
  Showcasing research from the group of Professor 
Katharine L. C. Hunt, Department of Chemistry, 
Michigan State University, East Lansing, Michigan, USA 

 Electronic charge density distortions due to dispersion: 
physically meaningful DMA multipoles for H 2 , HeH, and He…He 

 This work shows for the first time that the local dispersion 

dipoles determined via full configuration-interaction 

calculations agree extremely well with the results of 

long-range perturbation theory. This is consistent with 

Feynman’s electrostatic interpretation of the dispersion 

forces on nuclei in interacting molecules. Geckos are 

believed to use dispersion forces to cling upside down, 

as shown on the cover. 

 Image reproduced by permission of Katharine C. Hunt from 

Phys .  Chem .  Chem .  Phys ., 2025,  27 , 23584. 

Gecko image on the cover by Zach via Adobe Stock 

As featured in:

See Nathan D. Jansen, 
Katharine L. C. Hunt  et al ., 
Phys .  Chem .  Chem .  Phys ., 
2025,  27 , 23584.

PAPER
Taiha Joo et al.

Understanding contrasting S2  S1 internal conversion rates 

in boron-dipyrromethene derivatives via multi-configuration 

time-dependent hartree method

ISSN 1463-9076

rsc.li/pccp

PCCP
Physical Chemistry Chemical Physics

Volume 27

Number 44

28 November 2025

Pages 23501–24114

rsc.li/pccp
Registered charity number: 207890



23584 |  Phys. Chem. Chem. Phys., 2025, 27, 23584–23596 This journal is © the Owner Societies 2025

Cite this: Phys. Chem. Chem. Phys.,

2025, 27, 23584

Electronic charge density distortions due to
dispersion: physically meaningful DMA multipoles
for H2, HeH, and He� � �He

Nathan D. Jansen, * Hua-Kuang Lee and Katharine L. C. Hunt *

Feynman attributed long-range dispersion forces to the attraction of each nucleus to the local dipolar

distortion of the electronic charge distribution. Here we take a step toward the first demonstration of

Feynman’s statement with full configuration-interaction wave functions. We have used Stone’s

distributed multipole analysis (DMA) to obtain the local multipoles in H2 in the b3S+
u and X1S+

g states and

the local dipoles in HeH and He� � �He in their ground states. Except for the H2 singlet, these states have

repulsive potentials with shallow wells due to van der Waals dispersion. For H2, the DMA dispersion

dipole on each nucleus, computed ab initio with the d-aug-cc-pV6Z basis, shows excellent agreement

with the sum of the R�7 and R�9 terms predicted by perturbation theory. The DMA dipoles of HeH and

He� � �He also agree quite well with the prediction of perturbation theory. The signs and the R-

dependence of the DMA dispersion dipoles are fully consistent with Feynman’s statement. For H2, we

also find strong agreement between the results of perturbation theory and the dispersion terms in the

DMA quadrupoles, DMA octopoles, DMA hexadecapoles, the total quadrupoles, and the total

hexadecapoles. The dynamic correlation effects on the multipoles have physical meaning when

computed with sufficiently large basis sets.

Introduction

Richard Feynman offered a simple physical explanation for dis-
persion forces, in the case of two S-state atoms interacting at long
range, where exchange effects are negligible.1 He reasoned that
the identical distance dependence of the van der Waals dispersion
force and the dispersion dipole suggests that the two are con-
nected. He observed that a dipole moment proportional to R�7

develops at each of the nuclear centers due to dispersion. The
electronic charge builds up between the nuclei. Feynman stated
that the van der Waals dispersion force is not produced by
interactions between the dispersion dipoles; instead, it is ‘‘the
attraction of each nucleus for the distorted charge distribution of
its own electrons that gives the attractive 1/R7 force.’’1

In this work, we have applied Stone’s distributed multipole
analysis (DMA)2–5 to find the dispersion dipoles as the differ-
ence between the results from full configuration interaction
(FCI) wave functions and the results from wave functions that
do not include dynamic correlation. We make a connection
between Feynman’s explanation of dispersion and calculations
at the FCI level for the first time. We also compare the DMA
results with predictions from perturbation theory.

Hirschfelder and Eliason offered the first numerical test of
Feynman’s explanation of the van der Waals dispersion forces,
which they termed Feynman’s ‘‘conjecture.’’ They considered
two H atoms initially in 1s states, interacting at long range.6

Using perturbation theory, they showed that Feynman’s state-
ment is correct to at least four figures, if exchange is neglected.6

At that time, existing ab initio methods were not sufficiently
accurate to test the statement for heavier pairs.

Hunt observed two paradoxical aspects of Feynman’s
explanation.7 The van der Waals dispersion energy can be
obtained entirely within linear response, but the dispersion
dipoles depend on nonlinear response.8–21 If at least one of the
interacting molecules lacks a center of symmetry, then
the dispersion dipole varies as R�6 in the separation between
the molecules,16 but the van der Waals force varies as R�7, so
Feynman’s rationale does not hold in these cases.

Working within the polarization approximation, Hunt gave
an analytical proof of Feynman’s statement that resolves both
issues. She expressed the dispersion energy in terms of the
nonlocal polarizability density a(r, r0; io) on each center and
then differentiated the result to obtain the dispersion force.7

The necessary connection between linear and nonlinear
response arises when a(r, r0; io) is differentiated with respect
to a nuclear coordinate, because the derivative depends on the
hyperpolarizability density.22,23
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Hunt derived a generalization of the Thomas–Reiche–Kuhn
summation rule,24–26 which she used to show that the forces on
the individual nuclei in a non-centrosymmetric molecule vary
as R�6 (like the dispersion dipole in that case), but when the
forces are summed over the nuclei, the R�6 term vanishes,
leaving an R�7 dependence of the force on the center of mass.
Thus, Hunt also proved the generalization of Feynman’s expla-
nation to molecules of arbitrary symmetry.7 This work shows
very close agreement between the DMA dispersion dipoles
obtained from ab initio calculations and the local dispersion
dipoles from perturbation theory. The level of agreement
indicates that the polarization approximation is successful for
the local dipoles.

