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Microrheology of active suspensions†

Takahiro Kanazawaa and Akira Furukawa *b

We study the microrheology of active suspensions through direct hydrodynamic simulations using

model pusher-like microswimmers. We demonstrate that the friction coefficient of a probe particle is

notably reduced by hydrodynamic interactions (HIs) among a moving probe and the swimmers. When a

swimmer approaches a probe from the rear (front) side, the repulsive HIs between them are weakened

(intensified), which results in a slight front-rear asymmetry in swimmer orientation distribution around

the probe, creating a significant additional net driving force acting on the probe from the rear side. The

present drag-reduction mechanism qualitatively differs from that of the viscosity-reduction observed in

sheared bulk systems and depends on probing details. This study provides insights into our fundamental

knowledge of hydrodynamic effects in active suspensions and serves as a practical example illuminating

distinctions between micro- and macrorheology measurements.

1 Introduction

In active suspensions, the intrinsic activity of swimming particles
leads to distinctive collective behaviors and transport/rheological
properties deviating from those observed in passive particle
suspensions.1–3 A striking example is anomalous rheology.4–23

In particular, in suspensions of pusher-like microswimmers, such
as E. coli, the viscosity significantly decreases,5–9 frequently estab-
lishing zero or negative viscosity states.7,9,12 The underlying
mechanism behind such anomalous rheology involves weak
orientational order along the extension axis of the externally
applied flow field, which could be attributed to rotational diffu-
sivities and/or hydrodynamic interactions (HIs).11,13,16,18,22 The
active dipolar forces with the orientational order intensify
the mean flow, reducing the resistive stress required to drive the
external flow and consequently diminishing the viscosity.4 The
anomalous viscosity reduction in active suspensions contrasts with
the viscosity behavior of dilute suspensions of passive particles,
which is well described by the Einstein viscosity formula.24

The local viscosity or viscoelastic properties of active sus-
pensions are of great interest; probing rheological properties at
the mm level can provide further insights into the underlying
mechanisms and enable a more detailed characterization of the
anomalous rheology. When probing smaller-scale rheological
properties of complex fluids or soft materials, microrheology

measurements are considered powerful tools (see recent
reviews25–27 and the references therein). By tracking the
motions of small probes suspended in fluids, typically at a
mm scale, microrheology allows for measuring viscoelastic
properties across a wider range of temporal scales than con-
ventional macrorheology techniques. This finer resolution in
both time and length scales may offer a more comprehensive
understanding of the material’s rheological properties. How-
ever, microrheology still faces several unresolved issues. One
such issue is whether the observations made using microrheol-
ogy accurately reflect the actual local rheological properties of
the material in the absence of probes. The interactions among
probes and suspended constituents or inner structures can
significantly influence the motion of the probes and potentially
alter the local rheological properties around the probe. Under-
standing and accounting for these effects are crucial for accu-
rately interpreting microrheology measurements and relating
them to a material’s intrinsic viscoelastic properties.

Microrheological investigations on active suspensions have
provided various intriguing results.28–40 A simulation study by
Foffano et al.32,33 demonstrated that a probe particle can experience
a negative viscosity in active nematics composed of contractile-
puller-type swimmers. More recent numerical studies34–36,38 have
predicted that the friction coefficient of a probe can be reduced in
active Brownian particle baths without HIs, but not to a level
smaller than that defined in the absence of active/passive Brownian
particles, indicating that the measured viscosity is larger than the
solvent viscosity. However, as described above, in bulk rheological
experiments of extensile-pusher-type swimmers, it has been
observed that the measured viscosity can be lower than the solvent
viscosity and even approach zero. This raises a question of
whether such a phenomenon can be replicated in microrheology
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measurements when HIs are taken into account. If so, this would
prompt further investigation into whether the reduction of the
friction coefficient of a probe shares a similar mechanism to the
viscosity reduction observed in macrorheology.

2 Simulation methods

For the present purpose, we conduct direct hydrodynamic simula-
tions using a model of active suspensions comprised of N rod-like
dumbbell swimmers. Our model swimmer, shown in Fig. 1(a), is
essentially the same as the one employed in our previous investiga-
tion of macrorheology simulations.22 In this model, each swimmer
consists of a body and a flagellum: the body is treated as a rigid-
body particle, while the flagellum is considered a massless ‘‘phan-
tom’’ particle that simply follows the body’s motions. This treat-
ment maintains the relative position of the body and flagellum
parts. For the a-th swimmer (a = 1, . . ., N), we assume that a force
FAn̂a acting on the (front) body is exerted by the (rear) flagellum and
that the flagellum also exerts the force�FAn̂a directly on the solvent
fluid. Here, n̂a is the direction of the a-th swimmer, and these forces
compose a dipolar force of magnitude FAc0, with c0 being the
characteristic swimmer’s length [see Fig. 1(a)]. Such a force-
prescribed particle model emulates rod-like pusher-type microor-
ganisms such as E. coli, as initially proposed in the ref. 41 and 42
and employed in subsequent studies.16,18,22,43–46

As illustrated in Fig. 1(a), the body and flagellum parts are
assumed to have the same shape and are each described by a

superposition of three spheres with a common radius a. The
spheres composing the body are located at the positions R(b)

i,a =
R(G)
a + (2 � i)an̂a (i = 1, 2, 3), where R(G)

a is the a-th swimmer’s
center-of-mass position. Similarly, the spheres composing the
flagellum part are located at R(f)

i,a = R(CF)
a + (2 � i)an̂a (i = 1, 2, 3),

where R(CF)
a = R(G)

a � 4.5an̂a = R(G)
a � c0n̂a is the position of the

center of the flagellum. The shape of the present model
swimmer shows the head–tail symmetry, and the mid-point is
thus given by Ra = (R(G)

a + R(CF)
a )/2. Although arbitrary shapes of

swimmers with an imposed head-tail asymmetry can be
composed, we can obtain qualitatively the same results as long
as these swimmers have rod-like forms with the prescribed
force dipoles.

