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Colloidal bubble propulsion mediated through
viscous flows

Alexander Chamolly, ab Sébastien Michelin *c and Eric Lauga *d

Bubble-propelled catalytic colloids stand out as a uniquely efficient design for artificial controllable

micromachines, but so far lack a general theoretical framework that explains the physics of their

propulsion. Here we develop a combined diffusive and hydrodynamic theory of bubble growth near a

spherical catalytic colloid, that allows us to explain the underlying mechanism and the influence of

environmental and material parameters. We identify two dimensionless groups, related to colloidal

activity and the background fluid, that govern a saddle-node bifurcation of the bubble growth dynamics,

and calculate the generated flows analytically for both slip and no slip boundary conditions on the

bubble. We finish with a discussion of the assumptions and predictions of our model in the context of

existing experimental results, and conclude that some of the observed behaviour, notably the ratchet-

like gait, may stem from peculiarities of the experimental setup rather than fundamental physics of the

propulsive mechanism.

I. Introduction

Since their introduction in 2004,1 catalytic micromotors
have been subject of intense theoretical and experimental
investigation.2–4 This interest is driven in part by their potential
in a wide range of applications, including biomedical uses such
as drug delivery5 or stem cell transplantation.6 Initially, inves-
tigations focused mostly on theoretical7–9 and material-science
aspects.10,11 Recently, practical uses of these active motors have
been achieved,12 facilitated in part by the introduction of
bio-compatible designs.13 In many cases, these microrobots are
immersed in a fluid medium, and exploit (or are subject to) the
particular physics of hydrodynamics at such small scales. To this
end, several physical mechanisms to generate propulsion have
been proposed, including external actuation with magnetic
fields14 and ultrasound,15 as well as autonomous swimming
through the exploitation of phoretic effects,16,17 and bubble
propulsion.18–21 While phoretic propulsion relies on a fluid flow
that is driven by an osmotic imbalance of ions produced on the
swimmer’s surface in an asymmetric fashion, bubble propulsion

is a variant of this mechanism in which the produced fluxes are
so large that locally a supersaturation is achieved, which makes
the nucleation of a gas bubble energetically favourable. Rather
than the weak coupling between chemical gradients and fluid
mechanics,16 it is then a direct mechanical coupling with the
bubble growth dynamics that propels the swimmer. As a result,
the achieved propulsion speeds are much higher, on the order of
mm s�1, rather than mm s�1.4

Perhaps due to these empirical observation of fast motion,
theoretical work investigating bubble-propelled swimmers has
focused for the most part on inertial models, such as momen-
tum transfer from the detachment of nanobubbles,18 and
inertial bubble collapse.19 Attempts have been made to ratio-
nalise bubble propulsion dynamics by comparing with the
phenomenology of bubble growth as simulated with lattice-
Boltzmann methods and investigated experimentally,22,23

but since these had been performed in a regime where the
Reynolds number is at least of order unity, it remains doubtful
whether they capture the correct physics. Indeed, in order
to compensate for the discrepancy of scales, any quantitative
comparisons have required the adjustment of empirical
coefficients for the forces that growing bubbles exert on
boundaries, normally of order unity, to several orders of
magnitude larger.19,20 Other models for bubble-propulsion
have given significant attention to surface tension, mass and
momentum conservation, but did not incorporate fluid
mechanical modelling of the interaction between bubble and
colloid.24,25

While flow physics were incorporated numerically in the
specific case of conical microrockets,21,26,27 no theoretical work
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has been devoted towards gaining a fundamental understanding
of the propulsion mechanism for the classical design of a
spherical colloidal catalyst powered by a collection of nucleated
bubbles. Modelling needs to include (1) the physics of bubble
growth itself, which due to the small scales exhibit peculiarities
that are different from macroscopic dynamics28,29 and (2) the
transport within the realm of inertia-less hydrodynamics, in
which propulsion is not achieved by momentum exchange with
the surrounding fluid, but through non-reciprocal changes in
the geometry,30,31 here due to bubble growth.

The canonical experimental setup is illustrated Fig. 1, adapted
from ref. 19, including (a) the production of the microswimmer,
(b) an image of the swimmer featuring the smooth Pt-covered
reactive surface, (c) a time-lapse of the bubble growth dynamics,
and (d) the resulting trajectory. Bubbles are nucleated on the
surface of the spherical colloid and propulsion occurs in a two-
step ratchet-like periodic motion where slow pushing due to
diffusive bubble growth is followed by fast retraction due to
sudden bubble disappearance. In this work, we present a theore-
tical study to address this two-step motion. We first derive a
coupled model of diffusive bubble growth and inertialess hydro-
dynamics in terms of experimentally relevant parameters in
Section II. Here we also include a discussion of the model
assumptions and their experimental relevance. We then solve this
model, first for the instantaneous diffusive growth dynamics and
instantaneous coupling with fluid dynamics, followed by their
combined time-dependent evolution in Section III. We comment
briefly on the conservation of momentum during inertial bubble
collapse in Section III D and make a prediction for a new type of
bubble-propelled swimmer that could be experimentally realised.
We conclude with a summary in Section IV.

II. Mathematical modelling of bubble
growth and propulsion
A. Motivation

We begin by building some intuition for the physics of the
growth process based on the typical length and time scales
involved. The colloidal particle and the bubble are small, with a
relevant length scale L � Oð10Þ mm, while the experimentally
observed time scale of the bubble growth cycle is about
t B 0.1 s.19 Assuming a surface tension g E 7.2 � 10�2 N m�1

as for a clear air–water interface, a mass density for the fluid of
rl E 1 � 103 kg m�3 and a dynamic fluid viscosity of m E 1 �
10�3 Pa s, we can compute the dimensionless Reynolds and
Capillary numbers as

Re � rlL
2

mt
� 10�3; Ca � mL

gt
� 10�6: (1)

From this we deduce that inertial effects and the contribution
of the dynamic pressure to the total pressure in the bubble are
both negligible. This implies that the bubble does remain
spherical throughout its growth (as is observed in experiments).
We can thus write at all time that the bubble pressure pbubble is
given by the Laplace law29

pbubble ¼ p1 þ 2g
RB
; (2)

where pN is the hydrostatic background pressure and RB is the
radius of the bubble. This is the inertia-less version of the
general Rayleigh–Plesset equation that is canonically used for
the description of bubble growth. In this limit the bubble
growth rate

:
RB does not enter the equation. As a result, the

bubble size varies quasi-steadily with the bubble pressure.
The pressure in the bubble pbubble is in turn related to the

(molar) gas density rg via the ideal gas law as

pbubble ¼ rgRT ; (3)

where R is the universal gas constant and T is the absolute
temperature, which we assume to be uniform and constant in
time. To determine the density rg(t) as a function of time, we
thus need to solve for the molar concentration field c of
dissolved gas surrounding the system, and then compute the
mass flux into the bubble.

The two fundamental physical processes at work in the system
are therefore (i) the production and transport of gas into the
bubble, leading to its growth, and (ii) hydrodynamic interactions
between the bubble and the colloidal particle that convert bubble
growth into propulsion. In general these two problems are
coupled mathematically, since the flux-dependent bubble growth
rate determines the fluid flows, and these in turn can affect the
transport of dissolved gas through advection. However, in the
limit where gas transport is dominated by diffusion the latter
effect is negligible, so there is only a one-way coupling: a quasi-
steady problem may be solved first to find the instantaneous
bubble growth rate, and its solution can then be fed into the
equations of fluid mechanics to determine the propulsion velo-
city. In our discussion of parameter estimates in Section II E, we

Fig. 1 Schematic of the experimental setup by ref. 19. (a) Manufacture of
beads, (b) scanning electron microscope image of the swimmer. (c)
Snapshots of a microbead showing the bubble growth and burst processes
and the bead motion behavior. (d) The trajectory of the bead. The red
arrows denote the direction of the trajectories of the bead after bubble
burst, and the green arrows represent the direction of the trajectories of
the bead during bubble growth. Reprinted with permission from Manjare,
Yang and Zhao, Phys. Rev. Lett., 2012, 109, 128305.19 Copyright 2012 by
the American Physical Society.
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show that this condition is adequately satisfied for the canonical
decomposition of hydrogen peroxide in which the surface of the
colloid acts as a catalyst and the produced gas is oxygen (2H2O2 -

O2 + 2H2O) as used in many experimental studies.2,4,19

B. Assumptions

In the course of developing and analysing this model we make a
number of assumptions, which we briefly summarise here.

Since the most commonly used experimental swimmers
feature a Pt-coated surface acting as a catalyst for the chemical
reaction,4,19 we assume that the reactive surface is smooth and
not porous. While examples of nanoporous colloids exist,32,33

these have not to our knowledge been shown to self-propel, or
designed with the goal of achieving self-propulsion. While the
raw silica beads used in the production of phoretic swimmers
do appear to exhibit significant surface roughness in SEM
images, this roughness is not visible after Pt-coating (see
Fig. 1(b)). It is conceivable that the nature of the coating
process tends to smooth out such irregularities, and we hence
ignore them in this work.

Furthermore, previous theoretical models of (phoretic)
swimming have occasionally included explicitly a thin ionic
interaction layer of width B1 nm above the reactive
surface.16,34,35 Since this layer is negligibly thin compared to
the colloid and bubble radii, we also ignore it here. While it
may be important locally at the contact point, this effect would
amount only to a higher-order correction to the global fluxes
computed in this study. For the reaction itself, we assume in
the main text that a uniform constant flux of solute is produced
on the colloid, and additionally discuss quantitatively the
higher-order correction due to considering only a constant
reaction rate in Appendix B.3.

For mathematical simplicity, we further assume that there is
only a single bubble present in the problem, and we consider
only the dynamics post-nucleation. We note indeed that experi-
mentally, while there are occasionally multiple bubbles form-
ing, there is usually one that emerges to dominate in size.19 At
early stages, this process is likely driven by Ostwald ripening.36

At later stages, local perturbations of the concentration field due
to the presence of small bubbles may lead to short-term devia-
tions on the time scale of dissolution. Modelling these addi-
tional bubbles mathematically is challenging, and it is unclear
whether they enhance or inhibit propulsion. Their contribution
would thus deserve an analysis that is beyond the scope of the
present paper. Additionally, we ignore any variation in surface
tension on the bubble that may arise, for instance, from a spatial
heterogeneities in the chemical reaction.

