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Extended kinetic theory applied to
pressure-controlled shear flows of frictionless
spheres between rigid, bumpy planes

Dalila Vescovi, *a Astrid S. de Wijn, b Graham L. W. Cross c and
Diego Berzi a

We numerically investigate, through discrete element simulations, the steady flow of identical, friction-

less spheres sheared between two parallel, bumpy planes in the absence of gravity and under a fixed

normal load. We measure the spatial distributions of solid volume fraction, mean velocity, intensity of

agitation and stresses, and confirm previous results on the validity of the equation of state and the

viscosity predicted by the kinetic theory of inelastic granular gases. We also directly measure the spatial

distributions of the diffusivity and the rate of collisional dissipation of the fluctuation kinetic energy, and

successfully test the associated constitutive relations of the extended kinetic theory, i.e., a kinetic theory

which includes the role of velocity correlations. We then phrase and numerically integrate a system

of differential equations governing the flow, with suitably modified boundary conditions. We show a

remarkable qualitative and quantitative agreement with the results of the discrete simulations.

In particular, we study the effect of (i) the coefficient of collisional restitution, (ii) the imposed load and

(iii) the bumpiness of the planes on the profiles of the hydrodynamic fields, the ratio of shear stress-to-

pressure and the gap between the bumpy planes. Finally, we predict the critical value of the imposed

load above which crystallization occurs, based on the value of the solid volume fraction near the

boundaries obtained from the numerical solution of the kinetic theory. This notably reproduces what we

observe in the discrete simulations.

1 Introduction

In most industrial and geophysical applications involving gran-
ular fluids, e.g., hopper discharge, transport on conveyor belts,
landslides, the presence of solid boundaries induces strong
spatial heterogeneities and controls the flow.

The discrete nature of granular media suggests the adoption
of particle-based numerical methods (discrete element meth-
ods, DEM).1 However, the high computational costs for solving
realistic boundary-valued problems lead to consider continuum
approaches as the best suited for dealing with large granular
assemblies. Nevertheless, particle simulations may provide
physical insights into both the microscopic and the macro-
scopic dynamics of the granular system, and numerical data
can be used to test the continuum models. The latter require
appropriate boundary conditions to solve boundary-valued

problems and provide the spatial distribution of the associated
hydrodynamic fields.

Among the various continuum models proposed in the
literature for rigid particles, the most widely adopted is the
m � I rheology,2,3 which relates phenomenologically and algeb-
raically the stress ratio (m) – the particle shear stress made
dimensionless with the particle pressure – to the inertial
number (I) – the dimensionless particle shear rate. Extensions
to address nonlocal effects arising from interactions with
boundaries have been proposed.4 For soft particles, continuum
models have also been introduced to account for their finite
stiffness.5–9 It has been recently shown10 that m � I models can
be considered as special cases of the kinetic theory of granular
gases,11–14 extended to account for correlations in the velocity
fluctuations.15 The main consequence of the development of
velocity correlations is that the rate of collisional dissipation of
the fluctuation kinetic energy is over-predicted by classical
kinetic theories. This is because the single particle velocity
distribution begins to differ from the distribution of the relative
velocity between two neighbours,15 and the measure of the
single particle agitation is not anymore indicative of the frequency
of collisions. The introduction of a correlation length16–18 in the
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expression of the rate of dissipation permits the reproduction
of the dependence of the granular temperature (one-third of the
mean square of the particle velocity fluctuations) on the solid
volume fraction in homogeneous shearing flows of rigid
spheres.19 This extended kinetic theory can successfully repro-
duce measurements of solid volume fraction, mean velocity,
granular temperature and stresses in heterogeneous granular
systems, such as gravity driven flows,20,21 flows through vertical
channels22 and Couette flows,23 once appropriate boundary
conditions are adopted.

In the case of flows over rigid, bumpy planes, boundary
conditions for the rate of supply of momentum and fluctuation
kinetic energy to nearly elastic, frictionless spheres have been
derived by Richman.24 Empirical modifications for the rate of
supply of momentum in the case of inelastic, frictionless
spheres have been proposed,23,25 by using the results of DEM
simulations of volume-imposed Couette granular flows.

In this work, we first perform DEM simulations of steady,
pressure-imposed, heterogeneous flows of identical, friction-
less, inelastic spheres sheared between rigid, parallel bumpy
planes, in the absence of gravity. We employ a value of the
particle stiffness large enough to not affect the results of our
simulations. We investigate the roles of the particle inelasticity,
the imposed pressure and the bumpiness of the planes, where
the first is a material property, while the latter two are asso-
ciated with boundary conditions. We then use the measure-
ments of stresses, solid volume fraction, granular temperature
and velocity gradient to assess the validity of the constitutive
relations for the particle pressure and viscosity of the kinetic
theory, as previously done in different configurations.20,23 For
the first time in 3D systems, to our knowledge, we also test
directly the constitutive relations for the flux of fluctuation
kinetic energy and for the rate of collisional dissipation.
Measurements of the same quantities were conducted in 2D
molecular dynamics simulations of inelastic disks.26–29

Then, we check the validity of the boundary condition for the
rate of supply of momentum proposed by Berzi and Vescovi25 and
suggest a simple modification to the rate of supply of fluctuation
kinetic energy derived by Richman24 to account for the increase in
the energy dissipation for inelastic particles.

