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A Monte Carlo simulation of tracer diffusion in
amorphous polymers†
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Tracer diffusion in amorphous polymers is a sought-after quantity for a range of technological applications.

In this regard, a quantitative description of the so-called decoupling from the reverse proportionality

between viscosity and diffusion coefficient into a fractional one remains a challenge requiring a deeper

insight. This work employs a Monte Carlo simulation framework in 3 dimensions to investigate the

consequences of different scenarios for estimating this fractional exponent on the diffusion coefficient of

tracers in polymers near glass transition. To this end, we adopted a continuous-time random walk model for

tracer diffusion in the supercooled liquid state. The waiting time distribution of the diffusants was computed

based on the rotational correlation times of the polymer. This proposed procedure is of particular interest

because it brings the quantity of waiting time (and its statistics) in connection with the measurable

observable of rotational times. In the framework of our simulations the aforementioned fractional exponent

appears in the relation between the diffusant’s waiting time and the rotational time of the diffusion medium.

A limited comparison with experimental diffusivities from the literature revealed a reasonable agreement

with a fractional exponent on the basis of the molar volumes of the diffusant and the monomeric unit.

Finally, an analysis of time-averaged mean squared displacement pointed to normal Brownian dynamics for

tracer diffusion in polymers above the glass transition temperature.

1 Introduction

Tracer diffusion of small molecules in polymers is a process of
indispensable relevance for the design and processing of a wide
range of products. A common case with miscellaneous indus-
trial applications is the diffusion of small molecules, which are
commensurate in size with polymer’s segments. Examples
include diffusion of dyes1 and solvents2 in polymer systems,
protective packaging design,3 drug diffusion and stability of
pharmaceutical mixtures,4 insecticide diffusion for the replen-
ishment of mosquito nets after washing,5 controlled release of
pesticides from polymers,6 and polymerization reactions.7

Diverse numerical methods have been used to estimate
small-molecule diffusion coefficients near glass transition

temperature Tg, among which Monte Carlo (MC) techniques
offer an efficient approach to handle the sluggish near-Tg

dynamics.8 It is worth mentioning that the term near Tg refers
to the temperature range, where cooperative molecular rear-
rangement events (a-process) prevail. The model adopted for
the simulations in this work, namely continuous-time random
walk (CTRW),9,10 is a generalization of Pearson’s drunkard’s
walk,11 which introduces time as a further random variable in
addition to the position of the molecules, such that the caging
effects near Tg can be described.12 In other words, the applica-
tion of CTRW postulates diffusion near Tg as a process consist-
ing of random jumps followed by random waiting times of the
diffusing molecules trapped in the coordination cage of their
surrounding species. CTRW has been used to simulate the
diffusion of colloidal particles in proteins,13 monomer diffu-
sion in polymer melts,14,15 reorientational motion near Tg,16

and generally, dynamics of glass-forming liquids.17,18

It is known that near Tg the reverse proportionality between
self-diffusion coefficient and microscopic viscosity or rotational
times turns into a fractional one as D p Z�x and D p t�xR with
x = 1 indicating full coupling and x = 0 full decoupling,19 while
the experimental investigations thus far point to 0.5 o x o
0.95.20 This entails that determining diffusion coefficient
requires the knowledge of the exponent x. The physical origin
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of this crucial yet lesser-known parameter is a widely debated
issue.21 x has been so far associated with the heterogeneity in
dynamics reflected in the fragility of the diffusion medium22

and to the ‘‘jumping units’’ of the diffusant and the polymer,23

defined as parts of chain-like molecules making diffusion
jumps. Nevertheless, no conclusive relation for this parameter
is known so far. It should be emphasized that the slightest of
changes in the magnitude of x can affect the diffusivity
value by multiple orders of magnitude,24 so that a wrong
estimation of this parameter can leave detrimental effects on
the process or product attributes corresponding to technologi-
cal applications dealing with temperatures near Tg. As one of
the focal points of this study a correlation for x at infinite
dilution is proposed and successfully tested against experi-
mental observations,25–27 with the help of the MC simulations.
Those experimental data are adopted from the literature and
are based on holographic fluorescence recovery after photo-
bleaching (FRAP),25,27 and forced Rayleigh scattering (FRS).26

The simulations use the probability density function (PDF)
of rotational correlation times tR (also referred to as the
a-relaxation times in this work) from dielectric spectroscopy
to build the distribution of the diffusant’s waiting time. For this
purpose, the density function of tR was modified through
combining the Einstein’s random walk equation, the fractional
Stokes–Einstein (F-SE) relation, and the Stokes–Einstein–Debye
(SED) relation. Furthermore, the jump process was postulated
as the diffusant shoving a single monomeric unit aside and
replacing it.

