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Coupled dynamics in binary mixtures of model
colloidal Yukawa systems†

Daniel Weidig and Joachim Wagner *

The dynamical behavior of binary mixtures consisting of highly charged colloidal particles is studied by

means of Brownian dynamics simulations. We investigate differently sized, but identically charged

particles with nearly identical interactions between all species in highly dilute suspensions. Different

short-time self-diffusion coefficients induce, mediated by electrostatic interactions, a coupling of both

self and collective dynamics of differently sized particles: the long-time self-diffusion coefficients of a

larger species are increased by the presence of a more mobile, smaller species and vice versa. Similar

coupling effects are observed in collective dynamics where both time constant and functional form of

intermediate scattering functions’ initial decay are influenced by the presence of a differently sized

species. We provide a systematic analysis of coupling effects in dependence on the ratio of sizes,

number densities, and the strength of electrostatic interactions.

1 Introduction

Dynamical processes in strongly interacting systems and their
relation to the time-averaged structure are since decades in the
focus of scientific interest. Understanding of freezing pro-
cesses, where correlations covering orders of magnitude in
time are crucial, is still a challenge both from the viewpoint
of experiment and theory. With evolving photon correlation
spectroscopy1 as a quasielastic scattering method accessing
timescales from microseconds to hours, colloidal suspensions
gained interest as model systems on, compared to atomic or
molecular systems, enlarged scales of lengths and times: the
availability of highly defined particles with tailored interactions
establishes a fruitful combination of experiment and theory to
investigate structure–dynamics relations in interacting systems
self-organizing to analogues of imperfect gases, liquids, glasses
and even colloidal crystals.2,3 Colloidal suspensions have
become relevant model systems for an experimental test of
mode coupling theory describing slow dynamic processes such
as, e.g., the glass transition.4–8

Opposite to model hard-sphere colloids interacting via their
mutual excluded volume, highly charged colloidal particles
interact via the long-range electrostatic repulsion of equally
charged macroions. Hence, these systems form at volume
fractions as low as j = 10�3 colloidal crystals.9 According to

DLVO theory,10 charged colloids interact via a screened Cou-
lomb- or Yukawa-potential while the mutual excluded volume
and van der Waals interactions are not relevant in dilute
systems.

Binary mixtures of charged colloidal particles have previously
been studied in two dimensions.11–15 In three dimensions, studies
are so far limited to hard-sphere systems16–22 while only few works
investigate mixtures of charged particles.23–28 The vast majority of
existing studies focuses on the self-dynamics of identical particles
employing both, theoretical29–35 and experimental36–38 methods.
Collective dynamics are up to now only rarely analyzed.39–45

Investigations of self- and collective diffusion processes in binary
mixtures are up to now reported using systems with hard-sphere
interactions.46–49

We demonstrate that employing highly parallelized code it is
feasible to calculate distinct, time-dependent van Hove functions
from trajectories of comparatively large systems consisting of
16 000 particles. By spatial Fourier transform, finally, dynamic
structure factors are obtained. These quantities can, in principle
be obtained via quasielastic scattering experiments in the time
domain, e.g., photon correlation spectroscopy. In multi-
component systems of differently sized particles consisting of
the same material, an average dynamic structure factor as a
weighted sum of the partial structure factors is obtained by these
experiments. Partial structure factors are experimentally accessi-
ble with index-matching experiments, if particles with different
refractive indices are available. Even if such particles are available,
for charged colloids, however, tuning the suspending medium’s
refractive index affects the protolysis of functional groups and
thus their number of effective charges and interactions.50 Typi-
cally, assuming a constant surface charge density, the number of
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effective charges is proportional to the particle surface. A possible
experimental access to differently sized, but equally charged
particles is the combination of particles stabilized via differently
acidic functional groups: small particles with highly acidic func-
tional groups and large particles with less acidic groups can,
controlled by the suspending medium’s pH provide equal number
of effective charges. Since the preparation of such a system is
highly challenging, we investigate in a first approach using
computer experiments possible dynamic coupling effects in such
binary mixtures.

We investigate, how different mobilities of equally charged
particles with identical time-averaged interactions influence
the non-Gaussian diffusion of interacting systems. The wave-
vector resolved, distinct partial correlation functions can be a
valuable test for theoretical predictions of structure–dynamics
relations in charged multi-component systems.

In this paper, we investigate structure–dynamics relations in
dilute, binary mixtures of equally charged but differently sized
particles by means of Brownian dynamics simulations. Since
the strength of electrostatic interactions essentially depends on
the number of effective charges, the interactions in such
systems are practically identical between all species. Different
particle sizes, however, lead to different Stokes–Einstein diffu-
sion coefficients as short-time self-diffusion coefficients with
impact both on long-time self and collective diffusion coeffi-
cients: mediated by electrostatic interactions, the long-time
dynamics of a larger species is influenced by the presence of
a smaller, more mobile species. We investigate long-time self-
diffusion coefficients and, to quantify collective diffusion in
mixtures of highly charged colloids, partial intermediate scat-
tering functions where the influence of both size- and number
density ratios is systematically assessed.