We phrase the set of differential equations governing the
steady, pressure-imposed shearing flow, using the balance of
fluctuation kinetic energy and the constitutive relations of
extended kinetic theory, that we numerically solve using the
aforementioned boundary conditions, given the total amount
of particles in the system. The quantitative agreement between
the measurements in the DEM simulations and the predictions
of extended kinetic theory are remarkable, in terms of profiles
of solid volume fraction, granular temperature, mean velocity
and fluctuation energy flux. The theory is also able to notably
predict the distance between the moving boundaries and the
macroscopic friction (ratio of the particle shear stress to the
particle pressure), which represents a measure of the shear
resistance, and is a key quantity to test the capability of the
granular material to act (or not) as a lubricant between the
moving boundaries.

Finally, we observe in the DEM simulations the transition
from a random, fluid state to an ordered, crystalline state when
the imposed pressure exceeds a critical value. The extended
kinetic theory does not apply in those situations. Nevertheless,
by assuming that crystallization occurs when the solid volume
fraction at the bumpy boundaries reaches the freezing point,
we can fairly predict the dependence of this phase-transition
on the particle inelasticity. Although not tested against DEM
simulations, we also discuss the dependence of the phase-
transition on the bumpiness of the boundaries and the amount
of particles in the system.

2 DEM simulations

We study the motion of a collection of identical, frictionless
spheres, of diameter d and mass density rp, sheared between
two parallel bumpy planes, in the absence of gravity (Fig. 1(a)).
The two bumpy boundaries move at constant relative velocity V
in the direction tangent to the planes themselves. We take x
and z to be the flow and shearing directions, respectively, and
neglect variations in the transversal direction y. The planes are
made bumpy by gluing spheres of diameter dw in a regular
hexagonal fashion, at close contact and aligned with the direc-
tion of the flow, as shown in Fig. 1(b). We take z = 0 to be at a
distance of d/2 from the edges of the bottom boundary parti-
cles. The top of the flowing particles is at z = H, at a distance of
d/2 from the edges of the top boundary particles. This choice is
motivated by previous studies which looked at boundary con-
ditions for granular flows over rigid bumpy bases.24

We use the open-source code LAMMPS† (ref. 30) to perform
discrete element simulations on a collection of N = 3150
spheres interacting via linear spring-dashpots. Periodic bound-
ary conditions are employed in the x- and y-directions. The size

of the simulated domain is Lx = 20 and Ly ¼ 6
ffiffiffi
3
p

particle
diameters along x and y, respectively. The mass of the flowing
particles per unit basal area of the rigid boundary is the mass
hold-up, h = rp(p/6)d3N/(LxLy). The boundary particles may have
a different diameter from the moving particles. The bumpiness
of the boundaries can be measured through the penetration
angle c, defined as sinc = (dw + l)/(dw + d),24 where l is the
distance between the edges of two adjacent boundary spheres.
In this work, as mentioned, we set l = 0 and vary dw in order to
investigate the effect of the bumpiness.

In the simulations, all the variables are made dimensionless
using particle mass density and diameter and the relative
velocity between the boundaries: then e.g., lengths, velocities
and stresses are given in units of d, V and rpV2, respectively.
In the case of frictionless spheres, the collision does not alter
the relative velocity in the plane tangent to the point of contact.
The particles are characterized by the stiffness k of the linear
spring, which is set equal to 2 � 105 for both moving and
boundary particles. The collision between two spheres is com-
pletely characterized by the coefficient of normal restitution, en,

† https://www.lammps.org.
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that is the negative ratio of the relative velocities of the two
colliding particles after and before the collision along the direction
normal to the point of contact. In each simulation, we set the same
value of en for both moving and boundary particles.

The integration time step is set equal to tc/50, where tc =
min(tij

c) and tij
c is the duration of the collision between particle i

and particle j which for the linear spring-dashpot contact
model is

tijc ¼ p
k

mij
þ k

mij

log enð Þ2

p2 þ log enð Þ2

" #�1=2
;

where mij = pdi
3dj

3/[6(di
3 + dj

3)], being di and dj the diameter of
particle i and j, respectively, equal either to d for moving
particles or dw for boundary particles. We save data every
5000 simulation time steps, that is the saving time step of the
simulations is set equal to 100tc.

For a given total number of flowing particles in the system,
the simulations can be carried out by either (i) imposing the
relative distance between the moving planes and measuring the
normal force acting on them (volume-imposed simulations) or
(ii) imposing the normal force per unit area – the pressure p, if
we neglect differences in the normal stresses – acting on the
planes and measuring the distance between them (pressure-
imposed simulations).

Unlike previous works which consider volume-imposed
shear flows,23,25,31–33 here we focus on pressure-imposed con-
ditions, which seem more realistic in view of practical applica-
tions of granular materials as lubricants. However, we have
performed a large number of discrete simulations and checked
that, in the steady state, volume-imposed and pressure-
imposed simulations would give exactly the same results, if
the gap between the planes and the normal force on them are
matched. We point out that, in the steady state, no dilation
occurs even in pressure-imposed situations. In order to system-
atically analyse the role of the coefficient of restitution, the
imposed pressure and the bumpiness, we have carried out
25 simulations, with en = {0.2, 0.4, 0.5, 0.7, 0.8}, p = {2.9 � 10�5,
2.9 � 10�4, 2.9 � 10�3} and dw = {1/4, 1/2, 1}.

In general, DEM simulations provide the complete micro-
scopic description of the system at each time step, i.e., position
and velocity of each particle, as well as inter-particle forces at
contact. Macroscopic, hydrodynamic fields can be determined
by appropriate averaging,34 here consisting of both spatial and
temporal averaging.

The continuum fields, as described in the next section, are:
the x-component of the mean velocity, u; the solid volume
fraction, n; the pressure, p; the shear stress, s; the granular
temperature, T (one third of the mean square of the particle
velocity fluctuations); the rate of collisional dissipation of the
fluctuation kinetic energy (the kinetic energy associated with
the fluctuations around the particle mean velocity), G; and the
z-component of the flux of fluctuation kinetic energy, Q.