2 Methods

In this section, the general numerical procedure used to obtain
the tracer diffusion coefficients in amorphous polymers is
elucidated. We adopt the CTRW model to describe the diffusion
process in supercooled polymers. CTRW treats diffusion as a
stochastic process divided into random steps of the diffusant in
space and time. Within this approach the linear displacement of
the ith molecule (i A 1:N) after n spatial increments is given by

~r ið Þ
n �~r

ið Þ
0 ¼

Xn
j¼1

D~r ið Þ
j ; (1)

while the elapsed (observation) time for this molecule after the
same number of temporal increments is presented by

t ið Þ
n ¼

Xn
j¼1

Dt ið Þ
j : (2)

|D-
r| and Dt are independent and identically distributed random

variables representing the jump lengths and the waiting times,
respectively. With the knowledge of the position -

r(x, y, z) of the
molecules and the elapsed time, the diffusion coefficient D can
be calculated from the mean square displacement MSD(t) after
the observation time t according to Einstein’s theory of
Brownian motion

MSD(t) = 2NdimDt, (3)

where Ndim is the number of spatial dimensions (in this work
Ndim = 3). It is essential to distinguish between ensemble-
averaged MSD hr2i and its time-averaged alternative d2.
Ensemble-averaged MSD is the result of averaging the squared
displacement of multiple trajectories, and is given by

r2 tð Þ
� �

¼ 1

N

XN
i¼1

rðiÞ tð Þ � rðiÞ 0ð Þ
h i2

: (4)

By contrast, time-averaged MSD requires averaging the squared
displacement of a single trajectory over subsequent time inter-
vals called lag time tlag, which is basically a time window
slid over the observation time.28 In its discretized form, time-
averaged MSD is given by

d2 tlag
� �

¼ 1

1þ ttotal=Dt 0 � n0

Xttotal=Dt 0�n0

k¼0
rðiÞ tk þ n0Dt 0ð Þ � rðiÞ tkð Þ
h i2

;

(5)

where ttotal is the total observation time considered for time
averaging of the tracked molecule and n0 is an integer specify-
ing the lag time as tlag = n0Dt0. While ensemble-averaged MSD is
mainly used for the simulations of this work, time-averaged
MSD is utilized in part 4.4 for testing the ergodicity of the
studied diffusion process and generally the Brownian assump-
tion underlying eqn (3). The ergodicity breaking parameter

EB ¼ d2
� �2� 	


d2
D E2

� 1

 !
29 is one measure for this pur-

pose, where EB = 0 for long observation times characterizes
Brownian motion.

To minimize the Monte Carlo error for hr2i computations
(so that diffusion coefficient does not function as a random
variable) 1000 molecules were considered for simulations. This
led to a minimal coefficient of variation corresponding to the
resulting diffusion coefficients, ensuring its reproducibility. It
is relevant to mention that our assumption of infinite dilution
does not conflict with the aforementioned number of diffusing
molecules as this assumption refers to the diffusers practically
experiencing polymer segments in their microenvironment; in
other words, no encounters between diffusing molecules.

2.1 Waiting time dynamics

In this work the waiting times Dt of the individual diffusing
molecules were randomly sampled from the waiting time
density function c(Dt) in consideration of the CTRW’s renewal
character. This connotes non-correlated successive waiting
times chosen from the same distribution.30 c(Dt) is defined
by introducing a simple modification into the distribution of
rotational correlation times tR. This modification is intended to
account for the partial decoupling between the temperature
dependences of the rotational and translational motions. In
this respect, we combine the Einstein (3), the F-SE (6), and the
SED (7) relations as elucidated further on in this section.

D ¼ kBT

cpDHZx
(6)
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1

‘ ‘þ 1ð ÞtR
¼ kBT

pZDH
3

(7)

In eqn (6) and (7), Z denotes the microscopic viscosity (in this
work simply referred to as viscosity), DH is the hydrodynamic
diameter of the tracer molecule, and kB the Boltzmann con-
stant. In eqn (7), c is the degree of the Legendre polynomial
corresponding to the time correlation function and is taken as
c = 1 considering that rotational dynamics based on dielectric
spectroscopy are treated in this work.31 The fractional exponent
x in eqn (6) accounts for the partial decoupling between
viscosity and diffusivity. In this work the commonly applied
value of the numerical factor c = 3 is used, which holds for stick
hydrodynamic boundary conditions of the Stokes’ drag.32

Using the F-SE (6) to eliminate the viscosity from the SED
relation (7) puts tR in direct connection with the diffusion
constant D. In order to recognize the relation between tR and
the waiting time, one can eliminate the diffusion constant D
between the F-SE (6) and the Einstein relation (3). Here, we
assume the MSD to be correlated to the molecular size through
MSD(t = Dt) D DH

2, which is reasonable considering that the
average jump length of a diffusant in a viscous liquid is
expected to be close to its diameter.1,33,34 This procedure yields

Dt ¼ 2kBT

pDH
3

� �x�1
txR: (8)

This equation connects the diffusion time t, which is connected
to the trapping times Dt through eqn (2), to the rotational
time tR corresponding to the polymer’s segments. In other
words, eqn (8) links the statistics of waiting and rotational
times, which in turn allows for extracting the trapping time of
the diffusing molecules from the dielectric reorientational
dynamics of the host polymer’s segments. Next, x should also
be specified. We consider three possible interpretations for the
MC simulations within this work: (i) we suggest x = ṼD/(ṼD +
Ṽ0,P) as a surrogate with ṼD and Ṽ0,P being the diffusant’s and
the mer’s molar volumes, respectively. This will be referred to
as the volume-based interpretation in the following. We further
employ (ii) the assumption x = bKWW and (iii) the fragility-based
interpretation22 x = 1.1 � 0.005m with m being the fragility
index. The idea of adopting bKWW as the scaling exponent
between Dt and tR can be seen in line with discussions associat-
ing bKWW with CTRW,35 with enhanced translational motion in
spatially heterogeneous media,36 and with subdiffusive behavior
at somewhat short observation times.19 To examine these three
hypotheses the simulation results were compared with those
from experiments taken from the literature.25–27