For metastable, supercooled liquids, we compare different
static and dynamic freezing criteria such as the Hansen–Verlet
criterion51 based on the maximum total structure factor, the
dynamic Löwen criterion52 based on the ratio of long- to short-
time self-diffusion coefficient and the Debye–Waller factor as
long-time limit of the dynamic structure factor. We demon-
strate using Brownian dynamics that the long-time dynamics in
binary mixtures is significantly influenced by different short-
time mobilities of its constituents.

2 Theoretical background
2.1 Charged colloidal particles

The interaction between charged colloidal macroions can, accord-
ing to the DLVO theory,10 at relevant distances rij be written as

V rij
� �
kBT

¼ Zeff
2lB

eks=2

1þ ks=2

� �2
e�krij

rij
(1)

with the thermal energy kBT, the macroions’ number of effective
charges Zeff, and their diameter s. lB = e0

2/(4pere0kBT) is the
Bjerrum length depending on the electron charge e0 and the
permittivity ere0 of the suspending medium. Due to counterions
present for reason of electroneutrality, the colloidal macroions

interact via a screened Coulomb- or Yukawa-potential with the
inverse Debye length

k ¼ 4plB
X
l

1rlzl
2

 !1=2

; (2)

where 1rl is the number density of counter ions carrying zl

electron charges. Extending the single species Yukawa potential
to multiple species, the pair potential reads as

V rij
� �
kBT

¼ lBZeff ;iZeff ;j
eksi=2

1þ ksi=2

� �
eksj=2

1þ ksj
�
2

 !
e�krij

rij
: (3)

Suspensions consisting of highly charged colloidal particles,
due to the long-range electrostatic repulsion, self-organize to
liquid-like ordered and even crystalline structures at extremely
low densities9 with particle distances as large as ten times the
particle diameter. For such highly dilute systems, the pairwise
additive approximation of the interactions is an adequate
assumption53 neglecting hydrodynamic interactions as a con-
sequence of their extremely small volume fraction. Typical pair
correlation functions g(r) show, that distances comparable to
the particle size do not occur: collisions of these electrostati-
cally interacting particles are not observed and the mutual
excluded volume, unlike in hard-sphere systems, does not play
a role for the self-organization.

2.2 Brownian dynamics simulation

Relevant time scales for the Brownian motion of colloidal macro-
ions are orders of magnitude larger than those of the suspending
medium particles. The rapidly varying degrees of freedom of the
suspending medium can be eliminated employing a projection
operator formalism54–57 leading to a generalized Fokker–Planck
equation. Restricting to times larger than momentum relaxation
times with typically tp E 10�8 s, such particles’ equation of
motion can be described as

riðtþ DtÞ ¼ riðtÞ þ b
XN
j¼1

Dij � f j
� �

Dt

þ
XN
j¼1
rrjDij

� �
Dtþ Ri þ Oi t

2
� � (4)

employing Ermak’s algorithm.58–60 Here, ri(t) is the position of
particle i at time t, b = (k BT)�1 the inverse thermal energy, and Dij

the diffusion tensor. The force acting on particle j is denoted as fj

and Ri is a random displacement caused by the rapidly fluctuating
interactions between the suspending medium and the colloidal
macroions with the properties

hRi(t)i = 0 (5)

and

hRi(t)�Ri(t + Dt)i = 6D0Dt (6)
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neglecting hydrodynamic interactions. In pairwise additive
approximation, the force fj acting on particle j reads as

f j ¼ �
X
rriV rij

� �
(7)

with V(rij) being the potential of two macroions with distance
vector rij. Neglecting hydrodynamic interactions in highly dilute
suspensions, the diffusion tensor Dij is approximated as Dij =
D0,iI with I denoting matrix identity and

D0;i ¼
kBT

3pZsi
(8)

the Stokes–Einstein diffusion coefficient of particle i depending
on the viscosity Z of the suspending medium and the particle
diameter si. In absence of hydrodynamic interactions, the
derivative rrj

Dij = 0 vanishes.

2.3 Dynamic properties

The time-dependent self-diffusion coefficient DS,i(t) of a particle
i is accessible via its mean-square displacement as

DS;iðtÞ ¼
1

6

@

@t
riðtÞ � riðtþ tÞ½ �2

D E
t
: (9)

Both, the short-time limit D0 and the long-time limit D(L)
S are

time-independent. The short-time self-diffusion coefficient is
the Stokes–Einstein diffusion coefficient. The reduced self-
diffusion coefficient

Dred
S;i ðtÞ ¼

DS;iðtÞ
D0;i

; (10)

as a size-independent quantity allows to analyze the time-
dependence of the self-diffusion in mixtures.

