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Control of crystal size distribution in continuous
cooling crystallization using non-isothermal
Taylor vortex†

Zun-Hua Li,‡a Zhao-Hui Wu, ‡b Gerard Coquerel,*c

Bum Jun Park *d and Woo-Sik Kim *d

The establishment of a non-isothermal Taylor vortex flow within a Couette–Taylor (CT) crystallizer,

achieved by applying varying temperatures to the inner and outer cylinders, facilitates precise regulation of

the crystal size distribution (CSD) during continuous cooling crystallization. This methodology transforms

initially generated crystals into a suspension characterized by a narrow CSD through the implementation of

internal heating and cooling cycles. The efficacy of this process, particularly concerning L-lysine crystals, is

influenced by the temperature gradient, the flow direction between the cylinders, and specific non-

isothermal parameters. Under optimal conditions, which include a temperature difference of 18.1 ± 0.2 °C,

a rotational speed of 200 rpm, and an average residence time of 2.5 minutes, the non-isothermal Taylor

vortex has been shown to effectively reduce the CSD by promoting dissolution-recrystallization cycles.

1. Introduction

Crystal size distribution (CSD) serves as a pivotal factor
influencing the quality of crystals in both industrial and
pharmaceutical contexts. The CSD affects a range of
subsequent processes, including filtration, drying, and the
washing of crystals, in addition to impacting the efficacy and
performance of solid products.1–3 Consequently, meticulous
regulation of CSD is crucial for achieving the intended quality
of crystalline products.

The regulation of CSD during crystallization can be
accomplished through the manipulation of supersaturation
or concentration profiles.4–6 Various strategies, including
seeded crystallization, programmed concentration profiles,
and non-isothermal methods are effective in controlling CSD
within batch crystallization processes.7–10 A prevalent
approach involves the integration of non-isothermal

techniques with seeded strategies to manage both CSD and
crystal size during cooling crystallization.11–14 For instance,
the implementation of successive dissolution–
recrystallization cycles facilitates the attainment of a uniform
CSD in the suspension, as demonstrated in the cooling
crystallization of potash alum in aqueous solutions.15

Furthermore, in the crystallization of paracetamol utilizing
automated direct nucleation control (ADNC), the application
of heating and cooling cycles serves to eliminate undesirable
fine crystals and mitigate secondary nucleation, thereby
ensuring a consistent and targeted CSD throughout the
ADNC process.12

The efficacy of the non-isothermal method in batch
cooling crystallization is contingent upon various operational
parameters, including the quantity and size of seeds, heating
and cooling rates, and the number of cycles employed.16–18

Accurate adjustment of these parameters is essential for
attaining the desired CSD. Typically, this technique
necessitates a minimum duration of 30 hours in batch
crystallization to reach the targeted CSD. Conversely,
continuous crystallization utilizing the non-isothermal
approach presents several productivity advantages, such as
reduced crystallization times, the absence of scale-up
difficulties, and lower manufacturing costs, as initially
proposed by Saeman.19–21 This continuous crystallization
technique fundamentally relies on dissolution–
recrystallization cycles, which incorporate size-classification
devices for the withdrawal of crystals and an additional
dissolver. Excess fine crystals from the withdrawn suspension
are completely dissolved back into the solution and
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recirculated into the crystallizer for further recrystallization.
This simultaneous dissolution–recrystallization process for
the removal of fines in a continuous mixed suspension allows
the nucleus segregation time during size control procedures
to be adjusted between 10 and 20 minutes. By employing a
combination of drowning-out with fines dissolution and
cooling crystallization (DFC), larger 1,3,5-trinitro-1,3,5-
triazinane crystals with enhanced yields were produced in a
double-jacketed glass crystallizer within a timeframe of 55
minutes. The DFC method has been recognized as effective
in improving both crystal size and CSD when compared to
crystals produced solely through the drowning-out method.22

Additionally, Majumder and Nagy investigated the control
of CSD for potash alum in water by utilizing an optimal
temperature profile within a continuous plug flow crystallizer
(PFC) comprising multiple segments. Their findings indicated
that it is feasible to replicate a programmed cooling process
characteristic of batch crystallization within the continuous
PFC framework. By optimizing the temperatures of the
segments, they successfully achieved a targeted CSD while
minimizing the presence of fine crystals through dissolution
steps. The simulated CSD corresponded closely with the
experimental CSD, thereby validating the fines removal
strategy.23 Nonetheless, the precise control of process
parameters imposes limitations on the flexibility and scalability
of this PFC continuous crystallizer for industrial applications.

The non-isothermal method employing simultaneous
heating and cooling cycles has demonstrated efficacy in
regulating CSD during continuous crystallization processes.
However, its implementation in various continuous
crystallizers remains infrequent, primarily due to challenges
associated with execution and process management. Key
parameters such as supersaturation, residence time, and
mixing intensity are essential for achieving the desired CSD
in continuous cooling or antisolvent crystallization.24–28

Nevertheless, the impact of these parameters on the
nucleation process in continuous crystallization utilizing
non-isothermal techniques has not been thoroughly
investigated. Consequently, we propose a versatile non-
isothermal approach that incorporates simultaneous heating
and cooling within a continuous Couette–Taylor (CT)
crystallizer to enhance the control of L-lysine CSD in a
reduced timeframe. By generating a non-isothermal Taylor
vortex fluid motion between inner and outer cylinders
maintained at different temperatures, we aim to improve the
regulation of CSD. This methodology capitalizes on the
advantages of Taylor vortex flow in facilitating heat and mass
transfer,29–31 and the non-isothermal Taylor vortex represents
a promising strategy for managing CSD in seeded batch
crystallization.32,33 This study aims to explore the potential of
this technique for effective CSD and crystal size regulation of
L-lysine, while also examining the operational mechanisms
and influential parameters associated with this non-
isothermal continuous Taylor vortex system featuring a
simultaneous heating–cooling cycle for dissolution and
recrystallization processes.