There have been no previous tests of Feynman’s statement at
full CI level, although relevant advances have been made by
Allen and Tozer27 and by Thonhauser et al.28 Allen and Tozer
have determined the dispersion forces due to interactions
between two helium atoms, by differentiating the interaction
energy at Bruckner coupled-cluster level.27 They compared the
results with the Coulomb forces calculated using Dr(r), defined
as the difference between the charge density of the interacting
atoms and the isolated atomic charge densities. The forces
computed in these two ways agreed well with each other, for
He–He separations of 8.0 a.u., 8.5 a.u. and 9.0 a.u.27 They
differed from the force obtained with the long-range dispersion
coefficients Cn (with even values of n from 6 to 16)29–31 by B4.5–
11%, with the largest differences at 8.0 a.u. in their work. Allen
and Tozer derived a correlation potential for density functional
theory, which yielded the forces with similar accuracy.27

Thonhauser and coworkers derived a nonlocal correlation
potential for density functional theory and used it in their
calculations on multiple systems.28 For Ar–Ar and Kr–Kr, they
obtained a high level of agreement between the dispersion
force calculated from the derivative of the energy and the
Coulomb forces calculated using Dr(r).28 The calculated bind-
ing distances were B5% larger than the experimental values for
Ar–Ar and Kr–Kr, and the calculated potential wells were too
deep, by B10 meV for Ar–Ar and slightly less for Kr–Kr.28

Neither of these references27,28 provided a full test of Feyn-
man’s statement, because the forces were calculated with the
changes in the total charge density of the atom pairs relative to
the densities of the isolated atoms, rather than from the
electron densities assigned to each nucleus. For He–He27 and
for Ar–Ar,28 substantial depletions of the electron density were
found along the bond, immediately adjacent to each nucleus,
but with an increase in the electron density further along the
bond. The distributed dipoles were not computed.

In a recent collaborative effort, Cheng et al. have developed a
method to provide accurate real-space electron densities.32

They have applied the method to examine the forces on H
nuclei in the ground 1S+

g state of H2, the Li nuclei in Li2 in its
ground state, and the N nuclei in N2 in its ground state, but
only in the vicinity of equilibrium in each case. For H2 in the
1S+

g state, Cheng et al. evaluated the forces between R = 1.2 a.u.
and R = 1.6 a.u.32 In the current work on the states of H2, we
focus on interactions at distances between 10 a.u. and 22 a.u.

Odbadrakh and Jordan have examined the dispersion forces
between coupled Drude oscillators and the dipoles induced in
each oscillator.33 For two 3D Drude oscillators, with the wave
function correct to second order, they confirmed that the disper-
sion force varying at R�7 can be obtained from the dispersion
dipole, due to special relationships among the polarizability a, the
dipole–dipole–quadrupole hyperpolarizability B, and the disper-
sion energy coefficient C6 that hold for Drude oscillators, but not
necessarily for atoms or molecules.33 They did not calculate the
force directly from the change in charge density.

Results obtained by Kooi and Gori-Giorgi might appear to be
inconsistent with Feynman’s analysis. In 2019 and later work,
they developed a fixed diagonal matrices formalism that gives
highly accurate results for the dispersion energy coefficients C6,
C8, and C10 for H2, yet predicts no change in the electron
density at any order.34–36 This feature is shared by the theory of
dispersion forces presented by Eisenschitz and London in
1930.37–39 Neither approach can show the connection between
the dispersion forces and the dispersion dipoles. Commentary
by Hirschfelder and Eliason6 suggests an explanation: A wave
function correct to first order in a perturbation suffices to give
the energy correct to second order, so a first-order theory can
correctly capture the dispersion energy coefficients C6, C8, C10,
and even higher coefficients. But a wave function correct to first
order yields no change in the electron density, since that arises
only at second and higher order. The formalism developed in
ref. 34 corresponds to a wave function that is correct to first
order. We note that the approach used by Kooi and Gori-Giorgi
is more efficient than calculations based on charge densities,
in terms of providing numerical results for the dispersion
energy.34–36

Grimme et al. have commented that dispersion effects ‘‘are
rooted in instantaneous electron correlations.’’40 We note that
the electron correlations permit a static build-up of electron
density in the region between the nuclei, and that the forces on
the nuclei are obtained from the electronic charge density by
Coulomb’s law. Thus, the van der Waals forces on the nuclei
derive entirely from classical electrostatic effects, due to the
dispersion charge density.1,7 The forces on the electrons
vanish.

In this work, we examine results from Stone’s distributed
multipole analysis (DMA),2–5 applied to the hydrogen molecule
in the b3S+

u and X1S+
g states, with the two nuclei taken as the

multipole centers. For the b3S+
u state, we have found the

correlation contributions to the distributed multipoles up
through the hexadecapoles by subtracting the Hartree–Fock
DMA values from the full configuration-interaction (FCI) DMA
values. At long range, with a d-aug-cc-pV6Z basis,41 we find an
excellent fit to the local dipoles D7R�7 + D9R�9 obtained from
perturbation theory.19–21 The higher multipoles fit the forms
predicted with perturbation theory, as well.11,15,19,21

For the X1S+
g state, we could not obtain the dispersion effects

by subtracting the Hartree–Fock results from the FCI results,
because the Hartree–Fock wave function for this state does not
dissociate properly into two neutral H atoms; instead, it
includes ionic terms with both electrons localized on a single
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center. The Hartree–Fock energy is erroneously high, even for R
as short as 5 a.u. We replaced the Hartree–Fock wave function
with a CAS(2,2) wave function, which does not allow for
dynamic correlation in H2.42 Then we obtained the dispersion
contributions to the energy and the DMA multipoles by sub-
tracting the CAS(2,2) values from the FCI values. We have also
determined the DMA dispersion dipoles in the ground states of
HeH and He� � �He from ab initio calculations.

Stone has remarked that the DMA method ‘‘is not stable
with respect to changes of the basis set’’ and that the distrib-
uted multipoles obtained with large basis sets ‘‘may not corre-
spond to physical expectations.’’4 In our calculations, we
observed shifts in the FCI DMA multipoles and the Hartree–
Fock DMA multipoles when we changed the basis set—we have
even seen sign changes in several of the multipoles. However,
we have found that the differences between the FCI and
Hartree–Fock values are quite stable with respect to changes
in the basis. We have found that physically meaningful correla-
tion terms in the distributed dipoles are obtained with suffi-
ciently large basis sets for H2, HeH and He� � �He.

The high level of agreement between the ab initio DMA
dipoles and the dipoles obtained from perturbation theory
without exchange is significant: The results are consistent with
Feynman’s 1939 statement about the origin of long-range van
der Waals forces.1 Direct calculations of the dispersion forces
from the dispersion charge densities are beyond the scope of
the current work, but these calculations are in progress.

A complementary method in widespread use to treat van der
Waals dispersion interactions is based on the exchange-hole
model of Becke and Johnson.43–46 Ángyán has provided a first-
principles derivation of this model, based on the charge-density
autocorrelation function, which gives the dispersion energy in
terms of the exchange–correlation hole.47 He has also identified
the added assumptions that must be made in order to obtain
the dispersion energy directly from the exchange hole.47

Heßelmann has shown that the dispersion energy can be
written in terms of the densities and exchange holes of the
monomers.48

Langbein has derived the dispersion energy by considering
the fluctuating point multipoles on each center.49 Hunt recast
Langbein’s approach in terms of nonlocal polarizability densi-
ties and used it when she proved Feynman’s statement about
the origin of dispersion forces.7 Reviews of the theory of van der
Waals dispersion forces have been given by Dykstra and Lisy;50

Clark, Politzer, and Murray;51 Sherrill and Merz;52 Stone;53 and
Ángyán, Dobson, Jansen, and Gould.54

To our knowledge, the current work is the first examination
of the local multipoles specifically due to dispersion effects for
H–H pairs or other interacting atoms, with a full representation
of correlation and exchange.