In an alternative way, the time-dependent self-diffusion of
particle i is accessible from the van Hove function61

G rij ; t
� �

¼ 1

N

XN
i¼1

XN
j¼1

d r� riðtÞ þ rjð0Þ
� �* +

(11)

= GS(rii, t) + GD(rij, t) (12)

with GS denoting its self and GD its collective part.
In a mixture of NC species for each species a a self correla-

tion function GS,a(rii, t) exists which obeys the differential
equation

@GS;a rii; tð Þ
@t

¼ DS;aðtÞr2GS;a rii; tð Þ (13)

with the solution

GS;a rii; tð Þ ¼ 4pDS;aðtÞt
� ��3=2

exp � rii
2

4DS;aðtÞt

� �
(14)

where in the limit t - N the long-time self-diffusion coeffi-
cient DS,a(t - N) = D(L)

S,a results.

In such a mixture, NC(NC + 1)/2 different, distinct van Hove
functions GD,ab(rjb � ria, t)

GD;abðr; tÞ ¼
1

NaNb
� �1=2 X

i

X
jai

d r� rjbðtþ tÞ þ riaðtÞ
� �* +

t

:

(15)

exist and are accessible from the trajectories.
Analogously to eqn (13), the distinct part of the van Hove

function obeys the differential equation

@GD;ab rij ; t
� �
@t

¼ DC;abðtÞr2GD;ab rij ; t
� �

(16)

which reads as

@GD;abðQ; tÞ
@t

¼ �DC;abðtÞQ2GD;abðQ; tÞ (17)

in reciprocal space. The van Hove function GD,ab(Q, t) is related
to the intermediate scattering function Sab(Q, t) as

Sab(Q, t) = GD,ab(Q, t) + dab (18)

with dab denoting the Kronecker symbol.
In a binary mixture, three partial intermediate scattering

functions are accessible from the trajectories. Normalizing by
the static structure factors Sab(Q, 0) = Sab(Q, t = 0), reduced
intermediate scattering functions

Sred
D;abðQ; tÞ ¼

SabðQ; tÞ � dab
SabðQ; 0Þ � dab

(19)

are obtained. Due to spherical symmetry, for liquid like struc-
tures, these quantities depend only on the modulus Q = 8Q8 of
the wave vector.

To identify a freezing transition in interacting systems,
different criteria are described in the literature. The Hansen–
Verlet criterion51 is based on the maximum of the static
structure factor and identifies a frozen state for systems with
max[S(Q)] \ 2.85. Löwen et al. suggest a dynamical freezing
criterion based on the reduced long-time self-diffusion coeffi-
cient, to identify a frozen state when D(L)

S /D0 t 0.098.52,62 A
frequently used criterion to characterize the glass transition is a
non-zero Debye–Waller factor S(Q, t - N)/S(Q, 0) indicating a
frustrated a-process.5,63–66

2.4 Computational details

We performed Brownian dynamics simulations employing the
previously described and well known Ermak–McCammon
algorithm,60 neglecting hydrodynamic interactions in three
dimensional space employing a cubic box with periodic bound-
ary conditions. The mean-square displacement hDri

2(t)i and
partial distinct van Hove functions are calculated from the
simulation trajectories. By Fourier transform, from the latter
quantities intermediate scattering functions S(Q,t) are
obtained. The parameters used for Brownian dynamics simula-
tions are compiled in Tables 1 and 2.

The diameter sA = 100 nm is kept constant during all
simulations, while sB is varied from 100 nm to 20 nm to obtain
binary mixtures including a virtually binary mixture with

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

1 
N

ov
em

be
r 

20
24

. D
ow

nl
oa

de
d 

on
 4

/2
/2

02
6 

6:
12

:4
1 

A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm01123f


8900 |  Soft Matter, 2024, 20, 8897–8908 This journal is © The Royal Society of Chemistry 2024

sA = sB = 100 nm. The number of effective charges of both
species is varied in the range of Zeff,A = Zeff,B = 300–600. To
investigate the influence of relative particle number densities
1rB/1rA, three different ratios 1rB/1rA = {1, 2, 4} are simulated.
Additionally, in Table 2 the reduced interaction parameters

Aij ¼ lBZeff;iZeff;j
eksi=2

1þ ksi=2

� �
eksj=2

1þ ksj
�
2

 !
(20)

are compiled for sA = 100 nm and sB = 50 nm with Zeff,A = Zeff,B =
400. The interaction parameters differ by less than one percent
at identical number of effective charges for all simulated particle
sizes. Depending on the particle sizes, the volume fractions of
the investigated systems are in the range of 4.2 � 10�6 r j r
5.2 � 10�4. We investigate colloidal macroions with monovalent
counter ions in absence of additional stray ions.