In our simulations, we use the smoothed profile method
(SPM)47–49 to accommodate many-body hydrodynamic inter-
actions (HIs) among the constituent swimmers. The SPM can
accurately reproduce even the near-field HIs:49 in the present
study, the ratio of the simulation mesh size to the particle size a
is on the order of 0.1, determining the spatial resolution of HIs.
With this setting, the SPM can quantitatively replicate the near-
field HIs (lubrication interactions) to a satisfactory degree up to a
closer distance as h/a B 0.1 (or even less),49 where h represents the
gap distance measured as the separation distance between the
interfaces of adjacent particles. However, to fully reproduce the
singular divergence of lubrication forces, which become crucial at
much closer distances, finer resolutions are required. This situa-
tion is similar to other hybrid simulation methods.50–55 However,
such singular lubrication interactions act only on particles with

Fig. 1 (a) Our model swimmer comprises body and flagellum parts with symmetric shapes. Each part is constituted by a superposition of three spheres
with radius a. We assume that a force FAn̂a is exerted on the body, while �FAn̂a is directly exerted on the solvent through the flagellum part, with n̂a being
the orientation of the a-th swimmer. These forces constitute a force dipole of magnitude FAc0, with c0 being the characteristic swimmer’s length, which
for the present model is given as the separation distance between the body and flagellum centers. In this study, to incorporate the present model
swimmer into the SPM, the body and flagellum parts are represented through field variables, C(b)

a (r) and C(f)
a (r), respectively. In the bottom panel, we plot

C(b)
a (r) + C(f)

a (r) in the xy-plane, where both R(G)
a = (2.25a,0,0) and R(CF)

a = (�2.25a,0,0) are included. (b) In our microrheology simulation, a single probe
particle with radius R is immersed in a fluid. The probe particle is also described by the field variable Cp(r). In the bottom panel, we plot Cp(r) representing
the probe particle in the xy-plane, where the probe center is set to Rp = (0,0,0). In (a) and (b), the discretized mesh size h is the same as that used in
practical simulations (h = 0.3125a and x = 0.5h). Here, x is the interface thickness controlling the degree of smoothness of C(b)

a (r), C(f)
a (r), and Cp(r). (c) A

single probe particle immersed in a fluid is dragged by a constant force Fex along the x-direction. The periodic boundary conditions are imposed in all
directions with the linear dimension L.
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extremely smooth and rigid surfaces, where the degree of surface
roughness is significantly smaller than the particle size. Thus, for
modeling HIs among microswimmers or those between the probe
particle and microswimmers, reproducing singular lubrication
interactions is not necessary.

Here, we describe a detailed scheme to simulate the present
model swimmer system, essentially the same as that used in a
previous study.22 The body and flagellum parts of a swimmer
are represented through the field variables C(b)

a (r) and C( f )
a (r),

respectively:

CðbÞa ðrÞ ¼ min
X3
i¼1

c r;R
ðbÞ
i;a ; a

h i
; 1

( )
(1)

and

Cðf Þa ðrÞ ¼ max �
X3
i¼1

c r;R
ðf Þ
i;a ; a

h i
;�1

( )
: (2)

In this study, we adopt the following function to c as

c r;R
ðmÞ
i;a ; a

h i
¼ 1

2
tanh

1

x
a� r� R

ðmÞ
i;a

��� ���� �� �
þ 1

� �
; (3)

where m = b, f and x is the interface thickness controlling the
degree of smoothness. In Fig. 1(a), we show the cross section of
the model swimmer described by C(b)

a (r) and C(f)
a (r), including

both R(G)
a and R(CF)

a in the same plane.
In our microrheology simulation, a single probe particle

(radius R) is immersed in a fluid, which is dragged by a
constant force Fex along the x-direction. Similarly to the swim-
mers, as shown in Fig. 1(b), the probe particle is also described
by the field variable Cp(r) as

Cp(r) = c[r, Rp; R]; (4)

where Rp is the position of the probe sphere’s center and R is
the probe radius.

The working equations for the velocity field v(r,t) are
given as

r
@

@t
þ v � =

	 

v ¼ = � S

$
vis � =pþ f H þ f

ðf Þ
A ; (5)

S
$
vis ¼ Zs =vþ ð=vÞy

� �
; (6)

=�v = 0: (7)

Eqn (5) is the usual Navier–Stokes equation.24 Here, r is the
solvent mass density, S

$
vis, given as eqn (6), is the viscous stress

tensor with Zs being the solvent viscosity, and the hydrostatic
pressure p is determined by the incompressibility condition,
eqn (7). In addition, fH is the body force required to satisfy the
rigid-body condition for the swimmer’s body and probe particle
regions, and f (f)

A is the active force directly exerted by the
flagellum part to the fluid:

f
ðf Þ
A ðrÞ ¼

1

Vðf Þa

XN
a¼1

Cðf Þa ðrÞn̂aFA; (8)

where Vðf Þa ¼ �
Ð
drCðf Þa ðrÞ is the volume of the flagellum part.