We also assume that the colloidal particle is spherical, and
that it remains in contact with the bubble throughout the
growth process. In reality, there may be a partial or complete
wetting layer. In Appendix C.4 we demonstrate that a thin gap
only affects the hydrodynamics at higher order than the global
flows. The same is true for the concentration of reaction
product in the fluid, since there is no singularity at the contact
point and the solution varies continuously when a gap is
introduced. At length scales of less than B1 nm, the

Rayleigh–Plesset eqn (2) may need to be modified to include
effects of adsorption,37 but these effects would again only be
relevant very locally at the contact point and thus a higher-order
correction to the findings of this study. A discussion of partial
wetting and its consequences for bubble detachment is offered
in Appendix D.

Finally we assume, also for mathematical simplicity, that the
colloid is radially symmetric and all parts of its surface equally
participate in the production of solute. As we will show, the
gradients of the concentration field surrounding the bubble
determine the bubble growth rate, and so the concentration
boundary condition on the far side of the colloid can reasonably
be expected to be of limited importance. However, since the net
flux of solute produced by the colloid will appear as an important
parameter, Q, this parameter will need to be rescaled when a
particle with lower active surface coverage is considered.

C. Derivation of the model equations

We use tangent sphere coordinates {m, n, y} as defined in
Appendix A to conveniently describe the geometry, with sur-
faces of constant n defining spheres that touch at the origin.
The bubble is considered to be the sphere defined by
n = nB := RB

�1, and the colloidal particle of radius Rc to be the
sphere defined by n = �nc := �RC

�1. A sketch of the geometrical
setup is provided in Fig. 2. Note that in the figure we scale lengths
by the colloid radius Rc, in line with the dimensionless formula-
tion of the problem that will be introduced in Section II D.

The colloidal particle acts as a catalyst for a chemical
reaction. The concentration of the reaction product, c, satisfies
the quasi-steady diffusion equation as

Dr2c = 0, (4)

where D is the molecular diffusivity. The problem is axisym-
metric and the solution c(m,n) is therefore independent of the
azimuthal angle y (Fig. 2). The concentration on the bubble
surface is set by Henry’s law,38 which states that concentration
is proportional to the partial pressure of the corresponding gas
inside the bubble, i.e. pbubble. Assuming that the bubble con-
tains only the reaction product, eqn (2) leads to

c = KH
�1 (pN + 2gnB), at n = nB, (5)

where KH is the constant of Henry’s law, which depends on the
dissolved gas.

As discussed in Section II B, we assume that the entire
surface participates equally in the reaction. We model this with
zeroth-order kinetics (0ok), which assumes a constant catalytic
flux A per unit area that is independent of other factors. This
results in a Neumann boundary condition for the concentration
product of the form

�Dn̂ � rc ¼ A; at n ¼ �nc ð0okÞ: (6)

A more realistic description is first-order kinetics (1ok), which
involves a second chemical solute (the ‘fuel’) of concentration c,
that is converted into a product (concentration c) on the colloid
surface at a constant rate. We find that this does not signifi-
cantly change the c field and only leads to an effective rescaling
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of global catalytic activity, so a discussion of this boundary
condition is relegated to Appendix B.3.

Finally, the boundary condition far from the colloidal
particle is

c! c1; as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
! 0; (7)

where cN is the background concentration of reaction product.
Normally, the value of cN is determined by applying Henry’s
law at the interface with the surrounding atmosphere.

The instantaneous concentration field for a given bubble
radius is determined by the solution to eqn (4) along with the
boundary conditions in eqn (5)–(7). The instantaneous growth
rate of the bubble is then determined by mass conservation,

d

dt

4prg
3

RB
3

� �
¼ �D

ð
n¼nB

m̂ � rcdS; (8)

which states that the rate of change of the bubble mass (left) is
equal to diffusive mass flux into the bubble (right).

Meanwhile, since the Reynolds number is very small, the
fluid dynamics surrounding the system are governed by the
linear and quasi-steady incompressible Stokes equations,30

rp = Zr2u, r�u = 0, (9)

where Z is the dynamic fluid viscosity. The Stokes problem
described above is linear with respect to its driving kinematics,
the bubble growth velocity

:
RB; the resulting instantaneous

translation velocity of the bubble-colloid pair, U(t), is linear
:
RB, with a constant of proportionality that depends only on the
geometry, i.e. the ratio of bubble and colloid radii:

UðtÞ ¼ f
RB

Rc

� �
_RB: (10)

The function f can be calculated by imposing that the colloid-
bubble system remains force-free.30

As boundary conditions for the fluid flow, we assume an

undisturbed fluid in the bulk (i.e. u - 0 as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
! 0) and

a no slip condition on the colloidal particle. On the bubble, we
solve for both cases of a no stress (i.e. free surface) and a no slip
condition, the latter to account for a possible rigidification of
the bubble due to surfactants. Combining eqn (8) and (10) with
the solution to eqn (4) for the instantaneous concentration
field, this determines the velocity U(t) of the bubble-colloid pair
at each point in time.

D. Dimensionless formulation and sketch of the solution
method

We now reformulate the problem in dimensionless form by
introducing the following scalings for lengths, concentration
and time respectively,

~R ¼ Rc; ~c ¼ 2g
KHRc

; ~t ¼ KHRc
2

3RTD; (11)

that is we scale lengths by the colloid radius, concentrations by
the typical value on a bubble the same size as the colloid, and
time by a natural scale for the diffusive growth described by
eqn (8). As we show in Appendix B, the general solution to the
diffusion equation, eqn (4), that decays far from the colloid,
eqn (7), may be written exactly as

cðm; nÞ ¼ ~c1 þ m2 þ n2
� �1=2ð1

0

AðsÞesn þ BðsÞe�sn½ �J0ðsmÞds;

(12)

where c̃N = cNKHRc/2g and the functions A(s) and B(s) are such
that the integral converges in the range m Z 0, �1 r n r nB.
Here J0 denotes the zeroth order Bessel function of the first
kind. For zeroth-order kinetics, the two remaining boundary
conditions eqn (5) and (6) simplify to

c � c̃N = x + nB at n = nB, (13)

@c

@n
¼ � 2Q

m2 þ 1
at n ¼ �1; (14)

where we define the dimensionless parameters x and Q as

x ¼ p1Rc

2g
1� KHc

1

p1

� �
; Q ¼ AKHRc

2

2gD
: (15)

Physically, x is a dimensionless measure of the saturation of the
background fluid, scaled by capillary effects (=0 when saturated,
40 otherwise). We may therefore interpret x as a measure of
how ‘soluble’ gas is in the background fluid relative to the
bubble. Intuitively, a larger value of x is therefore conducive to
bubble dissolution, and hence limits bubble growth. Meanwhile
Q is interpreted as a scaled catalytic flux out of the colloid, and it

Fig. 2 Growth of a spherical bubble attached to a spherical colloidal particle:
sketch of the geometry in coordinates scaled by the colloid radius Rc. The
bubble (light sphere) has radius RB(t) and grows at a rate

:
RB while the colloidal

particle (dark sphere) has unit radius. Both bubble and colloid are assumed
spherical and touch at the origin of a cylindrical coordinate system {r, z},
which is equivalent to the point at infinity in tangent-sphere coordinates {m, n}.
The whole system translates with a velocity U along the axis of symmetry
(m = 0), defined positive when the bubble pushes the colloid.
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is expected that a large value of Q will be conducive to bubble
nucleation and growth.

Applying the boundary conditions eqn (13) and (14) to
eqn (12) leads to a regular second-order ODE boundary value
problem that can be solved numerically for given values of the
parameters Q and x. The solution for A may then be substituted
into the mass conservation equation, eqn (8), which simplifies to

dRB

dt
¼ � 1

RB þ
3

2
zRB

2

ð1
0

AðsÞds; (16)

where we have introduced the dimensionless group z = x + c̃N =
pNRc/2g. As a corollary we have the condition for a steady state,ð1

0

AðsÞds ¼ 0; (17)

which is satisfied when there is no net flux of gas in or out of the
bubble. A detailed derivation of the equations for this diffusive
problem and their solution is provided in Appendix B.

For the fluid mechanics we use a Stokes streamfunction C
with the ansatz

C ¼ Cs þ
m

m2 þ n2ð Þ3=2
ð1
0

~Aþ ~Cn
� �

sinh sn þ ~Bþ ~Dn
� �

cosh sn
� �

� J1ðsmÞds; (18)

where Cs p
:
RB is a singular contribution that accounts for

expansion of the bubble, and where the coefficients Ã(s) to D̃(s)
are found by applying the hydrodynamic boundary conditions
on bubble and colloid (they are thus implicitly a function of the
instantaneous bubble radius RB).

We additionally require that the bubble-colloid system remains
force-free at all times, which may be shown to reduce to the

condition
Ð1
0
s ~BðsÞds ¼ 0 (see Appendix C). Since the boundary

conditions are linear in both U and
:
RB, the same is true for C, and

so we may split the full solution for the flow as the linear super-
position of a ‘motility’ problem pU and a ‘growth’ problem p

:
RB.

The function f in eqn (10) is then given by

f ðRBÞ ¼ �
Ð1
0 s ~BgroðsÞdsÐ1
0 s ~BmotðsÞds

: (19)

Full details, including entirely analytical expressions for the func-
tions B̃mot(s) and B̃gro(s), are provided in Appendix C.

E. Parameter estimates

In order to provide an experimentally relevant model, it is
essential to identify the typical ranges and variability of
the relevant dimensionless parameters in practical conditions.
We take gE 7.2 � 10�2 N m�1 as for an air–water interface, and
pN E 1.0 � 105 Pa for atmospheric pressure. The gas constant
is fixed as R � 8:3 J K�1 mol�1 and at room temperature T E
300 K approximately. For oxygen gas dissolved in water at 25 1C,
D E 2.4 � 10�9 m2 s�1 and KH E 7.7 � 104 J mol�1 are standard
values.39 From this, Henry’s law calculates a background
molarity cN E 2.7 � 10�1 mol m�3, which is relatively large

due to the percentage of oxygen in the atmosphere, which is
well known to be 21% (= KHcN/pN).39

For the activity A, it is harder to find an estimate due to
strong variability of conditions and reactions driving the pro-
pulsion in the relevant experiments. In the limit of zero
Damköhler number (i.e. when first-order kinetics reduce to
zeroth-order), A is given by A � kc1f , which is the product of
reaction rate k and bulk reaction fuel molarity cNf . In the
classical platinum-catalytic H2O2 decomposition we can
assume a molarity cNf E 2.9 � 102 mol m�3 (corresponding
to 1 wt% H2O2, a low estimate) and k E 4.1 � 10�5 m s�1.40,41

Finally, we consider colloid radii Rc between 1 mm and 50 mm,
as relevant to all published experiments to do (the colloidal size
is the experimentally most variable parameter).