Starting from a bcc structure, in ten successive simulations,
each with 104 time steps, with drastically reduced number of
effective charges of Zeff,A = Zeff,B = 50, a gaseous configuration is
prepared. Using this disordered configuration, in ten successive
simulation runs of each 104 time steps liquid-like ordered
systems consisting of particles with the respective number of
effective charges are prepared. The convergence of equilibration
is monitored by comparison of static pair correlation functions
and the time-dependence of self-diffusion coefficients computed

in each run. After equilibration, a production run of 2� 106 time
steps is performed.

From its trajectory, the mean-square displacement and the
distinct van Hove functions are computed. To estimate uncer-
tainties of the results, twelve independent production runs are
evaluated for each system. The uncertainties are given as triple
standard deviations of the results.

3 Results and discussion

In the present work, we investigate binary colloidal suspensions
of equally charged, but differently sized particles, interacting
via a repulsive, screened electrostatic or Yukawa-potential. The
interaction is primarily governed by the number of effective
charges of the particles, the permittivity of the suspending
medium, the temperature, and the mean interparticle distance
depending on the total number density. Therefore, the inter-
action only slightly depends on the particles’ size and is
neglectable. Due to practically identical interactions between
all species in time average, as visible in Fig. 1, the partial pair
correlation functions gAA(r), gAB(r), and gBB(r) are identical.

3.1 Self dynamics

In Fig. 2, the reduced time-dependent self-diffusion coefficients
in a virtually binary mixture of identical particles (lhs) and
differently sized, but equally charged particles (rhs) are dis-
played. In the virtually binary mixture of identical particles, the
time-dependence of the self-diffusion coefficients is identical.
Opposite, in presence of a differently sized, smaller species, the
reduced long-time self-diffusion coefficient D(L)

S,A/D0,A is

Table 1 Simulation parameters and properties of the suspending medium
(water) used in Brownian dynamics simulations of binary colloidal Yukawa
systems

Parameter SI units

Temperature T = 298.15 K
Box length LB = 2.52 � 10�5 m
Total number density 1rtot = 1 � 1018 m�3

Time base t = 1 � 10�3 s
Time step Dt = 2.0 � 10�6 s
Viscosity Z = 8.9 � 10�4 Pa s
Relative permittivity er = 78.3
Bjerrum length lB = 7.160 � 10�10 m
Particle number NP = 16 000

Table 2 Particle-dependend parameters used for Brownian dynamics
simulations of binary mixtures, compiled for particles with diameter sA =
100 nm and sB = 50 nm with identical number of effective charges Zeff,A =
Zeff,B = 400 and identical number densities 1rA = 1rB = 5 � 1017 m�3

SI units Reduced units

LB = 2.52 � 10�5 m L* = LB/sA = 252.0
1rtot = 1 � 1018 m�3 1r�tot ¼ 1rtotsA

3 ¼ 0:001

Dt = 2 � 10�6 s Dt* = Dt/t = 0.002
k = 1.897 � 105 m�1 k* = ksA = 0.1897
D0,A = 4.908 � 10�12 m2 s�1

D�0;A ¼ D0;At
�
sA2 ¼ 0:4908

D0,B = 9.815 � 10�12 m2 s�1
D�0;B ¼ D0;Bt

�
sA2 ¼ 0:9815

AAA = 1.155 � 10�4 m A�AA ¼ AAA=sA ¼ 1155

AAB = 1.151 � 10�4 m A�AB ¼ AAB=sA ¼ 1151

ABA = AAB A�BA ¼ A�AB

ABB = 1.148 � 10�4 m A�BB ¼ ABB=sA ¼ 1148

Fig. 1 Partial pair correlation functions gab(r/sA) of a binary suspension of
Yukawa particles. The suspension consists of a large species with the
diameter sA = 100 nm and a smaller species with the diameter sB = 50 nm.
The number of effective charges of both species is Zeff,A = Zeff,B = 400 at
identical number densities 1rA = 1rB = 5 � 1017 m�3.
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enhanced while that D(L)
S,B/D0,B is reduced. In the short-time

limit, consistently, the respective Stokes–Einstein diffusion
coefficients are approached. For intermediate times, a subdif-
fusive motion leading to formal time-dependent self-diffusion
coefficients is observed.

In contrast to the effective one-component system, different
Stokes–Einstein diffusion coefficients of a mixture’s constitu-
ents lead to a different time-dependence of their self-diffusion
coefficients: in the short-time limit, both self-diffusion coeffi-
cients approach the respective Stokes–Einstein diffusion coeffi-
cient, while in the long-time limit different reduced long-time
self-diffusion coefficients D(L),red

S,a are observed. The influence of
the identical number of effective charges Zeff,A = Zeff,B is visible
in Fig. 3 for a binary suspension consisting of particles with
diameter sA = 100 nm and sB = 50 nm at identical particle
number densities 1rA = 1rB = 5 � 1017 m�3. For comparison, the
self-diffusion coefficients in a virtually binary mixture of iden-
tical particles, i.e., an effective one-component system, is
depicted as well. With increasing number of effective charges
and therewith increasing interactions, the long-time self-
diffusion coefficient non-linearly decreases.