In addition, the volume of the body part is given as

VðbÞa ¼
Ð
drCðbÞa ðrÞ. In this study, because the shapes of the body

and flagellum parts are assumed to be the same, VðbÞa ¼ Vðf Þa .
For the model swimmers, the equations of motion for the

center-of-mass velocity V(G)
a and the angular velocity with

respect to the center-of-mass X(G)
a are

Ma
dV ðGÞa

dt
¼ Fa;H þ Fa;int þ F

ðbÞ
a;A; (9)

I
2

a �
dXðGÞa

dt
¼ Na;H þNa;int; (10)

where

Ma ¼ rVðbÞa (11)

and

I
2

a ¼
ð
drrCðbÞa ðrÞ Draj j2 d

2

� DraDra

� �
(12)

are the mass and the moment of inertia of the a-th swimmer’s

body, respectively. Here, d
2

is the unit tensor and Dra = r � R(G)
a .

In this study, the swimmer’s density is assumed to be the same
as the solvent density. In eqn (9) and (10), Fa,H and Na,H are the
force and torque exerted on the a-th swimmer due to HIs,
respectively. The explicit forms of Fa,H, Na,H, and the body force
fH are given in the ESI.† Fa,int and Na,int are the force and torque
acting on the a-th swimmer’s body, respectively, due to the
particle–particle and particle–probe potential interactions:

Fa;int ¼ �
X
baa

X
i;m2a

X
j;n2b

@

@R
ðmÞ
i;a

Umn R
ðmÞ
i;a � R

ðnÞ
j;b

��� ���� �

�
X
i;m2a

@

@R
ðmÞ
i;a

W R
ðmÞ
i;a � Rp

��� ���� �
;

(13)

Na;int ¼ �
X
baa

X
i;m2a

X
j;n2b

R
ðmÞ
i;a � RðGÞa

� �

� @

@R
ðmÞ
i;a

Umn R
ðmÞ
i;a � R

ðnÞ
j;b

��� ���� �

�
X
i;m2a

R
ðmÞ
i;a � RðGÞa

� �
� @

@R
ðmÞ
i;a

W R
ðmÞ
i;a � Rp

��� ���� �
;

(14)

where i, j = 1, 2, 3 and m, n = b, f. Here, Umn is the interaction
potential between two spheres in which each comprise the body
or the flagellum part of different swimmers, and W is the
interaction potential between such a sphere and the probe
sphere. The explicit forms of Umn and W are provided below.
The active force acting on the body part, F(b)

a,A, is given as

F(b)
a,A = FAn̂a: (15)

Eqn (8) and (15) prescribe a force dipole FAc0n̂a with c0n̂a =
R(G)
a � R(CF)

a [see also eqn (34)].
Similarly, for the probe particle, the equations of motion for

the center-of-mass velocity Vp and the angular velocity with
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respect to the center-of-mass Xp are

Mp
dVp

dt
¼ Fp;H þ Fp;int þ Fexx̂; (16)

Ip
dXp

dt
¼ Np;H; (17)

where

Mp ¼ rVp (18)

and

Ip ¼
2

3

ð
drrCpðrÞ Drp

�� ��2 (19)

are the mass and the moment of inertia of the probe particle,
respectively. Here, Drp = r � Rp, Vp ¼

Ð
drCpðrÞ is the volume of

the probe particle, and the probe particle density is also
assumed to be the same as the solvent density. In eqn (16),
Fp,int is the force due to the interaction with swimmers:

Fp;int ¼ �
XN
a¼1

X
i;m2a

@

@Rp
W R

ðmÞ
i;a � Rp

��� ���� �
; (20)

where i = 1, 2, 3 and m = b, f.
We assume the following form of the interparticle

potentials:

UmnðrÞ ¼ E 1� dm;f dn;f

 � 2a

r

	 
12

; (21)

where E is a positive energy constant, dm,f is the Kronecker delta,
and m, n = b, f. This form prevents the body part of a swimmer
from overlapping on different swimmers but allows overlaps
among the flagellum parts. The interaction potential W between
the probe particle and the particles constituting a swimmer is
introduced to prevent the penetration of swimmers through the
probe boundary. In this study, W is assumed to be given as

WðrÞ ¼ E
2a

r� ðR� aÞ

� �12
; (22)

where we assume the same energy constant as that of Umn.
For a direct comparison between simulations with and

without HIs, we have made equivalent simulations without
HIs, using the same parameters for the interactions. Further-
more, in eqn (9), (10), (16), and (17), the hydrodynamic forces
and torques are replaced as

Fa;H ! �zkn̂an̂a � V ðGÞa � z? d
2

� n̂an̂a

	 

� V ðGÞa ; (23)

Na,H - �zRX
(G)
a ; (24)

Fp,H - �6pZsRVp; (25)

Np,H - �8pZsR3Xp: (26)

Here, the values of the friction coefficients z8, z>, and zR

are numerically evaluated as those of an isolated swimmer
with HIs; z8 = 9.6pZsa, z> = 10.9pZsa, and zR = 38.7pZsa3.
This approach draws parallels with the conventional

frameworks used in Brownian or relaxation dynamics simula-
tions of spherical particles, for which the friction coefficient is
usually defined as 6pZa, with Z and a representing the solvent
viscosity and the sphere radius, respectively.