To obtain the local, continuum fields from discrete mea-
surements, we adopt the averaging method described in ref. 35
and summarized in Appendix A, in which the coarse-graining
(weighting) function36,37 is given by the Dirac delta function.
We have checked that using a Gaussian rather than a Dirac
delta weighting function does not affect the coarse-graining.

In the absence of gravity, the shear stress and the pressure are
spatially uniform. The periodic boundary conditions along x and y
ensure that, in the steady state, the remaining variables of the
problem can only change along the z-direction. We uniformly
divide the domain in slices, parallel to the x–y plane, of thickness
equal to one diameter in the z-direction, and we coarse-grain within
each slice to obtain local profiles of the continuum variables.

As observed in previous works,38,39 the measured inter-
particle contact forces show large temporal fluctuations, even

Fig. 1 (a) Snapshot of a typical pressure-imposed simulation once the
steady state is attained. Also shown is the frame of reference. (b) Top view
of the bumpy plane composed of regularly arranged spheres. (c) Temporal
evolution of the instantaneous (light grey line) and the smoothed (black
line) stress ratio for a typical simulation in steady state (p = 2.9 � 10�5,
dw = 1 and en = 0.5).
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in the steady state, as contacts are strongly intermittent and the
system is still relatively small. This is reflected in corres-
ponding large fluctuations of stresses, rate of collisional dis-
sipation and fluctuation energy flux. As an example, Fig. 1(c)
shows the time evolution of the instantaneous stress ratio, s/p,
in a simulation with p = 2.9 � 10�5, dw = 1 and en = 0.5, in
steady state.

The instantaneous continuum fields are smoothed using a
moving-average filter. We set the size of the moving-average
window equal to 5000 saving time steps, that is the minimum
above which the average is independent of the size of the
window itself. The smoothed data collected in the steady state,
over a total of 20 000 saving time steps are then employed to
obtain time-averages and standard deviations. This permits to add
error bars to the measurement points in the following plots.

3 Continuum model

As mentioned, in the absence of gravity, the momentum
balances along x and z imply that, in the steady state, the
pressure and the shear stress are uniform in the domain. The
balance of fluctuation kinetic energy reduces to a balance
between diffusion (due to collisions), production (through the
work of the shear stress) and dissipation (due to the inelasticity
of contacts)23

Q0 = su 0 � G. (1)

Here and in what follows, a prime indicates the derivative with
respect to the z-direction. Eqn (1) is the only balance equation
governing the problem, and must be supplied with the consti-
tutive relations for p, s, G and Q, and appropriate boundary
conditions.

3.1 Constitutive relations

We adopt the constitutive relations of the kinetic theory of
inelastic granular gases,13 modified to account for the devel-
opment of correlations in the velocity fluctuations at solid
volume fractions larger than 0.4915,17,19 (extended kinetic
theory):

p = [1 + 2(1 + en)ng0]nT; (2)

s ¼ 8Jn2g0
5p1=2

T1=2u0; (3)

G ¼
12 1� en

2
� �

n2g0
p1=2L

T3=2; (4)

Q ¼ �4Mn2g0
p1=2

T1=2T 0: (5)

Here, the coefficients J and M are explicit functions of the
coefficient of normal restitution, the solid volume fraction and
the radial distribution function at contact, g0, and are reported
in Table 1. Such expressions were derived by Garzó and Dufty13

by generalizing to inelastic particles the standard kinetic theory
of nearly elastic granular gases. The latter would underestimate
s and Q by 30% and 90%, respectively, in the case of en = 0.5. We
employ the expression of the function g0, which accounts for
excluded volume and hindering effects and depends on the
volume fraction, proposed in ref. 23 and reported in Table 1.
This expression combines the well known formulae of Carna-
han and Starling40 and Torquato:41 like the latter, the radial
distribution function of Table 1 diverges when n approaches the
random close packing, nrcp = 0.636. Unlike the Torquato’s
expression, however, its derivative with respect to n is contin-
uous over the entire range of admissible values of solid volume
fraction, thus facilitating the numerical integration of the
differential equations. Other expressions for the radial distri-
bution function at contact in both 2D42 and 3D43 can be found
in the literature.

In eqn (4), L is the correlation length of extended kinetic
theory,16,17 a phenomenological quantity which has been intro-
duced to reduce the collisional rate of dissipation whenever
correlations in velocity fluctuations are present. Its expression,
obtained from discrete numerical simulations of homogeneous
shearing, reads:19

L ¼ max
2J

15 1� en2ð Þ

� �1=2
1þ 26 1� enð Þ

15

n � 0:49

nrcp � n

� �3=2
u0

T1=2
; 1

( )
:

(6)

We point out that the only difference between standard kinetic
theory (i.e., kinetic theory based on the Enskog equation and
generalized to inelastic collisions, as summarized in ref. 13)
and the extended kinetic theory here adopted (originally devel-
oped in ref. 16 and 17), lies in the definition of L into the
constitutive relation of the rate of collisional dissipation of the
fluctuation kinetic energy, eqn (4). In particular, L = 1 in
standard kinetic theory, whereas it is given by eqn (6) in its
extended form.

