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Contact networks and force transmission
in aggregates of hexapod-shaped particles

Trieu-Duy Tran,ab Saeid Nezamabadi, a Jean-Philippe Bayle,b Lhassan Amarsidc

and Farhang Radjai *a

Hexapods, consisting of three mutually orthogonal arms, have been utilized as a representative nonconvex

shape to demonstrate the impact of interlocking on the strength properties of granular materials.

Nevertheless, the microstructural characteristics of hexapod packings, which underlie their strength, have

remained insufficiently characterized. We use particle dynamics simulations to build isotropically-packed

aggregates of hexapods and we analyze the effects of aspect ratio and interparticle friction on the

microstructure and force transmission. We find that the packing fraction is an unmonotonic function of

aspect ratio due to competition between steric exclusions and interlocking. Interestingly, the contact

coordination number declines considerably with friction coefficient, showing the stronger effect of friction on

the stability of hexapod packings as compared with sphere packings. The pair distribution functions show that

local ordering due to steric exclusions disappears beyond the aspect ratio 3 and the hexapods touch their

second neighbors. Remarkably, hexapods of aspect ratio 3 tend to align with their neighbors and form locally

ordered structures, implying a contact coordination number which is highly sensitive to the confining

pressure. We also show that the probability density function of forces between hexapods is similar to that of

sphere packings but with broadening exponential fall-off of strong forces as aspect ratio increases. Finally, the

elastic bulk modulus of the aggregates is found to increase considerably with aspect ratio as a consequence

of the rapid increase of contact density and the number of contacts with second neighbors.

1. Introduction

Particle shape is a prominent origin of the variability of
granular materials.1–4 While most past research in the field of
granular materials has focussed on spherical particles, a quan-
titative understanding of the influence of particle shape on the
structure and rheology of granular materials is of pressing
nature in various areas of research and engineering. Both
new technologies such as 3D printing of particles of arbitrary
shape5,6 and particle dynamics simulations7 provide powerful
means for detailed investigation of particle shape effects. It has
also become increasingly more evident that particle shape may
be engineered to optimize specific performances and proper-
ties of granular materials in terms of strength, flowability,
porosity, specific surface, permeability, stability.8

Among various descriptors of particle shape, special atten-
tion has been recently paid to particles that can interlock,
endowing thereby a granular packing with higher mechanical
strength.9–12 Nonconvex particles composed of several arms,

for example, can be assembled into vertical walls.12–14 Such a
configuration corresponds to an angle of repose of 901, a
geometry that can be obtained with rounded particles only if
cohesive bonds are added between particles. For this reason,
shape-induced enhanced strength has been coined ‘geometri-
cal cohesion’. An extreme case of this phenomenon occurs with
particles that can resist separation as a result of mutual
‘hooking’.12 Such interactions give rise to geometrical entangle-
ment and may occur in packings of fibers and polymers or soft
particles that can undergo large shape change. However,
enhanced strength does not need tensile resistance between
particles. It can arise as a result of mutual hindrance of particle
rotations due to interlocking in the sense of interaction
between the recesses and protrusions of the particles. This
effect can be further amplified by friction between particles.
A weaker form of rotation hindrance occurs between polyhedral
particles at face-face contacts due to geometrical constraints
although there is no interlocking.15–18

The effect of interlocking on the packing microstructure is a
key issue which has not yet been investigated on a systematic
basis. For spherical particles, it is well known that the micro-
structure depends on the assembling protocol. There are,
however, two reference states which have been more specifically
considered: (1) isostatic packings prepared by setting friction
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coefficient to zero and using isotropic compaction,19–21 and
(2) steady granular flows. The first state corresponds to a random
close packing (RCP) in the limit of vanishing confining pressure.22

It is isotropic and represents the most compact and disordered
state of a sphere packing. The second case represents a memory-
less state (independent of the initial state), which is anisotropic
and its properties such as packing fraction, coordination number,
and anisotropy depend only on the friction coefficient and inertial
number defined from shear rate, confining pressure, and particle
density. This state is often referred to as ‘critical state’.23 For a
systematic analysis of the role of interlocking in packings of
nonconvex particles, one must therefore proceed by (1) focussing
on the RCP or steady-flow critical states, (2) quantifying the level
of interlocking, and (3) comparing the results with packings of
spherical particles.