In our simulations, as illustrated in Fig. 1(c), periodic
boundary conditions are imposed in all directions with the
linear dimension L. The probe dynamics are influenced by
periodic image probes and swimmers; as elucidated below, the
probe dynamics are significantly influenced by HIs between the
probe and its nearby surrounding swimmers. Therefore, while HIs
with distant image swimmers (located farther than the nearest
neighbors) will have a small quantitative contribution, they
should not alter the qualitative aspects of the simulation results.
We make the equations dimensionless by measuring space and
time in units of h and t0, respectively. Here, h denotes the
discretization mesh size used in solving eqn (5)–(7), and t0 =
rh2/Zs is the momentum diffusion time across the unit length.
Accordingly, the scaled solvent viscosity is 1, and the units of
velocity, stress, force, and energy are chosen to be h/t0 = Zs/(rh),
rh2/t0

2 = Zs
2/(rh2), rh4/t0

2 = Zs
2/r, and rh5/t0

2 = Zs
2h/r, respectively.

Note that rh4/t0
2 = Zs

2/r is the intrinsic force scale of a Newtonian
fluid. In our simulations, we set E ¼ 30 and FA = 20. The para-
meters determining the swimmer’s shape are set to be a = 3.2, c0 =
|R(G)

a � R(CF)
a | = 4.5a and x = 0.5. In this study, the swimmer

volume fraction is identified as that of the rigid body particles

given by f ¼
PN
a¼1
VðbÞa

�
L3 � 4pR3

�
3


 �
¼ NVðbÞa

�
L3 � 4pR3

�
3


 �
.

3 Results
3.1 Friction coefficients

Fig. 2(a), (c), and (d) present the scaled friction coefficient z/z0

for various conditions. In this study, the friction coefficient of
the probe particle z is defined as

z ¼ Fex

Vp;x

� �; (27)

where Vp,x is the x-component of the probe velocity, h� � �i
represents the time average in a steady state, and z0 is the bare
friction coefficient experienced by the probe particle suspended
in a pure solvent.

In Fig. 2(a), z/z0 is shown for three different conditions for a
probe with radius R = 20(= 6.25a) and a volume fraction f =
0.032. When HIs are considered, z is significantly smaller than
z0 for Fex t 102. To provide further insights into the role of HIs,
equivalent simulations without HIs are performed, employing
identical parameters for the particle–particle interactions.
Without HIs, z is always larger than z0, showing non-
monotonic Fex dependence56 similar to that observed in earlier
simulation study.34 The observed distinction strongly suggests
that HIs play a significant role in the reduction of z in active
suspensions. Additionally, we present a passive case, where
we use the same swimmer model but without the active force
(FA = 0). Notably, for Fex \ 103, the values of z for both active
and passive systems with HIs tend to converge with a marked
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force thickening. This convergence is simply because the
influence of the self-propulsion of swimmers is relatively
diminished.34–36 In the ref. 57 and 58, the thickening of
microviscosity due to hydrodynamic lubrication is explored
in the context of active microrheology in passive suspensions,
and it is found that the thickening becomes notable when the
attainable gap distance h can be approximately less than 0.1 of
the particle size. In our simulation, a similar degree of the
resolution of HIs is achieved, which may explain the observed
increase in z at larger Fex as reflecting this thickening effect.

Fig. 2(b) shows the average probe velocity hVp,xi at a probe
radius R = 20(= 6.25a) and f = 0.032, both with and without HIs.
For relatively smaller Fex, strong fluctuations in Vp,x are found,
reflecting significant back-and-forth motions due to frequent
collisions with surrounding swimmers. However, each data
point is derived from simulations conducted over extended
periods to ensure the accuracy of hVp,xi; especially for smaller
Fex values like Fex = 3 and 10, the simulation ran for a period
where the probe particle traveled several hundred times its own
size. For further details on related topics, please refer to Fig. 3
and the associated discussion.

In Fig. 2(c), z/z0 is shown for different f at a probe radius
R = 20(= 6.25a) with HIs. The reduction in z is enhanced as the
swimmer volume fraction f increases at least within the range
examined in our simulations (f t 0.05). The upper-right
pannel displays hdVp,x

2i with dVp,x = Vp,x � hVp,xi. For relatively
small Fex, where the average probe velocity hVp,xi is considerably
smaller than the average speed of microswimmers, hdVp,x

2i is
nearly constant and smaller for lower f. This feature suggests
that the fluctuations in probe velocities are determined by the
details of probe-swimmer collisions and their statistics. In the
lower-right panel, the normalized friction coefficient, (z � z0)/
(z0f), is plotted. It indicates a linear dependence of z � z0 on f
for Fex t 102 within the present range of f. However, this linear

relationship does not extend to higher Fex values. Furthermore,
even for Fex t 3, the expected scaling also breaks. The precise
origin of these deviations – whether they arise from statistical
inaccuracies or more intrinsic phenomena – remains to be
elucidated.