Combining all of these, we find the typical range for x
is Oð1Þ � Oð10Þ, while Q is in the range Oð10Þ � Oð103Þ.
Furthermore, the growth time scales as ~t � Oð10Þ � Oð103Þms,
which is consistent with experimental observations.19,42 Since x
scales as BRc, and Q and t̃ scale as BRc

2, larger values apply to
larger colloids, and due to the quadratic dependence on Rc, the
value of Q depends quite sensitively on the colloid size. As we
shall see in Section III A, this is the fundamental reason why
bubble propulsion is limited to sufficiently large colloids.

In the development of our model we assumed that the
bubble grows in a quasi-steady fashion, i.e. we neglected
advective terms in eqn (4). This is appropriate if the Péclet
number Pe is small, i.e. if the time scale of diffusive transport is
much shorter than the time scale of fluid flow. As we see from
eqn (10), the time scale of fluid flow is linked to the time scale
of bubble growth, which allows us to justify this assumption
a posteriori by demonstrating that it is self-consistent with its
prediction. Quantitatively this is the requirement that

Rc
2

D
� KHRc

2

3RTD, Pe 	 3RT
KH

� 1 (20)

where we have assumed diffusion on the scale of the colloid.
With our parameter estimates, we obtain Pe E 0.097, which is
indeed small compared to unity, and even more so when
diffusion on length scales smaller than the colloid is con-
cerned. Thus the quasi-steady assumption is approximately
valid and advective transport only leads to a small correction.
It is important to note however that for gases other than
oxygen, KH can be substantially different. While for other
common gases such as N2 and H2 we also have Pe { 1, this
is not the case e.g. for CO2 (Pe E 2.4) or NH3 (Pe E 750),28 in
which case it would be essential to solve the fully coupled
nonlinear model for the transport of the reaction product.

III. Analysis of bubble growth and
propulsion dynamics
A. Solute concentration fields and stationary points of the
growth dynamics

We first solve eqn (4) for the instantaneous concentration field
as a function of the dimensionless parameters Q, x and the
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bubble radius RB, and identify the stationary points of the
bubble size by means of the condition in eqn (17). The results
are shown in Fig. 3. For small values of Q, the bubble always
shrinks to zero. Above a critical activity, a saddle-node bifurca-
tion leads to the existence of three regimes with two fixed
points such that

bubble shrinks o Rmin o bubble grows o Rmax o bubble
shrinks. (21)

At the critical point we have approximately that Qcrit: � x0:3 and
RB B x�0.5.

The behaviour of this system can be understood from a
theoretical point of view by considering the competing effects
that lead to bubble growth and shrinkage. Small bubbles have
high capillary pressure, which enforces a high concentration on
their surface through Henry’s law. Only if an even larger
concentration around the bubble can be sustained through
catalytic flux from the colloid can there be bubble growth.
Hence, the lower fixed point is achieved when there is a balance
between these effects, i.e.

Q � Rmin
�1 þ x) Rmin � Q� xð Þ�1: (22)

For more details of this calculation, we refer to Appendix B.2.
For a small bubble to grow and propel the colloid, Rmin needs to
be sufficiently small. Since Q � Rc

2 and x B Rc, this explains
quantitatively why bubble propulsion is only observed for
strongly catalytic colloids.19

In the opposite case, the bubble reaches its final size when
influx from the colloid balances with outflux due to diffusive

dissolution. This corresponds to the condition

Q � 1þ xRmax ) Rmax �
Q� 1

x
; (23)

where the origin of these scalings is also discussed in
Appendix B.2.

In Fig. 3 we plot the numerically determined stationary
bubble sizes (solid lines) against the theoretical predictions
from eqn (22) and (23) (dashed lines) as a function of the
dimensionless groups Q and x, and find that there is excellent
agreement when Q 
 Qcrit:ðxÞ. The disagreement becomes
significant near the bifurcation point, when bubble and colloid
are of roughly the same size and geometric details become
important.

B. Relationship between bubble growth rate and propulsion

Focusing next on propulsion, we now calculate the function f in
eqn (10) for a no slip condition on the colloid, a flow decaying
far away on the system, and two different boundary conditions
on the bubble: a ‘rigid’ bubble with no slip as on the colloid,
and a ‘shear-free’ bubble that supports no tangential shear
stress. While the second condition is canonical for an air–water
interface in most contexts, it is a well-known fact that surfac-
tants and impurities can lead to a rigidification of these
interfaces under experimental conditions.28,29 Since it is not
entirely clear which boundary condition applies for this system,
and they differ slightly in their physical predictions, we include
both in our discussion below.

The results are illustrated in Fig. 4, showing f = U/
:
RB as a

function of RB for no slip (blue solid line) and no shear stress

Fig. 3 Left: Stationary points of the bubble growth dynamics (solid lines) as a function of the parameters Q and x. Dashed and dash-dotted lines indicate
theoretical estimates for Rmax (stable) and Rmin (unstable) respectively. Right: Concentration fields with c-contours in red, the colloid in black, and the
bubble in white, for 4 points in RB�Q space with x = 10.
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(red dash-dotted line) boundary conditions. In both cases, the
ratio of propulsion speed to bubble growth rate U/

:
RB increases

monotonically with the bubble size, so for a fixed growth rate,
large bubbles are more efficient than small ones at pushing the
colloid. While the mathematical expressions for the drag and
propulsion coefficients are very complicated, the asymptotic
behaviour for large and small bubbles can be understood
intuitively. As RB - N (nB - 0), both the drag and propulsion
scale as RB and we recover the drag coefficients for a single
sphere in Stokes flow, i.e. 6pZRB or 4pZRB depending on the
boundary condition (no slip or no shear). In this limit, the
colloid’s contribution to drag is negligible and it is just pushed
outwards with velocity U =

:
RB by the growing bubble that

remains stationary itself. Conversely, as RB - 0 the drag
asymptotes to that of an isolated colloid, 6pZ, while the
propulsion force decays as RB

�2. This is line with expectations
of the force exerted by a point source on a rigid sphere, which
scales as Q/d with Q the source strength and d the distance to
the colloid centre.43 Interestingly, it makes no difference in this
limit whether the boundary condition on the bubble is no slip
or shear-free. The difference is most pronounced when bubble
and colloid are of equal size, and because a rigid surface has
more drag the propulsion is up to 50% more efficient when the
action of surfactants is strong.

C. Time-dependent propulsion dynamics

1. Evolution of a single growth cycle and comparison with
experiments. We are now in a position to combine all of our
results to find the colloid propulsion speed, U, and distance
travelled, X, over one bubble growth cycle as a function of the
dimensionless parameters Q and x, which we recall represent
catalytic flux magnitude and solubility of gas in the background
fluid relative to the bubble.

To learn about the generic behaviour of the system, we
initialise the bubble at a size slightly above the unstable
stationary point Rmin, calculate the growth rate according to

eqn (16) and the rate of displacement
:
X = U from eqn (10), and

integrate the system forward in time using first-order explicit
Euler time-stepping. A typical example of the resulting
dynamics is shown in Fig. 5, where we display the time-
variation of RB,

:
RB, X and

:
X. We note that it follows from

time-integration of eqn (10), that the displacement X is slaved
to the instantaneous bubble size. Since small bubbles propel
the colloid insignificantly, the bubble nucleation size has little
influence over the final displacement. Hence, the final value of
X is determined, to within a good approximation, only by the
final bubble size and the hydrodynamic boundary condition on
the bubble. Consequentially, the only variation in the dynamics
shown in Fig. 5 for different values of the parameters are in the
variation of the final bubble size (discussed previously in
Section III A), and the time scales of growth.

The logarithmic representation of the growth rate reveals
three distinct regimes at short, intermediate and long times. At
very short times, when the bubble size is close to Rmin,
velocities and displacements are small. However, since the
deviation from an unstable fixed point generically follows
exponential growth,44 the dynamics transition rapidly to an
intermediate regime in which the growth rate RB peaks. In this
regime the bubble typically crosses from being smaller than the
colloid to being larger, which also maximises the colloid
velocity U. At long times, the approach to the stable fixed point
Rmax is again exponential, and no significant propulsion occurs.

The striking prediction of our diffusive growth model is thus
that parameter values that allow for the growth of very small
bubbles simultaneously allow these bubbles to grow orders of
magnitude larger than the colloid, unless the experiment is
performed in a narrow region of the parameter space in which x
is large and Q not much larger than its critical value. This was
illustrated in Fig. 3 and rationalised with scaling arguments for

Fig. 4 Ratio of propulsion speed, U, to bubble growth rate,
:
RB, for no slip

(blue solid line) and no shear boundary conditions (red dash-dotted line) as
a function of bubble size.

Fig. 5 Example of propulsion over one bubble growth cycle for inter-
mediate values of the parameters, Q ¼ 10 and x = 100.5. Shown are the
bubble radius RB (purple) and travelled distance X (green), as well as their
time-derivatives (dashed lines) against logarithmic time. Growth and
propulsion rates increase rapidly on very short time scales, peak at
intermediate ones, and decay as the bubble asymptotically reaches its
stable equilibrium size at long times.
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the stationary points in eqn (22) and (23). Due to the scalings of
these dimensionless parameters with the colloid radius, eqn (15),
this is difficult to achieve in practice unless the experiment is
carried out in a high-pressure environment. Indeed, both bubbles
that are much larger than the colloid and a slow asymptotic
approach to a stable equilibrium are typically not observed in
experiments, even though the catalytic activity is clearly strong
enough to allow for the nucleation of small bubbles.19

Aiming to address this apparent paradox, we considered
both more realistic models for the catalytic reaction, and more
detailed descriptions of the contact physics between bubble
and colloid. Neither have brought to light any credible intrinsic
mechanism that leads to these observations. Accounting for the
depletion of reaction fuel with a non-zero Damköhler number
leads to an effective decrease of the activity parameter Q, but
not to a different scaling law for the maximal bubble radius
(see Appendix B.3). Likewise, an analytical asymptotic solution
for the pressure at the contact reveals that there is no divergent
hydrodynamic force pulling the system apart, and both a
scaling analysis and a simplified model with a non-singular
contact demonstrate that bubble is too small for entrainment
or buoyancy to be significant (see Appendix C.4 and D). We
therefore conjecture that the premature disappearance of bub-
bles that was reported in ref. 19 is in fact due to an external
perturbation, most likely the coalescence of the bubble with the
air–water interface of the experimental setup. This idea is in
fact supported by analogous observations in later work.42

While a detailed model of bubble growth in confinement is
beyond the scope of this study, in the context of micro-rockets it
has been shown numerically and experimentally that confining
bubble growth is beneficial in achieving efficient propulsion.21,45

Interpreting the bubble disappearance at the air–water interface
as a confinement effect, we note that this is another example
of this principle, albeit indirectly by limiting ‘natural’ bubble
growth to the point in which it is efficient in propelling the
colloid forwards.