In this paper, we present a detailed analysis of jammed
configurations of symmetric hexapods composed of three
mutually orthogonal rounded-cap cylinders (sphero-segments)
by focussing on the RCP states. Hexapods can represent dendritic
crystallites observed in some powders at the microscale and
modeled in ref. 24 by means of nonconvex shapes composed of
overlapped disks or spheres. Here, we use hexapods as a more
general nonconvex shape model to analyze the effect of inter-
locking on the properties of aggregates of hexapods.

The aggregates are generated by the simulation of radial
compaction under isotropic pressure. The resulting granular
structures are therefore isotropic and they represent unique
RCP states of the hexapod packings built by this procedure for
each value of friction coefficient between hexapods. Alterna-
tively, fully periodic boundary conditions could have been used
to generate similar packings. However, beyond the microstruc-
tural features analyzed in this paper, we are also interested in
the mechanical behavior and fracture of the aggregates, which
will be extensively considered in a forthcoming paper. We
therefore mainly focus here on the RCP states and the effects
of friction and aspect ratio, defined as the ratio of arm length to
arm thickness, on the level of interlocking, packing fraction,
connectivity of particles, local ordering, force distributions, and
elastic bulk modulus of the aggregates.

In the following, we first introduce in Section 2 the numerical
procedures including the numerical method, definition of particle
shape, and the method used to create aggregates. In Section 3, we
investigate the microstructure of hexapod particles exclusively for
frictionless particles. Then, in Section 4, we analyze the effect of
friction for several values of friction coefficient. Finally in Section
5, we introduce the EMT model compared with the measurement
from our results. We conclude with a brief summary of the most
salient results and perspectives of this work.

2. Model description and numerical
procedures

In this section, we introduce the particle dynamics method
used for the simulations, the particle shape parameters, and
the numerical procedures for sample preparation.

2.1. Simulation method

Particle dynamics simulations were carried out by means of the
Discrete Element Method (DEM).7,25 The ‘elements’ are rigid

particles interacting through frictional contacts. Let -
n and

-

t be
the normal and tangential unit vectors at a contact point c

between particles i and j. The force
-

f = fn
-
n + ft

-

t exerted by
particle j on particle i is expressed as a function of the normal

overlap dn and cumulative tangential displacement ~dt. The
normal force is given by

fn ¼ 0; ~fn � 0;
~fn; ~fn 4 0;

�
(1)

where ~fn ¼ �kndn � 2x
ffiffiffiffiffiffiffiffiffi
knm
p

_dn, kn is normal stiffness, dn is

overlap (such that dn o 0 when two particle overlap), _dn is
the relative normal velocity, m is reduced mass of two touching
particles, and x is a dimensionless damping parameter which
can take a value between 0 and 1. The normal restitution
coefficient is a decreasing function of x.26,27

The tangential force ft is governed by the Coulomb
friction law:

ft ¼ min kt~dt
��� ���; mfn
n o

; (2)

where kt is tangential stiffness, ~dt is cumulative tangential
displacement, and m is interparticle friction coefficient. The

orientation
-

t of the tangential force is opposite to either the

relative elastic displacement ~dt below the Coulomb threshold
(i.e. when ft o mfn) or the relative velocity -

vt at the contact point
when the Coulomb threshold is reached (i.e. when ft Z mfn).

The simulation of rigid particles requires a stiff repulsive
potential and small time steps. The equations of motion are
calculated for all particles by means of a velocity-Verlet time-
stepping scheme.28

2.2. Hexapod-shaped particles

Six-fold symmetric hexapods are composed of three mutually
orthogonal cylinders with rounded caps as shown in Fig. 1.
It can also be defined as the Minkowski sum of a sphere of
diameter h with three mutually orthogonal segments of the
same length L and sharing the same center. Hence, the total
length of each branch is d = L + h, and h is the diameter of each
arm.12 The aspect ratio a of the hexapod is the same as that of

Fig. 1 Hexapods of increasing aspect ratio a.
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each sphero-segment:

a ¼ Lþ h

h
: (3)

Fig. 1 shows the shapes of hexapods with increasing a.
We kept L at a constant value and reduced h to obtain increas-
ing values of a. The limit a = 1 is singular as it corresponds to a
sphere obtained either by setting L = 0 for arbitrary value of h
or by setting h to infinity for arbitrary value of L. For a r 2,
the spherical caps prevail whereas for a 4 2 the cylindrical
shape of the three branches determines the general aspect of
the hexapod. At large values of a, the hexapod approaches the
limit of three mutually orthogonal segments.

