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Common neutral polymer microgels exhibit an inhomogeneous
density profile with a gradual decay that is commonly described
using the fuzzy sphere model. The model is based on the idea of
convolving the collapsed solid sphere profile with a Gaussian to
describe inhomogeneous swelling of the microgel in a good sol-
vent. Here we show that the corresponding density profile in real
space used in several recent works — such as in super-resolution
microscopy - is different from the fuzzy sphere model, and we
explain how to correctly transition between reciprocal space mod-
elling to real space. Our work aims to clarify the application of the
model so that errors can be avoided in the future. Our discussion is
also crucial when comparing alternative real-space models for the
density profile with the established fuzzy sphere model.

Polymer microgels, also called hydrogels or nanogels, are cross-
linked polymer gels where the polymer chain and cross-linking
reaction are deliberately stopped to obtain small polymeric
beads that can be highly swollen in a solvent medium.'®
Microgels are among the most studied colloidal systems. Some
microgels respond to external stimuli, allowing their size and
porosity to automatically adapt to environmental changes,
which has led to these systems being referred to as ‘intelli-
gent’ or ‘smart’.” Stimuli-responsive behavior can be observed
when the polymer’s solubility reacts to temperature, pH, ionic
strength, or other external triggers. If the solvent quality changes
from good to bad, a volume phase transition (VPT) occurs,
where the microgel shifts from a highly swollen to a collap-
sed state.

Among the many microgels that have been studied, those
made from thermoresponsive poly(N-isopropylacrylamide), or
pNIPAM, are probably the most well-known example. The
homopolymer poly(N-isopropylacrylamide), when dissolved in
water, exhibits a lower critical solution temperature (LCST) at
around 33 °C.% Above this temperature, the solvent changes from
good to bad, causing the polymer to undergo a coil-to-globule
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transition. For submicron-sized pNIPAM microgels, this transi-
tion leads to a rapid shrinking of the colloids by a factor of two
or three in size.” While far below the LCST the microgel is
composed of more than ninety percent water, after collapse,
almost all of the water is expelled."’

An important characteristic of pNIPAM microgels is that
they acquire a radially inhomogeneous density profile once
they are swollen. Instead of a sharp cutoff at the outer peri-
meter, it has long been known that the density decays more
gradually at the interface." This is generally attributed to the
fact that during the synthesis, the cross-linker is consumed
more rapidly compared to the NIPAM monomer."" However,
even if this were not the case, there must be an interfacial layer,
comparable in thickness to the mesh size of the gel,*'* where
the polymer chains are dangling and forming brush-like struc-
tures, leading to a gradually decaying density profile on several
nanometer length scales.® Since many properties of microgels
and microgel suspensions are controlled by their interfacial
characteristics, it is of prime importance to understand the
microgel structure and morphology, particularly at the
interface."* In the present work, we will discuss the widely
employed fuzzy-sphere model for the microgel density profile
and its representations in both real space and reciprocal space.
Notably, we will demonstrate that a description of the real
space density profile used in several recent papers,">° includ-
ing our own," is not identical to the fuzzy sphere density
profile. This work aims to clarify the application of the model
so that such inconsistencies can be avoided in the future. This
discussion is also important if alternative real-space models for
the density profile are proposed'®?®*' and compared to the
established fuzzy-sphere model.

Early pioneering work by Stieger and co-workers introduced
the fuzzy-sphere model for pNIPAM microgels'® based on a
similar approach by Svaneborg and Pedersen to model the
scattering of block copolymer micelles.”” The idea is to model
the microgels density profile by convolving the profile of a solid
sphere with radius R with a Gaussian function, where ¢ is the
‘fuzzyness’ parameter given by the standard deviation of the
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Gaussian. They obtain an expression for the microgel
scattering form factor:
. B 2\ 12
3sin(¢R) — 3qRcos(qR) x (qo) W
(¢R)’ 2

where P(q) is the square of the normalized scattering amplitude
P(q) = |A(q)|* with A(0) = 1. In three dimensions, the convolu-
tion of a solid sphere with a Gaussian function is expressed as
follows:

Pruzy(q) = {

pmg(r=[rll) = V@(R— e 1)
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X ————e 207 d*r
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where r = (x, y, z) is the position vector, @R — |r'|) is the

Heaviside step function, which is 1 inside the sphere (ie.,
[r'| < R)and 0 outside. In this representation, the normalized
microgel density, pyg(7), equals 1 for r < R when ¢ = 0.