In order to effectively make a prediction for experimental
systems we thus need introduce a phenomenological cut-off for
the bubble size into our model. Since the colloid sets a natural
scale in terms of confinement, we choose Rmax = 1 for this; note
that it could also be larger if the colloid is in a deep layer.19

2. Dependence of time-averaged propulsion on catalytic
activity and background saturation. From a practical point of
view, an interesting question concerns the propulsive efficiency
of the system as a function of its parameters. As established in
Section III B, the total distance travelled, X, depends only on the
final bubble size. Fixing this at the cut-off RB = 1 leads to a
prediction of the colloid displacement over one growth cycle as

Xrigid bubble/RC E 0.25, Xshear-free bubble/RC E 0.18, (24)

independently of the parameters Q and x.
Another quantity of interest is the time scale on which this

displacement is achieved, or equivalently, the average speed of
the colloid. We define this average hUi by the distance X travelled
divided by the time required to reach the cut off size from a
small perturbation away from the unstable fixed point Rmin. The
dependence of this average velocity on the two relevant para-
meters (Q and x) is displayed in Fig. 6. Due to the rapidness of
the initial exponential growth phase, these results are robust
towards the exact size of the initial perturbation. For reference,
we recall from our parameter estimates in Section II E that U = 1
in dimensionless units corresponds to the physical velocity

U ¼ 2:3� 10�4 m s�1

Rc mm�1
; (25)

which is on the order of 1 mm s�1. The dependence on the
catalytic activity of the colloid Q is approximately linear above a
cut-off Qcrit:, below which the bubble does not grow (Fig. 6, left).
Close to this cut-off there is a small deviation from linear
behaviour as the slow asymptotic approach to Rmax becomes
significant. Unsurprisingly, a larger activity leads to faster pro-
pulsion. Within the scope of our quasi-static model this growth

Fig. 6 Simulated average propulsion speed hUi over one bubble growth cycle for rigid boundary conditions on the bubble surface, as a function of flux
Q (left) and background solubility x (right). Above a certain x-dependent threshold, hUi increases linearly with Q. Conversely, the propulsion speed
decreases as the solubility in the bulk increases.
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is unbounded – in practice fast velocities will eventually lead to
non-negligible Péclet and Reynolds number that regularise this
behaviour. Additionally, a stronger solubility of gas in the fluid x
has a negative effect on propulsion (Fig. 6, right).

D. Conservation of momentum during inertial bubble collapse

Finally, we briefly address the second phase of the propulsion
cycle, which is bubble collapse. As established in Section III C1,
the bubble size is limited in practice by the depth of the fluid
layer in which the colloid is immersed, and so it is likely that the
coalescence with the top interface leads to its disappearance. This
process is very fast, and so for a brief moment the dynamics
become inertial, and the colloid retracts a short distance.19 While a
numerical simulation of this process would require faithful model-
ling of the geometry and non-linear flows, and is beyond the scope
of this paper, we would like to present a simple thought experiment
based on conservation of linear momentum that suggests interest-
ing dynamics might happen for a colloid that is lighter than water.

Specifically, if we call the retraction distance d, we can
consider conservation of linear momentum before and after
the bubble collapse to find d as a function of the bubble radius
before collapse, and of the densities of the colloid and the
surrounding fluid. Since there is no net momentum change,
the centre of mass of the whole system remains approximately
stationary. The colloid is displaced a distance d backwards, while
fluid is displaced a distance 2RB � d forwards (assuming no
inflow from the sides). Denoting by rc and rl the densities of the
colloid and the surrounding fluid respectively we then have that

drc � 2RB � dð Þrl ¼ 0) d ¼ 2RB

1 þ rc
rl

: (26)

This is illustrated by a sketch in Fig. 7 (top row). Of course, this
simplified argument ignores many important factors such as
directionality of flows, time-dependence and confinement effects,
and should therefore only be understood as a rough estimate for d
as a function of the density ratio rc/rl. Within these limitations,
we see then that for a heavy colloid (i.e. one with rc c rl) we have
d { RB, and so the retraction distance is much smaller than the

final bubble radius, which is itself on the same order as the
propulsion distance. As a result, the net displacement is such that
the bubble pushes the colloid over one growth cycle.

Conversely, one could imagine a scenario where rc o rl,
where the simple argument predicts that d 4 RB. This would
correspond to a floating colloid, and it is illustrated in Fig. 7
(bottom row). This suggests that a floating colloid may actually
be net pulled by the bubble, since the inertial retraction due to
collapse could outweigh non-inertial propulsion due to growth.
Whether this is possible in practice remains to be seen, but we
hope to see this hypothesis tested experimentally.

IV. Discussion

In this work we have developed a combined diffusive-hydrody-
namic model for the propulsion of a catalytic colloid by a growing
gas bubble. We have identified key non-dimensional parameters
of the system and their relation to experimentally accessible
quantities, in particular the colloid size. With this, we have gained
new understanding of the conditions which allows the nucleation
of small bubbles that mark the departure from purely phoretic
modes of propulsion into a regime where bubble growth allows
colloids to reach much higher speeds. In particular, we identified
that conditions that allow small bubbles to grow simultaneously
allows them to grow much larger than the colloid, unless an
external event or forcing leads to their detachment or disappear-
ance. Finally, we combine all of our results to find a prediction for
the propulsion speed of the system as a function of the catalytic
activity of the colloid, and the solubility of gas in the surrounding
medium. We conclude by predictions for an as yet unrealised
setup in which a light catalytic colloid can surf on water being
pulled by the collapse of bubbles that it generates itself.

As discussed in Section II B, our results are obtained under a
number of simplifying assumptions in an effort to analyse
the fundamental mechanisms on the simplest possible system.
We purposefully do not address the question of bubble nucleation,
nor do we consider multiple bubbles due to the mathematical
complexity of the fluid mechanics. Instead, we demonstrate how

Fig. 7 Thought experiment on bubble retraction due to inertial collapse. Based on momentum considerations, the retraction distance d is shorter than
the propulsion distance if the colloid is heavy. But if the colloid is lighter than water, a net pulling by the bubble might be achieved if inertial retraction
outweighs pushing due to bubble growth.
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fundamental physical ingredients can be combined to give novel
predictions to be tested quantitatively in experiments. More
advanced modelling of the dynamics e.g. at the contact point will
be of interest once the leading-order predictions obtained here
have been validated. In particular, nanoporous colloids with poten-
tially sophisticated bubble nucleation and contact line dynamics
present an interesting future research direction.

Our results pave the way for further experimental and
theoretical investigations of bubble propulsion. Since the focus
has been on gaining an analytical understanding of the funda-
mental physics, our study has been mostly limited to the
geometry of a bubble-colloid pair in isolation. Yet as discussed
confinement plays a crucial role by clearing the bubble from
the system. Further investigation may reveal the extent to which
this process can be optimised, and how the substrate on which
heavy colloids are typically located affects propulsive efficiency.

Appendix A: properties of tangent
sphere coordinates

We define tangent sphere coordinates {m, n, y} in terms of usual
cylindrical coordinates {r, y, z} as

m ¼ 2r
r2 þ z2

; n ¼ 2z

r2 þ z2
; y ¼ y: (A1)

Their ranges are m Z 0, n 2 R, and y A (0, 2p). They are
essentially an ‘inversion’ of cylindrical coordinates. As such, m
and n have units of inverse length, and the coordinate origin
and point at infinity have been exchanged. Surfaces of constant
n define spheres with radius 1/|n| and their centre located on
the z-axis at z = 1/n. Thus all surfaces of constant n touch the
plane z = 0 at the spatial origin, and the sign of n determines
whether they are located in the half space z 4 0 (for n positive),
or z o 0. The surface n = 0 corresponds to the plane z = 0.
Similarly, surfaces of constant m define toroids around the
z-axis with circular cross-sectional radius 1/m. The surface
defined by m = 0 is degenerate and corresponds to the z-axis.
Finally, y is the azimuthal angle as in cylindrical coordinates.

The scale factors are

hm ¼ hn ¼
2

m2 þ n2; hy ¼
2m

m2 þ n2; (A2)

and the basis vectors are

m̂ ¼ �m
2 � n2

m2 þ n2r̂�
2mn

m2 þ n2ẑ; (A3)

n̂ ¼ � 2mn
m2 þ n2r̂þ

m2 � n2
m2 þ n2ẑ: (A4)

Hence r ¼ m2 þ n2
2

m̂
@

@m
þ n̂ @

@n
þ ŷm�1

@

@y

� �
and in particular

n̂ � r ¼ 1

hn

@

@n
¼ m2 þ n2

2

@

@n
; (A5)

regardless of the sign of n.

