2.

To summarize the sequence of operations: the circuit is
initialized in the single (or double) ground vibrational state |0i
using (2) M qubits. For a selected mode (or pair of modes), l1

(and l2) A [1,L], a vibrational state |nl1
(nl2

)i is initialized. Each
mode is associated with a specific Huang–Rhys factor HRl1

(and
HRl2

), which is transformed into a displacement parameter dl1

(and dl2
), giving the Doktorov parameters al1

, bl1
(and al2

, bl2
,

and yl1,l2
). These parameters are then used to specify the
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trotterized Doktorov operator. The operator transforms the initiali-
zed excited vibrational state into its translated and squeezed (and,
for coupled modes, also rotated) actual expression.

Finally, after running the Doktorov-SWAP circuit and after
statistically measuring over 8 (or 16) qubits, the output is
processed via a dot product with the post-processing vector

~c ¼ ð1; 1; 1;�1Þ�2�ð2ÞM . The resulting scalar value corresponds
to the simulated FC factor for the given vibrational state,
normal mode(s), and electronic transition. This procedure is
repeated for all vibrational levels nl1

(or nl1
,nl2

) ranging from 0 to
2M � 1, yielding the individual (or coupled) normal mode
spectra. The entire process is then reiterated across all inde-
pendent modes l1 A [1,L], and all relevant mode pairs (l1,l2) to
construct the full vibronic profile.

3.3. Simulating the UV/vis absorption and ECD spectra

Once all individual normal mode spectra were obtained, a
custom parallelized Fortran script was employed to combine
them. One can notice that directly mixing the 1675B1090

sub-FC factors is computationally infeasible with current tech-
nology. To circumvent this limitation, three pre- and post-
screening strategies were implemented.

First, a lower threshold was applied to the HR factors. When
the HR factor is sufficiently small, the nuclear displacement is
minimal, implying that the ground and excited PESs are nearly
identical (along that coordinate). In such cases, the ground-
state vibrational wavefunction overlaps almost entirely with its
excited-state counterpart, and thus |h0|00i|2 E 1. The accuracy
of this assumption depends on the amplitude of the squeezing
(the difference in vibrational frequencies). A threshold value of
HRmin = 10�6 was chosen.

Second, a minimum FC factor threshold was imposed based on
previous works.47 During the computation of FC factor products, if
the contribution of an individual factor falls below FCmin = 10�7,
or if the product of multiple FC factors drops below this threshold,
the calculation is halted for that specific vibrational configuration.
This avoids spending resources on negligible contributions.

Third, a normal mode level/class56 restriction was applied to
control the mode couplings. This pre-screening strategy limits
the number of vibrational modes that can be simultaneously
excited. For example, level 0 includes only the ground vibra-
tional state |0,. . .,0i; level 1 consists of states where only one
mode is excited, such as |1,0,. . .,0i, |2,0,. . .,0i, . . ., up to
|0,. . .,0,2M � 1i. More generally, level p includes all vibrational
wavefunctions in which exactly p modes have non-zero occupa-
tion numbers. In this work, level 4 is chosen, as it is the largest
level that could be calculated with the available computer
resources.

Together, these three strategies drastically reduce the com-
putational effort required to assemble the full vibrational
spectrum from the individual mode contributions while their
accuracy is monitored by assessing how well eqn (2) is satisfied.
To simulate the final vibronic spectrum, the vibrational spec-
trum is scaled by its corresponding rotatory strength and
shifted by the vertical electronic excitation energy. To account
for phenomenological broadening, a Gaussian broadening was
applied to each FC factor using a specified full width at half
maximum (FWHM).

4. Results and discussion

The first step consists of selecting the targeted ECD transitions.
Then, as a function of the retrieved HR factors and Duschinsky
matrices, the respective vibronic spectra are simulated with or
without accounting for rotational coupling.

4.1. Electronic excited states and ECD intensities

The results of the TD-DFT calculations on the tryptophan
molecule are summarized in Table S1 of the SI. The resulting
ECD spectra without vibronic structure are depicted in Fig. 3.
The TD-DFT results show the expected well-symmetric ECD
spectra: the Rectus and the Sinister are the respective mirror
images of the other. The two first electronic transitions are
separated by more than 1 eV from the others. Then, a more

Fig. 2 (Top) Specifications for the individual and the coupled normal mode circuits. (a) Doktorov circuit representation. The three operations are applied
for a pair of normal modes, whereas only the two operations inside the dotted rectangle are applied for a single independent mode. (b) The complete
ansatz with the Doktorov circuit and the SWAP method.
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compact spectrum is observed where the remaining 28 transi-
tions are clustered in a 3 eV range. The experimental curve
extracted and adapted from Liu et al. work78 is depicted for
comparison. It shows a strong negative-to-positive progression
that spans more than 1 eV and is localized in the 6–7 eV
excitation energy range. Based on these results, we focused
on the S3 and S7 electronic transitions, which exhibit large
rotatory strengths (see Table S1 in the SI). The intermediate
transitions were also considered, since their proximity in
energy influences the overall spectral shape and enables the
inclusion of both positive and negative rotatory strengths.
In contrast, the S0 - S1, S0 - S2, and S0 - S4 transitions
were not considered as their ECD intensities are low. Additional
calculations using the 6-311+G(d) and the 6-311+G(d,p) basis
sets were performed to assess their effects (see Fig. S1 in the SI).
Although the inclusion of diffuse functions alters the electronic
structure, the overall trends and progression in the region of
interest remain similar. Then, given the limited resolution of
the available experimental spectra and considering the illus-
trative purpose of this spectrum, there is no compelling reason
to prefer one basis set over the others, so the 6-311G(d) basis set
is retained. For completeness, the ECD spectra using the
velocity-form representation were also depicted (Fig. S2 in the
SI), showing negligible differences with respect to the length-
form representation.

