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Plateau–Rayleigh instability of a soft layer coated
on a rigid cylinder

Bharti, Andreas Carlson and Tak Shing Chan *

We study the Plateau–Rayleigh instability of a soft viscoelastic solid layer coated on a rigid cylinder i.e., a

soft fibre with a rigid core. The onset of instability is examined using a linear stability analysis. We find

that increasing the rigid cylinder radius or the stiffness of the layer reduces the growth rate of the fastest

growing mode. For each rigid cylinder radius, a critical elastocapillary number is found below which all

wavelengths of disturbances are stable. The critical value for a soft fibre with a thick rigid cylindrical core

can be several orders of magnitudes larger than that for a totally soft fibre (no rigid core). This highlights

the strong stabilizing effect of the rigid core on the system. Increasing the relaxation timescale of the

viscoelastic material also slows down the growth of disturbances, but has no effect on the critical elas-

tocapillary number. Interestingly, the wavelength of the fastest growing mode is independent of the rigid

cylinder radius for the purely elastic case.

1 Introduction

Significant stress is usually required for a solid to deform, and as
such the effects due to surface tension have often been ignored.
Soft solids such as elastomers and gels,1 and biological materials
such as protein condensates,2 cells and tissues,3 on the other
hand, have elastic moduli ranging between kPa and MPa, which
means that they can deform much easier. In recent years, there
has been significant attention to how capillary effects can lead to
soft solid deformations, and fascinating elastocapillary phenom-
ena have been discovered.4–8 The Plateau–Rayleigh instability
(PRI),9,10 namely the instability driven by surface tension and
often illustrated by the breakup of liquid jets into droplets,11 has
currently been examined for fibres made of soft solids.12–21

Studies of the PRI of soft fibres have focused on soft materials
that demonstrate elastic or viscoelastic responses.12–21 An experi-
mental study using soft agar gel fibres by Mora et al.14 has shown
that the instability occurs when the elastocapillary length g/m Z

6R, where R is the radius of the soft fibre, g is the solid surface
tension and m is the shear modulus. Other studies of the PRI on a
soft fibre include, for example, the formation of bead-on-string
structures.12,16,18,22 Another interesting factor that might signifi-
cantly modify the instability is having an inner rigid core, i.e. a
fibre consists of a soft-layer-coated on a rigid cylinder. Such a
kind of setup, but with a coated liquid film instead of a soft solid
layer, has been studied extensively23–32 since the early works
in the 1960s by Goren.33,34 Recent studies on this problem
have addressed the effects of liquid slip on the solid surface28,32

and the dynamics of the droplets formed on the fibre.25 However,
investigations on situations in which the coated layer is a soft
solid are still missing. How viscoelastic properties and the rigid
core influence the PRI of a soft-layer-coated fibre remain unclear,
which is addressed in this article.

Soft solids have recently been used in many applications, for
example in 3D bioprinting,35 mimicking muscle tissues in
biomedicine36 and water harvesting.37 In living organisms, soft
fibrous-shaped structures are often found in cellular tubes and
compartments of cells. Instability of these biological ingredi-
ents have been rationalised through the PRI.38–42 One example
is a recent study on the undulation and droplet formation of a
layer of condensed protein TPX2 on a microtubule.42 Hence,
investigating the PRI of fibrous soft solids is becoming more
important for both understanding the fundamental physical
problems and the development of new technologies. In this
study, we examine the onset of PRI of a soft layer coated on a
rigid cylinder through a linear stability analysis.