Appendix B: detailed solution of the
steady diffusive growth model
B.1 Zeroth-order kinetics

We assume non-dimensional scalings. Recalling from the main
text, we aim to solve the problem

r2c = 0, (B1)

subject to the boundary conditions

c � c̃N = x + nB at n = nB, (B2)

@c

@n
¼ � 2Q

m2 þ 1
at n ¼ �1; (B3)

c! ~c1 as
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
! 0: (B4)

Defining G(m, n) as

c ¼ ~c1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
Gðm; nÞ; (B5)

the diffusion equation eqn (B1) reduces to

1

4
ðm2 þ n2Þ5=2 Gmm þ m�1Gm þ Gnn

� �
¼ 0: (B6)

Thus a solution that satisfies the boundary condition at spatial
infinity, eqn (B4), is determined by a solution for G that remains
bounded as

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
! 0. Using separation of variables this

yields G B exp(�sn)J0(sm), where J0 denotes the zeroth order
Bessel function of the first kind (a second family of solutions,
proportional to the divergent Y0(sm), is discarded). Hence

cðm; nÞ ¼ ~c1 þ ðm2 þ n2Þ1=2
ð1
0

AðsÞesn þ BðsÞe�sn½ �

� J0ðsmÞds;
(B7)

for some functions A(s) and B(s) that are such that the integral
converges in the range m Z 0, �1 r n r nB.

To solve the steady diffusive problem, we need to find the
functions A(s) and B(s). The boundary condition on the bubble,
eqn (B2), gives

nB þ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ nB2

p ¼
ð1
0

AðsÞesnB þ BðsÞe�snB½ �J0ðsmÞds; (B8)

while the one on the colloid, eqn (B3), yields

�2Qffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 1

p ¼
ð1
0

AðsÞ sðm2 þ 1Þ � 1
� �

e�s
�

þ BðsÞ �sðm2 þ 1Þ � 1
� �

es
� �

J0ðsmÞds
�
;

¼
ð1
0

saðsÞ m2 þ 1
� �

� bðsÞ
� �

J0ðsmÞds;

(B9)

where we have defined the functions

a(s) = e�sA(s) � esB(s), b(s) = e�sA(s) + esB(s). (B10)

The right-hand side of these relations is reminiscent of the
Hankel transform which is defined as

Hn f ðsÞ½ � ¼
ð1
0

sf ðsÞJnðsmÞds: (B11)
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Moreover, Hn Hn f½ �½ � ¼ f and

H0
e�sjnj

s

	 

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2 þ n2
p ; H0

e�sjnj

jnj

	 

¼ 1

m2 þ n2ð Þ3=2
(B12)

However, in order to apply these relations to our boundary
condition, we need to eliminate m2 on the RHS of eqn (B9). To
this end we define the operator

L ¼ 1

s

d

ds
s
d

ds

	 

� 1; (B13)

which satisfies

L J0ðsmÞ½ � ¼ �ðm2 þ 1ÞJ0ðsmÞ: (B14)

In particular, this allows us to writeð1
0

saðsÞðm2 þ 1ÞJ0ðsmÞds ¼ �
ð1
0

saðsÞL J0ðsmÞ½ �ds

¼ �
ð1
0

sL aðsÞ½ �J0ðsmÞds;
(B15)

where the second equality follows from two integrations by
parts if we place the condition that a(0) is bounded and a - 0
as s - N. We may hence rewrite the boundary conditions to
the diffusive problem as

nB þ xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ nB2

p ¼
ð1
0

aðsÞ sinh sð1þ nBÞð Þ½

þ bðsÞ cosh sð1þ nBÞð Þ�J0ðsmÞds
(B16)

2Qffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 1

p ¼
ð1
0

sL aðsÞ½ � þ bðsÞ½ �J0ðsmÞds; (B17)

and apply a Hankel transform to find

(nB + x)e�snB = a(s)sinh(s(1 + nB)) + b(s)cosh(s(1 + nB)),
(B18)

2Qe�s ¼ sL aðsÞ½ � þ bðsÞ; (B19)

which gives

a00 þ 1

s
a0 � 1þ tanh sð1þ nBÞð Þ

s

� �
a

¼ 2Q
s
e�s � nB þ x

s
e�snB sech sð1þ nBÞð Þ; (B20)

b = (nB + x)e�snB sech(s(1 + nB)) � tanh(s(1 + nB))a,
(B21)

where primes denote derivatives with respect to s and the
boundary conditions are a(0) bounded and a - 0 as s - N.
The ODE is singular at s = 0, but this singularity is balanced by
the forcing. Substituting a series solution of the form

aðsÞ ¼
X1
n¼0

ansn (B22)

readily shows that the correct lower boundary condition is
a0ð0Þ ¼ a1 ¼ 2Q� nB � x.

Finally, we note that we can use eqn (A5) and (B12) to find
the flux integralð

n̂ � rcdS ¼
ð2p
0

ð1
0

@c

@n
hmhy

hn
dmdy

¼
8p
ð1
0

AðsÞds; for n4 0

�8p
ð1
0

BðsÞds; for no 0

8>><
>>: ; (B23)

which demonstrates that the flux out of the colloid (with no 0)
is proportional to

Ð1
0
BðsÞds, while the flux into the bubble (with

n 4 0) is proportional to �
Ð1
0 AðsÞds. Any residual between

these is emitted to spatial infinity.

B.2 Example solutions

a. No bubble. In the limit nB = N, i.e. a vanishing bubble,
the system is radial symmetric about the centre of the colloid,
and so we expect to recover the fundamental solution to
Laplace’s equation. The ODE for a, eqn (B20) reduces to

a00 þ 1

s
a0 � 1

s
þ 1

� �
a ¼ 2Qe�s

s
; (B24)

and b = �a. We note that this limit cannot be recovered
smoothly, since there is always a boundary layer in the forcing
for s t 1/(1 + nB) (corresponding to the contact region between
bubble and colloid). This requires us to drop the boundary
condition for a0(0) and just demand that the solution is
bounded at s = 0 and N. In that case the ODE has the particular
integral

aðsÞ ¼ �Qe�s; bðsÞ ¼ Qe�s; (B25)

) AðsÞ ¼ 0; BðsÞ ¼ Qe�2s: (B26)

The two complementary functions for a are es and esEi(�2s)
which diverge at s = N and s = 0 respectively and are therefore
discarded. Hence

c� ~c1 ¼ m2 þ n2
� �1=2ð1

0

Qe�sð2þnÞJ0ðsmÞds

¼ Q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

m2 þ ðn þ 2Þ2

s

¼ Qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ð1þ zÞ2

p ;

(B27)

as expected. From this we can conclude that the concentration
scale on the colloid surface set by the flux condition is Q.
If Henry’s law requires the concentration on a hypothetical
bubble surface to be larger than this value, then the bubble
will tend to dissipate. Furthermore, the flux integrals (see
eqn (B23)), ð1

0

AðsÞds ¼ 0;

ð1
0

BðsÞds ¼ Q
2
; (B28)

inform us that there is no net flux into a surface of constant n4 0
(as expected, since there is no bubble to absorb gas), and also that
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the flux out of the colloid in non-dimensional units is 4pQ, or Q
per unit area. This again confirms expectations.

b. A giant bubble. A giant bubble corresponds to the limit
nB - 0. We note that without making any assumptions about
nB, the boundary condition on the colloid, eqn (B21),
implies that

b E 2(nB + x)e�s(2nB+1) � a for s c (1 + nB)�1, (B29)

) A(s) E (nB + x)e�2snB for s c (1 + nB)�1. (B30)

Here, the range restriction on s expresses the validity of the
approximation only on the ‘far’ side of the bubble. Due to our
choice of length scaling, the range s t (1 + nB)�1 actually
describes a boundary layer wherein the colloid touches the
bubble and perturbs the flux of solute locally. It is therefore
more instructive to reinsert dimensions and instead take the
limit of a vanishing colloid, Rc - 0. It may then be seen that the
boundary condition on the colloid, eqn (B3), reduces to the
condition B(s) = 0, whereupon the asymptotic for A(s) becomes
exact and extends to the whole range. Introducing the scaled
variable w = (Rc/RB)s we have (in dimensional units)

AðwÞ � 2g
KH

1

RB
þ x�

� �
e�2w; BðwÞ � 0

for w
 Rc

RB þ Rc
;

(B31)

where x* = x/Rc remains finite when the limit Rc - 0 is taken.
In analogy to the case of no bubble, we again obtain the
fundamental solution to Laplace’s equation for the
concentration field,

c� c1 ¼ 2g
KH

1

RB
þ x�

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

m2 þ n � 2nBð Þ2

s

¼ 2g
KH

1þ RBx�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ z� RBð Þ2

q : (B32)

We note that the net catalytic flux out of the bubble scales as
2gD(1 + x*RB)/KH. It therefore grows without bound with the
bubble size unless the background fluid is completely saturated
(x* = 0). Hence, unless this condition is met, there is an upper
limit to bubble growth for any catalytic flux Q.

B.3 First order kinetics

a. Model and method of solution. In this section we examine
first-order kinetics, which are a more realistic model of the
chemical reaction on the colloid. Instead of assuming production
of a constant flux of reaction product (oxygen), A, we instead
assume the presence of a second, ‘fuel’ field (hydrogen peroxide),
cf, that is converted on the colloid surface at a constant rate, k.
This leads to two boundary conditions of the form

�Dn̂ � rc ¼ kcf
�Df n̂ � rcf ¼ �kcf

�
at n ¼ �nc ð1okÞ: (B33)

It is additionally necessary to solve diffusive dynamics for the fuel
field, Dfr2cf = 0, and specify another boundary condition on the
bubble. Since hydrogen peroxide is well soluble in water, we can
assume that the bubble consists exclusively of reaction product,

i.e. that there is no fuel flux in or out of the bubble. Then

�Df n̂ � rcf ¼ 0; at n ¼ nB: (B34)

Finally, we assume that far away the fuel concentration asymp-
totes to some bulk value cNf that supplies the reaction.

Using the same scalings as before, the four boundary con-
ditions on bubble and colloid then become

@cf
@n
¼ 0; c� ~c1 ¼ xþ nB at n ¼ nB; (B35)

@cf
@n
¼ 2Da

m2 þ 1
cf ;

@c

@n
¼ �2DDa

m2 þ 1
cf at n ¼ �1; (B36)

and feature two new non-dimensional parameters,

Da ¼ kRc

Df
; D ¼ Df

D
; (B37)

The Damköhler number Da expresses the ratio of reaction
speed to the diffusive recruitment of reaction fuel. A large
Damköhler number indicates that fuel is depleted faster than
it is replenished, which may be expected to inhibit bubble
growth. The parameter D is just the ratio of diffusivities of
product and fuel and not very important for the dynamics.