The hexapod may also be characterized by the parameter Z
defined in ref. 2 as Z = Dr/r where Dr is the difference between
the radius r of the smallest circumscribing sphere and
the radius r � Dr of the largest inscribed sphere. Thus, for
hexapods we have:

Z ¼ L

Lþ h
¼ 1� 1

a
: (4)

This parameter varies from 0 for spheres to 1 for infinitely thin
hexapods. Hence, it quantifies deviation of the particle shape
from spherical shape. For hexapods, this deviation represents
the degree of nonconvexity. For ar 2 (Zr 0.5), the parameter Z
may be considered as a roughness parameter since the cylind-
rical arms are hidden and only the spherical caps are apparent.
For a 4 2 (Z 4 0.5), the cylindrical arms appear and the
parameter Z resembles more a shape parameter than a rough-
ness parameter. For the DEM simulations analyzed in this
paper, we generated hexapods with a varying from 1 to 9 with
values corresponding to those given in Fig. 1 and Z values
ranging between 0 and 0.9. Most data will be represented as a
function of both a and Z.

2.3. Radial compaction

We used radial compaction to build aggregates composed of
Np = 8385 hexapods for 10 different values of a. The hexapods
are initially placed randomly and without overlaps between
them inside a spherical ball whose radius R can change as a
function of the confining pressure p according to the equation
of dynamics:

X
i

fi þ p 4pR2
� �

¼ mw
d2R

dt2
; (5)

where fi is the normal force exerted by particle i on the ball, and
mw is a fictitious mass attributed to the ball. A small random
velocity is initially attributed to the particles to allow the
particles to fill the whole volume of the ball. The friction
coefficient between hexapods and the internal wall of the ball
is set to zero in all simulations analyzed in this paper. For a
given applied pressure, the value of mw affects the dynamics of
jamming but not the final value of the packing fraction. We set
mw equal to the total mass of the particles. As a result of the
contraction of the ball under the action of pressure p, the
hexapods inside the ball are swept and pushed inward. The

contraction gradually slows down due to energy dissipation by
inelastic contacts and friction between particles, and tends
asymptotically to zero until the hexapods get fully jammed in
a static configuration with

P
i

fi ¼ �p 4pR2
� �

. We stop the

simulation when the kinetic energy of the particles is a small
fraction of the total elastic energy stored in the contact network
and the latter does not evolve anymore.

Fig. 2 shows a snapshot the final configuration of radial
compaction in the case a = 5 with m = 0.

The configurations generated by radial compaction may
develop property gradients from the center of the aggregate to
its boundary. However, we find that the contact network is
rather homogeneous. Fig. 3(a) shows a snapshot of the force
network in a thin layer cut through the center of an aggregate
composed of hexapods of aspect ratio 5. The hexapods are not
shown. The segments join the centers of touching particles and
their thicknesses are proportional to the forces while the
numbers of contacts involved in the force are represented by
gray level. In this figure we observe no visible gradient of
porosity or connectivity of the particles. Fig. 3(b) shows the
number density nc of contacts as a function of distance r from
the center of the aggregate. The oscillations below the average
particle diameter d represent local ordering due to steric
exclusions. For distances above one particle diameter from
the center, nc is nearly constant. Close to the boundary (r 4
6.5d), nc slightly declines due to wall effect. The nearly homo-
geneous structure of the packings indicates that the statistical
analyses presented below describe both local and global prop-
erties of the aggregates.

For each value of a, we performed 5 simulations with 5
different values of friction coefficient m ranging from 0 to 0.8.