Atomic charges and distributed multipoles

The DMA method has been applied to a very wide variety of
van der Waals complexes.55–60 Faerman and Price found that
atomic multipole moments obtained from DMA analyses for
peptides and amides were ‘‘reasonably transferable to other

molecules, provided that at least the directly bonded functional
groups are the same.’’61 Price, Harrison, and Guest provided an
example of the application of the DMA method to a relatively
large molecule with their ab initio work on the potential of
an undecapeptide cyclosporin derivative.62 In a review of the
DMA method, Buckingham, Fowler, and Hutson commented
that this method accurately describes electrostatic interactions
that are energetically accessible, as close as the ‘‘surface of a
molecule as defined by the van der Waals radii. DMA also gives
a detailed picture of the qualitative features of the charge
distribution.’’63 The DMA method typically offers an advantage
over the point-multipole expansion, because the DMA electro-
static potential converges up to the boundary formed by the van
der Waals radii of the atoms,2–5 including regions where the
point-multipole series diverges. However, the DMA method
offers little advantage over the point-multipole series, in terms
of the range of convergence when there are just two centers,5 as
in the current work.

Beginning with the work of Mulliken,64 various methods
have been proposed to assign partial charges to atomic centers.
Mulliken’s approach splits the contributions to the density
matrix from orbitals on two different centers equally between
the centers.64 In contrast, Hirshfeld’s approach allows for a
weighted distribution of the charge between centers.65,66 The
method of iterated stockholder atoms (ISA) suggested by Lilles-
tolen and Wheatley takes this a step further by iterating to self-
consistency in the weighted assignment of partial charges.67,68

The results have been analyzed for conformational stability69

and for use in producing force fields;70 they have also been
adjusted by use of multipole constraints.71

Other methods include the natural atomic population ana-
lysis developed by Reed et al.72 as an atom-localized variant of
the natural orbitals that diagonalize the full density matrix.73

Bader has derived atomic charges by analyzing the electron
density topologically, with a separation into regions bounded
by zero flux in the gradient vector field of the charge density.74

Other means of assigning atomic charges or atomic charge
densities include the method of deformed atoms in mole-
cules;75–78 the introduction of fuzzy atoms,79 an efficient parti-
tioning that makes the atomic charges as small as possible
while preserving the overall molecular multipoles,80 and the
use of point charges derived from the molecular electrostatic
potential.62,81–84

For H2 if the total electronic charge is split between the two
H centers, the atomic charges are zero. The distributed dipole
and higher multipoles are non-zero, however. Misquitta, Stone,
and Fazeli have adapted the ISA to obtain distributed
multipoles,85 with very useful results. Numerous other methods
of determining the values of distributed multipoles have been
suggested.86–96 Glick et al. have used neural networks to obtain
atomic multipoles quickly, with transferable values between
molecules,95 and Heindel et al. have used distributed multi-
poles in the computation of many-body interactions.96 It is not
yet known whether these methods yield dispersion multipoles
that agree with the predictions of long-range perturbation the-
ory. Additional methods allow for distributed polarizabilities, as
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well as distributed multipoles.97–107 and for the effects of charge
overlap.108–113

Perturbation theory of the dispersion multipoles

In this section, we summarize the perturbation theory for the
long-range dispersion multipoles of interacting atoms. We test
those results in this work, by comparison with the ab initio
values for the DMA dispersion multipoles.

Byers Brown and Whisnant published the first accurate
expression for the leading term in the dipole moment of two
unlike atoms in S states;8,9 this term varies as R�7 in the
internuclear separation.8,9 They obtained the dispersion dipole
as the sum of two integrals over frequencies, a single integral DI

7

and a double integral DII
7 . Four atomic response properties

appear in the integrals, a(io), Z(o), G(u, v) and L(u, v). Of these
properties, only a(io) is well known in other contexts.

Hunt later developed an approximation for the dispersion
dipole of interacting atoms in S states, as a function of the static
polarizability and the static dipole–dipole–quadrupole hyper-
polarizability B of each atom, together with the van der Waals
interaction energy coefficient C6.11 Shortly afterward, Galatry and
Gharbi12–14 used the fluctuation-dissipation theorem114,115 to
derive the dispersion dipole as a single integral containing the
polarizability a(io) and the hyperpolarizability B(0, io), both
evaluated at imaginary frequencies.12–14 Galatry and Hardisson
extended the analysis to include molecules with lower
symmetry.16 Craig and Thirunamachandran derived the disper-

sion dipole induced in coupled centrosymmetric systems, directly
from perturbation theory.15 For atoms in S states, their result
agrees with the expression found by Galatry and Gharbi.12–14

Hunt and Bohr developed the first theory of the dispersion
dipole that explicitly includes the changes in the correlations of
quantum charge-density fluctuations due to an applied field F.17

Their approach is based on Langbein’s theory of van der Waals
interactions.49 The analysis is summarized here, to show that the
same approach also gives the distributed dispersion dipoles. By
the fluctuation-dissipation theorem,114,115 the correlations of the
fluctuating electronic dipoles of an atom or molecule in the
presence of an external field F are determined by the imaginary
component of the dipole polarizability a00ab F; oð Þ, according to17

1=2ð Þ maðoÞmbðo0Þ þ mbðo0ÞmaðoÞ
� �

¼ �h= 2pð Þa00ab F; oð Þ coth �ho=2kTð Þdðoþ o0Þ:
(1)

Here, ma(o) and mb(o0) refer to the fluctuating dipoles on the
same center. For the electronic dipoles, the intensity of the
fluctuations at room temperature T is virtually identical to their
intensity at zero Kelvin. For centrosymmetric species, there is no
change in the correlations of the fluctuating dipoles to first-order
in F. On the other hand, for molecules that lack a center of
symmetry, the fluctuating dipole correlations are altered at first

order in the applied field F. This gives rise to a term in the
dispersion dipole that varies as R�6 in the intermolecular
separation, as in the work of Galatry and Hardisson.16

The correlations of the fluctuating electronic dipole and
quadrupole in the presence of the field F are determined by the
imaginary component of the dipole–quadrupole polarizability
A00a;bg F; oð Þ,17

1=2ð Þ maðoÞYbgðo0Þ þYbgðo0ÞmaðoÞ
� �

¼ �h= 2pð ÞA00a;bg F;oð Þcoth �ho=2kTð Þdðoþ o0Þ:
(2)

For centrosymmetric species, the fluctuating dipole and
quadrupole are uncorrelated in the absence of an applied field,
but an applied field induces correlations that are linear in the
field. This produces a contribution to the dispersion dipole that
varies as R�7 in the intermolecular separation.