Generally, the long-time self-diffusion coefficients of a larger
species with smaller Stokes–Einstein diffusion coefficient are
enhanced by the presence of a smaller species with correspond-
ingly larger Stokes–Einstein diffusion coefficients and vice
versa. The differences of long-time self-diffusion coefficients
decrease at identical ratios of sizes and number densities with
increasing strength of electrostatic interaction.

As visible in Fig. 4, with increasing particle-size ratio, the
enhancement and reduction of reduced long-time self-diffusion

coefficients increases, too. In suspensions with different num-
ber densities 1rA a 1rB, reduced long-time self-diffusion

Fig. 2 Reduced time-dependent self-diffusion coefficients DS,a(t)/D0,a of a virtually binary suspension of identically sized species with diameters sA =
sB = 100 nm, identical number of effective charges Zeff,A = Zeff,B = 400 and number densities 1rA = 1rB = 5� 1017 m�3 (left). Corresponding reduced time-
dependent self-diffusion coefficients of a binary colloidal mixture consisting of differently sized species with sA = 100 nm and sB = 50 nm, but still
identical number of effective charges Zeff,A = Zeff,B = 400 and number densities 1rA = 1rB = 5 � 1017 m�3 (right). The corresponding long-time limits are
indicated as a dashed line for the virtually binary mixture and as dotted lines for the binary mixture.

Fig. 3 Reduced long-time self-diffusion coefficients of a binary mixture
in dependence on the number of effective charges Zeff. Those of the large
species are depicted as open upper triangles while those of the small
species are represented by open lower triangles. For comparison, the
values for one-component systems of both species with the same total
number density are displayed as open circles and crosses. The dashed lines
are cubic splines as a guide to the eye.
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coefficients of the minority component change more than those
of the majority component. The numerical values of reduced
long-time self-diffusion coefficients in virtually binary, as well
as binary mixtures are compiled in Tables S1 and S2 of the ESI.†

Let us define a reduced excess long-time self-diffusion
coefficient

DDðLÞS;a ¼
D
ðLÞ
S;a �D

ðLÞ�
S;a

D0;a
(21)

as difference of the reduced long-time self-diffusion coefficient
of species a in a mixture with total number density 1rtot to that
of species a in a one-component system with 1ra = 1rtot. As
visible in Fig. 5, for sufficiently large electrostatic interaction, a
nearly linear dependence of the modulus of this reduced excess
long-time self-diffusion coefficients on the ratio (sA

1rtot)/(sB
1ra) is observed. The slope of this nearly linear dependence can
be considered as a dynamic coupling constant z. As visible from
Fig. 6, the dynamic coupling constant linearly depends on the
number of effective charges (Table S7 of the ESI†).

3.2 Collective dynamics

In addition to the self-dynamics, we investigate the collective
dynamics employing intermediate scattering functions obtained
by Fourier transform of distinct van Hove functions. The partial,
distinct time-dependent pair correlation functions are calculated
from simulation trajectories employing eqn (15). In Fig. 7, distinct,
time-dependent partial pair correlation functions Gab(r/sA, t) and
the corresponding partial dynamic structure factors Sab(QsA, t) for
t = 0, t = 10.0 ms and t = 25.0 ms are displayed for a binary mixture

with Zeff,A = Zeff,B = 400, diameters sA = 100 nm and sB = 50 nm at
identical number densities 1rA = 1rB = 5 � 1017 m�3.

In the here investigated liquid-like systems, all partial time-
dependent structure factors decay to zero in the long-time limit.
We quantify the collective short-time behavior by stretched
exponentials exp(�at)b as a heuristic approach at the wave-
vector Qmax at the maximum of the static structure factor.

Fig. 4 Reduced long-time self-diffusion coefficients D(L)
S,a/D0,a for a binary

suspension with number of effective charges Zeff = 400 in dependence on
the diameter ratio sA/sB and the ratio of their number densities 1rB/1rA at
constant total number density 1rtot = 1� 1018 m�3. Circles denote the large
species A and triangles the small species B. The dashed lines are cubic
splines as a guide to the eye.

Fig. 5 Modulus of the reduced excess long-time self-diffusion coefficient
in dependence on the ratio (sA

1rtot)/(sB
1ra). The dashed lines are linear fits

to the data.