Furthermore, the relaxation process was assumed to
follow a stretched exponential pattern, also referred to as the
Kohlrausch37–Williams–Watts38 (KWW) function:

f tð Þ ¼ exp � t

tKWW

� �bKWW

" #
: (9)

f is the normalized relaxation function in the time domain, while
tKWW and bKWW are the characteristic time and the stretching
exponent of the KWW function, respectively. The picture

established by eqn (8) permits access to the distribution of waiting
times through the PDF of the conveniently accessible rotational
relaxation times tR underlying the KWW function:39

f tð Þ ¼
ð1
0

r tRð Þ exp �
t

tR

� �
dtR; (10)

where the stretched exponential relaxation function f(t) is for-
mally written as a continuous sum of simple exponential
functions.19 r(tR) is the PDF of relaxation times and can be
computed using the series derived by Lindsey and Patterson:39

r tRð Þ ¼
1

ptR

X
i

�1ð Þiþ1

i!
sin pbKWWið ÞG bKWWi þ 1ð Þ tR

tKWW

� �bKWWi

;

(11)

with G being the gamma function. It is worth mentioning that
eqn (11) has been shown to engender a heterogeneous free energy
landscape.40 This works makes use of the parameters of the
empirical Havriliak–Negami (HN) function, describing a relaxa-
tion process in the frequency domain, to access the KWW
parameters required by eqn (11). In this regard, tKWW and bKWW

were estimated using the correlations41

bKWW = (aHNgHN)0.813 (12)

tKWW ¼
tHN

exp 2:6 1� bKWWð Þ0:5 exp �3bKWWð Þ
h i: (13)

Here, tHN is the characteristic time of the HN function, while
aHN and gHN are shape parameters. Note that all the required
data for the waiting time distributions have been adopted from
previous works.5,42,43 The frequency-dependent complex permit-
tivity spectra used in those studies were interpolated via the HN
function for PS and PVP/VA, and via its special case, the Cole–
Cole function (gHN = 1), for PP. With these parameters at hand,
the KWW parameters were estimated using eqn (12) and (13).

Finally, in order to extract the distribution of waiting times
c(Dt), firstly a normalized distribution of rotational correlation
times r(tR) for the segmental dynamics of the polymers was
constructed at each corresponding temperature. To this end,
eqn (11) was computed up to 150 terms and then sampled by
means of the Metropolis–Hastings algorithm.44 In this regard,
between 2 � 106 and 3 � 106 samples were drawn, of which the
initial 5 � 104 were disposed of as the so-called burn-in of
the Markov chain. A normal distribution was employed as the
proposal distribution. The mean of the starting proposal dis-
tribution was set to 2 on the reduced time scale of the rotational
times PDF r(tR/tKWW) and the standard deviation was set to 1/3
of the mean. These choices are justifiable considering the
shape and the mean position of the resulting PDFs. Each
sampled tR was then converted into the waiting time specific
to the subensemble containing the diffusant through eqn (8).
This process enabled constructing the waiting time density
function c(Dt).

2.2 Jump length

The diffusion jumps were simulated as vectors of random
direction in the 3-dimensional space, considering that this
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work deals with unbiased diffusion in the absence of driving
gradients. The jump process was postulated to consist of the
diffusing molecule shoving a neighboring species (in this case
assumed to be a monomeric unit of the polymer) along the jump
direction aside and occupying its position. The jump length was
subsequently multiplied by a unit vector of random direction
delivering the new position of the diffuser in the 3-dimensional
space. Within this picture, the jump length can be obtained
based on the intermolecular distances. In this respect, a
Lennard-Jones 6-12 potential function45 was applied. In a sim-
plified approach, the Lennard-Jones parameter s was obtained
based on empirical group contribution methods according to46

s ¼ 1:45
XN
i

Vi

 !1
3

: (14)

s is the Lennard-Jones intermolecular distance, which is
obtained here as the sum of individual contributions to volume
Vi (see Table S5 in part IV of ESI† for the s values). In the method
adopted to calculate Vi atomic, bond, and ring contributions are
accounted for.47 Moreover, the conventional Lorentz48 combining
rule was applied to Lennard-Jones diameter of unlike molecules
A and B:

sAB ¼
1

2
sA þ sBð Þ: (15)

The jump length was estimated as equal to the equilibrium
distance between the center of the diffusant and its neighboring
species (here assumed to be a repeating unit of the polymer) along
the jump axis as given by

D~rj j ¼ 2
1
6sAB: (16)

The inset of Fig. 1 provides a graphical representation of the jump
lengths. Note that the idea of expressing jump lengths as a
function of Lennard-Jones diameters has already been proposed
within the context of diffusion in polymers.49 For diffusion jumps
in the copolymer PVP/VA the probability of the diffusant facing
either one of the monomeric units was estimated based on the
molar ratio of the mers (vinyl pyrrolidone : vinyl acetate B 60 : 40)
in a simplified picture. This way, two possible jump length
scenarios were considered within this polymer, whereas in all
the other cases the jump length was a constant value for each
diffusant–polymer combination.