The analysis is presented in detail in ref. 17. Changes in the
real and imaginary components of the susceptibilities are both
included. So, the theory accounts for hyperpolarization of a
molecule by the applied field acting together with the nonuni-
form fluctuating field due to the interaction partner, as well as
the field-induced fluctuation correlations characterized by
eqn (1) and (2). By use of complex contour integration, the
integrals over the real frequencies of fluctuations from �N to
N are transformed into integrals along the positive imaginary-
frequency axis. The dispersion dipole for a pair of atoms A and
B, with vector R pointing from A to B along the z axis is12,15,17

Note that ref. 17 uses the opposite convention for the
direction of R. In this equation, Bab,gd characterizes the change
in the dipole–quadrupole polarizability Ab,gd to first order in the
applied field Fa. The frequency 0 is associated with the dipole
operator ma and frequencies io and �io are associated with the
dipole operator mb and the quadrupole operator Ygd. For an
isotropic system, the B tensor has the form11

Bab,gd(0, io) = (1/4)B(0, io)[3(dagdbd + daddbg) – 2dabdgd].
(4)

So, the dispersion dipole to order R�7 is

mAB
z;disp ¼ � 9�h=pð ÞR�7

ð1
0

do aA ioð ÞBB 0; ioð Þ � aB ioð ÞBA 0; ioð Þ
� �

:

(5)

This is identical to the result derived by Galatry and
Gharbi12–14 and by Craig and Thirunamachandran.15 Based
on the work by Hunt and Bohr,17 if mAB

z,disp is positive, the sign
of the pair dispersion dipole is A�B+.

The hyperpolarization of atom A can be viewed as localized
to atom A. Likewise, the correlations of the fluctuating dipole
and quadrupole induced by the field acting on atom A are
localized to A. Therefore, we can obtain the dispersion dipole

mAB
z;disp ¼ 4�h=pð ÞR�7

ð1
0

do aB ioð Þ BA
zx;zx 0; ioð Þ � BA

zz;xx 0; ioð Þ þ BA
zz;zz 0; ioð Þ

h in

� aA ioð Þ BB
zx;zx 0; ioð Þ � BB

zz;xx 0; ioð Þ þ BB
zz;zz 0; ioð Þ

h io
:

(3)

Paper PCCP

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

2 
O

ct
ob

er
 2

02
5.

 D
ow

nl
oa

de
d 

on
 4

/2
/2

02
6 

7:
15

:5
9 

PM
. 

 T
hi

s 
ar

tic
le

 is
 li

ce
ns

ed
 u

nd
er

 a
 C

re
at

iv
e 

C
om

m
on

s 
A

ttr
ib

ut
io

n 
3.

0 
U

np
or

te
d 

L
ic

en
ce

.
View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/D5CP01955A


23588 |  Phys. Chem. Chem. Phys., 2025, 27, 23584–23596 This journal is © the Owner Societies 2025

induced in atom A in the presence of atom B as

mAðBÞz;disp ¼ 9�h=pð ÞR�7
ð1
0

aB ioð ÞBA 0; ioð Þdo: (6)

Fowler has carried the perturbation analysis to higher order
to obtain the coefficient D9 of R�9 in the series for the disper-
sion dipole;20 for an AB pair, DAB

9 is

DAB
9 ¼ 8�h=pð Þ

ð1
0

do LA 0; io; �ioð ÞaB ioð Þ
�

þ 15=2ð ÞBA 0; ioð ÞCB ioð Þ � LB 0; io; �ioð ÞaA ioð Þ

� 15=2ð ÞBB 0; ioð ÞCA ioð Þ
�
;

(7)

where L(0, io,�io) is the isotropic dipole–quadrupole–octopole
hyperpolarizability and C(io) is the isotropic quadrupole polar-
izability, as defined by Fowler.20 The quantity DAB

9 can also be
separated into terms that are localized on center A or on center
B, DA(B)

9 and DB(A)
9 , respectively.

For the quadrupole due to dispersion, which varies as R�6 in
the separation of a pair of atoms, Hunt provided an approxi-
mation in terms of the static susceptibilities a and B, and C6.11

Craig and Thirunamachandran derived an expression for the
dispersion quadrupole using second-order perturbation theory
within the polarization approximation.15

The result given by Craig and Thirunamachandran appears
to give the sum of the dispersion quadrupoles on each center,
but not the total quadrupole. The total quadrupole includes
contributions from the distributed dipoles, as well as from the
local quadrupoles, because dipoles of opposite signs located at
(0, 0, �R/2) and (0, 0 R/2) contribute to the quadrupole at the
origin of an AB pair. Hence, both the local dipoles and the local
quadrupoles contribute terms to the total quadrupole that vary
as R�6 to leading order.

To order R�6, the local dispersion quadrupole YA(B)
zz at center

A in the presence of B is15,19,21

YAðBÞ
zz ¼ 3�h=2pð ÞR�6

ð1
0

doBA io; 0ð ÞaB ioð Þ; (8)

where center A is located at (0, 0, �R/2). In the integrand in

eqn (8), the frequency 0 in BA(io, 0) is associated with the
quadrupole operator, whereas the frequency 0 in BA(0, io) in
eqn (6) for the dispersion dipole is associated with a dipole
operator.15,17,19,21 The local quadrupole YA(B)

zz is negative,
because the electronic charge becomes elongated along the z
axis due to dispersion.

To leading order, the total dispersion quadrupole of H2 is
given by15,19,21

Yzz ¼ 3�h=pð ÞR�6
ð1
0

do B io; 0ð Þa ioð Þ � 6B 0; ioð Þa ioð Þ½ �: (9)

Distributed octopoles OA(B)
zzz and OB(A)

zzz are produced by hyper-
polarization due to the field and field-gradient of the fluctuat-
ing dipole at the other center, and by fluctuation correlations
induced by a nonuniform field. The distributed octopole OA(B)

zzz

at center A at (0, 0, �R/2) varies as R�7. It is given by an
imaginary frequency integral that contains the susceptibilities
LA(io, �io, 0) and aB(io),20,21

OAðBÞ
zzz ¼ 8�h=5pð ÞR�7

ð1
0

doLA io; �io; 0ð ÞaB ioð Þ: (10)

In the integrand, the frequency 0 in LA(io, �io, 0) is
associated with the octopole operator, while the frequencies
io and �io are associated with the dipole and quadrupole
operators.20,21 The total octopole Ozzz vanishes, since disper-
sion interactions produce equal and opposite distributed octo-
poles in the pair.