The expression for the flux of fluctuation kinetic energy,
eqn (5), should also contain a term proportional to the gradient
of the solid volume fraction.13 However, this term is negligible
in dense flows.44 We will show later that eqn (5) permits the

Table 1 List of auxiliary functions in the constitutive relations of kinetic theory, in which Y(�) is the Heaviside function

J ¼ 1þ en
2
þ p
32n2g02

5þ 2 1þ enð Þ 3en � 1ð Þng0½ � 5þ 4 1þ enð Þng0½ �
24� 6 1� enð Þ2�5 1� en2ð Þ

M ¼ 1þ en

2
þ 9p
144 1þ enð Þn2g02

5þ 3 2en � 1ð Þ 1þ enð Þ2ng0
h i

5þ 6 1þ enð Þng0½ �
16� 7 1� enð Þ

g0 ¼ 1�Yðn � 0:4Þ n � 0:4

nrcp � 0:4

� �2
" #

2� n
2ð1� nÞ3 þYðn � 0:4Þ n � 0:4

nrcp � 0:4

� �2 2

nrcp � n

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

1 
O

ct
ob

er
 2

02
4.

 D
ow

nl
oa

de
d 

on
 6

/2
4/

20
25

 5
:5

0:
17

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm00831f


8706 |  Soft Matter, 2024, 20, 8702–8715 This journal is © The Royal Society of Chemistry 2024

satisfactory reproduction of the measurements in our DEM
simulations even in dilute conditions.

We now test the constitutive relations of eqn (2)–(5) against
the DEM simulations described in the previous section. In Fig. 2
and 3, we show the local measurements performed in five
DEM simulations, taken at different z-location in the domain,
with en = 0.5 and different values of the imposed pressure and the
bumpiness. Similar agreement, not shown here for brevity, is
obtained for all the simulations.

Fig. 2(a) and (b) confirm that the kinetic theory notably
reproduces the behaviour of the measured scaled pressure, p/T,
and shear stress (shear viscosity), s/(T1/2u0), over the entire
range of solid volume fraction less than the random close
packing, even in pressure-imposed heterogeneous shearing
flows. The constitutive relations for the pressure and the shear
stress have been already tested in previous works on homo-
geneous shearing flows,45 volume-imposed heterogeneous
shearing flows23 and inclined flows over rigid, bumpy beds.20

Having directly measured in the DEM simulations the rate of
collisional dissipation and the flux of fluctuation energy, we are

able to test, for the first time to our knowledge, their corres-
ponding constitutive relations. Fig. 3(a) depicts the scaled rate
of collisional dissipation, G/T3/2, as a function of the volume
fraction. Once again, the measurements are well reproduced by
the expression of kinetic theory, eqn (4). At volume fractions
larger than 0.49, with L = 1, the standard kinetic theory would
overestimate the measured rate of collisional dissipation
(dashed line in Fig. 3(a)). If L of eqn (6) is accounted for, the
predictions of the kinetic theory are well within the error bars
of the measurements (solid line Fig. 3(a)). For simplicity, in
Fig. 3(a), we employ the expression of the correlation length
valid in the case of steady, homogeneous shearing flows,45 that
is when Q0 is neglected in eqn (1):

L ¼ max 1þ 26 1� enð Þ
15

n � 0:49

nrcp � n
; 1

� �
: (7)

Finally, Fig. 3(b) shows the dependence of the negative of the
scaled flux of fluctuation energy (the scaled pseudo-thermal

Fig. 2 Measurements in DEM simulations (symbols) against predictions of
kinetic theory (eqn (2) and (3), lines) of (a) scaled pressure and (b) scaled
shear viscosity as functions of the solid volume fraction, for en = 0.5.

Fig. 3 Measurements in DEM simulations (symbols) against predictions of
kinetic theory (eqn (4) and (5), lines) of (a) the scaled rate of collisional
dissipation and (b) the scaled diffusivity as functions of the solid volume
fraction, for en = 0.5. The solid and dashed lines in (a) are eqn (4) when the
correlation length L is given by eqn (7) and when L = 1, respectively.

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

1 
O

ct
ob

er
 2

02
4.

 D
ow

nl
oa

de
d 

on
 6

/2
4/

20
25

 5
:5

0:
17

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm00831f


This journal is © The Royal Society of Chemistry 2024 Soft Matter, 2024, 20, 8702–8715 |  8707

diffusivity), �Q/(T1/2T0), on the solid volume fraction, as mea-
sured in the DEM simulations and predicted by eqn (5). The
agreement is satisfactory, and suggests that the flux of fluctua-
tion energy mainly depends on the temperature gradient even
at solid volume fractions as small as 0.05.

3.2 System of differential equations and boundary conditions

Using eqn (1)–(5), and introducing the partial hold-up, m ¼Ð z
0ndz (the particle mass per unit area of the boundary con-

tained below z), we phrase the following set of first-order
differential equations:

u0 ¼ 5p1=2
1þ 2 1þ enð Þng0

8Jng0
s

p
T1=2; (8)

n0 ¼ p1=2Q
pT1=2

1þ 2 1þ enð Þng0½ �2

4Mg0
1þ 2 1þ enð Þn 2g0 þ n

@g0
@n

� �� ��1
;

(9)

Q0 ¼ 5p1=2pT1=2 1þ 2 1þ enð Þng0
8Jng0

s

p

� �2

� 1

5pL
12 1� en

2
� �

ng0
1þ 2 1þ enð Þng0

" #
;

(10)

m0 = n. (11)

In eqn (9), qg0/qn is the partial derivative of the radial
distribution function at contact reported in Table 1 with respect
to the solid volume fraction. The correlation length in eqn (10)
is that of eqn (6), with u0 determined from eqn (8). The granular
temperature is determined algebraically by inverting eqn (2), as
T = p/[n + 2(1 + en)n2g0].