In macrorheology simulations using the same rod-like
model swimmer, HIs induce a weak alignment of swimmer
orientations along the elongation axis of the applied flow field,

Fig. 2 In (a), (c), and (d), we present the friction coefficients z scaled by z0 against Fex. For the cases with HIs, z0 is the friction coefficient of the probe
particle suspended in a pure solvent with Fex = 10. On the contrary, in the cases without HIs, z0 = 6pZsR as set in eqn (25). In (a), z/z0 is shown for three
different conditions at a probe radius R = 20(= 6.25a) and f = 0.032. With HIs, z is significantly smaller than z0 for Fex t 102, contrasting with the behavior
in the absence of HIs. We also present a passive case, where we use the same swimmer model but without the active force (FA = 0). Note that for Fex \

103, z for active and passive systems almost converges, simply because the influence of the self-propulsion of swimmers is relatively diminished.34–36 In
(b), we plot hVp,xi, with error bars, for Fex r 102 both with and without HIs, shown in the upper and lower panels, respectively. In (c), z/z0 is shown for
different f at a probe radius R = 20(= 6.25a) with HIs. The main data are the results for L = 128, while the yellow-green closed circle represents the data
for a larger system size L = 256 at R = 20, f = 0.016, and Fex = 10, almost corresponding to the case of L = 128 at the same R and f. The upper-right
pannel displays hdVp,x

2i with dVp,x = Vp,x � hVp,xi. For relatively small Fex, hdVp,x
2i is nearly constant and smaller for lower f. In the lower-right panel, the

normalized friction coefficient, (z � z0)/(z0f), is plotted. For 3 t Fex t 102, an almost linear dependence of z � z0 on f is shown. In (d), z/z0 versus Fex is
shown for several different probe sizes (R = 5, 10, and 20) at f = 0.016. At R = 5 and 10, within the examined range of Fex, the reduction of z is less
pronounced than at R = 20.

Fig. 3 The mean square displacement (MSD) of the probe particle,
normalized by R2, in the transverse (y- and z-) directions, is plotted for
Fex = 3, 10, and 102 at f = 0.032 and R = 20. The solid lines represent
(hVp,xiDt/R)2 with Dt being the elapsed time, for Fex = 3, 10, and 102, from
lower to higher, respectively. The crossover from ballistic to diffusive motions is
observed at around Dt B 103. Notably, hDyp

2i/R2 and hDzp
2i/R2 roughly

converge into a single curve, ensuring the axisymmetric behavior of the probe
particle motions around the external force direction (x-direction). For Fex t 10,
there exists a period where hVp,xiDt is less than the average diffusive displace-
ment of the probe particle in the transverse directions, which is consistent
with that the magnitude of fluctuations in Vp,x is larger than hVp,xi for the
same Fex range.
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resulting in the acceleration of the mean flow and a subsequent
reduction in the viscosity.22 Accordingly, we can expect that the
decrease in z in the present microrheology simulations also
reflects a similar mechanism involving some ordering of swim-
ming directions in the bulk region. However, as shown below,
this is not the case.

Fig. 2(d) shows z/z0 against Fex for three different probe
sizes. For the Fex ranges at R = 5 and 10, the magnitude of the
induced velocity gradient in the bulk region (more than one
swimmer size away from the probe surface) approximately
corresponds to that observed for Fex B 10–103 at R = 20, but
the reduction in z is not as noticeable as for R = 20. Further-
more, in Fig. 2(c), the main data are the results for L = 128,
while the yellow-green closed circle represents the data for a
larger system size L = 256 at R = 20, f = 0.016, and Fex = 10.
Although we examine only a single case, a significant system-
size dependence is hardly observed, which contrasts with the
macrorheology case, where the viscosity reduction shows a
strong system-size dependence.22 These findings suggest that
the drag-reduction mechanism depends on the local probing
details and thus qualitatively differs from that of the viscosity
reduction observed through macrorheology measurements.

3.2 Local swimmer states around the probe particle

To elucidate the mechanism behind the reduction in z, let us
explore the local swimmer states around the probe and their
impact on the probe dynamics. Before proceeding, it is impor-
tant to verify the symmetry around the x-axis, which corre-
sponds to the direction of the applied external force. In Fig. 3,
we plot the probe particle’s mean square displacement (MSD)
along the y- and z-directions for various values of Fex at f =
0.032 and R = 20. The MSD in these transverse directions is
proportional to Dt for larger Dt, where Dt represents the elapsed
time, indicating clear diffusive behavior of the probe particle in
these directions. Importantly, the diffusion coefficients in the
y- and z-directions are nearly identical, and these diffusivities
do not show a significant Fex dependence. Therefore, this
observation ensures the axisymmetric behavior of the probe
particle around the external force direction (x-direction) and
indicates that the probe motion along and across the
x-direction does not interfere significantly with each other.
The same behavior was also observed for different f (not shown
here). In the following analysis, we assume that axial symmetry
about the x-axis approximately holds. Note that, with increasing
f, collisions with swimmers occur more frequently, resulting in
the enhanced probe diffusivity.

In Fig. 4(a)–(f), we show the contour plots of the number
density of the swimmers hr(x,y)i. At R = 20(\ c0), as shown in
Fig. 4(a), (b), (e), and (f), hr(x,y)i near the probe boundary is
considerably larger than in the bulk region, irrespective of the
presence of HIs. As indicated in the literature, both the steric59

and hydrodynamic60 effects cause the entrapment of microswim-
mers on the boundaries. A self-propulsive rod-like particle, upon
colliding with the probe, cannot rebound immediately due to the
steric/geometric constraints. Instead, it stays near the probe for a
while, swimming along the surface. This behavior may result in a

larger density near the probe surface. Note that HIs between
the probe and the swimmers enhance the entrapment,60 but
they are not significantly dominant in the present condition.
At R = 5(t c0), as shown in Fig. 4(c) and (d), the peak of hr(x,y)i
near the boundary decreases, both with and without HIs, sug-
gesting a weaker entrapment effect for smaller R. Also, as shown
in Fig. 4(g) and (h), without HIs, the increase in hr(x,y)i is slightly
more pronounced on the front than the rear, but such a behavior
diminishes with HIs.