The distributed hexadecapole scales as R�8 to leading order.
It is produced by hyperpolarization at each center, and by the
field-induced fluctuation correlations. We have not found a
value for the coefficient of the leading term in the distributed
hexadecapole. This complicates fitting the hexadecapole, com-
pared with the moments of lower orders.

Computational methods

For the b3S+
u state of H2, we have obtained the correlation

effects on the energy and molecular properties by subtracting
the Hartree–Fock values from the full configuration-interaction
values,116,117 obtained with Molpro.118–120 The basis sets come
from the basis set exchange for quantum chemistry121 (see also
ref. 41). The basis sets are cc-pV6Z, aug-cc-pV5Z, d-aug-cc-pV5Z,
aug-cc-pV6Z, and d-aug-cc-pV6Z.† 121 We used Stone’s DMA
analysis2 as implemented in Molpro.118–120 To identify the
‘‘long range’’ R values, we have examined the energies of H2

and the charges associated with the basis functions on indivi-
dual centers in the singlet and lowest triplet state at long range.

The aug-cc-pV6Z results for the interaction energy DE at FCI
level are shown in Fig. 1. The cyan curve shows the dispersion

Fig. 1 Interaction energy DE in the triplet state (blue), in the singlet state
(red), and energy from perturbation theory (cyan) with the C6, C8, and C10

coefficients of Kooi and Gori-Giorgi.34

† Basis sets used in this work:121, cc-pV6Z, [10s 5p 4d 3f 2g 1h/6s 5p 4d 3f 2g 1h],
with 182 contracted functions, aug-cc-pV5Z, [9s 5p 4d 3f 2g/6s 5p 4d 3f 2g] with
160 contracted functions, d-aug-cc-pV5Z, [10s 6p 5d 4f 3g/7s 6p 5d 4f 3g] with 210
contracted functions, aug-cc-pV6Z, [11s 6p 5d 4f 3g 2h/7s 6p 5d 4f 3g 2h] with 254
contracted functions, and d-aug-cc-pV6Z, [12s 7p 6d 5f 4g 3h/8s 7p 6d 5f 4g 3h]
with 326 contracted functions.121
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energy computed with the C6, C8, and C10 coefficients from the
work of Kooi and Gori-Giorgi,34

Edisp = –C6R�6 � C8R�8 – C10R�10, (11)

The highly accurate values34 are C6 = 6.4990267054058393 a.u.,
C8 = 124.39908358362234 a.u., and C10 = 3285.8284149674217 a.u.
These results agree closely with Thakkar’s values for C6, C8, and
C10,122 the value of C6 given by Masili and Gentil,123 results given to
four figures by Maeder and Kutzelnigg,124 and results given to eight
figures by Bishop and Pipin.29

Fig. S1 in the supplement shows a close-up of the FCI
energies of the triplet and singlet states for internuclear dis-
tances R ranging from 10 a.u. to 22 a.u. Fig. S2 shows the net
charge q that is localized within the orbitals on each H center
for the triplet state, along with the overlap charge. For inter-
nuclear separations R larger than 10 a.u., the overlap charge
and the charge on a single center are both nearly zero. Fig. S3
shows our results for the potential of the b3S+

u state, compared
with the Kołos–Wolniewicz potential125 and the potential
obtained by Kurokawa et al.126 Fig. S4 shows our potential for
the singlet state with other potentials.125–128 For values of R 4
11–12 a.u., the FCI energies of the singlet and triplet are very
similar, and the HF values for the triplet DMA dipoles, which
include exchange energies, are small compared to the FCI
values. On that basis, we consider R 4 11–12 a.u. to be long
range for the H2 molecule in the X1S+

g and b3S+
u states.

We investigated the dependence of the DMA multipoles on
the basis set. Comparisons are provided in Fig. 2, which shows
the DMA dispersion dipoles on the H center at (0, 0, �R/2),
computed with various basis sets: cc-pV6Z, aug-cc-pV5Z, d-aug-
cc-pV5Z, aug-cc-pV6Z, and d-aug-cc-pV6Z. The DMA dipole
values generally approach each other as the basis set size
increases, although the results at cc-pV6Z level clearly differ
from the others, due to the specific exponents in the basis
functions. Results from the augmented and doubly-augmented
basis sets are similar. Results obtained with the d-aug-cc-pV5Z
basis virtually superimpose on the results in the d-aug-cc-pV6Z
basis, except at the shortest internuclear distances.

Results and discussion

In this section, we present results for the dispersion multipoles
of H2 in the b3S+

u and X1S+
g states, and for the dispersion

dipoles of HeH and He� � �He. We compare the ab initio results
with the predictions from perturbation theory, where available.

Distributed multipoles of H2 in the b3R+
u triplet state

We have evaluated the integral in eqn (6) for the dispersion
dipole at hydrogen nucleus A in the presence of H atom B by 64-
point Gaussian quadrature, using values of a(io) and B(0, io)
tabulated by Bishop and Pipin.129 The result is mH(H)

z,disp =
�394.51R�7. We believe this to be the most accurate value
currently available for the R�7 term in the DMA dipole for H2 in
the b3S+

u state. Fowler has found a very similar value, mH(H)
z,disp =

�393.5R�7, with a(io) and B(0, io) calculated for the H atom in
a 10s 8p 5d basis; he evaluated the integral by 16-point
Gaussian quadrature.19 For comparison, a later calculation by
Fowler with a 10s 8p 5d 4f basis for the H atom yielded DH(H)

7 =
�394.9 a.u., also with 16-point Gaussian quadrature.20

Fowler has evaluated the coefficient of R�9 for a single H
center in the 10s 8p 5d 4f basis, with the result DH(H)

9 =
�12803 a.u.20 Using Mathematica,130 we have found that the
best fit to the d-aug-cc-pV6Z DMA dipoles gives DH(H)

9 =
�13 099 a.u., if DH(H)

7 is fixed at DH(H)
7 = �394.51 a.u. The

difference between the two values of DH(H)
9 is B2.26%.

Fig. 3 shows the results for the DMA dispersion dipole from
the aug-cc-pV6Z basis and from the d-aug-cc-pV6Z basis, com-
pared with the DH(H)

7 R�7 + DH(H)
9 R�9 dipole, calculated using our

value for DH(H)
7 and Fowler’s value for DH(H)

9 .
The results from the d-aug-cc-pV6Z basis show a remarkable

level of agreement with the analytic form from perturbation
theory, over the entire range of R values greater than or equal to
12 a.u. Interestingly, the aug-cc-pV6Z basis gives a better fit
than the d-aug-cc-pV6Z basis, for the R�7 term in the dipole
taken alone. At distances below 12 a.u., the fit is not as good for
either basis, since exchange effects contribute to the dispersion
dipoles when the internuclear separation is smaller.