3 Materials

This work primarily deals with diffusion of active ingredients in
polymers relevant for life science applications such as pest,
vector control, and pharmaceutical systems. As diffusants
deltamethrin (DLM, Mw = 505.2 g mol�1), imidacloprid
(IMI, Mw = 255.7 g mol�1), and indomethacin (IMC, Mw =
357.8 g mol�1) were regarded. The amorphous polymers for
the considerations of this study were polypropylene (PP, Mw =
14 000 g mol�1),43 polystyrene (PS, styrolution 153F, Mw =
230 000 g mol�1),42 and polyvinylpyrrolidone/vinyl acetate
(PVP/VA, Mw = 40 000 g mol�1),5 whose HN parameters

corresponding to the dielectric a-process (characterizing the coop-
erative reorientational dynamics of segments)31 were taken from
previous works. All the considered polymers are amorphous and
non-cross-linked. Furthermore, in an attempt to compare the
discussed simulation approach with experimental observations
of tracer diffusivity from the literature, rubrene (RUB, Mw =
532.7 g mol�1),25 tetracene (TET, Mw = 228.3 g mol�1),25 9,10-
bis(phenylethynyl)anthracene (BPEA, Mw = 378.5 g mol�1),27 and a
tetrahydrothiophene–indigo derivative (TTI, Mw = 256.4 g mol�1)26

were considered as diffusants. All considered systems were binary,
consisting of a host polymer and a guest at tracer levels of
concentration.

4 Results and discussion

In this part the results of simulations and the corresponding
waiting time statistics as well as the jump lengths are presented.
In addition, a comparison with experimental diffusivities in
polymers at infinite dilution near Tg is drawn and different
scenarios corresponding to the exponent x are discussed.

4.1 Diffusion jumps

The jump length of each diffusant was determined using the
equilibrium distance between the center of the diffusant and a
monomeric unit of the polymer according to eqn (16). Fig. 1
shows the Lennard-Jones potentials for IMI-PS and DLM-PP
systems as examples with technological relevance within the
context of pest and vector control. For the sake of representa-
tion the depth of the attractive well for each substance e was
estimated using e/kB = 1.92Tm with Tm being the melting
temperature,50 while applying eAB ¼

ffiffiffiffiffiffiffiffiffiffi
eAeB
p

.51 It is worthy of
mentioning that correlating jump lengths to molecular size
leads to (slightly) larger MSDs and thus diffusion coefficients of

Fig. 1 Lennard-Jones pair potentials of the IMI-PS and DLM-PP shown as
examples. The intermolecular distance at the position of the potential
energy minimum is adopted as the jump length in this work. The inset
illustrates the jump length as the distance between the centers of the
diffusant and the repeat unit of the host polymer.
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larger molecules under the same dynamics of waiting times.
This seemingly counterintuitive implication is consistent with
the experimental observations by pulsed field gradient nuclear
magnetic resonance and dielectric spectroscopy that the mean
jump length increases with molecular volume in ionic liquids.34

4.2 Tracer diffusion coefficients

Assuming that microscopic viscosity extracted from rotational
diffusivity data controls the friction force acting on diffusing
molecules, the MC experiments enable studying the parameter
x and the resulting waiting time distribution. Fig. 2 draws a
comparison between the simulation results with the three afore-
mentioned interpretations of x and independent experimental
diffusion coefficients from the literature.25–27 In addition, iterative
simulations were conducted until the diffusion coefficients
obtained by varying x in eqn (8) collapsed onto the experimental
data. These results, which are referred to as adjusted x in the
plots, bear importance for the study of the waiting time distribu-
tions corresponding to the experimental data, which are only
accessible through the CTRW simulations. In addition, possible
correlations between x and bKWW (of the rotational correlation
function) can be extracted from them. In Fig. 2 simulations and
experimental diffusion coefficients of RUB (panel (a)), TET (panel
(b)), and BPEA (panel (c)) in PS (Mw = 50 000 g mol�1) measured
using FRAP by Ediger and coworkers,25 and those of the dye TTI
(panel (d)) in PS (Mw = 270 000 g mol�1) measured via FRS by
Ehlich and Sillescu are shown.26 The volume-based interpretation
of x exhibits a strong agreement for the almost cylindrical
molecules TET, TTI, and BPEA, whereas an overestimation of up
to one order of magnitude (still less than the other two inter-
pretations of x) is noticed for the almost spherical diffusant RUB.
This is qualitatively in harmony with the findings of Hall et al.,52

highlighting the relevance of shape and size effects for near-Tg

diffusion in polymers. In addition, the T-dependence of the
diffusivity for the volume-based x shows a reasonably good
agreement for all the four diffusants. The rationale for this
assumption is that the smaller the penetrant compared to its
surrounding segments the more decoupled its translational
motion becomes from the microscopic viscosity (segmental
dynamics) of its microenvironment. This can be explained by
considering that a smaller diffusant can use smaller void spaces
for diffusion and thus does not have to wait for the emergence of
larger voids resulting from the slow cooperative rearrangement of