The distinction between with and without HIs is illustrated
in Fig. 4(i)–(l), where we plot the density, averaged over the
range R o r o R + c0 and scaled by r0:

hris;y ¼
ÐRþ‘0
R drr2hrðr; yÞiÐRþ‘0

R drr2
: (28)

Fig. 4 (a)–(f) Contour plots of the scaled number density hr(x,y)i/r0 for
various conditions, where r0 is the average density defined as r0 = N/[L3 �
4pR3/3]. The left and right panels correspond to cases with and without
HIs, respectively. The white semi-circular curves represent the boundary
of the probe sphere. In (a), the swimmer is shown at the same scale as the
probe to compare these sizes directly. We assume axial symmetry about
the x-axis. At R = 20(\ c0), as shown in (a), (b), (e), and (f), hr(x,y)i near the
probe boundary is considerably larger than r0, irrespective of the presence
of HIs. On the other hand, for R = 5(t c0), as shown in (c) and (d), the peak
of hr(x,y)i near the surface is less pronounced. In (g) and (h), hr(x,0)i/r0 is
shown at R = 20, f = 0.032, and Fex = 10 with and without HIs,
respectively. Here, the gray-colored regions indicate 0 r |x| � R r c0.
(i)–(l) The scaled density hris,y/r0 averaged over the range R o r o R + c0

at the polar angle y for Fex = 10 and 100 with and without HIs. In (a), the
dashed white semi-circular curve represents r = R + c0.
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Here, hr(x,y)i is reinterpreted as hr(r,y)i with x = r cos y and y =
r sin y. As demonstrated, in the presence of HIs, the density at
the rear is larger than at the front, whereas in their absence, the
reverse is observed. This tendency becomes more pronounced
with increasing Fex.

Fig. 5 shows the orientation distribution of swimmers

P(ŷ; x, y) around the probe particle. It is defined as

Pðŷ; x; yÞ ¼ cðx; yÞ
X
a

d ŷ� cos�1 t̂a � x̂

 �h i

d r� Rað Þ
D E

; (29)

where r = (x, y, 0), x̂ is the unit vector along the x-axis and t̂a = n̂8
a

/|n̂8
a| with n̂8

a denoting the projected swimming direction onto
the x–y plane. The normalization factor c(x, y) specific to the
present visualization in Fig. 5 is determined so that

ð1=2Þ
Ð
dŷP2 ¼ 1. The main text presents the results for two

cases at Fex = 10 and 100 with HIs. For cases without HIs,
please refer to the ESI.† In Fig. 5, the panels (a)–(e) show

P(ŷ; x, y) near the probe boundary. The tilt angle of the
swimmers (measured with respect to the tangential direction

of the probe surface) is larger when they face the probe than
when they face the bulk, but this distinction is subtle in (c) and
(d) for Fex = 10. Additionally, more swimmers face the probe
for x o 0 than x 4 0. These characteristics are more evident at
Fex = 100 than at Fex = 10.

These observations are further illustrated in Fig. 6, where we
plot various components of the following quantities:

m̂rh is;y¼
1

hris;y

ÐRþ‘0
R

drr2m̂rðr; yÞÐRþ‘0
R drr2

; (30)

m̂yh is;y¼
1

hris;y

ÐRþ‘0
R drr2m̂yðr; yÞÐRþ‘0

R drr2
; (31)

Wrrh is;y¼
1

hris;y

ÐRþ‘0
R drr2Wrrðr; yÞÐRþ‘0

R
drr2

; (32)

Wryh is;y¼
1

hris;y

ÐRþ‘0
R drr2Wryðr; yÞÐRþ‘0

R drr2
: (33)

Here, m̂rðr; yÞ ¼
P
a

n̂a;rd r� Rað Þ
� �

, m̂yðr; yÞ ¼
P
a

n̂a;yd r� Rað Þ
� �

,

Wrrðr; yÞ ¼
P
a

n̂a;rn̂a;rd r� Rað Þ
� �

, and Wryðr; yÞ ¼
P
a

n̂a;rn̂a;yd
�

r� Rað Þi, where r = (x, y, 0) with x = r cos y and y = r sin y.
Here, n̂a,r and n̂a,y are r- and y-components of the (unit vector)
direction of the a-th swimmer, respectively. Eqn (30) and (31)
represent r- and y-components of the average orientation vector
of the swimmers, respectively. On the other hand, eqn (32) and
(33) represent rr- and ry-components of the average nematic
order parameter, respectively. These quantities are averaged

Fig. 5 The orientation distributions of swimmers P(ŷ; x, y) averaged over a
square region outlined by dashed lines at R = 20 and f = 0.032 with HIs,
with the block size being 2a = 0.32R(= 6.4). For the definition of P(ŷ; x, y),
please refer to the explanation presented in the main text. The probe-
sphere’s center is located at (x, y) = (0, 0). In (a)–(f), the left and right panels
present the distributions at Fex = 10 and 100, respectively. The violet
and dark-green lines correspond to P(ŷ; x, y) (x o 0) and P(1801 � ŷ; x, y)
(x 4 0), respectively, calculated in the regions indicated by identical
colored characters and normalized to make the total enclosed area equal
1. The dotted lines guide the normal and tangential directions along the
probe sphere.