Boundary conditions for collisional flows over rigid, bumpy
planes can be expressed in terms of the slip velocity, uw, and the
flux of fluctuation energy, Qw, injected into the flow.24 Then,
the set of differential equations, eqn (8)–(11) is subjected to the
following six boundary conditions:

m(z = 0) = 0; (12)

uðz ¼ 0Þ ¼ �1
2
þ uw; (13)

Q(z = 0) = Qw; (14)

m(z = H) = h; (15)

uðz ¼ HÞ ¼ 1

2
� uw; (16)

Q(z = H) = �Qw. (17)

The two additional boundary conditions permit the determina-
tion of the shear stress s and the height H as parts of the
solution.

Using statistical mechanics arguments, Richman24 derived
the flux of fluctuation energy from a rigid, bumpy base in the
case of nearly elastic, frictionless spheres as

Qw ¼ suw �
2

p

� �1=2

pTw
1=2 1� enð Þ2ð1� coscÞ

sin2 c
B; (18)

where the first term on the right hand side is the energy
produced by the work of the shear stress through the slip
velocity, and the second term is the energy dissipated in
collisions. There, Tw is the value of the granular temperature
at the boundary. Richman24 obtained B = 1 for nearly elastic
spheres, but we have found that B = 3 permits to better
reproduce the results of the DEM simulations, probably
because we employ highly dissipative particles. By inverting
eqn (18), and using the measurements of s, uw, Qw and Tw from
the present DEM simulations permit to plot the coefficient B as
a function of the coefficient of restitution, en (Fig. 4(a)). Unfor-
tunately, there is no clear trend, likely because of the difficulties
in measuring with sufficient accuracy the energy flux near the
boundaries. However, B = 3 approximates the average of the
data inferred from the simulations.

For the slip velocity, a modified version of the original
expression of Richman24 was proposed by Jenkins et al.,46

uw

Tw
1=2
¼ p

2

	 
1=2 C

c cscc� cosc
s

p
; (19)

where C is a function of the scaled slip velocity, cuw/Tw
1/2.

Fitting against DEM simulations of volume-imposed, hetero-
geneous shearing flows25 suggested a power-law dependence,
with an exponent equal to 3/2. This scaling is confirmed in
Fig. 4(b), in which we plot the coefficient C, obtained by
inverting eqn (19) and using the measurements of s, uw and
Tw in the present DEM simulations, as a function of the
measured scaled slip velocity. The data can be fitted by the
following expression:

C ¼ 1

2
þ 1

2
c

uw

Tw
1=2

� �3=2

: (20)

We point out that eqn (20) is different from the expression
reported in ref. 25, because the scaled slip velocity was there
inadvertently multiplied by the distance H. With this error
corrected, the measurements in volume-imposed and
pressure-imposed shearing flows between rigid, bumpy planes
are in agreement (Fig. 4(b)).

We solve numerically the system of differential eqn (8)–(11)
with the boundary conditions (12)–(17), and eqn (18)–(20),
using the ‘bvp4c’ routine in Matlab. The inputs are the imposed
values of p, dw (or alternatively the bumpiness c), en and the
mass hold-up h. The outputs are the profiles of u, n, Q, and m,
the shear stress s and the distance H. From the pressure and
the profile of solid volume fraction, the profile of the granular
temperature can also be determined from eqn (2).
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4 Results and comparisons

In this section, the predictions provided by the theoretical
model are tested against the results of the present DEM
simulations. We consider separately the effect of (i) the coeffi-
cient of restitution, (ii) the imposed pressure and (iii) the
bumpiness, on the profiles of mean velocity, solid volume
fraction, granular temperature and fluctuation energy flux.

In Fig. 5, we compare the results of the simulations and the
model predictions when the restitution coefficient changes
from 0.5 to 0.8, with p = 2.9 � 10�4 and dw = 1. The predictions
(lines) are in excellent qualitative and quantitative agreement
with the simulations (symbols), for all values of en. The
presence of the bumpy planes induces a strong heterogeneity,
with significant spatial gradients in both solid volume fraction
and granular temperature. For all values of the coefficient of
restitution, the particles form a dense core region, surrounded
by two more dilute layers, -shear bands- (Fig. 5(b)). This is due

to the presence of the bumpy planes, where we observe large
slip velocity (Fig. 5(a)) and granular temperature (Fig. 5(b)).
Then, the bumpy planes act as local sources of fluctuation
energy which originate the two ‘‘hot’’ (high T) and low density
zones, where most of the shear rate is localized (Fig. 5(a)),
sandwiching the ‘‘cold’’ and dense quiescent core, in which the
energy flux vanishes (Fig. 5(d)). This is very much reminiscent
of the Leidenfrost effect in molecular fluids.47 We emphasize
that shear bands have been previously observed in 2D discrete
simulations of shearing flows even in the absence of physical
boundaries.33

As already observed in volume-imposed, heterogeneous
shearing flows,45 the size of the dense core and the tem-
perature-difference with the shear zones increase as the coeffi-
cient of restitution decreases. At the smallest restitution coeffi-
cient, en = 0.5, the dense core occupies half of the domain and it
is three orders of magnitude colder than the boundaries.

The capability of the kinetic theory to reproduce the presence
of the shear bands, at least in case of volume-imposed bounded
shear flows, was already shown in other works by means of linear
stability, bifurcation and nonlinear analysis.48–53 Nevertheless, in
this work we want to probe the ability of the theory to provide
predictions which are quantitatively reliable. In this perspective,
the extension of the kinetic theory to account for the correlation
length plays an important role, making the predictions much
more accurate. As an example, Fig. 6 shows that, if the velocity
correlation is not taken into account (L = 1), the solid volume
fraction in the dense core region is overestimated by as much as
7%, whereas the granular temperature is underestimated by one
order of magnitude.