Fig. 6 Dependency of the coupling constant z on the number of effective
charges Zeff. The dashed line is a linear fit to the data.
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Let us first consider a virtually binary suspension consisting of
identical particles. In Fig. 8, the reduced partial, distinct inter-
mediate scattering functions Sred

D,ab(Qmax, t) are shown for a suspen-
sion of colloidal macroions with diameter sA = sB = 100 nm, Zeff,A =
Zeff,B = 400 effective charges at identical number densities 1rA =
1rB = 5 � 1017 m�3. Here, the functional form of decay is identical
for all partial intermediate scattering functions.

The relaxation rates a and stretching exponents b of
stretched exponentials of virtually binary mixtures are extracted
from fits covering correlation times until Sab(Qmax, t) = Sab(Qmax,
0)/2 is reached.

In Fig. 9, the relaxation rates a in effective one-component
systems are displayed in dependence on the number of effective
charges Zeff for different diameters. Normalized to the respec-
tive Stokes–Einstein diffusion coefficients D0,a a universal
reduced relaxation rate, decreasing with the number of effective
charges Zeff is obtained. The exponent b decreases in first
approximation linearly with increasing number of effective
charges and is independent of the particle size.

In a binary mixture of differently sized but still equally charged
particles, the time-dependence of partial intermediate scattering
functions differs as shown in Fig. 10 for particles with diameters
sA = 100 nm and sB = 33 nm with Zeff,A = Zeff,B = 400 effective
charges at identical number densities 1rA = 1rB = 5 � 1017 m�3. As
expected, the decay of SAA(Q, t) is the slowest and that of SBB(Q, t)

the fastest. The relaxation of the correlation between both species
SAB(Q, t) is in between SAA(Q, t) and SBB(Q, t).

The relaxation rates aab in binary mixtures of particles with
sA = 100 nm and sB = 33 nm at the same number densities 1rA =
1rB = 5 � 1017 m�3 in dependence on the number of effective
charges Zeff = Zeff,A = Zeff,B is displayed in Fig. 11. For compar-
ison, those of effective one-component systems consisting of
particles with diameters sA = 100 nm and sB = 33 nm, respec-
tively, are depicted as well. The values of the relaxation rates
and the stretching exponents are compiled in the Tables S3–S6
of the ESI.† In analogy to self-diffusion, also the decay of
intermediate scattering functions is influenced by the presence
of a differently sized species: the relaxation rates of the correla-
tion between the larger particles are enhanced in the presence
of more mobile smaller particles and vice versa. As expected, the
relaxation rates of correlations between different species aAB

are in between the relaxation rates aAA and aBB of correlations
between identical particles. With increasing number of effec-
tive charges Zeff = Zeff,A = Zeff,B, a nonlinear decay of relaxation
rates is observed, approaching a common limit in the case of
very strong electrostatic interactions.

Defining an excess relaxation rate as

Daaa ¼
aaa � a�aa

a�aa
(22)

Fig. 7 Partial, distinct pair correlation functions Gab(r/sA, t) displayed for t = 0, t = 10.0 ms, and t = 25.0 ms (upper row). The correlation functions result
from a system with Zeff,A = Zeff,B = 400 with diameters sA = 100 nm and sB = 50 nm at identical number densities 1rA = 1rB = 5 � 1017 m�3. In the lower
row, the corresponding partial intermediate scattering functions Sab(QsA, t) obtained as spatial Fourier transforms are shown.
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with a�aa denoting the relaxation rate in a one-component
system and aaa that in a binary mixture at identical total
number densities. Analogously to self-diffusion, the modulus

of excess relaxation rates of correlations between identical
particles depend in first approximation linearly on the ratio

Fig. 8 Reduced time-dependent, partial distinct structure factors
Sred

D,ab(Qmax, t) of a virtually binary suspension of identical particles with
diameter s = 100 nm at identical number density 1rA = 1rB = 5 � 1017 m�3

with Zeff = 400 effective charges. The stretched exponentials are displayed
as dashed grey lines.

Fig. 9 Relaxation rates aaa normalized to the respective Stokes–Einstein
diffusion coefficient D0,a at Qmax in virtually binary mixtures of identical particles
in dependence on their number of effective charges Zeff for different particle
sizes sa. The dashed line is a cubic spline as a guide to the eye.

Fig. 10 Partial intermediate scattering functions Sred
D,ab(Qmax, t) of a binary

colloidal suspension of particles with diameters sA = 100 nm and sB =
33 nm with identical number of effective charges Zeff,A = Zeff,B = 400 at
identical number densities 1rA = 1rB = 5 � 1017 m�3. The dashed grey lines
are stretched exponential fits of the data.

Fig. 11 Relaxation rates aab in a binary mixture of particles with diameters sA =
100 nm and sB = 33 nm in dependence on the number of effective charges
Zeff = Zeff,A = Zeff,B at identical number densities 1rA = 1rB = 5 � 1017 m�3. For
comparison, the corresponding relaxation rates for one-component systems
consisting of particles with sA = 100 nm (�) and sB = 33 nm (+) are displayed as
well. The dashed lines are cubic splines as a guide to the eye.