2 Formulation

We consider a rigid cylinder of radius r0 coated with a layer
of incompressible viscoelastic material of density r and uni-
form thickness H at an undeformed state. The whole fibre
consisting of the rigid cylinder and the coated soft layer has a
total radius R = r0 + H as shown in Fig. 1. Consider that the fiber
is thin enough such that the Bond number Bo � rgR2/g { 1,
where g is the gravitational acceleration, which allows us to
neglect the effect of gravity. By only consider viscoelastic
stresses, the equation of motion of a soft material element is
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given by

@sijðx; tÞ
@xj

¼ r
@2uiðx; tÞ
@t2

(1)

where sij(x,t) and ui(x,t) are respectively the stress tensor and
the displacement vector in index notation at a position vector x
and time t. Assuming a linear viscoelastic response of the
incompressible soft material, the relation between sij and the
strain tensor eij is

sijðx; tÞ ¼ 2

ðt
�1

mðt� t 0Þ@eijðx; t
0Þ

@t 0
dt 0 � pðx; tÞdij ; (2)

where m(t) is the shear relaxation function, p is the pressure, dij

is the Kronecker delta, and the strain tensor eij is related to the
displacement as

eij ¼
1

2

@ui
@xj
þ @uj
@xi

� �
: (3)

There are different models that have been used to describe
viscoelastic materials. The simplest models are the Kelvin–
Voigt model or the Maxwell model, which consists of a spring
and a viscous damper connected in parallel or in series respec-
tively. In this study, we consider the soft material to behave as a
gel described by the Chasset–Thirion model assuming a power
law response given by

mðtÞ ¼ mo 1þ Gð1� nÞ�1 t
t

� �nh i
; (4)

where m0 is the static shear modulus, t is the relaxation time-
scale of the viscoelastic response, G is the gamma function and
n is a parameter typically smaller than or equal to unity.

To compute the growth rate of disturbance on the visco-
elastic layer, we follow the approach delineated by previous
studies.17,32 We decompose the time-dependent variables into
normal modes est, where s is the growth rate. The amplitude of
the normal mode of a function f (t) is obtained by the Laplace

transform defined as

~f ðsÞ ¼
ð1
0

f ðtÞe�stdt: (5)

We apply the Laplace transform to the constitutive relation
(2) and obtain

~sijðx; sÞ ¼ m̂ðsÞ @~uiðx; sÞ
@xj

þ @~ujðx; sÞ
@xi

� �
� ~pðx; sÞdij (6)

where ~sij, ũi and p̃ are respectively the Laplace transform of sij,
ui and p, and m̂(s) is the shear modulus in Laplace space
defined as

m̂ðsÞ � s

ð1
0

mðtÞe�stdt ¼ m0½1þ ðstÞn�: (7)

Thus the governing eqn (1) in Laplace space can be written as

m̂ðsÞ @
2~ui

@xj@xj
� @~p

@xi
¼ rs2~ui: (8)

Next, we scale the lengths with the radius of the whole fibre R,

the time with the inertial-capillary time tc �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
rR3=g

p
and the

stresses by mo. We define the following dimensionless variables as

�r ¼ r

R
; �z ¼ z

R
; �s ¼ tcs; (9)

�uið�r; �z; �sÞ ¼
~ui
tcR

; �pð�r; �z; �sÞ ¼ R~p

tcg
; �sijð�r; �z; �sÞ ¼

~sij
tcm0

: (10)

Note that variables in Laplace space have an additional
dimension of time. The dimensionless form of the governing
equation (eqn (8)) in Laplace space is

1

b
@2�ui
@xj@xj

� @�p

@xi
¼ �s2�ui (11)

where

b �
P

1þ �t�sð Þn (12)

is the inverse of the dimensionless shear modulus in Laplace
space which is a function of %s and consists of 2 parameters: S �
g/(m0R) and �t � t/tc. In general, the expression of b depends on
the viscoelastic model. The parameter S is called the elastocapil-
lary number which compares the capillary pressure to the elastic
stress. When S - N, capillarity dominates over elasticity. The
other parameter �t is the ratio of the viscoelastic relaxation time-
scale to the inertial-capillary time and can be interpreted as the
Deborah number since the material responds purely elastically
when �t = 0. When �t - N, viscoelastic effects are expected to
dominate over inertial effects. To sum up, the dimensionless
control parameters of the system are: %r0, S, �t and n.