Fig. 6 (a) and (b) show hm̂ris,y defined in eqn (30), while (c) and
(d) represent hm̂yis,y defined in eqn (31). Here, hm̂ris,y and hm̂yis,y represent
r- and y-components of the average orientation vector, respectively.
(e) and (f) show hWrris,y defined in eqn (32), while (g) and (h) represent
hWryis,y defined in eqn (33). Here, hWrris,y and hWryis,y represent rr- and ry-
components of the average nematic order parameter, respectively. These
quantities are averaged values per swimmer within the range R o r o R + c0

at the polar angle y. They are evaluated under conditions where R = 20 and
f = 0.032, with HIs, for Fex = 10 and 100.
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values per swimmer within the range R o r o R + c0 at the polar
angle y. They are evaluated under conditions where R = 20 and
f = 0.032, with HIs, for Fex = 10 and 100. Fig. 6(a) and (b)
demonstrate that the swimmers face the probe more likely than
facing the bulk, and such a tendency is more enhanced at Fex =
100 than Fex = 10. As shown in Fig. 6(c) and (d), at Fex = 100,
more swimmers move along the probe surface from the rear- to
the front-sides, while at Fex = 10, such a tendency is not obvious.
Furthermore, we can find that the rr-component of the nematic
order is more enhanced in the rear than in the front, and this
tendency is more enhanced at Fex = 100 than at Fex = 10. Such a
front-rear asymmetry in hWryis,y is weaker than that in hWrris,y.
This difference is essential in the observed front-rear asymme-
try in the active stress, as shown in Fig. 7.

Hydrodynamic interactions (HIs) cause swimmers to be
repelled more significantly when approaching from the front
than from the rear. When approaching from the front, HIs
between the swimmer and probe tend to push them away from
each other. On the other hand, when approaching from the
rear, such a tendency is diminished, and for sufficiently large
Fex, the swimmer can be pulled towards the probe depending
on factors such as their relative velocity and angle of approach.
In this situation, swimmers suffer from significant scatterings

at the front side, while scatterings are comparatively weaker at
the rear. This difference in scattering causes to the observed
asymmetry between the front and rear in both the orientation
and the nematic orders of the swimmers. Additional supporting
simulations for this observation are provided in the ESI.†

3.3 Driving force exerted on the probe particle by swimmers

The observed local swimmers’ behavior significantly affects the
probe motions. To illustrate this, we display the contour plots of
the rr- and ry-components of the active stresses, denoted as Sact

rr

(x,y) and Sact
ry (x,y), respectively, for Fex = 10 and f = 0.032 in Fig. 7.

We here derive an expression for the local active stress
tensor defined in a small subsystem denoted as K, with a
volume VK and a representative position of (x,y,z). Referring
to a similar procedure given in the previous studies,22,48 the
active stress can be derived as

S
$
act ¼ � 1

VK

X
a2K

FA‘0n̂an̂a; (34)

where a A K indicates that the position Ra is within the region K.
Essentially, identical expressions of the local active stress were
previously derived (see the ref. 61 and 62, for example). More
detailed derivation of eqn (34) is presented in the ESI.†

By using the conversion formula to transform the tensor
from Cartesian to polar coordinates, we obtain the following
expressions

D
Sact
rr

E
¼ 1

2

D
Sact
xx

E
þ Sact

yy

D E� �

þ 1

2

D
Sact
xx

E
� Sact

yy

D E� �
cos 2yþ Sact

xy

D E
sin 2y;

(35)

D
Sact
ry

E
¼ Sact

xy

D E
cos 2y� 1

2

D
Sact
xx

E
� Sact

yy

D E� �
sin 2y: (36)

Here, we assume axial symmetry about the x-axis of the local
swimmers’ properties in steady states. In our calculations, we
evaluate the active stress in a small region with a linear
dimension of a, which is not large enough to define an
instantaneous stress tensor. However, this does not pose any
practical problem when investigating the average properties of
the active stress in steady states.

The rr-component hSact
rr (x,y)i reflects the degree of the extent

to which the swimmers face the probe sphere, either from the
tail or the head. As shown in Fig. 7(a), around the probe, the
magnitude of hSact

rr (x,y)i is slightly less pronounced at the front
side than at the rear, reflecting the front-rear asymmetry in P(ŷ;
x, y). This behavior intuitively suggests that the swimmers exert
more force on the probe from the rear than from the front,
which is more clearly seen in the inset plotting hSact

rr (x,y) �
Sact

rr (�x,y)i. On the other hand, as shown in Fig. 7(b), hSact
ry (x,y)i

exhibits a notable negative value around the regions indicated
as (c)–(e) for x o 0 in Fig. 5. Note, however, that despite
averaging over a period in which the probe particle moves
several hundred times more than R, hSact

ry (x,y)i still exhibits
significant fluctuations.

Fig. 7 Contour plots of the rr- and ry-components of the active stresses,
denoted as hSact

rr (x,y)i (a) and hSact
ry (x,y)i (b), respectively, for Fex = 10 and

f = 0.032. The white semi-circular curves represent the boundary of the
probe sphere. In (a), the swimmer is shown at the same scale as the probe
to compare these sizes directly. In (a), the inset shows hSact

rr (x,y) �
Sact

rr (�x,y)i, indicating apparent front-rear asymmetry in hSact
rr (x,y)i. This

asymmetry means that the swimmers exert more force from the rear. It is
noteworthy to mention the following. If we make the active stress tensor