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

1 
N

ov
em

be
r 

20
24

. D
ow

nl
oa

de
d 

on
 4

/2
/2

02
6 

6:
12

:4
1 

A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm01123f


This journal is © The Royal Society of Chemistry 2024 Soft Matter, 2024, 20, 8897–8908 |  8905

(sA
1rtot)/(sB

1ra) for sufficiently strong electrostatic interaction
as visible in Fig. 12.

Opposite to one-component systems, the stretching expo-
nents bab differ in binary mixtures of equally charged particles
with different sizes as shown in Fig. 13 for a mixture of particles
with sA = 100 nm and sB = 33 nm at identical number densities
1rA = 1rB = 5 � 1017 m�3. The stretching exponents bAB of the
partial intermediate scattering functions Sred

D,AB(Qmax, t) are for
all investigated numbers of effective charges practically iden-
tical to one-component systems consisting either of the larger
species A or the smaller species B at the same total number
density. In presence of a smaller species B, the stretching
exponent bAA is larger than bAB indicating a more compressed
relaxation. The stretching exponent bBB of the intermediate
scattering function SBB(Qmax, t) is reduced by the presence of a
larger species A indicating a more stretched relaxation.

With increasing number of effective charges and thus elec-
trostatic repulsion, a linear decrease of all stretching exponents
bab is observed, where the differences bAA–bBB also decrease
with Zeff.

Let us analogously to the excess relaxation rate Daaa define
an excess stretching exponent

Dbaa ¼ baa � b�a (23)

with b�a indicating the stretching exponent in a one-component
system with the same total number density. For sufficiently
strong electrostatic interaction, similar as for the reduced
excess long-time self-diffusion coefficient, a nearly linear
dependence on the ratio (sA

1rtot)/(sB
1ra) (Fig. 14) is observed

where the slope decreases with the number of effective charges
Zeff.

3.3 Comparison of freezing criteria

The Hansen–Verlet criterion51 uses the mean structure factor as
freezing criterion. Since in our case all partial structure factors
are identical, also the mean structure factor hSab(Q)iab is
identical to the partial ones. We found that with a number of
effective charges larger than Zeff \ 450 the Hansen–Verlet
criterion max[hSab(Q)iab] \ 2.85 is exceeded, predicting a frozen
state for the entire binary mixture (Table 3).

Löwen et al.52 proposed a reduced long-time self-diffusion
coefficient D(L)

S,a/D0,a t 0.098 as a dynamic freezing criterion for
species a. For an effective one-component system with Zeff =
450, opposite to the Hansen–Verlet criterion, the dynamic
freezing criterion predicts a non-frozen state. Due to the
reduced long-time self-diffusion coefficient of particles with
sB = 50 nm in presence of particles with sA = 100 nm at identical
number densities 1rA = 1rB, this dynamic freezing criterion
predicts a selectively frozen state of the more mobile subsystem
B and a non-frozen state of the less mobile species A in a binary
mixture. (cf. Tables S1 and S2 in the ESI.†)

Both for one-component systems and binary mixtures, the long-
time limits of reduced partial intermediate scattering functions
Sred
ab (Q, t - N) decay to zero indicating a liquid-like state for all

here investigated systems. At a total number density of 1rtot = 1 �
1018 m�3, systems with Zeff \ 450 effective charges do not melt
starting from a bcc-structure. Hence, liquid-like ordered systems
with Zeff \ 450 are metastable, supercooled liquids. Also for these
systems, the Debye–Waller factors vanish, indicating a non-arrested
state with still complete structural relaxation. Comparing the here
discussed freezing criteria, only the Debye–Waller factor reliably
distinguishes between a supercooled liquid and a colloidal glass.

Fig. 12 Dependence of the modulus |Daaa| of excess relaxation rates on
the ratio (sA

1rtot)/(sB
1ra). The dashed lines are linear fits indicating

deviations from linearity at large ratios (sA
1rtot)/(sB

1ra).

Fig. 13 Stretching exponents bab of a binary mixture of differently sized
but identically charged colloidal macroions in dependence on their num-
ber of effective charges Zeff. The large species’ diameter is sA = 100 nm
and that of the small is sB = 33 nm at identical number densities 1rA = 1rB =
5 � 1017 m�3. The dashed lines are linear fits.
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4 Conclusion

In this paper, we investigate structure and dynamics of binary
Yukawa systems. Preserving the strength of electrostatical
interaction, i.e., the number of effective charges, we study the
influence of different mobilities quantified by Stokes–Einstein
short-time diffusion coefficients of differently sized particles.
Due to practically identical interactions between all species,
also the partial correlation functions are identical. Mediated by
the electrostatic interaction, however, coupling effects both in
long-time self-diffusion and collective diffusion are observed.