We consider only the longitudinal disturbance and neglect
the azimuthal disturbance as azimuthal normal modes always
increase the surface energy.11 The deformation of the soft layer
is axisymmetric. We hence use the cylindrical coordinate
system (r,f,z) and the corresponding unit vectors are denoted

Fig. 1 Schematic representation of an infinitely long, rigid cylinder of
radius r0 coated with a layer of incompressible viscoelastic material of
uniform thickness H at an undeformed state. A random disturbance of the
interface of the viscoelastic layer is decomposed into sinusoidal deforma-
tions of wavenumber k. In cylindrical coordinate systems, r and z are
respectively the radial coordinate and the longitudinal coordinate.
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as (r̂,f̂,ẑ). The displacement vector is denoted as u(r,z,t) =
ur(r,z,t)r̂ + uz(r,z,t)ẑ. Note that uf = 0 due to axisymmetry.

The governing eqn (11) can be solved by applying the
Helmholtz decomposition of the displacement as described
in ref. 17 and 32. The general solutions are given as

%p(%s) = �%s2[A1I0(%k%r) +A3K0(%k%r)]ei%k%z, (13)

%ur = [A1%kI1(%k%r) � A2(i%k)I1(a%r) � A3%kK1(%k%r) � A4(i%k)K1(a%r)]ei%k%z,
(14)

and

%uz = [A1(i%k)I0(%k%r) + A2aI0(a%r) + A3(i%k)K0(%k%r) � A4aK0(a%r)]ei%k%z

(15)

where %k � kR is the dimensionless wavenumber, I and K are
respectively the modified Bessel functions of the first and
second kind, a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s2bþ �k2

p
is a function of %s and %k, and is

introduced here to simplify the expressions of equations, and
Am(m = 1,2,3,4) are the undermined coefficients.

Next we impose the boundary conditions. At %r = %r0 � r0/R,
there is no penetration of material, thus

%ur|%r=%r0
= 0. (16)

For the z-direction, we impose a no-slip condition

%uz|%r=%r0
= 0. (17)

At %r = 1, we assume the slope of the deformed interface to be
small. Balancing the Laplace pressure due to solid surface
tension and the viscoelastic stresses gives

�srrj�r¼1 ¼
X @2�ur

@�z2
þ �ur

� �					
�r¼1

; (18)

in the r-direction, and gives the vanishing shear stress

�srz|%r=1 = 0 (19)

in the z-direction.

3 Dispersion relation

Using the expressions of the general solutions (eqn (13)–(15))
for the boundary conditions (eqn (16)–(19)) yields a set of linear
equations for the unknowns Am which is given in Appendix 6.1.
The solvability condition for non-trivial solutions of the linear
equations with unknowns Am is that the determinant is vanish-
ing, which gives the following dispersion relation

�kI1ð�r0 �kÞ �i �kI1ð�r0aÞ ��kK1ð�r0 �kÞ �i �kK1ð�r0aÞ

ði �kÞI0ð�r0 �kÞ aI0ð�r0aÞ ði �kÞK0ð�r0 �kÞ �aK0ð�r0aÞ

C1 C2 C3 C4

2i �k2I1ð�kÞ ð�k2 þ a2ÞI1ðaÞ �2i �k2K1ð�kÞ ð�k2 þ a2ÞK1ðaÞ

												

												
¼ 0;

(20)

where

C1 ¼
a2 þ �k2

2
I0ð�kÞ � �kI1ð�kÞ �

b
2
ð1� �k2Þ�kI1ð�kÞ;

C2 ¼ �i �k aI0ðaÞ � I1ðaÞ½ � þ b
2
i �kð1� �k2ÞI1ðaÞ;

C3 ¼
a2 þ �k2

2
K0ð�kÞ þ �kK1ð�kÞ þ

b
2
ð1� �k2Þ�kK1ð�kÞ;