its neighboring segments. Supporting this hypothesis are simula-
tion studies of Theodorou and coworkers49,53 showing that there
even exists a critical size of the diffusant, below which void spaces
accessible to the diffusant percolate within the polymer network
so that the diffusant can freely move through the structure
(independent of the viscosity). At the other limit of diffusants
much larger than the monomeric unit, xD 1 and thus Dt D ta is
recovered, akin to the classical Stoke–Einstein relation. This stays
congruent with the primary assumption of this kinetic theory that
the solute particles are much larger than the solvent molecules
constituting the hydrodynamic continuum.54 Further supporting
this postulate are experimental observations of a crossover
from the fractional to the classical Stoke–Einstein relation above
a critical size for gold nanoparticles.55 Similarly molecular
dynamics simulations have shown a breakdown of the Stoke–
Einstein relation below a critical diffusant size for Lennard-Jones
liquids.56,57 Note that the molar volumes ṼD and Ṽ0,P were
determined using the same group contribution methods as in
the case of eqn (14).47

It is further apparent that for the systems presented in Fig. 2
the assumption of x = bKWW and the fragility-based interpreta-
tion lead to a considerably weaker temperature dependence
and an overestimation of diffusion coefficients. Regarding the
former assumption, this is chiefly motivated by the small values
of polystyrene’s bKWW (see Table S2 in part III of ESI†). It has
been pointed out that bKWW generally tends to adopt lower
values near Tg,58 which is presumably related to the broadening
of the relaxation times distribution,59 leading to an intensifica-
tion of spatial heterogeneity in dynamics and in this way
affecting diffusivity. In case of the fragility-based interpretation
the weaker T-dependence of diffusivity and its overestimation is
motivated by the steep temperature dependence of tR corres-
ponding to the PS type under study. It is important to note that
the PS used for the simulations has a fragility of 133. The PS
investigated by Ediger and coworkers25 has a lower Mw with an
expectedly lower fragility, which will yield larger x values, and
therefore, diffusivities closer to the experimental data. This,
however, does not hold for TTI’s diffusion (Fig. 2(d)), as the PS
adopted there has a higher Mw than ours.

With the adjusted x values for RUB, TET, BPEA, and TTI in
PS at hand, it is possible to inspect the resulting x–bKWW

correlations. Fig. 3 shows that for these four systems and within
the examined temperature range a linear fit describes the data

Fig. 2 Comparison of the simulated tracer diffusivities in PS under different waiting time–rotational time decoupling scenarios with experimental
ones25–27 for (a) RUB, (b) TET, (c) BPEA, and (d) TTI. Note that the molecular weight of the PS types used for the simulations are different to that of the
experiments.
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relatively well. Considering that at infinite dilution, as holds for
these cases, the diffusant only experiences the same microen-
vironment, the lack of correlation between x and bKWW, which
is a polymer property, in Fig. 3 implies that x is a binary
parameter (as treated by the volume-based interpretation here
or by the interpretation of Vrentas et al.).23 This becomes more
obvious when considering the factor of roughly two orders
separating TET and RUB in exactly the same polymer as shown
by the experimental investigations of Ediger and Coworkers.25

By contrast, interpretations purely based on the polymer’s
properties (such as the fragility-based or the bKWW-based ones)
differentiated the diffusivities of varying diffusants in the same
medium with a minor factor commensurate with the diffu-
sants’ size ratios. That being said, our discussion should not be
seen as understating the role of fragility on small-molecule
diffusion in polymers, as fragility significantly affects waiting
times through tR in eqn (8). Additionally, a scenario where the
effect of the diffusant size on x depends on polymer’s fragility is
imaginable, which is subject to a broader investigation invol-
ving different polymers. In the context of Fig. 3. it is further
noteworthy that x was allowed to vary with temperature as this
yielded a more accurate description of the experimental data by
the simulations. Supposing that x is a shape- and size-related
binary parameter, it is plausible to assume that the diffusant
IMI, which has a similar shape to TET and has the same van der
Waals volume of 203 Å3, exhibits a similar Dt � tR behavior in
PS. In view of that, the temperature-dependent adjusted x
values of TET-PS were used for simulations of the IMI-PS
system with the results displayed in Fig. 4(a). Here, a reasonably
good agreement with the results from the volume-based inter-
pretation of x is found near Tg, whereas a relatively small
overestimation up to a factor of 4 is noticed at higher tempera-
tures. Note that as a convention, this work defines Tg as the
temperature, where tR reaches 100 s. Similar plots for IMC and
DLM are presented in part I of the ESI,† Fig. S1 and S2,
respectively. Another aspect worthy of discussion in regard to
these plots is the temperature dependence of tracer diffusivities.