In Fig. 7, we show the effect of varying the imposed pressure
over two orders of magnitude when en = 0.5 and dw = 1. The
pressure has little influence on the profiles of mean velocity
(Fig. 7(a)) and normalized flux of fluctuation energy (Fig. 7(d)).
Perhaps intuitively, the size of the dense core increases with the
pressure, while both the solid volume fraction in the dense core
(Fig. 7(b)) and the granular temperature at the boundaries
(Fig. 7(c)) are independent of p. Conversely, given the relation
between n and T through the equation of state (eqn (2)), the
granular temperature in the dense core and the solid volume
fraction at the boundaries strongly increase when the pressure
increases. As the pressure increases, the distinction between
the dense core and the shear zones fades, and the granular
system is much less heterogeneous. We anticipate that the
increase of the solid volume fraction at the boundaries with the
imposed pressure can explain the transition from a random to
a crystalline state that we observe in the DEM simulations for
sufficiently high values of p. Once again, the continuum model
can remarkably reproduce the results of the DEM simulations.

Finally, in Fig. 8 we investigate the role of the bumpiness by
changing the diameter of the particles which constitute the
rigid boundaries, dw, from 1 to 1/4, that is, c varies between
0.52 and 0.20, with en = 0.5 and p = 2.9 � 10�5. The reduction of
the bumpiness yields a larger slip velocity at the boundaries
(Fig. 8(a)), and a wider (Fig. 8(b)) and colder (Fig. 8(c)) dense
core region. This is due to the fact that boundaries that are less

Fig. 4 Coefficients (a) B as a function of the coefficient of restitution and
(b) C as a function of the scaled slip velocity, measured in DEM simulations
of pressure-imposed (open squares) and volume-imposed (filled circles,
after ref. 25) shearing flows between rigid, bumpy planes. Also shown are
the expressions B = 3 and eqn (20) (solid lines).
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Fig. 5 Measured (symbols) and predicted (lines) profiles of (a) mean velocity, (b) solid volume fraction, (c) granular temperature and (d) normalized
fluctuation energy flux, Q/p, for p = 2.9 � 10�4, dw = 1, h = 7.94, and different values of the coefficient of restitution en (see the legend in (a)).

Fig. 6 Profiles of (a) solid volume fraction and (b) granular temperature predicted by the theory when the correlation length is given by eqn (6) (solid
lines) and L = 1 (dashed lines), for the case p = 2.9 � 10�4, dw = 1 and en = 0.7. Also plotted are the numerical measurements obtained in the simulation
(symbols).
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bumpy are less effective in transferring particle momentum
from the flow, x-, to the gradient, z-direction, with subsequent
reduction in the flux of fluctuation energy from the boundaries
to the flow (Fig. 8(d)). All the profiles are reproduced with high
accuracy by the continuum model.

The ratio of the shear stress to the pressure, s/p, is the
macroscopic friction of the system and measures the capability
of the frictionless moving spheres to act as a lubricant fluid
with respect to the two rigid, bumpy boundaries. The depen-
dence of the macroscopic friction on the coefficient of restitu-
tion, the imposed pressure and the bumpiness is illustrated in
Fig. 9(a), where the symbols are the measurements in the DEM
simulations and the lines the predictions of the continuum
model. The continuum model and the DEM simulations are in
remarkable agreement. Similarly, the continuum model cor-
rectly predict also the flow height H, that is the gap between the
rigid, bumpy planes (Fig. 9(b)).

Counter-intuitively, both the macroscopic friction and the
flow height decrease as the particles become more dissipative
and the rigid boundaries less bumpy, i.e., en and dw decrease.

For instance, we observe a 40% reduction in the macroscopic
friction as dw diminishes from 1 to 1/4. Crucially, low values of
s/p and H are associated with a strong spatial heterogeneity of
the solid volume fraction, and, in particular, with the tendency
of the particles to accumulate in a dense, slow-moving core
squeezed in between two regions of high shear and high
agitation near the bumpy planes.

The imposed pressure plays a minor role in determining the
macroscopic friction (Fig. 9(a)). However, the gap between the
bumpy planes decreases as the pressure increases by two orders
of magnitude (Fig. 9(b)). In this situations, as previously men-
tioned, the spatial gradients in both n and T reduce (Fig. 7),
and we observe an increase of the macroscopic friction of about
20% (Fig. 9(a)).

At large pressure (p = 2.9 � 10�3) and small restitution
coefficient (en o 0.5), a persisting steady state cannot be
attained even if the total simulation time is increased by one
order of magnitude. In such conditions, we observe the for-
mation of regular crystalline structures inside the flowing
particles (Fig. 10(a)), that is a dynamic phase-transition from

Fig. 7 Measured (symbols) and predicted (lines) profiles of (a) mean velocity, (b) solid volume fraction, (c) granular temperature and (d) normalized
fluctuation energy flux, Q/p, for en = 0.5, dw = 1, h = 7.94, and different values of the imposed pressure p (see the legend in (a)).
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a random to an ordered or partially ordered state. Similar non-
steady crystalline structures have been observed in 2D constant-
volume shearing simulations, in the absence of physical bound-
aries, at very large solid volume fractions and high restitution
coefficients.33