C4 ¼ i �k aK0ðaÞ þ K1ðaÞ½ � þ b
2
i �kð1� �k2ÞK1ðaÞ:

when %r0 - 0, the modified Bessel functions I0(%r0) and I1(%r0) are
bounded, but K0(%r0) and K1(%r0) diverge. These unbounded terms
are eliminated for the case of %r0 = 0.17 To examine the feature of
the dispersion relation for small %r0, we expand the determinant
of the dispersion relation (20) in series of %r0. The result for the
leading order terms is given in Appendix 6.2 which consists of
logarithmic terms of %r0.

4 Results

The validation of the dispersion relation (eqn (20)) is presented
in Appendix 6.3 in which we compare our results in the
Newtonian fluid limit with previous studies in the literature.
In this section, we first consider the purely elastic solid limit
and then we focus on the effects of viscoelasticity.

4.1 Purely elastic solid limit

When the viscoelastic relaxation timescale t is small compared

to the inertial-capillary time
ffiffiffiffiffiffiffiffiffiffiffiffiffi
rR3=g

p
, i.e. taking the limit �t- 0,

our viscoelastic model reduces to the purely elastic model. In

this limit, a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�s2Sþ �k2

p
and b = S in the dispersion relation

(eqn (20)). We examine how the instability depends on the
dimensionless parameters S and %r0.

4.1.1 Dependence on the rigid core radius and the elasto-
capilliary number. We show the dispersion relation (eqn (20))
by plotting the dimensionless growth rate %s as a function of the
dimensionless wavenumber %k for different values of S and a
fixed %r0 = 0.1 in Fig. 2(a). We see that for each curve, the
unstable modes (i.e. %s 4 0) lie within a certain range of
dimensionless wavenumbers, i.e. %k1 o %k o %k2, where %k1 and
%k2 are defined as %s(%k1) = 0 and %s(%k2) = 0. Within each range of
unstable modes, there is a dimensionless wavenumber %k = %km

that corresponds to the fastest growing mode with a maximum
dimensionless growth rate %sm � %s(%k = %km). To study how the
characteristic quantities depend on the control parameters, we
plot %sm, %km, and %k1 (and %k2) as a function of S respectively in
Fig. 2(b)–(d) for three different dimensionless rigid core radii,
i.e. %r0 = 10�9, %r0 = 0.1 and 0.9. We also add the result of Tamim
et al.17 for the situation of a soft fibre without a rigid cylindrical
core (i.e. %r0 = 0). We see in Fig. 2(b) that for a fixed value of S, %sm

is smaller for a larger %r0. For all four different %r0, the dimen-
sionless growth rate of the fastest growing mode %sm decreases
with decreasing S. When S is reduced to a critical value Sc,
%sm drops to zero. There is no positive solution of %s for S o Sc.
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This means that the coated elastic layer is stable under dis-
turbance of any wavelength when S o Sc. We would also point
out that, firstly, the critical value Sc for %r0 = 0.9 is orders of
magnitude larger than that for %r0 = 0.1. This can be understood
as follows: when the coated layer becomes thinner, the strain is
larger and hence a softer layer can still generate strong enough
elastic stress to resist the growth of disturbance. Secondly, even
for the rigid cylindrical core radius as small as %r0 = 10�9, %sm

starts to deviate significantly from that for the case of %r0 = 0

when S is close to Sc. Moreover, the critical value Sc for %r0 =
10�9 (Sc = 8.7) is not the same as that for %r0 = 0 (Sc = 6)14,17 but
larger. These features will be discussed in details in Section
4.1.2 where a stability phase diagram of Sc vs. %r0 will be
examined.