2. Experiments

The configuration of a CT crystallizer, characterized by two
coaxially arranged stainless steel cylinders with an interstitial
gap for continuous cooling crystallization, is depicted in
Fig. 1(a). The crystallizer exhibited a length of 30 cm, with
the inner and outer cylinder radii measuring 2.4 and 2.8 cm,
respectively. Additionally, the interstitial space between the
inner and outer cylinders was recorded at 0.4 cm. In this CT
crystallizer, the rotation of the inner cylinder above a certain
threshold, combined with the axial flow of the feed solution,
facilitates a continuous Taylor vortex fluid motion within the
gap. Each cylinder is equipped with thermal jackets, allowing
for independent temperature regulation. When the
temperatures of both cylinders are equal, an isothermal
continuous Taylor vortex flow is established. Conversely,
when the cylinders are maintained at different temperatures,
a non-isothermal continuous Taylor vortex flow is generated
within the gap of the CT crystallizer. In this scenario, one
cylinder is heated to a high temperature (Th) to elevate the
temperature of the bulk solution, while the other is
maintained at a lower temperature (Tc) to induce cooling.
This arrangement permits two distinct non-isothermal
operational modes: one in which the inner cylinder serves as
the heating source (Tih) and the outer cylinder functions as
the cooling source (Toc), and another mode with the
temperature roles reversed. Furthermore, by meticulously

Fig. 1 (a) Schematic diagram of the CT crystallizer configuration. (b)
Experimental setup for implementing the non-isothermal approach in
the CT crystallizer.

CrystEngComm Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

1 
A

pr
il 

20
25

. D
ow

nl
oa

de
d 

on
 8

/1
/2

02
5 

7:
22

:0
1 

A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d5ce00171d


3364 | CrystEngComm, 2025, 27, 3362–3377 This journal is © The Royal Society of Chemistry 2025

adjusting the heating and cooling temperatures of the
cylinders in these non-isothermal modes, a temperature
difference (ΔT = Th − Tc) is established between the two
cylinders and the bulk solution temperature (Tb) within the
CT crystallizer.

A feed solution of L-lysine with a concentration of 900 g
L−1 was formulated by dissolving L-lysine in deionized water
at a saturation temperature of 43 °C. The temperature of the
solution was subsequently elevated to 50 °C to ensure
complete dissolution before its utilization as the feeding
solution. In the CT crystallizer (Fig. 1(b)), which was initially
filled with pure deionized water, the temperatures of both
cylinders were maintained at 28 °C, thereby establishing a
uniform bulk solution temperature (Tb). During this phase,
with the cylinder temperatures equal to Tb, the CT crystallizer
underwent a pre-operational period lasting 20 minutes.
Following this, the L-lysine feed solution was continuously
introduced into the CT crystallizer at a designated flow rate
(corresponding to a mean residence time) and a specified
rotation speed until a steady state was achieved. To
systematically assess the performance of the isothermal CT
crystallizer, the Tb, mean residence time, and rotation speed
were varied within the ranges of 20 to 32 °C, 2.5 to 15
minutes, and 200 to 900 rpm, respectively. In non-isothermal
modes, a temperature difference (ΔT) between the two
cylinders was established by incrementally increasing the
temperature of one cylinder while concurrently decreasing
that of the other, all while maintaining a Tb of 28 °C.
Furthermore, the ΔT value varied from 0 to 18.1 °C, with
adjustments made to the mean residence time and rotation
speed from 2.5 to 15 minutes and from 200 to 900 rpm,
respectively. The temperatures within the non-isothermal CT
crystallizer were estimated based on the heat transfer
dynamics between the heating and cooling surfaces of the
cylinders and the bulk solution, as detailed in the Appendix.

The temperatures of both the inner and outer cylinders,
as well as the temperature at the axial position of the CT
crystallizer, were continuously monitored using temperature
sensors (TMP119, Texas Instruments, Dallas, Texas, USA)
and recorded in situ via the LabVIEW software (National
Instruments, USA). During the steady-state phase of each
experiment, a predetermined volume of crystal suspension
was extracted from four distinct ports along the axial
direction of the CT crystallizer for crystal size analysis. The
CSD of the suspension was examined utilizing a video
microscope (IT system, Sometech, USA). Subsequently, the
lengths of over 500 crystals captured in the images were
quantified using size measurement software (Xojo Binary
Project, Xojo Inc., USA). The coefficient of variation (CV) for
the crystal was determined utilizing the methodology
established by Mullin.34 The focused beam reflectance
measurement (FBRM) instrument (FBRM G400, Mettler
Toledo, Columbus, OH, USA) was utilized to conduct
continuous monitoring of both the crystal size and
numbers. The FBRM probe was directly incorporated into
the CT crystallizer. Throughout the experiment, the crystal

size and numbers within the CT crystallizer were recorded
at intervals of 10 seconds.

3. Results and discussion
3.1 Schematic illustration of non-isothermal CT crystallizer

As depicted in Fig. 2, the continuous crystallization process
in the CT crystallizer employs the initial driving force for
nucleation alongside an internal heating–cooling cycle to
promote concurrent dissolution and recrystallization. The
process begins with the feed solution (point B), which is at a
saturated concentration (C0) and temperature (Ts), being
heated to a higher temperature (T0, point A) to ensure
complete dissolution. This solution is then continuously
introduced into the CT crystallizer, where it attains a bulk
solution temperature (Tb, point O) that lies between the
heating (Td) and cooling (Tr) temperatures. The substantial
supersaturation generated between the initial concentration
and the bulk solution (ΔC = C0 − Cb) rapidly induces
nucleation, and by application of the lever rule the maximum
yield could be computed. The newly formed crystals are
subjected to periodic circulation between the heating and
cooling cylinders, gradually progressing towards the
discharge point of the CT crystallizer. During this transit,
crystals dissolve at the boundary layer of the heating cylinder
(Td), which increases the solution's concentration from Cb to
Cd (point C), thereby facilitating the dissolution of
particularly fine crystals (route ‘b’). This concentrated
solution is subsequently directed to the boundary layer of the
cooling cylinder (Tr, point D) for recrystallization (route ‘a’),
effectively utilizing the elevated concentration to achieve a
new equilibrium at the lower temperature (Tr). The cyclic
heating and cooling dynamics, driven by the temperature
difference (ΔT = Td − Tr) within the CT crystallizer,
proficiently modulate the CSD by systematically
disintegrating fine crystals while promoting the growth of the
remaining ones. Consequently, the regulation of CSD

Fig. 2 Schematic representation of the internal heating–cooling cycle
in the non-isothermal Taylor vortex during continuous cooling
crystallization.
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through the non-isothermal Taylor vortex is influenced by
various factors, including ΔT, the non-isothermal operational
modes, Tb, mean residence time, and rotation speed.