The long-time self-diffusion coefficients of a less mobile
species are enhanced by the presence of a more mobile, smaller
species and vice versa. A dynamic coupling is also visible in
collective dynamics in the relaxation rates as well as the
functional form of the correlation decay in partial intermediate
scattering functions calculated from time-dependent, partial

correlation functions. These coupling effects are quantified by
respective excess quantities using pure systems with the same
interactions and total number densities as reference systems.
For sufficiently strong electrostatic interactions, in first
approximation a linear dependence of excess quantities on
the ratio (sA

1rtot)/(sB
1ra) is identified.

Furthermore, we compare different freezing criteria for
metastable liquid-like structures. Despite for systems with
Zeff \ 450 effective charges at a total number density of 1r =
1 � 1018 m�3 the static Hansen–Verlet criterion indicates a
completely frozen state and the dynamic Löwen criterion a
selectively frozen state, all intermediate scattering functions
asymptotically decay to zero in the long-time limit. Hence, a
structural arrest is not observed in the here investigated
systems.

We have demonstrated the feasability to calculate distinct
van Hove functions for considerably large systems including
mixtures giving access to partial, time-dependent pair correla-
tion functions using massive parallel computing either on
CPUs or GPUs. Due to correlation functions up to large correla-
tion lengths intermediate scattering functions as spatial Four-
ier transforms are accessible with high accuracy as well.
Intermediate scattering functions are valuable data for compar-
ison either with experimental data resulting from quasielastic
scattering experiments in the time domain or theoretical
approaches such as mode coupling theory.

Including hydrodynamic interactions is a remaining task
especially at higher volume fractions where a glass transition is
expected. Using the available partial static structure factors as
an input, multi-component mode coupling theory is capable to
predict time-dependent processes such as self- and collective
diffusion. The comparison of the here provided simulation data
with multi-component mode coupling theory is a promising
test for the latter approach.
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Fig. 14 Modulus |Dbaa| of the excess stretching exponent in binary
mixtures of differently sized but identically charged particles in depen-
dence on the ratio (sA

1rtot)/(sB
1ra). The dashed lines are linear fits to the

data.

Table 3 Maximum max[hSab(Q)iab] of the mean static structure factor in
dependence on the number of effective charges Zeff of identically charged
particles with diameters sA = 100 nm and sB = 50 nm at identical number
densities 1rA = 1rB = 5 � 1017 m�3

Zeff max[hSab(Q)iab]

300 2.107(23)
350 2.363(24)
400 2.65(4)
450 2.885(25)
500 3.14(4)
550 3.38(4)
600 3.57(5)

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

1 
N

ov
em

be
r 

20
24

. D
ow

nl
oa

de
d 

on
 4

/2
/2

02
6 

6:
12

:4
1 

A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm01123f


This journal is © The Royal Society of Chemistry 2024 Soft Matter, 2024, 20, 8897–8908 |  8907

Acknowledgements

D. W. gratefully acknowledges financial support by ‘‘Stiftung
Stipendien-Fonds des Verbandes der Chemischen Industrie’’
within their PhD scholarship program.

Notes and references

1 B. J. Berne and R. Pecora, Dynamic light scattering: with
applications to chemistry, biology, and physics, Dover Publica-
tions Inc., New York, 2000.

2 P. N. Pusey, Liquids, freezing and glass transition, Elsevier
Science Pub. Co., Amsterdam, 1991.

3 B. V. R. Tata, Curr. Sci., 2001, 80, 948–958.
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28 G. J. Kalman, Z. Donkó, P. Hartmann and K. I. Golden, Phys.
Rev. Lett., 2011, 107, 175003.

29 J. Méndez-Alcaraz and O. Alarcón-Waess, Phys. A, 1999, 268,
75–88.

30 S. A. Khrapak, O. S. Vaulina and G. E. Morfill, Phys. Plasmas,
2012, 19, 034503.

31 S. Khrapak, B. Klumov and L. Couedel, J. Phys. Commun.,
2018, 2, 045013.

32 H. Ohta and S. Hamaguchi, Phys. Plasmas, 2000, 7,
4506–4514.

33 J. G. Wang, Q. Li, X. Peng, G. B. McKenna and R. N. Zia, Soft
Matter, 2020, 16, 7370–7389.

34 E. Sanz and D. Marenduzzo, J. Chem. Phys., 2010,
132, 194102.

35 K. N. Dzhumagulova, T. S. Ramazanov and R. U. Masheeva,
Phys. Plasmas, 2013, 20, 113702.

36 A. Van Blaaderen, J. Peetermans, G. Maret and J. Dhont,
J. Chem. Phys., 1992, 96, 4591–4603.
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