Measurements of the temporal evolution of the fraction of
flowing particles that are arranged in either a face centered
cubic (FCC) or a hexagonal close pack (HCP) structure (Fig. 10(b))
during shearing permit to quantitatively identify this phase-
transition. Indeed, all the simulations with p = 2.9 � 10�5, p =
2.9 � 10�4, and those with p = 2.9 � 10�3 and en Z 0.5, reach a
steady state with no flowing particles arranged in regular struc-
tures, and such stationary configuration persists for more
than 20.000 saving time steps. On the other hand, in simulations
with p = 2.9 � 10�3 and en o 0.5, we observe a sudden rise
of the fraction of flowing particles involved in regular structures,
which rapidly reaches a value of about 30%. To identify
particles in FCC and HCP structures, we use the adaptive
common neighbor analysis as described in ref. 54, where the
standard method55,56 is extended to multi-phase systems, and

implemented in the visualization tool for particle-based systems
OVITO.‡57

We further investigate the conditions for the phase-
transition by performing simulations at imposed pressure
larger than 2.9 � 10�3, with various coefficients of restitution,
while keeping dw = 1 and h = 7.94, and measuring the fraction of
flowing particles arranged in FCC or HCP structures. We point
out that the presence of crystals can be either localized in a
small sub-region or span the entire domain. Nevertheless, the
fraction of moving particles arranged in regular structures is
always larger than 10% whenever crystallization occurs, and
even reach 80% at large p and small en.

We can build, then, the phase-diagram depicted in Fig. 11(a)
which indicates that crystallization occurs when the pressure is
larger than a critical value, pc, and that this critical value is an
increasing function of the coefficient of restitution. Perhaps
intuitively, more dissipative particles crystallize under lower
pressures given that the granular temperature is reduced at

Fig. 8 Measured (symbols) and predicted (lines) profiles of (a) mean velocity, (b) solid volume fraction, (c) granular temperature and (d) normalized
fluctuation energy flux, Q/p, for en = 0.5, p = 2.9 � 10�5, h = 7.94, and different values of the boundary particle diameter dw (see the legend in (a)).

‡ https://www.ovito.org.
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smaller en (Fig. 5(c)), and the randomizing effect of agitation is
suppressed.

Obviously, the continuum model based on the kinetic theory
of granular gases, which assumes randomness, cannot apply to
crystallized systems. For example, the radial distribution func-
tion at contact is singular at the random close packing, while
granular solid crystals exist even at larger solid volume frac-
tions. Different expressions of the radial distribution function
would permit to overcome this limitation,42 but the modelling
of shearing crystallized systems is beyond the scope of the
present work. Nonetheless, a phase-transition to an ordered,
crystalline state is firstly possible when the solid volume frac-
tion exceeds the freezing point, n = 0.49.41 If we assume that the
crystal nucleation in the flowing particles is induced by the
regular geometry of the bumpy boundaries, we can then
estimate that the critical pressure at which crystallization
occurs corresponds to the pressure at which the solid volume
fraction at the rigid boundaries, nw, obtained by solving

Fig. 9 Measured (symbols) and predicted (lines) (a) macroscopic friction
and (b) flow height as functions of the coefficient of restitution for h = 7.94
and: dw = 1 and p = 2.9 � 10�5 (red circles); dw = 1 and p = 2.9 � 10�4

(green triangles); dw = 1 and p = 2.9 � 10�3 (orange squares); dw = 1/2 and
p = 2.9 � 10�5 (purple diamonds); dw = 1/4 and p = 2.9 � 10�5 (blue lower
triangles).

Fig. 10 (a) Example of a snapshot taken from the simulation with en = 0.2,
dw = 1 and p = 2.9 � 10�3 in the steady state, characterized by the
presence of crystalline structures inside the flowing particles. (b) Sketch of
face centered cubic (FCC) and hexagonal close pack (HCP) structures.

Fig. 11 (a) Phase-diagram for the onset of crystallization for dw = 1 and
h = 7.94, representing DEM simulations in the presence (filled circles) and
in the absence (open circles) of particles arranged in regular structures.
The solid line represents the critical pressure predicted from the con-
tinuum model. (b) Critical pressure for the onset of crystallization as a
function of the coefficient of restitution predicted by the continuum
model for h = 7.94 and different values of the diameter of the boundary
particles.
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numerically the differential equations of the continuum model,
is equal to 0.49. Operatively, we add the boundary condition
n (z = 0) = nw = 0.49 to those of (12)–(17), and let p = pc to be an
unknown determined as part of the solution of the system of
differential eqn (8)–(11). As shown in Fig. 11(a), the critical
pressure evaluated from the continuum model on the basis of
the condition nw = 0.49 permits to satisfactorily predict the
onset of crystallization in the DEM simulations.

Interestingly, the critical pressure predicted from the con-
tinuum model shows a non-monotonic dependence on the
coefficient of restitution for dw larger than 1, but basically
decreases as dw decreases (Fig. 11(b)).

5 Conclusions

We have performed discrete numerical simulations of steady
flows of identical, frictionless, inelastic spheres sheared between
parallel, bumpy planes, under pressure-imposed conditions, by
systematically varying the coefficient of restitution, the imposed
pressure and the bumpiness of the boundaries. We have used the
results of our simulations to test the predictions of the extended
kinetic theory of granular gases.

In particular, we have first validated the constitutive rela-
tions of the pressure, the shear viscosity, the rate of collisional
dissipation of the fluctuation kinetic energy and the pseudo-
thermal diffusivity, for solid volume fractions smaller than the
random close packing. These relations do not involve fitting
parameters, but only microscopic contact properties of the
particles and material parameters that have a clear physical
meaning: the random close packing and the solid volume
fraction at the freezing point (0.64 and 0.49 for frictionless
spheres, respectively).