3.2 Comparison between non-isothermal and isothermal modes

This study examines the effects of two non-isothermal modes
in conjunction with an isothermal mode on the CSD at
various axial positions within the CT crystallizer, as depicted
in Fig. 3. Non-isothermal mode-I utilized the inner cylinder
(Ti) for heating and the outer cylinder (To) for cooling (Ti >
To), whereas non-isothermal mode-II employed the opposite
configuration (Ti < To). Fig. 3(a) presents the experimental
results obtained under non-isothermal mode-I, revealing a
distinct trend. At port 1, the number of crystals reaches its
maximum, accompanied by a wide CSD; however, the mean
crystal size remains relatively small. As one moves axially
through the CT crystallizer towards port 2, there is a
significant reduction in the number of crystals, while the
CSD gradually narrows. Simultaneously, the mean crystal size
shows a corresponding increase. This trend continues
through the subsequent ports, culminating at port 4, where
the crystal number is at its lowest across the entire CT
crystallizer, the CSD is most concentrated, and the crystal
size is at its maximum.

Further analysis of the data depicted in Fig. 3(b) and (c)
indicate that in both non-isothermal mode-II and isothermal
mode, the changes in crystal number, mean crystal size, and
CSD closely resemble those observed in non-isothermal
mode-I. Specifically, across various ports along the axial
direction of the CT crystallizer, the crystal number generally
exhibits a decreasing trend, while the mean crystal size
progressively increases and the CSD narrows. Nonetheless, a
thorough examination of the three crystallization modes
reveals a consistent pattern: regardless of the port, non-
isothermal mode-II consistently produces the highest crystal
number. In contrast, although the isothermal mode does not
yield the highest crystal number, it is characterized by the
largest mean crystal size and an exceptionally broad CSD.
This observation underscores significant variations in crystal
growth behavior associated with different crystallization
patterns, providing valuable experimental insights for the
optimization of future crystallization processes. A
comprehensive understanding of these variations facilitates
the targeted selection and modification of crystallization
patterns to meet specific requirements regarding crystal
number, mean crystal size, and CSD across various
application contexts, ultimately enhancing the quality and
performance of crystallization products.

Moreover, the mean crystal size (Fig. 4(a)) and the CV
(Fig. 4(b)) were employed to assess the dimensions and
dispersity of the CSD within the crystal suspension. In both
non-isothermal modes, an increase in mean crystal size and
a reduction in CV were observed along the axial length of the
CT crystallizer. Specifically, in non-isothermal mode-I, the
mean crystal size increased from 33.0 μm at port-I to 64.1 μm

at port-IV, with the CV decreasing from 0.4977 to 0.3283. In
non-isothermal mode-II, the mean crystal size progressed

Fig. 3 Influence of non-isothermal and isothermal modes on the
CSD along the axial position of the CT crystallizer. (a) Non-
isothermal mode-I, (b) non-isothermal mode-II, and (c) isothermal
mode. Crystallization conditions for all modes are maintained with a Tb
= 28 °C, a mean residence time of 5 min, a rotation speed of 500 rpm,
a feeding concentration of 900 g L−1, and a medium flow direction of
direction-I, with a ΔT = 16.4 ± 0.2 °C for the non-isothermal modes.
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from 30.9 μm with a CV of 0.5465 to a mean crystal size of
59.0 μm and a CV of 0.4634. A similar pattern was observed
in the isothermal mode, where the mean crystal size
increased from 44.9 μm to 67.0 μm, and the CV exhibited a
slight decrease from 0.5845 to 0.5046 along the axial position
of the CT crystallizer.

The results of this study reveal that the crystal size in
isothermal crystallization modes is larger than that observed
in non-isothermal modes. Additionally, the isothermal mode
demonstrates a higher CV, suggesting the presence of a
substantial quantity of fine crystals. This finding appears to
present a paradox. The underlying reasons for this
phenomenon can be explained as follows. The differences
between isothermal and non-isothermal crystallization
processes can be understood through the dynamic
interactions of nucleation and growth, as well as the
mechanisms that regulate supersaturation levels. In the
isothermal mode, the maintenance of a constant temperature
leads to elevated initial supersaturation, which triggers a
significant amount of instantaneous nucleation, resulting in
the formation of fine crystals. However, as the solute
becomes depleted, the growth rate is limited due to the
decreasing supersaturation, leading to a polydisperse system
characterized by the coexistence of both large and fine
crystals. This situation results in an increased mean crystal
size alongside a heightened CV. Furthermore, the elevated
concentration of the solution indicates that a portion of the
solute remains unconverted into crystalline form, reflecting
low yield and inadequate growth.

In contrast, the non-isothermal mode maintains dynamic
supersaturation through temperature fluctuations, which
promotes the continuous growth of pre-existing crystals
while inhibiting the formation of new nuclei, thereby
suppressing secondary nucleation. As a result, this mode
yields larger crystal sizes and a more uniform distribution,
as evidenced by a lower CV, while the decrease in solution
concentration indicates improved solute conversion
efficiency. The essence of this seemingly contradictory
phenomenon lies in the fact that the static supersaturation
distribution characteristic of isothermal modes fosters a
nucleation-dominated “burst-arrest” mechanism, whereas
the dynamic regulation inherent to non-isothermal modes
enables a growth-dominated “gradual optimization” process,
guided by thermodynamic principles.

Furthermore, the crystal numbers were measured using
FBRM, as shown in Fig. 4(c). The findings demonstrate a
consistent pattern across these three modes: at port-I within
the CT crystallizer, a significant quantity of fine crystals
undergo nucleation. As the suspension moves in a retrograde
direction within the CT crystallizer, the fine crystals
progressively dissolve on the heating boundary layer, whereas
the larger crystals situated on the cooling boundary layer
continue to undergo growth, increasing their dimensions.
Consequently, along the axial length of the CT crystallizer,
there is a gradual reduction in the number of crystals,
accompanied by a corresponding increase in mean crystal size

Fig. 4 (a) Influence of non-isothermal and isothermal modes on the mean
crystal size along the axial position of the CT crystallizer. (b) Influence of
non-isothermal and isothermal modes on the CV value along the axial
position of the CT crystallizer. (c) Influence of non-isothermal and
isothermal modes on the crystal numbers along the axial position of the
CT crystallizer. Crystallization conditions for all modes are maintained with
a Tb = 28 °C, a mean residence time of 5 min, a rotation speed of 500 rpm,
a feeding concentration of 900 g L−1, and a medium flow direction of
direction-I, with a ΔT = 16.4 ± 0.2 °C for the non-isothermal modes.
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and a decrease in CV, a phenomenon that is effectively
depicted in Fig. 4(a) and (b). This suggests that the persistence
of supersaturation and the rapid growth of smaller crystals in
the supersaturated solution are characteristics common to
continuous cooling crystallization processes.