We note that if we define another parameter ~Q analogously
to Q in zeroth order kinetics, with A replaced by kcNf , we can
write the product boundary condition on the colloid as

@c

@n
¼ � 2 ~Q

m2 þ 1

cf
~c1f

at n ¼ �1; (B38)

which is more reminiscent of its form for zeroth order kinetics,
eqn (B3). This limit then corresponds formally to Da - 0 with
~Q ¼ Q constant (and ~c1f ¼ Q= DDað Þ ! 1), i.e. a slow reaction

with a large fuel supply. In summary, first order kinetics are

determined by four dimensionless parameters, f ~Q; x;Da;Dg,
that generalise the two dimensionless parameters of zeroth
order kinetics.

To solve the problem, we use the solution ansatz

cfðm; nÞ ¼ c1f þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
�
ð1
0

c1f AfðsÞesn þ c1f BfðsÞe�sn
� �

J0ðsmÞds;
(B39)

cðm; nÞ ¼ c1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p
�
ð1
0

AðsÞesn þ BðsÞe�sn½ �J0ðsmÞds
(B40)

which satisfies Laplace’s equation and the boundary conditions
at spatial infinity by construction. We note that here Af and Bf

have been defined with a prefactor that leads to more elegant
dimensionless expressions. Substituting, rearranging and
Hankel-transforming as before leads to four coupled second
order differential equations,

a
00
f þ

a
0
f

s
� nB2 þ

nB cothð1þ nBÞs
s

� �
af �

nB
s sinhð1þ nBÞs

bf ¼ 0;

(B41)

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

5 
Ju

ne
 2

02
4.

 D
ow

nl
oa

de
d 

on
 8

/1
/2

02
5 

12
:3

9:
53

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d4sm00114a


4756 |  Soft Matter, 2024, 20, 4744–4764 This journal is © The Royal Society of Chemistry 2024

b
00
f þ

b
0
f

s
� 1þ ð1þ 2DaÞ cothð1þ nBÞs

s

� �
bf �

1þ 2Da

s sinhð1þ nBÞs
af

¼ 2Da

s
e�s;

(B42)

a00 þ a0

s
� 1þ tanh sð1þ nBÞð Þ

s

� �
a� 2 ~Q

s
bf

¼ 2 ~Q
s
e�s � nB þ x

s
e�snBsech sð1þ nBÞð Þ; (B43)

b = (nB + x)e�snB sech(s(1 + nB)) � tanh(s(1 + nB))a,
(B44)

where af and bf are defined as

af(s) = enBsAf(s) � e�nBsBf(s) (B45)

bf(s) = �e�sAf(s) + esBf(s). (B46)

The first two of these equations uncouple from the rest and we
can solve them numerically to find af and bf. The boundary
conditions are such that both af and bf decay to zero at infinity
(from the integration by parts), and that a

0
fð0Þ ¼ �nB and b

00
f ð0Þ ¼

�1 (from requiring regularity of the solution at s = 0). Then with bf

in hand we can solve the second pair of equations to find a and b,

with a0ð0Þ ¼ 2 ~Q 1þ bfð0Þð Þ � nB � x and a - 0 as s - N. Both
of these steps are straightforward using a standard boundary

value problem solver. This completes the solution. The case of
zeroth-order kinetics is smoothly recovered as Da - 0, in which
case af, bf - 0, and the equations and boundary conditions for
the product field reduce appropriately.

b. Interpretation. For typical values of the parameters (see
Section II E), we can estimate the new parameters as

Da = 2.9Rc � 10�2 mm�1, D = 0.59, (B47)

and so the Damköhler number typically ranges from
Oð10�1Þ � Oð1Þ. We illustrate the effect of Da in Fig. 8. For small
values, the concentration fields are essentially indistinguishable
from zeroth-order kinetics, as one might expected. However, even
for Da of order unity, the effect of including first-order kinetics is
mostly an overall reduction of the flux Q out of the colloid,
resulting in a shift of the line of stationary points in the phase
diagram. In particular, there is no excessive perturbation to the c
field in the gap between bubble and colloid, despite the depletion
of fuel there. As a result, the time-dependent dynamics described in
the main text remain unchanged, save for a quantitative shift in the
colloid activity Q that is required to achieve a certain bubble size.

Appendix C: detailed solution of the
quasi-steady fluid mechanical model
C.1 Setup

The classical work on Stokes flows in this geometry was carried
out in ref. 46 for the motion of two rigid spheres in contact, and

Fig. 8 Effect of the Damköhler number Da on the bubble growth dynamics. Left: Dashed and dash-dotted lines indicate theoretical estimates for Rmax

(stable) and Rmin (unstable) respectively. The effect of a non-zero Damköhler number is approximately a shift of the nullclines towards larger values of flux
Q. Right: Illustration of the fuel (top) and solute (bottom) concentration fields for small and large Da.
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generalised in ref. 47 to fluid spheres. Here we broadly follow
ref. 46 in developing the solution ansatz. Since the flow is
axisymmetric, we employ a stream function to solve the pro-
blem. In cylindrical coordinates {r, y, z}, such a function C is
defined by

ur = r�1@zC, uz = �r�1@rC. (C1)

It may then be shown that this flow satisfies

u ¼
m2 þ n2
� �2

4m
�@C
@n

l̂þ @C
@m

m̂

� �
(C2)

in tangent sphere coordinates. Then, it can be shown that the
Stokes equations reduce to

L4C = 0, (C3)

where the Stokes operator L2 is given by

L2 ¼ rqr(r�1qr) + qzz (C4)

¼ 1

4
mðm2 þ n2Þ @m m�1ðm2 þ n2Þ@m

� ��
þ @n m�1ðm2 þ n2Þ@n

� ��
:

(C5)

A solution to the Stokes equations C may be constructed from
solutions to L2f = 0 by adding linearly independent resonant
terms. By considering the form of the L2 operator in spherical
and cylindrical coordinates respectively it may be shown that
one way to achieve this is by writing

C = (r2 + z2)f + zw, (C6)

where L2f = L2w = 0. In this case we have irrotational flow, L2C
= 0, if and only if

f + 2rfr + 2zfz + wz = 0. (C7)

The reason we choose this representation among several
equivalent ones (such as C = f + zw) is due to it leading to a
convenient form of the stream function later on.

In order to solve L2f = 0 we write

f ¼ mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ n2

p F ½m; n�: (C8)

It may then be shown46 that

L2f¼0, 1

4m
m2þn2
� �3=2

m2FmmþmFmþm2Fnn�F
� �

¼0: (C9)

and with the ansatz F = exp(�sn) f (sm) we see that f satisfies
Bessel’s equation of order one. The solution bounded for m- 0
(i.e. no radial flow on the z-axis) may hence be written as

F ½m;n�¼
ð1
0

fþðsÞesnþ f�ðsÞe�sn½ �J1ðsmÞds; (C10)

where the functions f+ and f� are determined by the boundary
conditions. Using the definition of the coordinates m and n in

eqn (C6) we then have a general solution of the form

C¼ m

m2þn2ð Þ3=2
ð1
0

AþCnð Þsinhsnþ BþDnð Þcoshsn½ �J1ðsmÞds;

(C11)

where the coefficients A to D are functions of s and to be
determined from the boundary conditions. We stress that these
are different from the coefficients of the diffusive problem, but
in this section we drop the notation with a B used in the main
text to avoid clutter. We note however, that since J1(sm) - 0 as
m - 0, this ansatz is only capable of describing flows that have
C 	 0 on the axis of symmetry. This is the case for pure
translation, but not for bubble growth since volume is not
conserved. For this reason it is necessary to add a singular
correction Cs that satisfies Cs = 2

:
RB/nB

2 for z Z 2RB and Cs = 0
for z r 0 on the axis of symmetry. This is achieved by adding
the stream function of a point source at z = RB.48 In terms of
{m, n} coordinates this is

Cs¼
_RB

nB2
1þ 2nnB�m2�n2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2þn2ð Þ m2þ n�2nBð Þ2
� 
r

0
BB@

1
CCA: (C12)

The complete stream function is hence

C ¼Csþ
m

m2þn2ð Þ3=2

�
ð1
0

AþCnð Þsinhsnþ BþDnð Þcoshsn½ �J1ðsmÞds:
(C13)

From ref. 30 we have the formula 4–14.18 for the force on the
body in the z direction,

Fz¼pZRc

ð
r3
@

@n

L2C
r2

� �
di; (C14)

where n is the outward normal, Z is the fluid viscosity and di is
the tangential length increment with a negative z-component
(see Fig. 4–5.1 in ref. 30). Thus,

di
@

@n
¼�hm

hn
dm

@

@n
¼�dm @

@n
(C15)

both on the top and on the bottom sphere. We then find the
forces on bubble, colloid, and the dimer to be

Fbub
z ¼pZRc

ð1
0

sðBðsÞþAðsÞÞds; (C16)

Fcol
z ¼pZRc

ð1
0

sðBðsÞ�AðsÞÞds; (C17)

F tot
z ¼2pZRc

ð1
0

sBðsÞds: (C18)

The final result can alternatively be obtained using the limit
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formula (4–14.19 in ref. 30),

F tot
z ¼8pZRc lim

r!1

rC
r2
; (C19)

where r¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þz2

p
.

C.2 Solution for no slip conditions on the bubble

Suppose the bubble-colloid system is moving with velocity U in
the negative z-direction (i.e. with the colloid at the front), and
the radius RB of the bubble grows at a rate

:
RB. Then in the lab

frame, the flow has velocity zero at infinity, �Uẑ on the colloid,
and on the bubble it is

:
RB(ẑ � m̂) � Uẑ. Using eqn (A3), the

velocity on the bubble n = nB is found to be

u ¼ U � _RB

� � 2mnB
m2 þ nB2

l̂

� U � _RB

� �m2 � nB2
m2 þ nB2

þ _RB

� �
m̂;

(C20)

while on the colloid at n = �1 it is

u ¼ �U 2m
m2 þ 1

l̂�U
m2 � 1

m2 þ 1
m̂: (C21)

By comparing with the expression for the stream function in
these coordinates, eqn (C2), we find the boundary conditions

Cjn¼�1¼ U
2m2

m2 þ 1ð Þ2
; (C22)

@C
@n

����
n¼�1
¼ U

8m2

m2 þ 1ð Þ3
; (C23)

Cjn¼nB¼ U � _RB

� � 2m2

m2 þ nB2ð Þ2
þ _RB

2

m2 þ nB2
; (C24)

@C
@n

����
n¼nB
¼ � U � _RB

� � 8m2nB
m2 þ nB2ð Þ3

; (C25)

where a constant of integration has been chosen so that C - 0
as m - N and m - 0 with n o 0, and C - 2

:
RB/nB

2 as m - 0
with 0 o no nB, thus matching the behaviour of Cs. We solve
for the motility and growth problems separately.