Next, we consider the long-range dispersion quadrupole
from eqn (8). Fowler’s result is YH(H)

zz = �52.2R�6 (ref. 19).

Fig. 2 DMA dispersion dipole of the triplet state at the H center located at
(0, 0, �R/2). The DMA dispersion dipole on the H center at (0, 0, R/2) is
equal in magnitude, but opposite in sign.

Fig. 3 Long-range DMA dispersion dipole in red with the R�7 and R�9

terms from perturbation theory; results from the aug-cc-pV6Z basis (cyan)
and the d-aug-cc-pV6Z basis (blue).
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The subscript disp is omitted here and below for simplicity.
Fowler and Steiner evaluated the dispersion multipoles in a
more extensive calculation, by expanding the wave function in
complete set of atomic orbitals and then truncating the basis to
20 radial functions Rnl(r) for l from 0 to 3, with the associated
spherical harmonics.21 Their result for the leading term in the
local dispersion quadrupole is YH(H)

zz =�52.300432R�6. We have
not found a good fit of the ab initio values of YH(H)

zz at long
range with an R�6 term alone, but after adding an optimized
term that varies as R�8, we have fit YH(H)

zz well. The coefficient
Q8 for the R�8 term (obtained as the best fit with the R�6 term
kept fixed at the value obtained by Fowler and Steiner21) is Q8 =
�6908.07 a.u. Fig. 4 shows the DMA dispersion quadrupoles
obtained in the aug-cc-pV6Z basis and the d-aug-cc-pV6Z basis.

The results for the DMA quadrupole obtained with the d-
aug-cc-pV6Z basis are in excellent agreement with the long-
range function from perturbation theory. The dispersion quad-
rupoles YH(H)

zz and YH(H)
zz are identical.

We have also examined the total dispersion quadrupole in
the two basis sets. We have used the result of Fowler and
Steiner21 to fix the coefficient of the R�6 term and then found
the best fit coefficient for the R�8 contribution. That gives the
dispersion quadrupole as Yzz = 684.42026R�6 + 13048.3R�8. In

Fig. 5, the results from perturbation theory are compared with
the ab initio results for the total dispersion quadrupole of the
b3S+

u state of hydrogen in the aug-cc-pV6Z and d-aug-cc-pV6Z
basis sets.

As noted, both the DMA dispersion dipoles and the DMA
dispersion quadrupoles contribute to the total dispersion
quadrupole. The total quadrupole is heavily influenced by the
dispersion dipoles, as shown in Fig. 5, where the points in
green represent the contribution to Yzz from the local disper-
sion dipoles alone. Due to this contribution, the total quadru-
pole is opposite in sign to the distributed quadrupoles. For Yzz,
the ratio of the distributed dipole contribution to the distrib-
uted quadrupole contribution increases monotonically from
4.2 to 8.6 over the range of R values from 15 a.u. to 22 a.u.
The total dispersion quadrupole of H2 in the triplet state in the
d-aug-cc-pV6Z basis is in excellent agreement with the long-
range form from perturbation theory.

Next, we consider the results for the local dispersion octo-
poles in the triplet state. In Fowler’s 10s 8p 5d 4f basis, eqn (10)
gives OH(H)

zzz = �1090R�7 for the H center at (0, 0, �R/2).20 The
highly accurate value computed by Fowler and Steiner is OH(H)

zzz =
�1090.1104R�7 (ref. 21), with both values in a.u. The DMA
dispersion octopoles at the two H centers are equal in magni-
tude but opposite in sign, and the total octopole is zero. We did
not obtain a good fit to the ab initio values with the R�7 term
alone. We added an R�9 term, and fit the DMA octopoles from
R = 12 a.u. to R = 22 a.u. to the function

OH(H)
zzz = �1090.1104R�7 + bR�9. (12)

The best fit value that we have obtained with Mathematica130

is b = �169 880 a.u. Fig. 6 shows the ab initio points and the best
fit function for the DMA octopole of H2 in the triplet b3S+

u state.
Based on the plot in Fig. 6, the DMA octopole appears to be

physically meaningful, although it does show some sensitivity
to the basis.

The DMA dispersion hexadecapole FH(H)
zzzz scales as R�8 to

leading order. We have not located a value for the coefficient of
the leading term in FH(H)

zzzz . However, we have determined the
best fit of FH(H)

zzzz to a form that includes both R�8 and R�10 terms
using Mathematica.130 The result is

Fig. 4 Local dispersion quadrupole YH(H)
zz of the H2 triplet state in the aug-

cc-pV6Z basis (cyan) and in the d-aug-cc-pV6Z basis (blue). The curve in
red shows the function derived from long-range perturbation theory,
including R�6 and R�8 terms.

Fig. 5 Total dispersion quadrupole Yzz of the H2 triplet state with respect
to an origin at the center of symmetry, in the aug-cc-pV6Z basis (purple)
and the d-aug-cc-pV6Z basis (blue). Long-range function (red), distributed
dipole contribution (green).

Fig. 6 DMA dispersion octopole OH(H)
zzz for the H center at (0, 0, �R/2) in

the b3S+
u state. Ab initio results from the d-aug-cc-pV6Z basis (blue),

results from the aug-cc-pV6Z basis (cyan), and the long-range form (red).
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FH(H)
zzzz = �36563.7R�8 � 5.7294 � 106R�10. (13)

This curve and the ab initio values are shown in Fig. 7. The
DMA dispersion hexadecapoles on the two H centers are equal.

We have also examined the total dispersion hexadecapole.
No long-range coefficients are known for the total dispersion
hexadecapole. We have obtained an initial fitting function from
a log–log plot of Fzzzz vs. R, from R = 10 a.u. to R = 20 a.u., using
the d-aug-cc-pV6Z results. The results for larger R values were
erratic. The slope of the log–log plot is �4.12771, and the
intercept is 5.802265. We used this result as a starting point
to find a good fit to a function with integer powers of R. Starting
from Fzzzz = 331.049R�4.12771 based on the log–log plot, by
numerical experimentation we have fit Fzzzz to a function that
has the form h4R�4 + h6R�6. We varied h4; then with the h4 value
fixed, we found the value of h6 that best fits the data.

The total hexadecapole Fzzzz = 220R�4 + 2898.09R�6 fits the
data quite well, as shown in Fig. 8. The results for the total
dispersion hexadecapole obtained with the aug-cc-pV6Z basis
and with the d-aug-ccc-pV6Z basis are quite similar. As we
found for the total dispersion quadrupole versus the distributed
quadrupole, the sign of the total hexadecapole is opposite to
that of the distributed hexadecapoles. Both the distributed
quadrupoles and the total quadrupole fit functions containing
R�6 and R�8 with appropriate coefficients. In contrast, the
distributed hexadecapoles FH(H)

zzzz fit eqn (13), which contains
R�8 and R�10 terms, while the total hexadecapole falls off with
an R dependence very close to R�4.