In addition, the simulated Tb in all operational modes
exhibited a rapid decline from the initial feeding temperature
to the designated Tb, with temperature measurements at each
port (red points) corroborating the precision of the
temperature simulation (Fig. 5). This observation suggests a
heightened level of supersaturation at the initial feeding port,
which is favorable for nucleation. In addition, in the non-
isothermal mode-I, the radial temperature exhibited a

gradual increase from the outer cooling cylinder to the inner
heating cylinder. Conversely, in non-isothermal mode-II, the
radial temperature demonstrated a gradual decrease from the
outer heating cylinder to the inner cooling cylinder.
Additionally, in the isothermal mode, the radial temperature
remained constant throughout the transition from the outer
cylinder to the inner cylinder. Furthermore, our prior
research on non-isothermal batch cooling crystallization
indicates that a cooling surface temperature that is lower
than the saturation temperature of the bulk solution
facilitates rapid nucleation due to the increased
supersaturation within the non-isothermal CT
crystallizer.32,33 Consequently, it is reasonable to conclude
that the non-isothermal continuous CT crystallizer yields
initial nuclei that are smaller in size, exhibit a lower CV, and
possess a higher population density in comparison to the
isothermal continuous CT crystallizer.

The driving mechanisms for dissolution and
recrystallization during the heating–cooling cycle were
analyzed within the context of a non-isothermal
continuous CT crystallizer. Specifically, the temperature
difference between the heating cylinder (Td) and the bulk
solution (Tb) functions as the driving force for dissolution
(ΔTd = Td − Tb) within the heating boundary layer.
Conversely, the temperature difference between the bulk
solution (Tb) and the cooling surface of the cylinder (Tr)
serves as the driving force for recrystallization (ΔTr = Tb −
Tr) within the cooling boundary layer. These driving
forces, which are critical to the efficacy of CSD control,
exhibit variability in the continuous CT crystallizer
operating under two distinct non-isothermal modes, as
illustrated in Fig. 5 and 6(a). Notably, the driving force
for dissolution, ΔTd = 8.6 °C in non-isothermal mode-I,
surpasses that of ΔTd = 6.2 °C in non-isothermal mode-II,
indicating an increased propensity for the disintegration
of fine crystals in non-isothermal mode-I. Comparable
findings regarding the influence of varying non-isothermal
modes on CSD and mean crystal size, as influenced by
dissolution and recrystallization forces, were documented
in our prior research.32,33 Furthermore, the concentration
of the bulk solution along the axial direction of the
continuous CT crystallizer exhibited a gradual decline in
both non-isothermal and isothermal modes, although it
consistently remained marginally above the equilibrium
concentration at Tb = 28 °C, as shown in Fig. 6(b).

As a result, the size of the crystals in the supersaturated
solution increased, as evidenced by the optical microscope
images presented in Fig. 7. In conclusion, the CV obtained
through non-isothermal methods was found to be superior to
that achieved through isothermal methods, with a more
pronounced reduction in CV observed in the non-isothermal
mode. Furthermore, within the non-isothermal approaches,
mode-I produced larger average crystal sizes and lower CVs
in comparison to mode-II, which can be attributed to the
more effective dissolution of fine crystals. This indicates that
mode-I is more efficient than Mode-II.

Fig. 5 Simulated temperature profiles of the bulk solution and
heating–cooling surface in the CT crystallizer across the different
modes: (a) non-isothermal mode-I, (b) non-isothermal mode-II, and (c)
isothermal mode. The red points indicate the measured temperatures
at each axial position.
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3.3 Effect of heating and cooling medium flow directions on
CSD

In the context of non-isothermal mode-I, the flow directions
of the heating and cooling mediums within the inner and
outer cylinders may either align with or oppose the direction
of the feed flow in the non-isothermal crystallizer. The feed
flow direction is maintained as a constant reference. When
the flow of the medium in either the inner or outer cylinder
is co-current with the feed flow direction, it is designated as
“co”; conversely, when the medium flow in these cylinders is
counter current to the feed flow, it is referred to as “counter”.
This results in the identification of four distinct flow

configurations: direction-I (counter–counter), direction-II
(counter-co), direction-III (co–co), and direction-IV (co-
ounter), as depicted in Fig. 8. The corresponding heat
transfer equations for each configuration are presented in
the Appendix.

The influence of medium flow directions on CSD was
investigated under controlled conditions, specifically at a ΔT of
16.4 ± 0.2 °C, a rotational speed of 500 rpm, a Tb of 28 °C, a
mean residence time of 5 minutes, and utilizing non-
isothermal mode-I, as depicted in Fig. 9 and 10. The CV of
0.3283 recorded at port-IV in direction-I (counter–counter) is
lower than those observed in the other three flow directions at
port-IV, despite the mean crystal sizes being similar across all
directions. This discrepancy can be explained by the varying
driving forces for dissolution (ΔTd) and recrystallization (ΔTr),
which are affected by the heating and cooling cycles within the
non-isothermal continuous CT crystallizer.

Temperature simulations examining various medium flow
directions (Fig. S1 in the ESI†) and the associated
concentration profiles (Fig. 11(a)) indicate that the initial
nucleation driving forces across all directions are
comparable. This similarity arises from the uniform heating
and cooling surface temperatures of both the inner and outer
cylinders. As a result, the nuclei formed initially display
analogous sizes and CVs across the different flow directions.
However, the driving forces for dissolution (ΔTd) and
recrystallization (ΔTr) exhibit variation among the directions,
as elaborated in Fig. 11(b). In direction-I, the driving forces
for dissolution (ΔTd) and recrystallization (ΔTr) are recorded
at 8.6 °C and 7.8 °C, respectively, which are closely aligned
with those observed in direction-II (ΔTd = 7.3 °C and ΔTr =
8.8 °C). Conversely, direction-III and direction-IV present
driving forces for dissolution and recrystallization of

Fig. 6 (a) Heating (Td) and cooling (Tr) temperatures for the two non-
isothermal modes and the isothermal mode, are all set to the same Tb
= 28.0 °C. (b) The concentration of the bulk solution along the axial
direction of the continuous CT crystallizer in both non-isothermal and
isothermal modes. Other crystallization conditions are consistent
across the modes, with a mean residence time of 5 min, rotation speed
of 500 rpm, feeding concentration of 900 g L−1, and a medium flow
direction of direction-I, with a ΔT = 16.4 ± 0.2 °C for the non-
isothermal modes.