4.2. Vibrational properties and HR factors

The vibrational frequencies and associated HR factors are listed
in Table S2 in the SI for the targeted 4 transitions. With the
exception of the 5th transition, all the electronic transitions
have HR factors larger than 1 ((l A [1,L], HRl 4 1, red values in
Table S2 in the SI). This can be problematic as several high HR
values imply that the vibronic structure is very spread out and it

impedes the calculation to converge (eqn (2) to be satisfied).
However, the large HR factors are associated with NM with
frequencies lower than 100 cm�1. It must be noted that the
frequencies under 200 cm�1 are often inaccurately estimated,5

and furthermore, accounting for the low frequency modes
tends to locally broaden the vibronic spectra. Due to these
reasons, it seems reasonable to assume that neglecting their
contributions would not affect the general shape of the spectra.
For the rest of this work, the normal modes associated with
vibrational frequencies below 200 cm�1 of the S0 - S3 transi-
tion and below 100 cm�1 for the other ones are neglected.

4.3. Vibronic structures of the S0 - S3 electronic transition

With the HR factors, the ground state- and the excited state-
vibrational frequencies in handy, the Doktorov operator can
be prepared to apply the translational and the squeezing
operators.

4.3.1. Independent normal modes. In this sense, the refer-
ence spectrum to calculate is the vibronic structure without NM
mixing. This is further called the independent normal mode
(INM) spectrum. Therefore, the Duschinsky matrix is consid-
ered to be the identity, so no quantum circuit for the rotation is
applied. The resulting INM spectrum is depicted in Fig. 4 for

Fig. 3 TD-DFT/CAM-B3LYP/6-311G(d) ECD spectra as obtained by
accounting for solvent (water) effects at the IEF-PCM level without
vibronic structure. Both, the R molecule (red) and the S (blue) results are
sketched. The vertical red lines are the R rotatory strengths of the different
electro-magnetic transitions. The structure followed a Gaussian broad-
ening with a FWHM = 0.2 eV. The ECD experimental spectrum in black
extracted from Liu et al. work,78 blue-shifted by 0.67 eV and scaled for
better visualization and comparison.

Fig. 4 Vibronic structure of the S0 - S3 transition. (Top) Sums of FC
factors, numbers of coupled NM pairs, and three largest HR factors.
(Bottom) Simulated ECD absorption spectra with and without rotational
coupling. The INM spectrum considers no Duschinsky effects (red). The
Group I spectrum admits three pairs of rotationally-coupled NM (blue),
while Group I & II considers two additional pairs of rotationally-coupled
NM (green dashed line). The structure followed a Gaussian broadening
with a FWHM = 0.05 eV.
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the S0 - S3 transition. Note that the chosen FWHM is con-
siderably smaller to better visualize the vibronic progression.

The vibronic structure is very wide, spanning over 1.2 eV,
so that it overlaps with other (purely) electronic transitions.
This originates from the number of normal modes with HR
factors Z0.1, which implies that more vibrational excitations
with smaller intensities have to be considered. Consequently,
for the same coupling level, the sum of the FC factor is
compromised, explaining that only about 70% of the vibronic
total intensity was retrieved. As a check, our results were
compared with those obtained with the classical FCellipse
algorithm,47 which also retrieves the vibronic structure without
normal-mode coupling. Both approaches resulted in virtually
identical spectra, further supporting the reliability of the INM
implementation.

4.3.2. Pairs of coupled normal modes. The ground and
excited state structures are used to retrieve the rotational
matrix. The resulting Duschinsky matrix for the 3rd transition
is depicted in Fig. 5. The rotational matrix is overall diagonal.
Despite that, in principle, the whole Duschinsky matrix should
be considered within the rotational operator, memory resources
exponentially grow with the number of qubits used. With the
current memory resources, only pairs of normal modes can be
considered for rotational coupling. The couples of normal modes
were selected on the basis of the amplitude of their couplings,
while ensuring that the chosen (sub-)Duschinsky matrices
remained close to unitary in order to avoid imaginary coefficients.
The chosen pairs of normal modes for Duschinsky mixing are
listed in the table in Fig. 5. This table also proposes a classification
of the (sub-)rotational matrices: group I admits strong coupling
values which either leave similar the normal mode intensities
(strong diagonal terms, the case of the (35,36) and (69,70) tuples),
or a almost complete exchange of vibronic intensity (the (64,65)

tuple); group II are strong mixing of the two normal modes,
giving a rather intensity sharing; group III are the last tuples
with non-unitary matrices, where the mixing is not trivial. The
idea is to estimate the impact on the ECD spectra of the
successive groups. The reminder of the normal modes are
considered as individual (or independent) normal modes with
no rotational coupling.