Fig. 2 Final jammed configuration of hexapods of aspect ratio a = 5
obtained by radial compaction with zero friction between hexapods.
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In all simulations reported in this paper, unless explicitly
mentioned, the ratio pL/kn was set to a low value (C10�5) with
kn/L C 104 MPa. This implies very small overlaps between
particles and effective elastic bulk moduli of the same order
of magnitude as we shall see in Section 5. Frictionless hexapods
lead to isostatic RCP configurations whose theoretical coordi-
nation number is known. For this reason, as we shall see below,
the coordination number of frictionless hexapods provides a
means to check the quality of simulations and the effect of
confining pressure.

3. Random close packings of hexapods

In this section, we focus on the RCP states of hexapods
obtained by radial compaction with zero friction. The specifi-
city of these packings is to be isostatic and minimizing the
configurational energy pV, where V = 4pR3/3 is the volume of the
aggregate.20,29,30 Since p is constant, the compaction leads to

the lowest volume or, equivalently, highest packing fraction F
for each aspect ratio.31,32 We are interested in the functional
dependence of F and the characteristics of the resulting
microstructures as a function of a.

3.1. Packing fraction

The packing fraction F is calculated by dividing the total
volume Vp of the particles by the total volume V of the ball.
Fig. 4 shows F as a function of shape parameter Z. We observe
an unmonotonic evolution of packing fraction with Z. In the
limit Z = 0 (spherical particles), we have F = F0 C 0.62. This
value is slightly below the known RCP density of spherical
particle packings (C0.635) for periodic boundary conditions.21,33

This slightly lower value of F reflects the lower packing fraction in
the vicinity of the internal ball boundary due to wall-induced
correlations of particle positions. As Z increases from zero,
F increases above F0 and reaches values as high as 0.68 for
Z = 0.5, corresponding to aspect ratio a = 2. For higher aspect
ratios, F declines rapidly down to values as low as 0.25 for a = 9.

This unmonotonic variation of F as a function of Z has been
also observed for other shapes such as ellipses, polygons,
elongated particles, and tripods composed of disks and
spheres.21,34–37 As Z increases, the shape deviates from sphe-
rical shape with locations on the surface which have curvatures
above or below that of the sphere. In the case of hexapods,
those locations are of opposite curvatures, either inward with a
negative curvature or outward with a positive curvature. The
interlocking between curvatures of opposite sign leads to
shorter branch vectors (vectors joining particle centers) and a
local reduction of porosity whereas contacts between curvatures
of the same sign lead to higher local porosity as a result of
mutual exclusions. Hence, for a r 2 interlocking prevails
whereas for a4 2 steric exclusions between increasingly longer
arms of the hexapods give rise to large pores and F declines
consequently.

To express F as a function of Z, one may track the evolution
of the volumes and numbers of pores between particles. For
spherical particles, the distribution of the pore volumes is well
peaked on the packing fraction F0 of spherical particles. As Z
increases, both smaller and larger pore volumes are created,

Fig. 3 (a) Snapshot of the force network inside a thin layer passing
through the center of an aggregate composed of hexapods of aspect
ratio 5. The segments join touching particle centers. Line thickness and
gray level are proportional to the force. (b) Number density nc of contacts
as a function of distance r from the center of the aggregate normalized by
particle size d.

Fig. 4 Packing fraction F as a function of aspect ratio Z in frictionless
aggregates. The dashed line represents the fitting form (6).
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leading to the broadening of the distribution. The evolution
of F depends on the shape of this distribution. At very low
values of Z, the hexapods are similar to rough spheres and the
gain and loss of volume fraction due to the interactions
between asperities compensate each other. We may thus
assume that the derivative of F with respect to Z is zero at
Z = 0. This symmetry between volume gains and losses dis-
appears for larger values of Z and we may model the function
F(Z) by a polynomial function of degree 3 with the assumption
that the derivative is zero at Z = 0:

F C F0 + aZ2 � bZ3. (6)

As shown in Fig. 4, the plot of F is well fit to this function with
a C 0.85 and b C 1.5. We may interpret the positive term aZ2

as a contribution of interlocking whereas the negative term
�bZ3 accounts for mutual exclusion between hexapod arms.
The peak value of F occurs at Z = 2a/3b C 0.38.