Fig. 7 Optical microscope images of crystals obtained at different
ports along the axial position of the CT crystallizer in non-isothermal
mode-I: (a) port-I, (b) port-II, (c) port-III, and (d) port-IV. Crystallization
conditions are set with a Tb = 28 °C, a ΔT = 16.4 ± 0.2 °C, a mean
residence time of 5 min, a rotation speed of 500 rpm, a feeding
concentration of 900 g L−1, and a direction of medium flow of
direction-I.
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approximately ΔTd = 6.0 °C and ΔTr = 10.2 °C, respectively.
Previous research indicates that a well-balanced dissolution-
growth driving force is more effective in facilitating fine
destruction.32,33 Consequently, it is reasonable to conclude
that the CVs in direction-I and direction-II are lower than
those in direction-III and direction-IV. However, owing to the
reduced effectiveness of fine destruction in direction-II, the
improvement of CSD, which indicates a reduction in the CV,
is less significant in comparison to direction-I. Therefore,
sufficient fine destruction achieved through internal heating–
cooling cycles within the non-isothermal continuous CT
crystallizer can significantly improve CSD.

3.4 Effect of temperature difference on CSD

Fig. 12 illustrates the influence of the temperature difference
(ΔT = Td − Tr) between the inner and outer cylinders on CSD
under non-isothermal mode-I and direction-I conditions. The
rotational speed was held constant at 500 rpm, and the mean
residence time was maintained at 5 minutes. Furthermore,
the Tb was constantly set at 28 °C, while the ΔT was varied
from 0 to 18.1 °C. It was observed that both the mean crystal
size and the CV at port-IV exhibited a gradual decrease with
an increase in ΔT. Specifically, at a constant ΔT of 18.1 ± 0.2
°C, the crystal suspension attained its minimum size of 58.2
μm, accompanied by a reduced CV of 0.2791. Under these
conditions within the CT crystallizer, the heating temperature
of the inner cylinder was elevated from 28 to 37.6 °C, while
the corresponding cooling temperature of the outer cylinder
was decreased from 28 to 19.5 °C.

Furthermore, the temperature profiles and concentration
at each specified ΔT were analyzed (Fig. S2† and 13(a)). The
analysis revealed a progressive increase in the heating

Fig. 10 Optical microscope images of crystals at port-IV in non-
isothermal mode-I using different medium flow directions: (a)
direction-I (counter–counter), (b) direction-II (counter-co), (c)
direction-III (co–co), and (d) direction-IV (co-counter). Crystallization
conditions remain constant with a Tb = 28 °C, a ΔT = 16.4 ± 0.2 °C, a
mean residence time of 5 min, a rotation speed of 500 rpm, and a
feeding concentration of 900 g L−1.

Fig. 8 Schematic diagram of heat transfer with different medium flow
directions: (a) direction-I (counter–counter), (b) direction-II (counter-
co), (c) direction-III (co–co), and (d) direction-IV (co-counter).

Fig. 9 Influence of heating and cooling medium flow directions on
CSD and CV at port-IV in non-isothermal mode-I. Crystallization
conditions are consistent across all cases, with a ΔT = 16.4 ± 0.2 °C, a
mean residence time of 5 min, a Tb = 28 °C, a rotation speed of 500
rpm, and a feeding concentration of 900 g L−1.
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temperature and a corresponding decrease in the cooling
temperature. Our prior research on non-isothermal batch
cooling crystallization indicated that establishing a lower
temperature at the cooling surface resulted in heightened
supersaturation, which facilitated the formation of initial
nuclei due to the rapid cooling to lower temperatures
associated with an increased temperature difference.32,33 This
phenomenon resulted in the generation of nuclei
characterized by smaller sizes, reduced CVs, and greater
populations upon the introduction of the feed solution into
the non-isothermal continuous CT crystallizer (Fig. S3†).
Simultaneously, the driving forces for dissolution (ΔTd) and
recrystallization (ΔTr) were observed to increase with the
temperature difference (Fig. 13(b)). Notably, the driving force
for dissolution (ΔTd) constantly exceeded that for
recrystallization (ΔTr), thereby enhancing the efficiency of

fine crystal destruction at the heating boundary layer and
promoting crystal growth at the cooling boundary layer. This
mechanism contributed to an improved CV of the crystal
suspension along the axial direction of the non-isothermal
continuous CT crystallizer at elevated temperature differences
(Fig. S3†).

3.5 Effect of Taylor vortex motion on CSD

As indicated in our prior research, the influence of Taylor
fluid motion, which is affected by rotational speed, on CSD
during non-isothermal crystallization diverges from its effect
in isothermal crystallization.32,33 Notably, increased
rotational speed facilitates earlier nucleation at lower levels
of supersaturation, attributable to the enhanced alignment of
molecules at the cooling surface during non-isothermal batch
cooling crystallization. As a result, crystals formed under
higher rotational speeds tend to be larger and display a wider
CV. This phenomenon was similarly observed in the non-
isothermal continuous CT crystallizer, where rotational
speeds ranged from 200 to 900 rpm. The ΔT, Tb, and mean
residence time were consistently maintained at 16.4 ± 0.2 °C,
28.0 °C, and 5 minutes, respectively. Consequently, both the
mean crystal size and CV exhibited an increase in correlation
with the intensity of the Taylor vortex motion, as illustrated
in Fig. 14 and S4.†

This finding was corroborated through simulations of
temperature and measurements of the corresponding bulk
solution concentration at varying rotation speeds within the
non-isothermal continuous CT crystallizer. The results
indicated a more rapid decrease in the temperature of the bulk
solution (Tb) with increasing rotation speed (Fig. 15(a)),
suggesting that nucleation occurs earlier at elevated rotation
speeds, as predicted by the Tb simulation. Furthermore, the
measured bulk concentration at port-I exhibited a slight
decline with increasing rotation speed, attributed to effective

Fig. 11 Effect of heating and cooling medium flow directions on CSD:
(a) set temperatures of heating (Td) and cooling (Tr) cylinders for four
medium flow directions, maintaining Tb = 28 °C and ΔT = 16.4 ± 0.2
°C in non-isothermal mode-I. (b) Variation in the temperature
difference for ΔTd and ΔTr under different medium flow directions.
Crystallization conditions remain constant with a Tb = 28 °C, a ΔT =
16.4 ± 0.2 °C, a mean residence time of 5 min, a rotation speed of 500
rpm, and a feeding concentration of 900 g L−1.

Fig. 12 Influence of temperature difference (ΔT) on mean crystal size
and CV at port-IV in non-isothermal mode-I. Crystallization conditions
include a Tb = 28.0 °C, a mean residence time of 5 min, a rotation
speed of 500 rpm, a feeding concentration of 900 g L−1, and a medium
flow direction of direction-I.
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mass transfer associated with the formation of nuclei
(Fig. 15(b)). Additionally, the initial crystals collected from port-
I at higher rotation speeds were observed to be larger and
exhibited a broader CSD, which further substantiates this

finding (Fig. 15(c) and S4†). Consequently, it is reasonable to
infer that the final crystal size and CV of the crystal suspension
are larger and broader at higher rotation speeds, despite the
influences of dissolution and recrystallization occurring within
the non-isothermal Taylor vortex.