Writing ~C ¼ C�Cs, we note that the n-derivative of the

streamfunction is related to ~C by

@ ~C
@n
¼ �3n

m2 þ n2
~Cþ m

m2 þ n2ð Þ3=2

�
ð1
0

C þ BþDnð Þs½ � sinh snf

þ Dþ Aþ Cnð Þs½ � cosh sngJ1ðsmÞds:

(C26)

Hence,

Cs�1 þ BþDnð Þ
� �

sinh sn þ Ds�1 þ Aþ Cnð Þ
� �

cosh sn

¼ H1

m2 þ n2
� �3=2

m
@ ~C
@n
þ 3n
m2 þ n2

~C
� �" #

:

(C27)

At the same time, it follows from a direct Hankel transform of
C that

Aþ Cnð Þs�1 sinh sn þ BþDnð Þs�1 cosh sn

¼ H1

m2 þ n2
� �3=2

m
~C

" #
: (C28)

Evaluated at n = {nB, �1} these two relations give an algebraic
system of four equations that determines the four coefficients
in the solution. For the motility problem,

�(A � C)s�1 sinh s + (B � D)s�1 cosh s = 2U(s�2 + s�1)e�s,
(C29)

�[Cs�1 + (B � D)]sinh s + [Ds�1 + (A � C)]cosh s = 2Ue�s,
(C30)

(A + CnB)s�1 sinh snB + (B + DnB)s�1 cosh snB = 2U(s�2 +
nBs�1)e�snB, (C31)

[Cs�1 + (B + DnB)]sinh snB + [Ds�1 + (A + CnB)]cosh snB =
�2UnBe�snB, (C32)

while for the growth problem the right hand side of these
equations reads

_RBnB�2s�4 �3ð1þ sÞ þ 3e2nBsð1þ sÞ
��

� 2nBsð3þ sð3þ 4nBð1þ sþ nBsÞÞÞe�ð1þ2nBÞs


;

_RBnB�2s�2 �3þ 3e2nBs � 2nBsð3þ 4nBð1þ nBÞsÞ
� �

e�ð1þ2nBÞs;

� 2 _RBs
�2 1þ nBsð Þe�nBs;

2 _RBnBe�nBs
�

(C33)

The solution to this is quite messy, and since we only need the
coefficient B for the force calculation, we will only report that
one here. For the motility problem,

Bmot ¼ 2U � 2s2 þ 2sþ 1
� �

wþ 2nB2s2 þ 2nBsþ 1
� �

wnB
�

� 2nB2s2 � 2nBsþ 1
� �

wnBþ2 � 8nBðnB þ 1Þs3
�

þ 4ðnB þ 1Þ2s2 þ 4ðnB þ 1Þsþ 2
�
wnBþ1

� 2s2 � 2sþ 1
� �

w2nBþ1 þ 2w2nBþ2
�

�
s 1� 4ðnB þ 1Þ2s2 þ 2

� �
wnBþ1 þ w2nBþ2

� �� �
;

(C34)
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while for the growth problem,

Bgro ¼

� _R� 2nB2s2ð2nBsþ 1ÞwnB þ 2 2nB2ð2nB þ 3Þs4
��

þ 2nB nB2 þ 3nB þ 3
� �

s3 þ 3 nB2 þ 4nB þ 2
� �

s2

þ 6ðnB þ 1Þsþ 3ÞwnBþ1 � 4nB2 8nB2 þ 12nB þ 3
� �

s4
�

þ 4nB 6nB2 þ 11nB þ 3
� �

s3 þ 6 3nB2 þ 4nB þ 1
� �

s2

þ 6ð2nB þ 1Þsþ 3Þw2nBþ1 þ �8nB3s3 � 6nB2s2 þ 6
� �

w2nBþ2

� 8nB3s3 þ 8nB2s2 þ 6nBsþ 3
� �

w3nBþ2 þ ð6nBs� 3ÞwnBþ2

�3 2s2 þ 2sþ 1
� �

w
��
nB2s3 1� 4ðnB þ 1Þ2s2 þ 2

� �
wnBþ1 þ w2nBþ2

� �� �
;

(C35)

where w = e�2s. As s - 0, the coefficient Agro B �s�2 - �N
diverges, which according to eqn (C16) and (C17) leads to an
infinite attractive force between the two spheres. The regular-
isation of this force is discussed in Appendix C.4. Unlike for the
diffusive problem, there is no need to solve an ODE since C and
qC/qn are specified on the same surfaces. This is no longer the
case if we replace the boundary condition on the bubble with
no shear stress.

C.3 Solution for no stress condition on the bubble

In this section we consider an alternative boundary condition
on the bubble n = nB. As in the rigid case, we have a no
penetration condition for the normal m̂-component of the
velocity. In terms of the stream function, this reads (cf.
eqn (C24)).

Cjn¼nB¼ U
2m2

m2 þ nB2ð Þ2
þ _RB

2nB2

m2 þ nB2ð Þ2
: (C36)

The condition for the tangential l̂-component is replaced by a
no stress condition, m̂ ruþ ðruÞTð Þm̂ ¼ 0. With some algebra it
may be shown that this is equivalent to

L2Cþ nB m2 þ nB2
� �@C

@n
þ 3nB2C

	 

n¼nB

¼ 2m
@

@m
m2 þ nB2
� �2

4m
@C
@m

 !
þ 3nB2C

" #
n¼nB

:

(C37)

The boundary conditions on the colloid remain unchanged.
Using the no penetration condition eqn (C36) to simplify the
right-hand side of eqn (C37), we arrive at

Cjn¼�1¼ U
2m2

m2 þ 1ð Þ2
; (C38)

@C
@n

����
n¼�1
¼ U

8m2

m2 þ 1ð Þ3
; (C39)

Cjn¼nB¼ U
2m2

m2 þ nB2ð Þ2
þ _RB

2nB2

m2 þ nB2ð Þ2
; (C40)

L2Cþ nB m2 þ nB2
� �@C

@n
þ 3nB2C

	 

n¼nB

¼ �U 2m2nB2

m2 þ nB2ð Þ2
þ _RB

8m2nB2 þ 6nB4

m2 þ nB2ð Þ2

(C41)

With the boundary conditions posed in this form, it turns
out that there is an elegant path to a fully analytical solution.
First, note that by performing two Hankel transforms of differ-
ent orders we have the following identity,

Aþ CnBð Þ sinh snB þ BþDnBð Þ cosh snB

¼ sH1

m2 þ nB2
� �3=2

m
~C

�����
n¼nB

2
4

3
5

¼ 2 U � _RB

� �
s�1 þ nB
� �

e�snB

¼ U � _RB

� �
�H0

2ðm2 þ 2nB2Þ
ðm2 þ nB2Þ3=2

	 

:

(C42)

Furthermore, from differentiating the general form of the
streamfunction eqn (C13) we have that

L2 ~Cþ nB m2 þ nB2
� �@ ~C

@n
þ 3nB2 ~C

	 

n¼nB

¼ � m2

ðm2 þ nB2Þ1=2
H0 Aþ CnBð Þ sinh snB þ BþDnBð Þ cosh snB½ �

þ 1

2

m
ðm2 þ nB2Þ1=2

ð1
0

s 3 bþ nBdð Þ þ m2 þ nB2
� �

g
� �

J1ðsmÞds;

(C43)

where we define Greek coefficients as

aðsÞ ¼ A coshðsnBÞ þ B sinhðsnBÞ;

gðsÞ ¼ C coshðsnBÞ þD sinhðsnBÞ;

bðsÞ ¼ s�1 B coshðsnBÞ þ A sinhðsnBÞ½ �;

dðsÞ ¼ s�1 D coshðsnBÞ þ C sinhðsnBÞ½ �;

(C44)

(a is defined only for completeness). After substituting the no
stress condition eqn (C41) and applying the identity eqn (C42)
this simplifies toð1
0

s 3 bþ nBdð Þ þ ðm2 þ nB2Þg
� �

J1ðsmÞds ¼ U � _RB

� � 4m

m2 þ nB2ð Þ1=2
:

(C45)

In analogy with the diffusive case (cf. eqn (B13)), we define the
self-adjoint operator

�L ¼ 1

s

d

ds
s
d

ds

	 

� 1

s2
� nB2; (C46)

which satisfies

�L J1ðsmÞ½ � ¼ � m2 þ nB2
� �

J1ðsmÞ: (C47)
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In particular, this allows us to write

ð1
0

s 3 bþ nBdð Þ � �L g½ �
� �

J1ðsmÞds

¼ U � _RB

� � 4m

m2 þ nB2ð Þ1=2
;

(C48)

where the second equality follows from two integrations by
parts if d is bounded at 0 and N. This allows us to rewrite
eqn (C45) as

ð1
0

s 3 bþnBdð Þ� �L g½ �
� �

J1ðsmÞds¼ U� _RB

� � 4m

m2þnB2ð Þ1=2
; (C49)

or, after applying another Hankel transform,

3 bþnBdð Þ� �L g½ �¼4ðU� _RBÞs�2 1þnBsð Þe�nBs: (C50)

The other three boundary conditions eqn (C38)–(C40) (no slip
on the colloid and no penetration on the bubble) yield three
linear equations which can be used to express a, b and d in
terms of g. Then, we arrive at the modified Bessel equation,

g00ðsÞþg
0ðsÞ
s
� 1

s2
þnB2

� �
gðsÞ

¼ðU� _RBÞ
2 1þnBsð Þe�nBs

s2
:

(C51)

Considering the behaviour for small and large s, we find that the
appropriate boundary conditions for a regular solution are g(0) =
� 2(U � :

RB) and g - 0 as s - N, which is consistent with the
integration by parts performed earlier. Since g is clearly linear in
both U and

:
RB, a complete solution to the hydrodynamic problem

for any bubble size nB may be found by solving eqn (C51). In fact,
it is possible to do so by inspection. The result is

g(s) = �2(U � :
RB)e�nBs. (C52)