In all cases, the fragility-dependent and the x = bKWW assump-
tions deliver a weaker T-dependence than the volume-based one,
resulting in a noticeable factor of 2–3 orders between diffusiv-
ities in close vicinity of Tg. Note that the volume-based inter-
pretation provided a close match to the experimental data in
terms of temperature dependence for all of the cases in Fig. 2.
Generally, a relatively low number of experiments have been
employed so far to probe tracer diffusion in polymers near
Tg.25–27,36,60 The majority of those report x to be lying in the
range of 0.5 o xo 0.95.20 The x values determined in this study
were in the range of 0.64 o x o 0.89 for the volume-based
interpretation, 0.34 o xo 0.47 for the fragility-based interpreta-
tion, 0.33 o x o 0.73 for the x = bKWW assumption, and 0.31 o
x o 1.23 for the simulations adjusted to experiments. For more
details refer to Table S1 in ESI† part II.

Table 1 provides of a comprehensive summary of the trends
noticed with regard to the results presented in Fig. 4 and Fig.
S1, S2 (ESI†). For the systems under study, it is noticed that
except for the fragility-based interpretation, the strength of the
tracer diffusivity’s temperature dependence does not qualita-
tively correlate with the T-dependence of tR. tR was evaluated
based on the Angell’s strength parameter of the polymers.
Moreover, for the polymers bKWW does not deliver a
T-dependence ranking in accord with the rank order of the
kinetic fragility m. This comparison bears relevance because m
and bKWW are two parameters often identified with many-body
effects near Tg, potentially affecting the small-molecule diffu-
sivity through x. Take the example of diffusion in PP: this
polymer exhibits the highest kinetic fragility and the strongest
T-dependence of bKWW near Tg, yet conversely the weakest
T-dependence of rotational correlation times and the highest
magnitudes of bKWW (compare Tables S2–S4 in part III of ESI†).
For both x = bKWW and the volume-based interpretations, it
transpires that the diffusion coefficient of all tracers in this
polymer have the strongest T-dependence compared to other
polymers, whereas for the fragility-dependent interpretation
the weakest T-dependence of diffusivities (by a small margin)
is noticed in PP. In fact, the T-dependence of small-molecule
diffusivity is, as treated in this work, a collective consequence of
the T-dependence of tR and either factors of (i) molecular
volumes of the species, (ii) magnitude and the T-dependence
of bKWW, and (iii) the fragility index of the polymer, depending
on the interpretation adopted. It is necessary to mention that
we consider the discussed parameters and correlations to hold
strictly for the polymers specified in the materials section with
their individual molecular weight, rotational times, fragility etc.
and this discussion should not be seen as generalized state-
ments for any PP, PS, or PVP/VA. Furthermore, one should note
that entanglement of the polymers is not expected to leave an
effect on the small-molecule migration. The motion of a
monomer-sized diffusant has been shown to be tied to the
segmental relaxation of the polymer,25,27,61 whereas a large
diffusant comparable in size with the chain relaxation length
scale, will be subject to entanglement effects.62–64 Considering
that beyond the Rouse regime segmental dynamics remain
practically unaffected by changes in molecular weight,62,65 the

Fig. 3 Correlation between the decoupling exponent x (of RUB-PS,
BPEA-PS, TTI-PS, and TET-PS) and the Kohlrausch exponent bKWW (of PS).
The former characterizes the decoupling between waiting times and rota-
tional relaxation times.

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

4 
Ju

ly
 2

02
4.

 D
ow

nl
oa

de
d 

on
 1

0/
19

/2
02

4 
9:

49
:0

0 
PM

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm00782d


6210 |  Soft Matter, 2024, 20, 6204–6214 This journal is © The Royal Society of Chemistry 2024

diffusants in Fig. 2 experience most likely the same local
viscosity despite variations in the molecular weight of PS. Note
that the identical Tg of the polystyrenes considered in this work
implies that they are in the reptation regime.

Moreover, the simulation results revealed that the random
waiting times, which are motivated by the hydrodynamic frictional
force (i.e., the Stokes’ drag for translational motion), are by far the
dominant term of the CTRW compared to the diffusion jumps. This
was the case to the extent that for x = bKWW and the fragility-based
interpretation of x the diffusion coefficients of varying diffusants in
the same host polymer (same mobility of the surrounding segments
and same waiting times) barely differed from each other.

4.3 Waiting time distributions

In this work the waiting times are considered to be distributed
in terms of their relation with the rotational correlation times

(8), knowing the corresponding PDF of the latter r(tR) (11). In
other words, the waiting time distribution c(Dt) is extracted
upon random sampling from eqn (11) and then insertion into
eqn (8). Fig. 5(a) shows the waiting time histograms of RUB,
TET, BPEA, and TTI in PS at 105 1C (Tg,PS + 9 K) with adjusted x,
where a full agreement of diffusivities with the experimental
data is ensured. The distributions exhibit a power-law increase
at the lower end followed by an exponentially decaying tail. To
show this, the waiting time PDFs were fitted by the ansatz

c Dtð Þ ¼ ADtk exp � Dt
Dt0

� �b
" #

; (17)

which mimicked their behavior perfectly. For the experimen-
tally-consistent c(Dt) functions (with adjusted x) and within the
range of 9 K o T� Tg,PS o 49 K, b was in the majority of cases a

Fig. 4 Tracer diffusion coefficients of IMI in (a) PS, (b) PP, and (c) PVP/VA for different Dt � tR decoupling scenarios.