The influence of rotation speed on CSD in the isothermal
continuous CT crystallizer differs from the behavior observed
in the non-isothermal continuous CT crystallizer, particularly
when the Tb is maintained at 28 °C (Fig. 16 and S5†).
Specifically, in the isothermal continuous CT crystallizer, an
increase in rotation speed from 200 to 900 rpm results in a
reduction of both the mean crystal size and the CV, with
values decreasing from 77.2 to 50.1 μm and from 0.5490 to
0.3763, respectively. In the absence of a temperature gradient
between the inner and outer cylinders, the initially elevated
temperature of the feeding solution is rapidly reduced to the
designated Tb at higher rotation speeds.

In contrast, the temperature of the feeding solution
exhibits a more gradual decrease along the axial position of
the CT crystallizer, as evidenced by the temperature
simulation of the bulk solution (Fig. 17(a) and S6(a)†) and
the effective heat transfer (Fig. S6(b)†). Consequently, the
cooling rate of the feeding solution is influenced by the
rotation speed within the isothermal continuous CT
crystallizer. Building upon our prior investigations into
isothermal batch cooling crystallization with differing cooling
rates, it is evident that a rapid cooling rate facilitates the
formation of small crystals characterized by a narrow CSD
and a high population density, due to the establishment of
high and narrowly distributed supersaturation levels.32,33

Conversely, a slower cooling rate results in the formation of
larger crystals with a broader CSD, which can be attributed to
lower and more widely distributed supersaturation levels.
The concentration and supersaturation at port-I, which is
critical for initial nucleation, as well as the concentration at
port-IV for the final state (Fig. 17(b)), indicate that
concentration diminishes with an increase in rotation speed,

Fig. 13 Effect of temperature difference on CSD: (a) set temperatures
of heating (Td) and cooling (Tr) for various temperature differences (ΔT)
between the inner and outer cylinders in non-isothermal mode-I. (b)
Variation in temperature differences (ΔT) for dissolution (ΔTd) and
recrystallization (ΔTr). Other conditions are fixed at a Tb = 28 °C, a
mean residence time of 5 min, a rotation speed of 500 rpm, a feeding
concentration of 900 g L−1, and a medium flow direction of direction-I.

Fig. 14 Influence of rotation speed on mean crystal size and CV at
port-IV in non-isothermal mode-I, with the experimental conditions of
Tb = 28 °C, ΔT = 16.4 ± 0.2 °C, mean residence time of 5 min, feeding
concentration of 900 g L−1, and a medium flow direction of direction-I.
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while the corresponding supersaturation for initial
nucleation exhibits an inverse relationship. This observation
is consistent with findings from isothermal batch cooling
crystallization conducted under varying cooling rates. It is
important to highlight that throughout the experiment, even
when rapid cooling is considered, no incrustation was
observed at any of the tested rotation speeds.

Furthermore, the influence of supersaturation on CSD
within the isothermal continuous CT crystallizer was
substantiated through a series of experiments that involved
varying the set Tb from 20 to 32 °C. The results indicated that

Fig. 15 (a) Simulated temperature profiles of the bulk solution at
varying rotation speeds in non-isothermal mode-I. (b) Corresponding
measured bulk concentrations at set heating–cooling surfaces with
varying rotation speeds. (c) Variations in mean crystal size and CV at
port-I depend on the rotation speed. Fixed conditions: Tb = 28 °C, ΔT
= 16.4 ± 0.2 °C, mean residence time of 5 min, feeding concentration
of 900 g L−1, and medium flow direction of direction-I.

Fig. 16 Effect of rotation speed on mean crystal size and CV at port-
IV in the isothermal CT crystallizer. Fixed conditions: Tb = 28 °C, mean
residence time of 5 min, feeding concentration of 900 g L−1, and
medium flow direction of direction-I.

Fig. 17 (a) Simulated Tb profiles at different rotation speeds in the
isothermal CT crystallizer. (b) Concentration changes at port-I and
port-IV with increasing rotation speed, and corresponding
supersaturation at port-I (hollow blue squares) for initial nucleation.
Fixed conditions: Tb = 28 °C, mean residence time of 5 min, feeding
concentration of 900 g L−1, and medium flow direction of direction-I.
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both the mean crystal size and the CV of the crystal
suspension exhibited an increase with the elevation of Tb, as
illustrated in Fig. 18(a) and S7(a)–(d).† An analysis of the
simulation of the bulk solution, presented in Fig. 18(b),
revealed that the rate of decline in Tb towards the set
temperature accelerated as the set temperature was
decreased. Simultaneously, the measured Tb at port-I
exhibited a gradual increase, aligning more closely with each
respective set Tb, which resulted in varying supersaturation
ratios for the initial nucleation process (Fig. S7(e)†). Notably,
a higher supersaturation ratio of 1.35 was attained for initial
nucleation at the lower set Tb of 20.0 °C, whereas a lower
supersaturation ratio of 1.18 acted as the driving force for
initial nucleation at the elevated set Tb of 32.0 °C.
Consequently, the higher supersaturation ratio facilitated the
formation of smaller crystals with a narrower CSD and a
greater population, while the lower supersaturation ratio
resulted in the production of larger crystals with a broader
CSD and a reduced population within the isothermal
continuous CT crystallizer. Thus, it can be concluded that the
supersaturation ratio, which is influenced by the cooling rate
of the bulk solution, plays a critical role in regulating initial
nucleation and CSD in the isothermal continuous CT

crystallizer. In contrast, in the non-isothermal continuous CT
crystallizer, the cooling temperature necessary for the
induction of early nuclei primarily governs the initial
nucleation and CSD.

3.6 Effect of mean residence time on CSD

The dynamics of Taylor vortex flow and heat transfer are
influenced by the axial feeding flow rate, as illustrated in Fig.
S8,† corroborating the results of prior research.32,33

Adjustments to the axial feeding flow rate affect both the
duration for the feed solution to enter the CT crystallizer and
the retention time of the crystal suspension within the CT
crystallizer. Specifically, a rapid axial feeding flow rate
corresponds to a reduced mean residence time, whereas a
slower flow rate results in an extended mean residence time.
These variations in mean residence time subsequently impact
the efficiency of initial nucleation in both non-isothermal
and isothermal continuous CT crystallizers, with the Tb
maintained at 28 °C and the rotational speed held constant

Fig. 18 (a) Effect of Tb on mean crystal size and CV in isothermal CT
crystallizer. (b) Simulated temperature profiles for various Tb. Fixed
conditions: mean residence time of 5 min, rotation speed of 500 rpm,
feeding concentration of 900 g L−1, and medium flow direction of
direction-I.