Bootstrapping our way up again to find the coefficient B we find
the values

Bmot ¼ 2U � �2 ð4nB þ 2Þs2 þ 2ðnB þ 1Þsþ 1
� �

wnBþ1
�

þ 2s2 � 2sþ 1
� �

w2nBþ1

þ ð1� 2nBsÞwnBþ2 þ ð2nBsþ 1ÞwnB � 2w2nBþ2

þ 2s2 þ 2sþ 1
� �

w
��

s 1� 4ðnB þ 1ÞswnBþ1 � w2nBþ2
� �� �

;

(C53)

Bgro ¼� _RB � 2nB2s2ð2nBsþ 1ÞwnB
�

þ 2 2nB2ð2nB þ 3Þs4 þ 2nB nB2 þ 3nB þ 3
� �

s3
�

þ 3 nB2 þ 4nB þ 2
� �

s2 þ 6ðnB þ 1Þsþ 3
�
wnBþ1

� 4nB2 8nB2 þ 12nB þ 3
� �

s4
�
þ 4nB 6nB2 þ 11nB þ 3

� �
s3 þ 6 3nB2 þ 4nB þ 1

� �
s2

þ 6ð2nB þ 1Þsþ 3gw2nBþ1

� 8nB3s3 þ 8nB2s2 þ 6nBsþ 3
� �

w3nBþ2

þ ð6nBs� 3ÞwnBþ2 � 3 2s2 þ 2sþ 1
� �

w
�

�
nB2s3 1� 4ðnB þ 1ÞswnBþ1 � w2nBþ2

� �� �
;

(C54)

where w = e�2s. For efficient numerical evaluation, we recom-
mend that asymptotic expressions should be used in form of a
Taylor expansion in s for s t min(0.1, 0.1/nB) and the leading
order in w, O(wmin(1,nB)), for s \ 10. As s - 0, the coefficient
Agro B s�2 - N diverges, which according to eqn (C16) and
(C17) leads to an infinite repulsive force between the two
spheres. The origin and regularisation of this force is discussed
in the next section.

C.4 Discussion of the pressure in the gap between bubble and
colloid

In this paper we consider a setup in which the bubble and the
colloid touch at a single point. As discussed in the main text,
solving the hydrodynamic problem leads to infinite forces
acting on the individual spheres, even though the net force
on the system is finite. Since this is unrealistic, it is necessary to
justify the physical validity of our results. In this section we
investigate this divergence by solving for the flow near the
contact point using a local asymptotic expansion of the Stokes
equations. We demonstrate that the pressure diverges quad-
ratically with a sign depending on the boundary condition, and
hence that the divergence of the force due to having a singular
contact point is logarithmic. As such, it is easily regularised
even for small contact areas or separation between the spheres.

For clarity, we stick to dimensional units in this section.
Working in cylindrical coordinates {r, z}, the surface of the
bubble is given by z = h+ = RB(1 � cos y+) where tan y+ = r/RB.
Expanding the cosine for small r we arrive at the leading order
expression h+ = r2/2RB. Similarly, we can expand the bubble
surface as z = �h� = �r2/2Rc. Since the correct asymptotic
expansion of the Stokes equation depends on the shortest
length scale, we define r0 = min(Rb(t), Rc) and e = r/r0, which
is our asymptotic expansion parameter. Geometrically we then
have that at leading order

hþ ¼ r0
2

2RB
e2; h� ¼ r0

2

2Rc
e2: (C55)

The length scales are given by r B r0e and z B r0e
2. Since e { 1

by assumption, we have qz c qr as in lubrication theory. By
inspection, the leading-order solution for velocity and pressure
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is given by

ur 	 u ¼ eu1 þOðe2Þ (C56)

uz 	 w ¼ e2w2 þOðe3Þ (C57)

p ¼ e�2p�2 þOðe�1Þ: (C58)

Introducing the scaled variable

�z 	 2z

r0e2
¼ r0

RB

z

hþ
¼ r0

Rc

z

h�
; (C59)

we find that the leading order terms in the incompressible
Stokes equations become

@�z�zu1 ¼ �
r0

2m
p�2; (C60)

u1 + q%zw2 = 0. (C61)

Additionally we have a continuity condition of the deforming
bubble interface due to growth,

Dhþ

Dt
	 @thþ ur

��
z¼hþ�@rh ¼ uzjz¼hþ

)� r0
2 _RB

2RB
2
þ u1j�z¼r0=RB

� r0

RB
¼ w2j�z¼r0=RB

:

(C62)

For a rigid bubble, the boundary conditions to this system
are u1 = w2 = 0 at %z = �r0/Rc and u = � :RB(n � z) at z = h+, where
n = cos y+z � sin y+q. At leading order this second condition
becomes

u1 ¼ _RB
r0

RB
; w2 ¼

_RB

2

r0
2

RB
2
; at �z ¼ r0=RB: (C63)

It may be checked that this is compatible with the continuity
condition, and we note that Dh/Dt is positive, so material points
on the bubble move away from the colloid as the bubble
expands. In particular, qth and uz|z=h have opposite signs.
Solving the Stokes equations with these boundary conditions
leads to messy expressions for u1(%z) and w2(%z), as well as the
dominant pressure term,

p�2 ¼ �12m _RB
RBRc

2 RB þ 2Rcð Þ
r02 RB þ Rcð Þ3

: (C64)

Hence p B r�2 as r- 0, so the area integrated stress exerted by
the spheres diverges logarithmically. Since the pressure is
strictly negative, it corresponds to an attraction of the two
spheres. Intuitively, this may be explained by visualising a
stretching of the bubble surface as that of a balloon. While
for fixed r the gap width h reduces as the bubble expands,
individual points on the bubble surface move radially outwards
at OðeÞ, and upwards at Oðe2Þ. Because of incompressibility
fluid is sucked into the gap to compensate for the entrainment
by the expanding bubble surface, creating an attraction.

This is not the case if the bubble surface exerts no shear
stress. In this case the upper boundary conditions are replaced
by q%zu1 = 0 at %z = r0/RB and the continuity condition. This time

the solution for the pressure is

p�2 ¼ 6m _RB
RBRc

3

r02 RB þ Rcð Þ2 2RB þ 5Rcð Þ
; (C65)

which is strictly positive. Therefore, the bubble and colloid
repel each other with this boundary condition, as one might
expect intuitively. Differently from the rigid case, we have

Dh

Dt
¼ � r0

2ðRb þ RcÞ
Rb

2ð2Rb þ 5RcÞ
o 0; (C66)

so material points on the bubble move in to close the gap as the
bubble expands. As before, the divergence of the pressure is
quadratic, which means the repulsive force is easily regularised.

Appendix D: discussion of possible physics leading to
premature bubble disappearance

As outlined in Section III C1, our model predicts the slow
diffusive growth of the bubble to a final size that, in large
regions of the parameter space, is significantly larger than the
colloid. In experiments, these bubbles are generically not
observed,19,20 which led us to question possible mechanisms
of premature bubble detachment. To this end it is necessary to
revisit an assumption we have made in developing this model,
namely that the bubble and colloid are both spherical and
touch at an infinitesimally small point. If there is partial
wetting, the bubble may form a spherical cap on the colloid
with a small but non-zero contact radius that is determined by
the surface properties of the colloid and the coefficients of
surface tension between the gas, liquid, and solid materials
that meet there. This is illustrated in Fig. 9. Here we introduce
two angles, the contact angle y, measured in the liquid phase,
and the coverage angle f which is related to the radius of the
contact line rc = sinf in scaled units.

As a first check, we asked whether buoyancy would be
sufficient to detach the bubble from the surface. For this, we
compared the scaling of adhesive force along the contact line
against buoyancy on the bubble volume as a function of the
contact radius rc. The point at which they balance is known as
the Fritz radius rf,

29 and the bubble detaches only if the true
contact is smaller. From the scales of our problem we can
estimate the Fritz radius as

rf �
4

3
prgL3

2pg
� 0:1 nm; (D1)

where we assumed a length L ¼ Oð10 mmÞ. Despite the L3-
scaling rapidly increasing this radius for larger bubbles, this
is so small that the bubble needs to cover only a vanishing
fraction of the colloid surface in order to be tethered. In
conclusion it seems unlikely that buoyancy is the cause of
premature detachment.

A second check concerns the internal pressure in the bubble
pushing against the colloid, Fp, compared to the contact line
adhesive force from surface tension Fg. Since the pressure
difference between the bubble and the surrounding fluid is
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dominated by capillary pressure, we can approximate these as

Fp ¼
ðð

contact area

2g
Rb

n � ẑdA

¼ 2g
RB

p sin2 f;

(D2)

Fg ¼
ð
contact line

gt � ẑdS

¼ 2pg sinf sin y� fð Þ;
(D3)

where n is the normal to the colloid and t is tangential to the
bubble. We ask whether the relative strength of these two forces
depends on the angles involved, and whether this leads to a
condition on the bubble radius RB to which the angles y and f
are geometrically related. It turns out however the reverse is
true, and these forces always balance. Specifically, by consider-
ing the triangle formed by the sphere centres and the contact
point it follows from the law of sines that

RB ¼
sinf

sinðy� fÞ; (D4)

and the result Fp = Fg follows from an easy substitution. While
this may seem surprising, it just means that the contact angle y
is not controlled dynamically by the state of the system, but by
the surface and material properties, which are unknown. They
would be even more important when a moving contact line, and
possibly pinning or surface roughness played a role. We also
made one implicit assumption in this argument, which is that
the fluid pressure is uniform. As shown in Appendix C.4, this is
not the case in the gap, which could tip the balance in this
argument. However, since the sign of this gap pressure is not
dynamic and the bubble does not detach immediately, we

suspect that the true boundary condition is approximately no
slip, and the gap pressure indeed acts to further glue the
bubble to the colloid.

In conclusion, we could not find an argument based on the
intrinsic physics of the growth process that supports premature
detachment. However, in separate experiments involving bub-
ble formation in a thin film with immersed catalytic colloids, it
was observed that coalescence with an external air–water inter-
face can lead to the sudden disappearance of the bubble.42

While the depth of this film was not reported in previous
work,19 we strongly suspect that the same external limitation
of the system was causing the bubble disappearance there,
rather than sudden inertial collapse that is hard to justify in an
otherwise entirely non-inertial system. Arguing along similar
lines, hydrodynamic interactions with the rigid interface on
which the colloids are located may also hinder bubble growth.
A detailed numerical investigation of this confinement however
lies beyond the scope of this study.
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