Then, we have phrased and numerically solved a two-point
boundary-valued problem based on the constitutive relations of
kinetic theory and the balance of fluctuation kinetic energy, by
employing appropriate boundary conditions for the rates of
supply of momentum and fluctuation energy into the flow
by the bumpy planes. Such boundary conditions have been
originally derived by Richman24 for nearly elastic spheres, by
means of statistical mechanics arguments, and later empiri-
cally modified by Berzi and Vescovi25 on the base of numerical
simulations. Here we have slightly revised the rate of supply of
fluctuation energy to account for the more dissipative particles
employed in the present DEM simulations.

We have compared the predicted spatial distributions of
mean velocity, solid volume fraction, granular temperature and
fluctuation energy flux against the results of the DEM simula-
tions, and have shown remarkable qualitative and quantitative
agreement, for all the combinations of input parameters inves-
tigated. The dependence of the macroscopic friction, i.e., the
ratio of the shear stress to the pressure, on the restitution
coefficient, the imposed pressure and the bumpiness of the
planes is also very well captured by the extended kinetic theory.
The small discrepancies between the theoretical predictions
and the data are likely due to the empirical nature of the two

key physical quantities which affect the theory: the radial
distribution function at contact and the correlation length.
Direct measurements of such quantities by means of numerical
simulations would allow to improve these expressions and, as a
consequence, to provide more accurate predictions.

We have observed that the shear resistance of the flow
decreases as the particles become more dissipative and the
boundaries less bumpy. As the coefficient of restitution decreases,
spatial heterogeneities in the solid volume fraction and granular
temperature intensify: the particles tend to accumulate in a dense,
slow-moving central core sandwiched in between two more dilute
regions of high shear and high agitation near the bumpy planes.

Finally, our simulations have shown that at large imposed
pressures, the granular system becomes very dense and
crystallizes. The phase-transition from a disordered/fluid to
an ordered/crystalline state takes place at a critical value of
the imposed pressure, which depends on the restitution coeffi-
cient. The extended kinetic theory can predict the critical
pressure at which crystallization occurs by assuming that it
corresponds to the pressure at which the solid volume fraction
at the bumpy boundaries reaches the freezing point. The
dependence of the critical pressure on the friction coefficient
and a detailed characterization of the behaviour of the granular
materials in the sheared crystalline state will be the subject of
future works.
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Appendix A: coarse-graining
procedure

Considering each particle i to be a sphere of volume Wi,
position ri = (ri

x,ri
y,ri

z) and velocity Vi = (Vi
x,Vi

y,Vi
z), then volume

fraction, n, flow velocity, v = (u,v,w), and granular tempera-
ture, T, at the center of the local, averaging volume W, are
computed as

n ¼ 1

W

X
i

Wi; (21)
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u ¼

P
i

WiV
i
xP

i

Wi
; v ¼

P
i

WiV
i
yP

i

Wi
; w ¼

P
i

WiV
i
zP

i

Wi
(22)

T ¼ 1

3

P
i

Wi
~Vi
x

~Vi
x þ ~Vi

y
~Vi
y þ ~Vi

z
~Vi
z

	 

P
i

Wi
; (23)

where the summation over i extends over all particles which are
wholly contained in W. We have introduced the fluctuation
velocity of particle i with respect to the (local) mean velocity:
Ṽi = (Ṽi

x,Ṽi
y,Ṽi

z) = Vi � v.
Pressure, shear stress and fluctuating energy flux are calcu-

lated as the sum of a ‘‘kinetic’’ and a ‘‘contact’’ contribution:

p = pK + pC, (24)

s = sK + sC, (25)

Q = QK + QC. (26)

The kinetic contributions to p, s and Q are given as

pK ¼ 1

3

1

W

X
i

Wi
~Vi
x

~Vi
x þ ~Vi

y
~Vi
y þ ~Vi

z
~Vi
z

	 

; (27)

sK ¼ 1

W

X
p

Wi
~Vi
x

~Vi
z; (28)

QK ¼ 1

2

1

W

X
p

Wi
~Vi
z

~Vi
x

~Vi
x þ ~Vi

y
~Vi
y þ ~Vi

z
~Vi
z

	 

; (29)

whereas contact contributions are

pC ¼ 1

3

1

W

X
i

X
j4 i

f ijx b
ij
x þ f ijy b

ij
y þ f ijz b

ij
z

	 

; (30)

sC ¼ 1

W

X
i

X
j4 i

f ijx b
ij
z ; (31)

QC ¼ 1

2

1

W

X
i

X
j4 i

bijz f ijx
~Vi
x þ ~Vj

x

� ��
þ f ijy

~Vi
y þ ~Vj

y

	 


þ f ijz
~Vi
z þ ~Vj

z

� ��
:

(32)

In eqn (30)–(32), the summation over i and then over j 4 i
extends over all pairs of particles which are in contact and such
that the centroids of the contact are located within W, counting
each pair of particles only once, whereas bij = (bi

x,bi
y,bi

z) = ri � r j

and f ij = ( f ij
x, f ij

y , f ij
z ) are the branch vector and the interaction

force between particles i and j at contact, respectively.
Finally, the rate of collisional dissipation of the fluctuation

kinetic energy is computed as

G ¼ 1

W

X
i

X
j4 i

f ijx
~Vi
x � ~Vj

x

� �
þ f ijy

~Vi
y � ~Vj

y

	 

þ f ijz

~Vi
z � ~Vj

z

� �h i
:

(33)

We emphasize that the above described coarse graining is
performed inside the domain at a distance of at least one
particle diameter from the edges of the boundary particles.

This permits to avoid complications arising from considering
different particle sizes, and, as a consequence, Wi = p/6 for all
particles i.
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