Interestingly, as shown in Fig. 2(c), we find that the dimen-
sionless wavenumber of the fastest growing mode %km is inde-
pendent of the dimensionless radius of the rigid core %r0, and
decreases with reducing S. It is thus expected that elastic beads
formed on a softer coated layer are closer together. When
S - N, we find %km = 0.7, which agrees with the dimensionless
wavenumber of the fastest growing mode for the classical PRI
of inviscid fluid threads.10,11 Another remarkable point is
that %km starts to drop significantly with reducing S only when
S u 102. For cases with Sc 4 102, e.g. for %r0 = 0.9, the
dimensionless wavenumber of the fastest growing mode is
always close to the asymptotic value, i.e. %km E 0.7. Regarding
the range of unstable modes, as we can see in Fig. 2(a) and (d),
it shrinks when S is reduced. In contrast to the %r0 = 0 case for
which %k1 remains zero, for non-zero %r0 cases, %k1 increases when
S is reduced. This also means that the transition from unstable
fibers to stable fibers (i.e. at S = Sc) occurs at %km a 0, which
needs to be verified experimentally. It is expected that the bead
separation formed on a soft fiber with a rigid core is finite
(%km a 0) at the transition, instead of diverging for the %r0 = 0 case.

4.1.2. Stability phase diagram. To show how the onset of
instability depends on S and %r0, we plot Sc (in log scales) as a
function of %r0 in a phase diagram, see Fig. 3(a). We see that
increasing the radius of the rigid cylindrical core or decreasing
the elastocapillary number can make the coated film more
stable. Hence both the stiffness and the rigid core have a
stabilizing effect. In Fig. 3(b), we plot Sc as a function of the
thickness of the coated layer, i.e. %H = 1 � %r0, in log–log scales.
We find that when %r0 ] 0.2, the curve follows a power law Sc =
21.5 %Hl where l E �2.75. Hence the critical value Sc for a thin
coated elastic film is orders of magnitudes larger than a thick

Fig. 2 (a) The dimensionless growth rate %s as a function of the dimen-
sionless wavenumber %k for different values of S and a fixed %r0 = 0.1 and �t =
0 (purely elastic). (b)–(d): The characteristic quantities %sm in (b), %km in (c),
and %k1 and %k2 in (d) as a function of S for four different dimensionless rigid
core radius, i.e. %r0 = 0 (from Tamim et al.17), %r0 = 10�9, %r0 = 0.1 and 0.9.
Other parameters: �t = 0.

Fig. 3 (a) Stability phase diagram. Line: the critical elastocapillary number
Sc (log scale) as a function of %r0. (b) The critical elastocapillary number Sc

as a function of 1 � %r0 in log–log scales. (c) A linear-log plot of the critical
elastocapillary number Sc as a function of %r0.
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film. In the opposite limit of %r0 - 0, we find that our results can
be approximately described by a logarithmic relation given as

Sc ¼ Sco �
a

logð�r0Þ
(21)

where Sco = 6 is the critical value for a soft elastic fibre without
a rigid cylindrical core obtained by Mora et al.14 or Tamim
et al.,17 and a = 37 is a fitting parameter. The comparison is
shown in Fig. 3(c) for small %r0. This result is consistent with the
series expansion of the dispersion relation (eqn (20)) for small
%r0 given in Appendix 6.2.

4.2. Viscoelastic effects

We study the instability when �t a 0. We show results for two
different rigid cylindrical core radii, namely %r0 = 0.1 (a thick coated
layer) and %r0 = 0.9 (a thin coated layer). Since the critical
elastocapillary numbers for %r0 = 0.1 and %r0 = 0.9 are different by
orders of magnitude, we take a fixed value of S = 50 for the case of
%r0 = 0.1 and a fixed value of S = 15 000 for the case of %r0 = 0.9. In
Fig. 4(a) and (b), we present the dispersion relation from eqn (20)
for different �t, and in Fig. 4(c) and (d) for different n. We see that
both %k1 and %k2 are independent of �t and n. The dimensionless
growth rate of the fastest growing mode %sm decreases when �t is
enhanced. This means that the viscoelastic relaxation of the
material slows down the growth of disturbance. We also see that
when �t is increased, the dimensionless wavenumber of the fastest
growing mode becomes smaller for %r0 = 0.1 but remains constant
for %r0 = 0.9. When varying the other viscoelastic parameter n, the
dimensionless growth rate of the fastest growing mode %sm