Fig. 19 Influence of mean residence time on mean crystal size and CV
at port-IV in both (a) non-isothermal and (b) isothermal CT
crystallizers. Fixed conditions: Tb = 28 °C, rotation speed of 500 rpm,
feeding concentration of 900 g L−1, and medium flow direction of
direction-I. In non-isothermal mode-I, a ΔT = 16.4 ± 0.2 °C is applied.
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at 500 rpm, as demonstrated in Fig. 19, S9 and S10.† Notably,
in non-isothermal continuous CT crystallizers, an increase in
mean residence time from 2.5 to 15 minutes leads to an
increase in both the mean crystal size and the CV at port-IV,
from 61.1 to 107.9 μm and from 0.3285 to 0.6446, respectively
(Fig. 19(a) and S9†). Similarly, in isothermal continuous CT
crystallizers, an increase in mean residence time from 2.5 to
15 minutes results in an increase in mean crystal size and CV
at port-IV from 45.4 to 84.8 μm and from 0.4122 to 0.6982,
respectively (Fig. 19(b) and S10†).

The variations in the influence of mean residence time on
crystal size and the CV between non-isothermal and
isothermal CT continuous crystallizers can be attributed to
the dynamic modulation of crystallization kinetics by the
temperature gradient. In non-isothermal conditions,
temperature variations periodically modify the local
supersaturation, prompting crystals to alternately experience
growth in cooler regions and partial dissolution in warmer
regions. This phenomenon enhances the Ostwald ripening
effect, favoring the growth of larger crystals while smaller
ones are diminished, thereby resulting in a notable increase
in average crystal size. Concurrently, the interplay between
selective growth and crystal fragmentation induced by the
temperature gradient mitigates the disparity in size
distribution, leading to a relatively modest rise in CV.
Conversely, in isothermal conditions, the continuous decline
in supersaturation with extended residence time progressively
restricts the growth rate. Consequently, smaller crystals
generated during the initial nucleation phase coexist with
larger crystals that exhibit slower growth in subsequent
stages, culminating in a more dispersed size distribution
characterized by a higher CV. Furthermore, the absence of
dynamic regulation associated with temperature results in a
lesser increase in average size compared to non-isothermal
systems. This distinction fundamentally underscores the
differing predominant influences of thermodynamic (non-
isothermal) and purely kinetic (isothermal) factors in the
competitive processes of nucleation, growth, and ripening
throughout the crystallization process.

Simulations of Tb in both isothermal and non-isothermal
continuous CT crystallizers reveal that Tb decreases rapidly to
the designated set point with an extended mean residence
time, while the decrease is more gradual with a reduced
mean residence time (Fig. 20(a)). It is important to highlight
that throughout the mean residence time experiments,
temperature measurements were conducted, confirming that
even with a short mean residence time of 2.5 minutes, the
mother liquor achieved the temperature corresponding to Tb.
Moreover, the duration of time plays a crucial role in
regulating supersaturation, which is essential for both
nucleation and crystal growth in these crystallizers
(Fig. 20(b)). The findings indicated that an increase in mean
residence time corresponds to a decrease in the
supersaturation of the bulk solution at port-I. When a shorter
mean residence time is employed, rapid nucleation and
crystal growth occur due to elevated supersaturation levels,

irrespective of the type of crystallizer, leading to a crystal
suspension characterized by smaller size and narrower CSD.
In contrast, when a longer mean residence time is
implemented, nucleation and crystal growth transpire over
an extended duration in both crystallizer types.
Consequently, it is reasonable to conclude that the mean
crystal size and CV increase with the mean residence time in
both isothermal and non-isothermal continuous CT
crystallizers.

Conclusions

The effective application of non-isothermal Taylor vortex flow
within a continuous CT crystallizer has markedly enhanced
control over CSD. This approach involves the establishment
of distinct thermal conditions for the inner and outer
cylinders, coupled with the rotation of the inner cylinder,
thereby creating a dynamic environment conducive to crystal
dissolution and recrystallization. Specifically, one cylinder is
maintained at a temperature above Tb to facilitate the
dissolution of crystals, while the other is cooled below this
temperature to promote crystal growth. This cyclic process

Fig. 20 (a) Simulated temperature profiles of the bulk solution at
varying mean residence times in both non-isothermal (solid lines)
and isothermal (dashed lines) CT crystallizers. (b) Supersaturation at
port-I for initial nucleation. Fixed conditions: Tb = 28 °C, rotation
speed of 500 rpm, feeding concentration of 900 g L−1, and
medium flow direction of direction-I. In non-isothermal mode-I, a
ΔT = 16.4 ± 0.2 °C is applied.
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leads to the periodic disintegration of fine crystals followed
by their growth, thereby improving the uniformity of the
crystal suspension. Furthermore, the efficacy of non-
isothermal continuous Taylor vortex flow in refining CSD is
intricately linked to various operational modes, flow
directions, and specific parameters within the CT crystallizer.
The temperature of the cooling surface is particularly
significant in influencing nucleation, which in turn affects
the final size and distribution of the crystals. Non-isothermal
Taylor vortex flow, particularly in mode-I (where the inner
cylinder is heated and the outer cylinder is cooled) and
mode-II (the reverse configuration), yields narrower crystal
size distributions compared to isothermal conditions. Mode-
I, in particular, exhibits superior performance in generating
uniform crystals with a lower CV, a result attributed to its
more effective heating and cooling cycles. In addition, the
flow directions of the heating and cooling mediums were
found to influence the CSD. It was observed that the CV
values in direction-I and direction-II were lower than those in
direction-III and direction-IV.