The lower-order distributed multipoles contribute to the
dispersion hexadecapole with respect to an origin at the center
of symmetry. The contribution of the distributed dipoles is
particularly significant, because these dipoles vary as R�7 to
leading order and they are weighted by R3 in order to obtain the
dispersion hexadecapole at the shifted origin. The distributed
quadrupoles, which vary as R�6 to leading order, are weighted
by R2 to obtain the hexadecapole at the shifted origin. These
terms most likely account for the R�4 dependence of Fzzzz to
leading order. The contributions of the DMA dispersion dipoles
to the total dispersion hexadecapole are shown in green in

Fig. 8. They do not explain the magnitude of Fzzzz, but their
contribution is clearly important.

Distributed dispersion multipoles of H2 in the X1R+
g state

As mentioned above, we have obtained the dispersion effects on
H2 in the ground singlet state by subtracting the CAS(2,2)
values from the full CI results. The CAS(2,2) values for H2 in
the ground singlet state do not account for dynamical
correlation,42 and therefore they do not include the dispersion
contributions. In Fig. S5 of the SI, we compare the dispersion
energy of the singlet with the dispersion energy computed from
the dispersion coefficients C6, C8, and C10 calculated by Bishop
and Pipin.29 The fit between the two results is excellent.

Fig. 9 shows the DMA dispersion dipole for the singlet state
of H2, for comparison with the perturbation theory result that
was obtained for the triplet state.

We have found a similar pattern for YH(H)
zz , the DMA disper-

sion quadrupole in the ground singlet state, as shown in
Fig. 10. The ab initio DMA dispersion quadrupole for the singlet
state fits the YH(H)

zz function obtained from perturbation theory
for the triplet state very well. The DMA quadrupoles on the two
centers are identical.

Fig. 7 DMA dispersion hexadecapole FH(H)
zzzz of H2 in the triplet state in the

aug-cc-pV6Z basis (cyan), the d-aug-cc-pV6Z basis (blue), and the best
long-range fit to the ab initio d-aug-cc-pV6Z results using R�8 and R�10

terms (red).

Fig. 8 Total dispersion hexadecapole Fzzzz of the triplet state, with
respect to the center of symmetry as the origin. Results in the aug-cc-
pV6Z basis (purple), the d-aug-cc-pV6Z basis (blue), and from the best long-
range fit (red). Points in green show the contribution to the total dispersion
hexadecapole that comes solely from the distributed dispersion dipoles.

Fig. 9 DMA dispersion dipole on the H center at (0, 0, �R/2) for the
ground singlet state of H2 in the d-aug-cc-pV6Z basis (blue). The ab initio
results are compared with the form derived from perturbation theory for
the triplet state, including both R�7 and R�9 terms (red curve). The fit is
virtually identical in quality for the triplet and singlet states.
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This pattern of a high-quality fit to the results obtained for
triplet H2 also holds for the total dispersion quadrupole of the
singlet, as plotted in Fig. S6 in the SI. The results for OH(H)

zzz and
FH(H)

zzzz are good, but not quite as close as we found for the lower-
order multipoles. In both cases, the ab initio values lie slightly
above the curve for the triplet state from perturbation theory, as
shown in Fig. S7 and S8.

To illustrate the extent of agreement that we have found
even for higher-order dispersion multipoles, we have plotted
the total dispersion hexadecapole Fzzzz in Fig. 11. The high level
of agreement reflects contributions to FH(H)

zzzz from the DMA
dipole mH(H)

z and DMA quadrupole YH(H)
zz .

Distributed dispersion dipoles in HeH

The extension of the results for H2 to systems with more
electrons poses a challenge. The number of configuration state
functions that can be produced from n basis functions rises
sharply when the number of electrons increases. When the FCI
wave function is represented in terms of n orbitals for a
molecule with N electrons and spin S, the number of configu-
ration state functions D is given by131

D = (2S + 1)(n + 1)�1C(n + 1, N/2 � S)C(n + 1, N/2 + S + 1).
(14)

For the aug- and d-aug-cc-pV5Z and for the aug- and d-aug-
cc-pV6Z basis sets used in this work, D is larger for HeH than
for the H2 states by factors of B100–200, increasing for the
larger basis sets. The D values are tabulated in the SI.

As a test of our FCI wave function in the d-aug-cc-pV6Z basis
we have compared the dispersion force derived from the
ab initio calculation with the long-range dispersion force calcu-
lated with the dispersion energy coefficients provided by
Bishop and Pipin for HeH,29 C6 = 2.8213439 a.u., C8 =
41.836374 a.u., and C10 = 871.54066 a.u. We fit the ab initio
energies to a fifth-order interpolation function and then differ-
entiated to find the force. Fig. 12 shows that the results for the
force drawing H toward He as obtained from the two calcula-
tions virtually superimpose.

An additional numerical challenge arises for He-H because
the DMA dipoles are smaller for systems that contain He than for
systems that contain only H atoms. At h�o = 0.007 Hartree, Bzz,zz(0,
io) = �106.453978 a.u. for the H atom, while Bzz,zz(0, io) =
�7.326008 a.u. for the He atom.129 At that same frequency, the
polarizability of the H atom is 4.498717 a.u., while the polariz-
ability of the He atom is 1.383118 a.u.132

We have obtained a long-range fit to the DMA dipole at the H
center in the d-aug-cc-pV6Z basis, starting with the values of D7

and D9 provided by Fowler,20 and then adding an optimized D11

term. This approach gives

mH(He)
z,disp = �153.4R�7 � 4220R�9 � 169 692R�11. (15)

Fig. 13 shows the DMA dispersion dipole on H in HeH
computed in this way (red curve) and the values obtained ab
initio with various basis sets. The agreement is again excellent.

Fowler20 has given the DMA dispersion dipole for the He
center in HeH as

mHe(H)
z,disp = 35.65R�7 + 832.8R�9. (16)

This DMA dispersion dipole is positive, unlike the DMA
dispersion dipole on H, but in both cases, charge is drawn
toward the center of HeH. The ab initio results for mHe(H)

z,disp do not
fit eqn (16) as well the results for mH(He)

z,disp fit eqn (15), but we have
found general agreement, as shown in Fig. S9.

Fig. 14 shows the results for the total dispersion dipole of
HeH. The ab initio results agree very well with the long-range

Fig. 10 DMA dispersion quadrupole on the H centers in the singlet state,
in the d-aug-cc-pV6Z basis (blue), compared with the result from pertur-
bation theory that fits the DMA dispersion quadrupoles in the triplet state,
including R�6 and R�8 terms.