Table 1 A qualitative comparison of dynamic parameters, their temperature dependences, and their effect on tracer diffusivity

Property Ranking

T-dependence of tracer diffusivity For x = ṼD/(ṼD + Ṽ0,P) & for x = bKWW: PP 4 PS 4 PVP/VA
For x = 1.1 � 0.005m: PS 4 PVP/VA 4 PP

T-dependence of tR PS 4 PVP/VA 4 PP
Strongest decoupling between Dt and tR For x = ṼD/(ṼD + Ṽ0,P): PS 4 PVP/VA 4 PP

For x = 1.1 � 0.005m: PP 4 PS 4 PVP/VA
For x = bKWW: PVP/VA D PSa 4 PP

T-dependence of bKWW PP 4 PVP/VA 4 PS
Kinetic fragility PP (= 153) 4 PS (= 133) 4 PVP/VA (= 126)

a For T o Tg + 30 K: PVP/VA 4 PS and above that PS 4 PVP/VA.

Fig. 5 Waiting time dynamics in PS. Panel (a) represents the waiting time density functions c(Dt) for the diffusants TET, RUB, BPEA, and TTI extracted
through applying the CTRW approach discussed in this work to their experimental tracer diffusivities.25–27 The inset shows the distributions for TET, BPEA,
and TTI on a semi-log scale, where their stretched exponential tails become noticeable. The corresponding mean waiting times and mean rotational
times are presented in panel (b). Finally, panel (c) compares the waiting time distributions of TET resulting from the different scenarios for estimating x
with the distribution in accord with the experimental diffusivities (adjusted x). Dashed lines mark the mean values of the distributions.
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stretching exponent, though in some cases simple exponential
or compressed exponential tails were noticed (0.54 o b o 2.82,
average: 1.00). In addition, a general increasing trend of b with
temperature was observed. Moreover, the scaling exponents k
was in almost all the cases (apart from two temperatures for
RUB) less than 1 (0.34 o k o 1.54, average: 0.57). Finally, the
decay rates Dt0 were in the order of the mean waiting times
hDti. The mean values of the distributions, also presented
separately in panel (b), are marked with dashed lines of the
corresponding color in panel (a). Furthermore, Fig. 5(c) draws a
comparison between the waiting time distributions of TET in
PS (at 105 1C) on the basis of experimental diffusivities (with
adjusted x) and those based on the examined hypotheses for
predicting x. As expected from the earlier discussions the
volume-based interpretation comes closest to the distribution
dictated by the experimental diffusivities (compare the dashed
lines denoting the mean waiting times). Note that in panels (a)
and (c) the random variables are presented on a logarithmic
scale for reasons of comparability. As an immediate conse-
quence of the procedure elaborated in Section 2.1, the waiting
times predominantly exhibit less asymmetry than the rotational
times and are shifted to shorter times, as can be expected in
dynamically heterogeneous media.

In addition, Fig. 5(b) compares the average sampled waiting
times hDti for the same cases of Fig. 5(a) and the average
rotational times htRi of PS near its nominal Tg. One can note
a stronger departure from the Dt p tR proportionality for the
cylindrical molecules TET, BPEA, and TTI, whereas a weak
decoupling is noticed for the nearly spherical RUB. The latter
diffusant exhibits x 4 1 for the majority of temperatures. Note
that this might be a misleading outcome arising from neglect-
ing further contributions to the friction coefficient apart from
the fractional form of the Stokes’ Drag (underlying eqn (8)).
This would spuriously force an increase in x to compensate
for the other potential contributions to molecular friction.
Obviously, a larger x entails a stronger T-dependence and
smaller magnitudes of tracer diffusivity, as can also be inferred
from Fig. 2. One possible extension of the friction term can be
through the contribution of intermolecular interactions of the
diffusant with its coordination cage. This contribution, which
can discriminate between various diffusants in the same poly-
mer, has been acknowledged previously within the contexts of

the transition state theory49 and free volume theory.66 It is
imperative to realize that the Lennard-Jones function used in
this study only estimates the jump-related intermolecular dis-
tances and does not capture the intermolecular interactions in
terms of a contributor to molecular friction.

Moreover, Fig. 6 provides a comparison between the dis-
tribution of the waiting times c(Dt) and rotational times r(tR)
for the volume-based interpretation of x. The considerably
smaller mean value of waiting times (as marked by the dashed
lines of the corresponding color) and the shorter tail of their
distribution are direct consequences of employing eqn (8) for
the conversion between tR and Dt. By way of example, at Tg +
10 K the mean waiting times were found to be shorter than the
mean rotational times by a considerable factor of B700 within
the context of the volume-based x (compare with Fig. 5(b)).