Furthermore, an increase in the temperature difference
between the heating and cooling cylinders in both isothermal
and non-isothermal continuous CT crystallizers correlates
with a reduction in mean crystal size and CV, as it promotes
the formation of smaller initial crystals and enhances the
efficiency of the heating–cooling cycle. Conversely, elevated
rotation speeds contribute to larger crystal sizes and a
broader CSD in non-isothermal continuous CT crystallizers,
as intensified Taylor vortex motion facilitates nucleation at
lower levels of supersaturation. However, elevated rotation
speeds contribute to smaller crystal sizes and a narrower CSD
in isothermal continuous CT crystallizers. Additionally,
slower feed flow rates (extended residence times) prolong the
supersaturation profile, resulting in larger crystals and a
wider CSD, regardless of the crystallization mode employed.
Moreover, the optimization of cooling crystallization for
L-lysine under non-isothermal conditions exemplifies the
versatility and applicability of this technique in practical
processes. This method enables precise control over crystal
characteristics, thereby enhancing the efficiency and quality
of crystalline products across various industrial applications.
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Appendix
Mathematical model of heat transfer

Fig. 8 presented four typical directions of medium flow in the
inner and outer cylinders. The following assumptions are
made for heat transfer in the system:

1. The heat transfer mode is built up at a steady state;
2. One-dimensional convection in r-direction;
3. Constant heat transfer coefficient, and constant flux in

the heating and cooling cylinders annulus and crystallized
annulus,

4. Fully developed CT flow in the crystallized annulus
condition;

5. The contact resistance between walls, and natural
convection and gravity effects are negligible.

Under the above assumptions, as well as the first law of
thermodynamics, the heat transfer balance equation is:

The accumulated heat rate = The input heat rate − The
output heat rate + The
generated heat rate

For the CT crystallizer system, the generation of heat rate
and the accumulated heat rate are zero at a steady state. Take
direction I for example, the derivation of each division of
heat transfer in CT crystallizer and the final evaluation is
presented as follows:
For heating the inner cylinder:

dTd

dx
¼ 2πrihi

qiρiCpi
Td −Tbð Þ (1)

For the solution:

dTb

dx
¼ 2πrihi

qbρbCpb
Td −Tbð Þ − 2πroho

qbρbCpb
Tb −T rð Þ (2)

For cooling the outer cylinder:

dT r

dx
¼ 2πroho

qoρoCpo
Tb −T rð Þ (3)

where q, ρ, h, and Cp are flux, density, heat transfer
coefficient, and specific heat, and the label subscript of i, b,
and o are presented as the inner, crystallized, and outer
cylinder, respectively; and ri and ro are the radius of inner
and outer cylinder.

a ¼ 2πrihi
qiρiCpi

; b ¼ 2πroho
qbρbCpb

; c ¼ 2πrihi
qbρbCpb

; d ¼ 2πroho
qoρoCpo

The equations are solved and simulated by software of
Mathematica and the results are shown as follows:
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Td xð Þ ¼ C1 −
a Ma1 −

ffiffiffiffiffi
Δ1

p� �

2cd
C2eλ2x þ

a Ma1 −
ffiffiffiffiffi
Δ1

p� �

2cd
C3eλ3x

Tb xð Þ ¼ C1 þMd1 −
ffiffiffiffiffi
Δ1

p
2d

C2eλ2x þMd1 −
ffiffiffiffiffi
Δ1

p
2d

C3eλ3x

T r xð Þ ¼ C1 þ C2eλ2x þ C3eλ3x

(4)

where λ1 = 0, λ2 ¼ −M1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1

2 − 4N1

p
2 ; λ3 ¼ −M1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1

2 − 4N1

p
2 ;

M1 = −a + b + c − d, N1 = −ab + ad − cd, Δ1 =M1
2 − 4N1. Ma1 = −a −

b + c + d,Md1 = −a + b + c + d.
Similarly, the heat transfer at other different flow

directions is built up.
For direction II:

Td xð Þ ¼ C1 þ
a Ma2 −

ffiffiffiffiffi
Δ2

p� �

2cd
C2eλ2x þ

a Ma2 þ
ffiffiffiffiffi
Δ2

p� �

2cd
C3eλ3x

Tb xð Þ ¼ C1 þMd2 −
ffiffiffiffiffi
Δ2

p
2d

C2eλ2x þMd2 þ
ffiffiffiffiffi
Δ2

p
2d

C3eλ3x

T r xð Þ ¼ C1 þ C2eλ2x þ C3eλ3x

(5)

where all Ci are constants,

a ¼ 2πrihi
υiρiCpi

; b ¼ 2πroho
υρCp

; c ¼ 2πrihi
υρCp

; d ¼ 2πroho
υoρoCpo

; λ1 = 0,

λ2 ¼ −M2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

2 − 4N2

p

2
; λ3 ¼ −M2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

2 − 4N2

p

2
; M2 = −a + b

+ c + d, N2 = −ab − ad + cd, Δ2 = M2
2 − 4N2. Ma2 = a + b − c + d,

Md2 = a − b − c + d.
For direction III:

Td xð Þ ¼ C1 −
a Ma3 þ

ffiffiffiffiffi
Δ3

p� �

2cd
C2eλ2x þ

a Ma3 −
ffiffiffiffiffi
Δ3

p� �

2cd
C3eλ3x

Tb xð Þ ¼ C1 −
Md3 þ

ffiffiffiffiffi
Δ3

p
2d

C2eλ2x −
Md3 −

ffiffiffiffiffi
Δ3

p
2d

C3eλ3x

T r xð Þ ¼ C1 þ C2eλ2x þ C3eλ3x

(6)

where all Ci are constants,

a ¼ 2πrihi
υiρiCpi

; b ¼ 2πroho
υρCp

; c ¼ 2πrihi
υρCp

; d ¼ 2πroho
υoρoCpo

; λ1 = 0,

λ2 ¼ −M −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − 4N3

p

2
; λ3 ¼ −M þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − 4N3

p

2
; M3 = a + b + c +

d, N3 = ab + ad + cd, Δ3 = M3
2 − 4N3. Ma3 = a − b + c − d, Md3 =

a − b − c + d.
For direction IV:

Td xð Þ ¼ C1 −
a Ma4 −

ffiffiffiffiffi
Δ4

p� �

2cd
C2eλ2x −

a Ma4 −
ffiffiffiffiffi
Δ4

p� �

2cd
C3eλ3x

Tb xð Þ ¼ C1 þMd4 þ
ffiffiffiffiffi
Δ4

p
2d

C2eλ2x þMd4 −
ffiffiffiffiffi
Δ4

p
2d

C3eλ3x

T r xð Þ ¼ C1 þ C2eλ2x þ C3eλ3x

(7)

where all Ci are constants,

a ¼ 2πrihi
υiρiCpi

; b ¼ 2πroho
υρCp

; c ¼ 2πrihi
υρCp

; d ¼ 2πroho
υoρoCpo

; λ1 = 0,

λ2 ¼ −M4 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M4

2 − 4N3

p

2
; λ3 ¼ −M4 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M4

2 − 4N3

p

2
; M4 = a + b

+ c − d, N4 = ab − ad − cd, Δ4 = M4
2 − 4N4. Ma4 = a − b + c + d,

Md4 = a + b + c + d.

Eventually, the software of Mathematica can carry out the
simulations once the initial temperature and appropriate
heat transfer coefficient are assigned.
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