3.2. Interlocking

The degree of interlocking l can be defined from the average
distance hci between hexapod centers (branch vector length) as
compared with the diameter d (d = L + h) of a hexapod. We set

l ¼ 1� h‘i
d

(7)

This ratio varies between two limits: (1) c = cmin as the lowest
possible distance, so that l = 1 � cmin/d, and 2 c = d as the
largest possible distance, so that l = 0. Fig. 5 shows l as a
function of Z. We see that l increases from 0 for spherical
particle packings up to 0.5 for a = 9. This shows that at high
values of a the hexapods are a distance equal to half an arm length
away from one another although they can be as close as h.

The distribution of hexapod centers can be characterized by
the probability density function (PDF) Pc of the branch vector
lengths c as displayed in Fig. 6 for all values of a. The lengths
are normalized by d = L + h. The values of c are broadly
distributed in a range varying from a mutual exclusion distance
cmin up to d. The PDFs are also featured by a peak located close
to cmin for a o 3, and at the center of the range for a o 3.
For hexapods with cylindrical arms (a 4 2.5), the minimum
distance cmin between the centers of two hexapods occurs when

their 6 arms are parallel and touch each other. In this limit,

we have ‘min ¼
ffiffiffi
3
p

h and thus ‘min=d ¼
ffiffiffi
3
p �

a. For example, in

agreement with Fig. 6, for a = 5 we have ‘min=d ’
ffiffiffi
3
p �

5 ’ 0:35.
The hexapods whose centers are located within a distance

[cmin, 2cmin] from the center of a hexapod may be considered as
its first neighbors. However, in contrast to spherical particles,
the second neighbors, i.e. hexapods whose centers are located
beyond the distance 2cmin from the center of a hexapod, may
touch it through their arms. This can happen if the length of its

arm (L + h)/2 is longer than ‘min ¼
ffiffiffi
3
p

h. This leads to the

condition a4 2
ffiffiffi
3
p
’ 3:46, which marks a transition from ‘thick

hexapods’ (a o 3.46) to ‘thin hexapods’ (a 4 3.46). We will see
the signature of this transition for other descriptors of the
microstructure. Another interesting observation is that in the
case of a = 3 the value of Pc at its minimum distance cmin is
higher than those of all other aspect ratios. We will see that this
is a reflection of the spontaneous trend of hexapods of aspect
ratio 3 to form ordered clusters.

The local environments of the hexapods can also be eval-
uated by means of the cumulative number r(r) of particle
centers as a function of their radial distance r from a given
particle. This function is simply the cumulative radial distribu-
tion function and is calculated by counting the number of
particle centers N(r) within a sphere of radius r centered on the
center of a hexapod and dividing it by the total number NN of
centers at large distance:

rðrÞ ¼ NðrÞ
N1

: (8)

This function represents therefore the likely positions of parti-
cles (with or without contact) surrounding a particle.

Fig. 7 displays the function r(r) in all our frictionless
packings. This function was evaluated over a distance equal
to several times particle size d and by avoiding intersections
with the boundaries of the aggregate. We observe the signature
of short-range order through regular peaks of decreasing
amplitude in the case of thick hexapods. The peaks shift to
smaller distance and their amplitude declines as interlocking
increases. However, the peaks are absent in the case of thin
hexapods, implying that the centers of these hexapods are on

Fig. 5 Interlocking parameter l as a function of the nonconvexity para-
meter Z.

Fig. 6 Probability density function of intercenter distances (branch vector
lengths) for different values of aspect ratio a.
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the average almost uniformly distributed. Hence, while in the
case of thick hexapods the successive peaks of radial distribu-
tion reflect the local organization of hexapods around each
hexapod in successive layers of neighbors, the local environ-
ments of thin hexapods have basically no layered structure.
In other words, the steric exclusions between the arms of thin
hexapods do not prevent their centers to be close to each other
down to their minimum exclusion distance cmin.

3.3. Contact network

The lowest-order parameter characterizing the connectivity of
the particles is the coordination number.38 However, there can
be several contact points between two hexapods. We therefore
distinguish the common coordination number Z, defined as
the average number of contact neighbors per particle (neigh-
boring particles having at least one contact with a given
particle), and contact coordination number Zc, defined as the
average number of contacts per particle.39 We will refer to a pair
of particles having at least one contact as a ‘bond’. A bond can
be composed of several contacts.