The normalized scattering amplitude can be expressed by
the microgel radial density profile as follows:

sin qrr2 dr

an [ p(r) n

Alg) = an [ p(r)r2dr

®)

To calculate the actual scattering amplitude, we must multiply
by the microgel’s polymer mass and the scattering contrast of
the polymer in solution, which, for light, is given by the
refractive index contrast. The form factor can be averaged over
a certain number distribution of particle core radii R (and o) to
account for the size polydispersity of the particles. For further
details, we refer to the literature and textbooks on scattering
methods. >

The fuzzy-sphere model has been applied in numerous
studies over the last 20 years in order to establish swelling
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curves, characterize microgel core-shell architecture, and relate
quantities to microgel softness, the rheology of microgel
suspensions>>” or their optical properties.*® Ratios of the
fuzzy shell to the core radius, ¢/R, well above 20% have been
reported for highly swollen microgels.'® Until not long ago,
scattering techniques were the only methods that allowed the
nanoscale characterization of microgels in solution, particu-
larly for monitoring the volume phase transition.***° Direct
and indirect inversion methods for scattering has been dis-
cussed in the literature, however these inversion algorithms are
either ill-posed,*™** and thus very sensitive to experimental
noise, or they provide only the pair distance distribution function,
which is a measure of spatial density-density correlations.*® With
the advent of powerful numerical modeling****** and modern
fluorescent super-resolution microscopy,'>*¢?” real-space access
to the internal structure and density profile of microgels in
solution has become possible," even allowing for the distinction
of different constituents of the microgel at the nanoscale.*® These
new capabilities have also necessitated the direct modeling of the
radially averaged internal density profile of individual microgel
beads or density profiles derived from particle ensembles.

Since the fuzzy sphere model proposes to convolve the
profile of a solid sphere with a Gaussian, several studies have
suggested using the complementary error function as a basis

for modeling the radial density profile:">™°
x 1 =
o(r) :J O(x — R)—=¢" 2> dx
—co oV2n

(4)

The complementary error function is the result of convolving a
step profile with a Gaussian. Since microgels are assumed to be
approximately isotropic, extending the convolution from three
to one dimension might seem straightforward. However, a
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Fig. 1 Density profiles p(r/R) and scattering form factors P(gR) for three different values of the fuzzyness parameter ¢/R increasing from left to right.
Upper panels (a)—(c) show the radial density profiles and the lower panels (d)-(f) the scattering curves. The solid lines shows the expression evaluated
with the complementary error function, while the dashed lines shows the fuzzy sphere predictions.
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closer analysis of eqn (2) shows that, in three dimensions, the
convolution does not directly result in a complementary error
function.

This discrepancy becomes evident when integrating the
density profile. For constant R the integral 4x [, p(r)r*dr should
be independent of ¢, but this is not the case when using eqn (4).
As ¢ increases, mass is redistributed from the inside to the
outside of the sphere perimeter R and the redistributed mass
p(r) is weighted by r. Consequently, the total mass would
‘magically’ increase as the microgel’s interface becomes fuzzier.
Moreover, in eqn (1), the position of the first minimum remains
unchanged as long as R is the same, while the minimum shifts
to smaller values when using the complementary error func-
tion, eqn (4), with eqn (3).

To illustrate the discrepancy between the correct and incor-
rect model assumptions for fuzzy-spheres in real space, we plot
in Fig. 1 different density profiles p(¢/R) and form factors P(qR)
for increasing values of ¢/R. In addition, we plot the depen-
dence of the apparent mass of the microgels as a function of
6/R in Fig. 2. For small values of ¢/R the differences are minor,
but increase when ¢/R exceeds 10-15%. In the superresolution
work of Conley et al., the largest ¢/R value reported was 13%,
meaning the impact of using the complementary error function
did not substantially affect the comparison with light scattering
data® since the first minimum of P(gR) would be shifted from
gR = 4.49 (hard spheres) to gR = 4.42 only. However, other
scattering studies have reported /R values of 25% and more for
more weakly cross-linked microgels,'® where the effect would
be significant. From Fig. 1(e), we can see that for ¢/R = 0.25, the
first minimum is shifted to gR = 4.25, corresponding to a more
than 5% difference. This value has to be compared to the
typical swelling of the core by 20-30%."%*°

It is important to emphasize that we make no claim here as
to which model, eqn (2) or (4), better describes the real-space
properties of the microgels. The complementary error function
can certainly be used for this effect if the amplitude of p(r) or
the core radius R is adjusted such that polymer mass is
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Fig. 2 The volume integral 4n [y p(r)r?dr of the radial density profile,
corresponding to the microgel's mass, divided by (4nR%)/3, as a function
of a/R. Dashed line: for the fuzzy sphere model, the integral is one in all
cases. Solid line: for the case of the complementary error function, the
apparent mass increases with ¢/R. For the cases shown in Fig. 1, we find
values of 1.0675 for ¢/R = 0.15, 1.1875 for ¢/R = 0.25, and 1.36751 for
o/R = 0.35.
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conserved upon swelling. However, it is important to note that
the values of R and ¢ obtained from a fit with the complemen-
tary error function cannot (!) be compared one-to-one with the
values obtained from scattering and the fuzzy sphere model.
In summary, we find that although the fuzzy sphere model
provides a convenient and simple analytical description of
scattering data, the model does not provide such a simple
result in real space. Similarly, although the complementary
error function can be easily fitted to experimental or numerical
real-space data, there is no corresponding simple solution in
reciprocal space. For comparison with scattering data, the
density profile predicted by a theoretical model, or determined
by a real-space characterization method or simulations, must
therefore, in most cases, be numerically integrated using

eqn (3).
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