Yet, since the y3,4 and y46,47 rotational angle parameters are
(found to be) imaginary, the corresponding couplings were
dismissed because the current method is only valid for real
parameters. This issue can be avoided by considering larger
sub-Duschinsky matrices, relating more NM, and thus having
a unitary transformation with real parameters. However,
as previously mentioned, the available memory resources
impede the implementation. On the other hand, Group I
and II possess real angle parameters, and the results are
depicted in Fig. 4.

The Group I spectrum shape is very similar to the non-
rotated one. However, the absorption intensity has shifted to
lower energies. It is difficult to assign a clear reason to this
difference due to the dual effects to consider: the NM couplings
redistribute the total intensity, changing the contributions, and
thus, different peaks become more or less relevant, affecting
the intensity. For instance, regarding the sum of FC, Group I
retrieved approximately B0.016 more intensity than the
uncoupled one while requiring slightly less FC factors. Never-
theless, upon normalization (which is tantamount to consider-
ing an equal intensity recovery), both spectra are almost
identical and just the higher energies part of the spectrum is
affected (see Fig. S3 in the SI). When including the remaining
two extra pairs of coupled NMs, no remarkable change is
noticed as the Group I spectrum is identical to the Group I &
II spectrum.

Fig. 5 (Left) Pairs of normal modes considered for rotational coupling for the S0 - S3 transition; (Right) Absolute Duschinsky matrix for the S0 - S3

transition.
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4.4. The next dominant low-energy transitions

The Duschinsky matrices and the chosen coupled pairs for the
S0 - S5, S0 - S6, and S0 - S7 transitions are depicted in
Fig. S4, S6, and S8 in the SI, respectively. In summary,
5 rotational mixing pairs were chosen for the 5th transition,
while 8 for the 6th and 7th transitions. They mostly correspond
to strong couplings (Group I). Moreover, when comparing the
INM and coupled spectra, they are found to be virtually
identical (see Fig. S5, S7, and S9 in the SI). This is further
appreciated in Fig. 6 where the 4 transitions have been merged.
The two vibronic spectra are nearly identical. Their difference
lies around the 6.4 eV energy, where the S0- S3 transition is
also contributing to the total spectra. Hence the difference is
due to the previously discussed results in Fig. 4. The four

spectra contributions to the total spectrum can be visualized
in Fig. S10 in the SI. The almost exact overlap of the spectra
over the remaining energies is easily explained when looking at
the quantitative data of the individual results. The other
transitions retrieve almost the same vibronic intensity when
considering independent or (the considered) coupled NM.

5. Conclusions

This study has adopted a hybrid quantum-classical algorithm
method to simulate the ECD absorption spectra of the trypto-
phan zwitterion molecule in water solvent. TD-DFT calculations
have been performed for retrieving the necessary electronic and
structural properties, which are subsequently used as para-
meters for the Doktorov quantum algorithm. After studying
the structural deformations, the S0 - S3, S5, S6, and S7 transi-
tions were chosen for illustrating the calculations of the vibro-
nic structure. Their Duschinsky matrices were examined, and
three groups of rotational coupling pairs were defined. The
Doktorov-SWAP ansatz was then employed to compute the
Franck–Condon factors, and thus, the vibronic structure.
It was applied to either independent or coupled pairs of
vibrational normal modes, enabling the comparison between
various levels of approximation. The effects of the different
couplings show small impacts on the vibronic structure and the
retrieved spectra. Further analyses of the vibronic structures,
especially the rotationally coupled ones, are required to shed
light on the spectral variations. The method is inherently
limited by the power and memory computational resources,
as well as by the absence of a theoretical extension capable of
treating Herzberg–Teller contributions within the Doktorov
second-quantization framework, which appears as a challeng-
ing area of investigation. Finally, this original work demon-
strates the versatility of the method, allowing for controlled and
in-depth examinations.
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Fig. 6 (Top) Summary table of the retrieved sum of FC factors, the
number of considered coupled NM pairs, and the largest HR factor
associated with the transition. (Bottom) Simulated ECD absorption spectra
for the 4 transitions with and without rotational coupling. The INM spectrum
considers no Duschinsky effects (red). The Coupled spectra considers all the
coupled pairs of normal modes (black dashed line, cfr. Fig. S3). The structure
followed a Gaussian broadening with FWHM = 0.05 eV.
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modes, vibrational frequencies and Huang–Rhys factors for the
four considered electronic transitions. Comparisons between
results obtained with different basis sets and with different
representation of the dipole moment operator. Normalized
spectra for the 3rd transition, and Duschinsky matrices and
vibronic spectra of the 5th, 6th and 7th electronic transitions.
See DOI: https://doi.org/10.1039/d5cp03805g.
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