The contact coordination number Zc is calculated from
the total number N�p of particles having at least one contact

(thus excluding floating particles) and the total number Nc of
contacts:

Zc ¼
2Nc

N�p
: (9)

For perfectly rigid particles (vanishing ratio of pd/kn), the
condition of isostaticity for frictionless hexapods, implies that
the number of unknown normal forces Nc is equal to the
number of effective degrees of freedom:31

Nc ¼ 6N�p � s; (10)

where the factor 6 is the number of degrees of freedom
associated with each hexapod and s is the number of soft
modes or mechanisms. A soft mode is a velocity field which
does not change the state of the system. In our system, adding a
uniform velocity or rotation to the whole aggregate does not
change the configuration of the aggregate. Hence, we have s = 6.

Eqn (10) and (9) lead to

Zc ¼ 12� 2s

N�p
: (11)

Given that s
.
N�p � 1, we expect Zc C 12.

Fig. 8 shows both Z and Zc as a function of Z. We see that the
simulated values of Zc are very close to their isostatic values
except for a = 3(Z C 0.67) where we have Zc C 13 for the
confining pressure p applied. Interestingly, the coordination
number Z has nearly a constant value (B7) for a o 3, but
increases up to B8.5 for larger values of a. This increase is
consistent with the increasing number of contacts between
hexapods and their second neighbors for large aspect ratios.

The higher value of Zc in the case a = 3 is a consequence of
the higher sensitivity of the microstructure to the confining
pressure p. In fact, as shown in Fig. 9, when p is reduced, Zc

declines and tends to 12 while Z keeps nearly the same value.
This means that the number of contacts of the hexapods
declines with decreasing pressure without significant change
of the local arrangement of the hexapods. This can happen only
if the local arrangements of the hexapods involve small gaps
due to singular local configurations. Such configurations of

Fig. 7 Cumulative radial distributions r as a function of radial distance r
normalized by hexapod diameters d (d = L + h) in simulated aggregates for
different values of aspect ratio a.

Fig. 8 Coordination number Z and contact coordination number Zc as a
function of aspect ratio a.

Fig. 9 Contact coordination number Zc as a function of confining pres-
sure in the aggregate composed of hexapods of aspect ratio a = 3.
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hexapods can be observed in Fig. 10 which displays snapshots
of the aggregates with hexapods having above 17 contacts for
four values of a. We see that hexapods of aspect ratio a = 3 are
organized in dense clusters whereas for other values of a they
are uniformly distributed with a low level of clustering. A close-
up on several clusters is shown in Fig. 11. Hexapods tend to
form structures with parallel arms and potentially involving
several contacts. Furthermore, the aspect ratio a = 3 is such that
the arms of a hexapod can be parallel with those of all its
neighbors. This local ordering leads to spontaneous clustering
of hexapods of aspect ratio a = 3 and a large number of small

gaps due to imperfect parallelism of the hexapod arms. These
gaps can transform into contacts even under the action of a low
confining pressure increment. Dimensionally, the effect of
pressure makes sense only in relation to contact stiffness kn.
In our simulations, the elastic deflections at the contact points
are below 10�5d and the ratio pd2/kn is of the same order of
magnitude.

The trend of hexapods of aspect ratio 3 to interlock with
parallel arms radically contrasts with interlocking of hexapods
of higher aspect ratios with rotated arms. As previously dis-
cussed, parallel interlocking leads to the lowest distance
between the centers of the hexapods and thus lowest local
energy configuration. This is true for all aspect ratios, but the
effects of disorder and angular hindering due to long arms and
contacts with second neighbors do not allow hexapods of high
aspect ratio to jam in locally dense parallel structures. Hex-
apods of aspect ratio 3 have shorter arms that do not touch
their second neighbors. This allows them to rearrange more
easily during compaction and reach higher local density. In
other words, local stability by parallel interlocking governs the
space-filling properties of hexapods of aspect ratio 3 whereas
enhanced hindrance effects and long-range correlations control
the packing of hexapods of higher aspect ratios.

The connectivity of the particles can be characterized in
more detail by the proportions Pc of particles with exactly c
contacts and proportions Pb of particles with exactly b contact
neighbors. By definition, we have Z ¼

P
b

bPb and Zc ¼
P
c

cPc.