Fig. 11 Total dispersion hexadecapole for the singlet state of H2, obtained
as the difference between the FCI and CAS(2,2) values in the d-aug-cc-
pV6Z basis (blue) and the long-range function for the triplet state (red).

Fig. 12 Dispersion force on the H nucleus in HeH. Ab initio results (blue),
results from dispersion energy coefficients (red).
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form obtained with the D7 and D9 coefficients given by Fowler,20

with a D11 term that we optimized by fitting the d-aug-cc-pV6Z
results. The long-range form of the total dispersion dipole for HeH is

mz,disp = �117.75R�7 � 3387.2R�9 � 249 379R�11. (17)

Distributed dispersion dipoles in He� � �He

In the calculations on He� � �He, we were not able to work with the
d-aug-cc-pV6Z basis. The number of configuration state func-
tions (CSF) in this basis for He� � �He is 941 205 825 compared
with only 52 975 for H2 in the triplet state, from eqn (14).131 After
taking symmetry in the D2h group into account, the number of
CSFs is still B117 650 280. Computer time limitations prevented
our use of the d-aug-cc-pV6Z basis for He� � �He; three days were
required for one iteration at one R value.

We have investigated the DMA dispersion dipole of He� � �He
in the smaller basis sets, aug-cc-pV5Z, aug-cc-pV6Z, d-aug-cc-
pV5Z, and t-aug-cc-pV5Z (which has 260 basis functions, so the
work is tractable). The ab initio results for the DMA dispersion
dipole on the He center at (0, 0, �R/2) are shown in Fig. 15 for
comparison with the long-range form,

mHe(He)
z,disp = �16.36R�7 – 278.2R�9 – 22341.5R�11. (18)

As above, this form was obtained with Fowler’s results for D7

and D9 for the DMA dispersion dipole of He in He� � �He,20 then

adding an R�11 term optimized to fit the results from the d-aug-
cc-pV5Z basis. The results are plotted in Fig. 15. A close-up of
the results from R = 12–20 a.u. is provided in Fig. S10, which
shows a very good fit to the aug-cc-pV6Z results over this range.

Conclusions

The ab initio DMA dispersion dipoles for H2 in the X1S+
g and

b3S+
u states agree remarkably well at long range with the known

result from perturbation theory, as shown in Fig. 3 and 9. A
single function containing the known R�7 and R�9 terms
matches the ab initio DMA dipoles obtained in the d-aug-cc-
pV6Z basis, for both the singlet and triplet states. The DMA
dipole on the H center in HeH matches the long-range predic-
tions very closely, as shown In Fig. 13. The ab initio values of the
DMA dipole on the He center in HeH do not agree as well with
the long-range predictions, as shown by Fig. S9 in the supple-
mentary material, but we have still found a reasonable level of
agreement. For He in He� � �He, we have found good agreement
between the DMA dipoles calculated in all basis sets except for
the t-aug-cc-pV5Z basis, as shown in Fig. 15. The close-up of the
results in the range from R = 12 a.u to R = 20 a.u. in Fig. S10
shows that the best fit is obtained with the aug-cc-pV6Z basis.
Generally, dependence on the choice of basis is detectable, but
it is not large, except for the cc-pV6Z basis set for H2 in the b3S+

u

state and the t-aug-cc-pV5Z basis for He� � �He. We conclude that
the DMA dispersion dipoles have physical meaning in them-
selves for H2, He, and He� � �He.

We have also analyzed the correlation contributions to the
DMA dispersion quadrupoles, octopoles, and hexadecapoles of
H2 in the X1S+

g and b3S+
u states. Good matches of the ab initio

results to the sums of the leading long-range terms from
perturbation theory and an estimated term of the next higher
order are shown in Fig. 4 and 10 for the quadrupoles and in
Fig. 6 and S7 for the octopoles. The correlation contributions to
the DMA dispersion hexadecapole are not currently known
from perturbation theory, but the ab initio results are fit well
by the sum of the terms of the two leading orders suggested by
the perturbation analysis, as shown in Fig. 7. Overall, the fits of
the DMA dispersion dipoles, quadrupoles, octopoles, and hexa-

Fig. 13 DMA dispersion dipole for the H center in HeH from several
different basis sets, and the prediction of long-range perturbation theory
including R�7, R�9, and R�11 terms (red).

Fig. 14 Total dispersion dipole of in HeH from various basis sets, and the
long-range form including R�7, R�9, and R�11 terms.

Fig. 15 DMA dipole on the He center at (0, 0, �R/2) in He� � �He, com-
pared with the long-range form including R�7, R�9, and R�11 terms.
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decapoles to the expected long-range functional forms for H2

are striking.
The DMA dispersion quadrupoles and hexadecapoles are

opposite in sign to the total properties computed with respect
to the center of the H2 molecule as an origin, as shown in Fig. 4,
5, 7, 8, 10 and 11 and Fig. S6, and S8. The difference arises
because the DMA dipoles contribute significantly to the total
quadrupoles and hexadecapoles. For the total quadrupole, the
ratio of the contributions from the DMA dipoles to the contribu-
tions from the DMA quadrupoles ranges from 3.638 to 8.833 (in
absolute value), for internuclear separations between 10 a.u. and
22 a.u. For the total hexadecapole, the relative contributions
from the DMA dipoles are even greater, ranging from 18.29 to
5217 times the contribution from the DMA hexadecapoles. The
total quadrupoles and hexadecapoles match the expected long-
range forms quite well, as shown in Fig. 5, 8 and 11 and Fig. S6.

The energies of the ground singlet state and the lowest
triplet state of H2 obtained from full CI calculations agree very
well at long range, as shown in Fig. 1 and Fig. S1. The energies
also agree very well with the long-range dispersion energy
calculated using Edisp = �C6R�6 � C8R�8 – C10R�10, with the
coefficients reported by Kooi and Gori-Giorgi.34 On the scales of
Fig. 1 and Fig. S1, the dispersion energies computed with the
coefficients obtained earlier by Maeder and Kutzelnigg,124 by
Bishop and Pipin,29 and by Thakkar122 are indistinguishable
from the curves shown.

This work has shown that van der Waals dispersion effects
produce dipolar distortions of the electronic charge distribu-
tion toward the center of the H2 molecule at long range in both
the singlet and the triplet states, and toward the centers of HeH
and He� � �He in their ground states. This result is fully consis-
tent with Feynman’s statement about the connection of disper-
sion forces to the local dispersion dipoles.1 Our ab initio results
have been obtained from large-basis calculations that include
the antisymmetrization of the wave function and the full
exchange effects. To our knowledge, this is the first time that
agreement between the ab initio DMA dispersion dipoles and
the results from perturbation theory has been demonstrated.
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