S
$

act
D E

traceless, as is often done in the literature, hSact
rr i approaches zero

with increasing distance from the probe. However, in our definition of the

active stress eqn (34), we leave S
$

act
D E

as tr S
$

act
D E

a0, resulting in a finite,

though nearly constant hSact
rr i at distances away from the probe. In (b),

hSact
ry (x,y)i shows more significant fluctuations than hSact

rr (x,y)i.
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Then, we phenomenologically argue the contribution from
the active stress to the reduction of the probe friction as follows.
Integrating the net stress tensor over an arbitrary closed surface
encapsulating the region including the probe particle, denoted
as Sp, gives the friction force acting on that region, which is
equal to �Fexx̂ balancing with the external force Fexx̂:

�Fexx̂ ¼ �z Vp;x

� �
x̂ ¼

ð
Sp

dSn̂ � S
$D E
; (37)

where n̂ represents the unit vector that is normal to and pointing
outward from the enclosing surface Sp, and dS denotes the

surface area differential on Sp. The net stress S
$

comes from
two different sources; one is the stress acting through the

solvent, S
$
vis � pd

$
, and the other is the active stress S

$
act. First,

let us adopt Sp to the probe surface. In this case, S
$
act ¼ 0 on Sp

because the swimmers do not exist due to steric repulsions.
Therefore, the solvent solely accounts for the stress exerted
on Sp. As shown in Fig. 2, the average probe speed hVp,xi =
Fex/z can be increased compared with the case when moving in a
pure solvent. This results in a smaller friction coefficient z than z0,
meaning that the average velocity gradient at the probe surface is
decreased to the same extent as the increase in hVp,xi. We then
ask: what causes such an increase in hVp,xi? To further argue this
question, we adopt Sp to the surface slightly exterior to the probe
surface, wrapping the peak of hr(x,y)i. In this case, the contribu-
tion from the active stress is estimated as

x̂ �
ð
Sp

dSn̂ � S
$
act

D E
¼
ð
Sp

dS Sact
rr

� �
cos y� Sact

ry

� �
sin y


 �
; (38)

where cos y = x̂�n̂ and we assume axial symmetry around the x-axis
and that the non-zero contribution from the active stress remains
along the x-axis after taking the time average in a steady state.
Eqn (38) represents the force exerted by the swimmers on the
region surrounded by Sp and, hereafter, is referred to as Fact.
As shown in Fig. 7, the magnitude of hSact

ry (x,y)i is approximately
0.1 of hSact

rr (x,y)i on Sp, and Fact mostly depends on hSact
rr (x,y)i.

Noticing that hSact
rr (x,y)i � hSact

rr (�x,y)i B �10�3 for x o 0 on Sp,
as indicated in the inset of Fig. 7(a), and the area of Sp is
approximately 104, Fact can be comparable with Fex. This Fact is
positive and thus can be considered a negative friction force,
effectively acting as a driving force. On the other hand, the force
from the solvent viscous stress acting on the same surface may be
approximated as �z0hVp,xi, whose magnitude surpasses Fex(=
zhVp,xi). The smaller friction coefficient z than z0 indicates that
the average flow velocity becomes larger than those observed
when moving in a pure solvent environment. Essentially, velocity
gradients are larger in the regions slightly outside the probe, while
those are smaller in the thin region directly adjacent to the probe
surface. The active stress serves to connect these varying behaviors
across the different regions. With these two contributions of the
active and solvent stresses, we may approximately express the
force balance in a steady state as: �Fex = �zhVp,xi B �z0hVp,xi +
Fact, which is further rewritten as: (z0 � z) B Fact/hVp,xi.

The above argument explains the notable reduction in z for
smaller Fex. However, as Fex increases, while the front-rear

asymmetry in the active stress is enhanced, F act may not
linearly increase in Fex, resulting in less noticeable contribu-
tions to the reduction in z for larger Fex.

4 Concluding remarks

Let us evaluate the applicability of our results to realistic
situations by considering a typical experimental setup of dilute
E. coli suspensions with a volume fraction similar to our
simulations (B0.01). Here, we assume that the swimming
speed of E. coli is vs B 10 mm s�1, the magnitude of the active
force is FA B 1 pN, and the cell size is c0 B 1 mm. In a typical
condition of magnetic-bead microrheology, the force exerted on
the probe is in the pN range, and magnetic colloidal particles
have diameters ranging from 1 to 10 mm (= 2R). In our simula-
tion conditions, where the drag reduction is observed, the force
ratio is Fex/FA t 3 and the size ratio is 2R/c0 B 3, and these can
be met in real experiments.26 Therefore, we can expect that a
substantial drag reduction occurs, if similar density and orien-
tational distributions to those obtained in our simulations are
realized in practical experiments.

In summary, using a pusher-type swimmer model, the present
study investigated the microrheology of active suspensions
through direct hydrodynamic simulations. We revealed that, with
HIs, the friction coefficient of the probe particle can be signifi-
cantly smaller than when immersed in a pure solvent for relatively
small drag forces. The local swimmer states near the probe
boundary predominantly influence the observed drag reduction.
That is, in active suspensions, microrheology measurements
are strongly influenced by local probing details and thus can be
qualitatively different from macrorheology measurements. Hydro-
dynamic interactions induce the front-rear asymmetry in the
swimmer orientation distributions. This asymmetry further
causes a force/stress imbalance, resulting in an additional driving
force acting on the probe particle through solvent-mediated
interactions (HIs). However, without HIs, the local states of
swimmers outside the (short) range of the direct interaction
potential do not contribute to the friction force. Our simulation
studies illuminate the fundamental importance of HIs in active
suspensions and suggest potential microfluidics applications.
These issues will be further explored in subsequent studies.
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