The two connectivity distributions Pc and Pb are plotted in
Fig. 12. Both distributions are well-peaked on their average
values Zc and Z, but extend to large numbers of contacts and
contact neighbors (c C 25 and b C 15). The distributions Pc

almost coincide for all values of a except for spheres (which is
peaked on c = 6) and a = 3, which is peaked on c C 13 and has a
longer tail due to local ordering and clustering, as previously
discussed. The largest number of contacts of a hexapod in the
case a = 3 is c = 43. It is also noteworthy that the distributions Pb

almost coincide for a r 3 consistently with their nearly equal
average values (Z C 7).

It is also interesting to quantify the average number W = Zc/Z
of contacts per bond, to which we refer as valence number in
analogy with valence electrons in atomic bonds,40 and the
proportions Pk of bonds with exactly k contacts. By definition,
we have W ¼

P
k

kPk. Fig. 13(a) shows W as a function of Z. The

valence number W is always one for spheres and it takes a value
between 1.7 and 1.8 for thick hexapods. Its value is above 1.8 for
a = 3 and declines to 1.5 for thin hexapods as a increases
beyond 3. This decrease reflects the increase of coordination
number Z due to the increasing number of contacts with
second neighbors as shown in Fig. 8. The same number of
contacts (12) is therefore shared with more particles, leading to
lower valence number.

Fig. 13(b) shows the distributions Pk for different values of a.
We easily distinguish in this graph the group of thick hexapods
from the group of thin hexapods. The proportion P1 of bonds
with only one contact is larger in the second group due to

Fig. 10 Snapshots of aggregates with their particles having more than 17
contacts for four values of the aspect ratio a and for the confining pressure
of 0.5 MPa.

Fig. 11 Close-up on a cluster inside an aggregate of hexapods with
aspect ratio a = 3. Four locally-ordered groups of hexapods are
highlighted.
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second-neighbor contacts. These low-valence bonds are respon-
sible for the increase of Z with a in the group of thin hexapods.

We also see that, for all values of a, there is a significant
number of bonds with a valence of 2. Their proportion P2

decreases from 0.4 for thickest hexapods down to 0.24 for
thinnest hexapods. The same decreasing trend (from 0.2 to
0.1) is seen for P3. This observation indicates that higher
number of single contacts with second neighbors (increase of
P1) is sanctioned by lower number of bonds of valence 2 or 3 as
a increases.

The force network in the aggregate composed of hexapods of
aspect ratio a = 5 is displayed in Fig. 14. The force between two
hexapods is the bond force, i.e. the vector sum of forces at all
individual contacts between them, but is encoded as the
thickness of a segment joining their centers. The segments
are colored according to the number of contacts involved in
each interparticle force. We see that the single contacts
(in white) provide the backbone of force transmission although
the forces carried by these contacts are generally smaller than
those carried by bonds of higher valence. The expectation is
that the force carried by bonds increases with their valence.
This is what we observe in Fig. 15 where the average force Fk

carried by bonds is plotted as a function of their valence k for
different values of aspect ratio. The bond force increases with k
for all values of a. Note that in the case a = 1 (spheres), we only
have one value for m = 1, which is not represented. In all cases,
we have F1 C h fni and F2 C 2 hfni. For a r 3, Fk increases with
decreasing rate and levels off at a value between 3 h fni and
5 h fni, meaning that a larger number of contacts between
two hexapods does not imply larger bond force. For a 4 3,
F increases linearly with a coefficient larger than unity.

Fig. 12 Proportions Pc of particles with c contacts (a) and proportions
Pb of particles with b contact neighbors for different values of aspect
ratio a (b).

Fig. 13 Average valence number W (number of contacts per pair of
touching hexapods) as a function of aspect ratio a (a) and proportions Pk

of valence numbers k for different values of a (b).
Fig. 14 Force network in the packing of hexapods with aspect ratio a = 4.
Line thickness is proportional to the total force acting between two
neighboring particles. The color code represents numbers of contacts
between two particles. White for 1 contact, red for 2 contacts, blue for 3
contacts, and yellow-brown for more than 4 contacts.
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For example, for a = 9, we have F7 C 9 hfni. This faster increase
of bond force with valence number reflects the enhanced
interlocking of the hexapods. In other words, the bonds of
large valence capture stronger force chains.