decreases with decreasing %n. Hence smaller values of n have a
larger damping effect. The change of %sm with varying %n is more
sensitive for %r0 = 0.9 than for %r0 = 0.1 as we can see in Fig. 4(c) and
(d). The dimensionless wavenumber of the fastest growing mode
%km decreases slightly when n is increased from n = 0.2 to n = 1 for
%r0 = 0.1 but remains constant for %r0 = 0.9.

Next, we take �t = 100 and n = 0.5, and show the results for %sm

and %km as a function of S for three different %r0 = 0, 0.1 and 0.9 in
Fig. 5. We see that the behaviors of %sm and %km for �t = 100 are
similar to those shown in Fig. 2(b) and (c) for the purely elastic
case, i.e. �t = 0, except that when S is close to the critical value
Sc. When S is approaching Sc, the curves for both %sm and %km

bend concavely, and the value of %km becomes dependent on %r0.
However, varying the values of �t or n does not change the
critical values Sc, namely Sc remains the same as for the purely
elastic case (�t = 0). When S-N, viscoelastic effects disappear,
and the results are the same as for the PRI of an inviscid fluid.11

It is also interesting to investigate the situation when keeping S
finite, and taking the limit that the Deborah number
�t - N. It is then expected that viscoelastic effects dominate over
inertial effects. We then introduce a dimensionless growth rate
using the viscoelastic timescale t (instead of the inertial-capillary
time tc) for the rescaling, i.e. %st� st = %s�t. The expression of b can be
written as b = S/(1 + %sn

t). In the limit of �t - N, %s = %st/�t - 0, and
thus a = %k. Hence the dispersion relation (eqn (20)) consists of only
the quantities %r0, b and %k. Inertia plays no role in this limit. A plot of
b vs. %k from eqn (20) for %r0 = 0.1 is shown in Fig. 6(a). The

Fig. 4 The dimensionless growth rate %s as a function of the dimensionless
wavenumber %k for different values of �t and a fixed value of exponent n = 1
with %r0 = 0.1 and S = 50 in (a), and %r0 = 0.9 and S = 15 000 in (b). The
dimensionless growth rate %s vs. the dimensionless wavenumber %k for
different values of exponent n and a fixed value of �t = 1 with %r0 = 0.1
and S = 50 in (c), and %r0 = 0.9 and S = 15 000 in (d).
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dimensionless maximum growth rate %st,m(%km) can be computed
from the value of bm, defined as the minimum of b. Namely, %st,m =
[S/bm � 1]1/n. We can then find the critical elastocapillary number
by putting %st,m = 0, and thus obtain Sc = bm. For %r0 = 0.1, we find that
Sc = 21.7 (see Fig. 6(a)), which is the same as for the purely
elastic case.

Lastly, we compare the results when varying �t. In Fig. 6(b), we
plot %km vs. S for �t = 0, 100 and when �t - N. We can see that the
curve of %km for �t = 100 becomes flat when S is approaching Sc,
which collapses with the constant value %km = 0.586 for the case of
�t -N. In Fig. 6(c), we plot %sm vs. S for �t = 0 and 100. To compare
the results of �t = 100 and the case of �t -N, we divide %st,m for the
case of �t-N by the value �t = 100 since %s = %st/�t, and add a curve for
%st,m/100 vs. S in Fig. 6(c). We can see that for S close to Sc, %sm for t =
100 and %st,m/100 collapse. Hence for �t a 0, when S is approaching
Sc, %sm { 1 and viscoelastic effects dominate over inertial effects.