4.4 Ergodicity and normal diffusion test

The application of eqn (3) to obtain tracer diffusivity from the
MC simulation presupposes normal diffusion (linear scaling of
MSD with time) and the ergodicity of MSD. The validity of these
two assumptions can be checked by inspecting the behavior of
time-averaged MSD.67 For this purpose, single-molecule tracking
of IMC in PVP/VA at 120 1C (Tg + 17 K) was conducted. Here, the
volume-based ansatz for x was applied. To examine whether the
studied systems behave in accordance with eqn (3), Fig. 7 com-
pares the time-averaged MSDs of individual trajectories averaged

over the ensemble as a function lag time d2 tlag
� �D E

with the

ensemble-averaged MSD as a function the observation time hr2(t)i.
The identical growth of these two observables in addition to their
linearity d2

� �
/ tlag and r2

� �
/ t

� �
confirm remaining in the dif-

fusive regime (with no ergodicity breaking), at least for the time-
scales relevant for the MC simulations of this study. The data in
Fig. 7 rendered an ergodicity breaking parameter EB of –0.004,
according to EB = 2G2(1 + a)/G(1 + 2a) � 1, where a is the scaling
exponent between MSD and time.29 Furthermore, the resulting

diffusion coefficients from d2
D E

and hr2i stayed in agreement

with each other, with a minor factor of 1.002 separating them.
Although this might resemble the case of ultraweak ergodicity
breaking, introduced by Godec and Metzler,68 with a constant
factor between the time and ensemble averages, we interpret the

Fig. 6 Waiting time distribution versus the distribution of rotational correlation times near-Tg for (a) IMI-PS (b) DLM-PP, and (c) IMC-PVP/VA considering
the volume-based interpretation of x for the waiting times. Dashed lines mark the mean values of the distributions. Within this framework for tracer
diffusion, waiting time becomes a binary property, whereas rotational a-relaxation time remains a pure polymer property.
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aforementioned negligible factor and the behavior of EB as no
significant deviation from the ergodic state. This is supported by
the absence of power-law tails in the waiting time distributions
(Fig. 5), which would give rise to non-ergodic anomalous diffusion
behavior.

In summary, our observations point to normal ergodic
diffusion behavior of small molecules in supercooled liquids
and thus endorse the application of the Einstein relation (3).
Corroborating this, are single molecule rotation experiments of
Paeng and Kaufman,69 based on which ergodic behavior of PS
above and near its Tg was evidenced.

As a final remark, the single-molecule simulation results
indicated that the root mean squared displacement of IMC in
PVP/VA advances by 6.5 nm in one average rotational correlation
time of the polymer at Tg + 17 K. This means a linear displace-
ment of roughly 8 times the van der Waals diameter of IMC in a
time of B1 s.

5 Conclusions

Monte Carlo simulations for small-molecule tracer diffusion in
amorphous polymers near Tg were conducted. With continuous-
time random walk as the underlying model, a framework was
presented for obtaining the waiting time distribution of
the diffusing molecules in their coordination cages based on
the experimentally accessible rotational relaxation times (see
eqn (8)). These waiting times proved to govern the diffusion
dynamics of the tracers in comparison with the rare jump events.
Different scenarios for the decoupling between waiting
times and rotational correlation times were investigated. The
all-important decoupling exponent x and thus the waiting times
were found to be binary diffusant–polymer properties. The most
promising scenario estimated the decoupling exponent as a
function of the molar volumes of the diffusant and the polymer’s
repeating unit as x = ṼD/(ṼD + Ṽ0,P). This ansatz showed success
with cylindrical molecules through a limited comparison with
waiting times extracted from experimental diffusion coefficients.

According to this postulate penetrants much smaller than the
monomeric unit diffuse practically independent of the a-process,
whereas the waiting times for very large tracers come close to the
a-relaxation times (in harmony with the Stokes–Einstein theory).
Finally, the presented framework further demonstrated that
tracer diffusion in polymers within the supercooled liquid
regime exhibits normal ergodic behavior.
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W. Hoheisel, R. Böhmer, C. Gainaru and M. Thommes,
Characterizing Phase Separation of Amorphous Solid Dis-
persions Containing Imidacloprid, Mol. Pharmaceutics,
2023, 20(4), 2080–2093.

43 A. Mansuri, M. Völkel, D. Mihiranga, T. Feuerbach,
J. Winck, A. W. P. Vermeer, W. Hoheisel and
M. Thommes, Predicting Self-Diffusion Coefficients in

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

4 
Ju

ly
 2

02
4.

 D
ow

nl
oa

de
d 

on
 1

0/
19

/2
02

4 
9:

49
:0

0 
PM

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm00782d


6214 |  Soft Matter, 2024, 20, 6204–6214 This journal is © The Royal Society of Chemistry 2024

Semi-Crystalline and Amorphous Solid Dispersions Using Free
Volume Theory, Eur. J. Pharm. Biopharm., 2023, 190, 107–120.

44 W. K. Hastings, Monte Carlo Sampling Methods Using
Markov Chains and Their Applications, Biometrika, 1970,
57(1), 97–109.

45 J. E. Lennard-Jones, Cohesion, Proc. Phys. Soc., 1931, 43(5),
461–482.

46 M. P. Tonge and R. G. Gilbert, Testing Models for Penetrant
Diffusion in Glassy Polymers, Polymer, 2001, 42(2), 501–513.

47 Y. H. Zhao, M. H. Abraham and A. M. Zissimos, Fast
Calculation of van der Waals Volume as a Sum of Atomic
and Bond Contributions and Its Application to Drug Com-
pounds, J. Org. Chem., 2003, 68(19), 7368–7373.
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