5 Conclusions

We investigate the onset of the PRI of a soft layer coated on a
rigid cylinder by analytically deriving the dispersion relation
using the linear stability analysis. We implement the Chasset–
Thirion model for the viscoelastic response of the soft layer. We
find that the stiffness (characterized by 1/S) and the rigid cylind-
rical core (characterized by %r0) have a stabilizing effect. The
dimensionless growth rate of the fastest growing mode %sm

decreases with decreasing S or increasing %r0. Importantly, there
exists a critical elastocapillary number Sc for each %r0 such that the
coated layer is stable for any S o Sc. The critical value depends
strongly on %r0. For example, for %r0 = 0.9, the soft layer becomes
unstable only when the fibre is very soft, namely when SZ 12 100.
While for a soft fibre without a rigid core (%r0 = 0), the onset of
instability occurs at S E 6, which is three to four orders of
magnitudes smaller. This remarkable result would be interesting
to be verified by performing experiments for different soft coatings
on a fibre. Regarding the dimensionless wavenumber of the fastest
growing mode %km, we find that %km decreases with decreasing S.
Interestingly, %km is independent of %r0 for the purely elastic case.

Regarding the roles of the viscoelastic parameters �t and n, we
find that increasing the relaxation timescale of viscoelastic material
�t or reducing the power n can slow down the growth of disturbance.
Changing either �t or n has no effect on the critical elastocapillary
number. However, for �t a 0, the curves for both %sm vs. S and %km vs.
S bend concavely when S is approaching Sc, and viscoelastic effects
become dominant over inertial effects. The value of %km becomes
dependent on %r0 when S is around Sc. On the other hand,
viscoelastic effects disappear in the limit of S - N.

Our linear stability analysis predicts the threshold of
instability14 and the fastest growing modes. When the undulation
of the interface grows, elastic stresses become larger and could stop
the growth.14,18 To study the evolution of the undulation and the
equilibrium shape of the deformed soft layer, nonlinear elastic or
viscoelastic models are required as large deformation is expected.18

6 Appendices
6.1 Expressions of the boundary conditions

Using the expressions of the general solutions (eqn (13)–(15))
for the boundary conditions (eqn (16)–(19)) yields the following
set of linear equations for the unknowns Am.

Fig. 5 The characteristic quantities %sm in (a) and %km in (b) as a function of
S for three different dimensionless rigid core radii, i.e. %r0 = 0 (from Tamim
et al.17), %r0 = 0.1 and 0.9. Other parameters: �t = 100 and n = 0.5.

Fig. 6 (a) The relation between b and %k for the limiting case of �t - N. (b)
and (c) The characteristic quantities %km in (b) and %sm in (c) as a function of S
for different values of �t. In (c) for �t - N, the dashed-dotted curve
represents %st,m/100 vs. S. Other parameters: %r0 = 0.1 and n = 0.5.
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A1%kI1(%r0%k) � A2i%kI1(%r0a) � A3%kK1(%r0%k) � A4i%kK1(%r0a) = 0,
(22)

A1(i%k)I0(%r0%k) + A2aI0(%r0a) + A3(i%k)K0(%r0%k) � A4aK0(%r0a) = 0,
(23)

A1
a2 þ �k2

2
I0ð�kÞ � �kI1ð�kÞ �

b
2
ð1� �k2Þ�kI1ð�kÞ


 �

þ A2 �i �k½aI0ðaÞ � I1ðaÞ� þ
b
2
i �kð1� �k2ÞI1ðaÞ


 �

þ A3
a2 þ �k2

2
K0ð�kÞ þ �kK1ð�kÞ þ

b
2
ð1� �k2Þ�kK1ð�kÞ


 �

þ A4 i �k½aK0ðaÞ þ K1ðaÞ� þ
b
2
i �kð1� �k2ÞK1ðaÞ


 �
¼ 0;

(24)

and

A12i%k2I1(%k) + A2(%k2 + a2)I1(a) � A32i%k2K1(%k) + A4(%k2 + a2)K1(a) = 0
(25)

6.2 Dispersion relation for small core radii

We expand the determinant D(%k,%s,%r0,�t,n) of the dispersion
relation (eqn (20)) in series of %r0 and the leading order terms
are given as follows:

D(%k,%s;%r0,%k,�t,n) = F1 + F2ln(%r0) + . . ., (26)

where

F1 = 2(C2D1 � C1D2)gE(a � %k)(a + %k) � 2ia2(B2D1 � B1D2)%kK0(a)
+ i(B2D1�B1D2)%k(a2+%k2)K0(%k) + a[2a2(B2C1 � B1C2)
� i(2 + b)(B2D1 � B1D2)%k + 2(B2C1 � B1C2)%k2

+ ib(B2D1 � B1D2)%k3]K1(a) + i%k2[(2 + b)(B2D1 � B1D2)
+ 4i(B2C1 � B1C2)%k + b(�B2D1 + B1D2)%k2]K1(%k), (27)

F2 = 2a2ln(a/2)(C2D1 � C1D2) + 2(�C2D1 + C1D2)%k2ln(%k/2)
(28)

and

B1 = (i%k)I0(%r0%k),

B2 = aI0(%r0a),

C1 ¼
a2 þ �k2

2
I0ð�kÞ � �kI1ð�kÞ �

b
2
ð1� �k2Þ�kI1ð�kÞ;

C2 ¼ �i �k aI0ðaÞ � I1ðaÞ½ � þ b
2
i �kð1� �k2ÞI1ðaÞ;

D1 = 2i%k2I1(%k),

D2 = (%k2 + a2)I1(a),

gE is Euler’s constant E 0.57721.

6.3 Validation of our model: the Newtonian fluid limit

Our viscoelastic model reduces to the Newtonian fluid when
n = 1 and in the limits of mo - 0 and mot - Z, where Z is the
dynamic viscosity of the fluid. In terms of the dimensionless
parameters, it means S - N and S=~t! Oh � Z=

ffiffiffiffiffiffiffiffiffi
rgR
p

, where
Oh is called the Ohnesorge number. In this limiting situation,
the dimensionless governing eqn (11) is reduced to

ŝ
@2�ui
@xj@xj

� @�p

@xi
¼ ŝ2�ui

Oh2
; (29)

where we have introduced a new rescaled growth rate ŝ � ZRs/
g = Oh%s. The dispersion relation is obtained by substituting

Fig. 7 The dispersion relation between the growth rate ŝ and the wave-
number %k in the Stokes flow limit for %r0 = 10�9 in (a), %r0 = 0.1 in (b) and %r0 =
0.9 in (c). Solid lines: our results when substituting a = %k and b = 1/ŝ for
eqn (20). Dashed lines: results of Zhao et al.32

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 1

3 
Ju

ne
 2

02
4.

 D
ow

nl
oa

de
d 

on
 4

/2
/2

02
6 

8:
08

:0
5 

A
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n 

3.
0 

U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by/3.0/
http://creativecommons.org/licenses/by/3.0/
https://doi.org/10.1039/d4sm00061g


This journal is © The Royal Society of Chemistry 2024 Soft Matter, 2024, 20, 5456–5463 |  5463

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ŝ=Oh2 þ �k2

p
and b = 1/ŝ in eqn (20). The dimensionless

control parameters are Oh and %r0.
6.3.1 Stokes flow case. Taking further the limit that Oh -

N, eqn (29) reduces to the Stokes equation in Laplace space.
The remaining dimensionless control parameter is only %r0. We
validate the expression of our dispersion relation (eqn (20)) in
this limiting case by comparing our results with that of Zhao
et al.32 in which the dispersion relation is obtained using the
normal mode method to solve the Stokes equations. Fig. 7
shows the comparison for the cases of very small fibre radius
(%r0 = 10�9), thick coated liquid film (%r0 = 0.1) and thin coated
liquid film (%r0 = 0.9).
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