3.4. Force distributions

The PDF of normal forces in granular media is known for its
robust features such as exponential fall-off of the number of
forces above the mean force, nearly power-law shape below the
mean force, and nonzero value at zero force. In the case of
hexapods, the force between two touching particles is generally
the sum of several contact forces. Hence, it is not obvious
whether the PDF of these interparticle ‘compound’ forces has
the same features as in granular materials in which the forces
are carried only by simple contacts. Fig. 16(a) shows the PDFs
Pf(f) of bond forces f for several values of a. We see that Pf is
basically similar to that in other granular materials with an
exponentially decreasing number of strong forces and a large
number of vanishingly small forces. We observe a gradual
broadening of Pf with increasing a, manifesting itself mainly
through stronger forces in the exponential part and larger
number of weak forces. This is consistent with the expectation
that higher degree of interlocking allows for more stable
contact networks which are capable of sustaining more inho-
mogeneous distributions of forces.

The similarity of the PDFs of bond forces between hexapods
with that of simple forces between spheres suggests that force
transmission is controlled by the static equilibrium of particles
rather than the degree of connectivity between particles. Several
force models have been developed in the past to account for
their general features. Recently, a so-called ‘cascade model’ was
proposed and shown to account for all the known features of
normal force PDFs with a single free parameter.41 This model is
based on the assumption that a force f at a bond can be born
from the splitting of an arbitrary force f 0 4 f in its local
environment provided a population of smaller forces f 00 o f
are present to ensure force balance. Hence, Pf( f ) is propor-
tional to both the number of forces above f given by Gðf Þ ¼Ð1
f Pf ðxÞdx and to a fraction of forces below f given by 1 � bG(f)

where b is a parameter. These assumptions lead to the

following distribution:

Pfðf Þ ¼ bðgþ 1Þ gebf

1þ gebfð Þ2
; (12)

where g = 1/b � 1 and

b ¼ ð1þ gÞ ln 1þ g
g

� 	
: (13)

The force f is assumed to be normalized by the mean force so
that

Ð1
0 fPf ðf Þdf ¼ 1.

The probability density for vanishingly small forces is Pf(0) =
g ln[(1 + g)/g], which increases with g. A maximum occurs at
f =�ln g/(1 + g) ln[(1 + g)/g] for go 1. The maximum is at f = 0 for
g = 1 and shifts to the right as g decreases. It is also noteworthy
that Pf tends to an exponential function b[(1 + g)/g]e�bf as
f increases. The function (12) is used in Fig. 16(b) to fit the
data for several values of a. We see that all the data points are
well fit to this model with a value of b that declines as a
increases, in agreement with the increasing inhomogeneity of
forces.

4. Effect of friction coefficient

In this section, we investigate the effects of friction between
particles on the microstructural features analyzed in the last
section in RCP packings generated by the compaction of
frictionless hexapods. The simulations were performed by
applying radial compaction for all values of a and with the

Fig. 15 Average force Fk carried by bonds normalized by the mean
normal force hfni per contact as a function of their valence number k.

Fig. 16 Probability density functions of interparticle forces normalized by
the mean force in aggregates of hexapods with different values of aspect
ratio a (a) and the fits by eqn (12) (b). b = 1.64 with a = 1 and b = 1.13
with a = 9.
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same characteristics and confining pressure as those used for
the compaction of frictionless particles, but setting the inter-
particle friction coefficient m to four different nonzero values
(0.2, 0.4, 0.6, and 0.8).

Interparticle friction is a mechanical constraint that con-
siderably reduces particle rearrangements during compaction
and, thus, their capacity to optimally fill the volume.42–44 More
importantly, the presence of friction profoundly modifies the
conditions of force balance and unicity of static configuration,
making depend the microstructure on the compaction proto-
col.45–48 For comparison of the jammed configurations for
different values of m it is therefore necessary to apply strictly
the same protocol. The key issue in which we are interested is
which features induced by particle shape and interlocking are
amplified or tempered by friction. Does the unmonotonic
variation of packing fraction F as a function of aspect ratio
persist in the presence of friction? Is the degree of interlocking
l reduced with increasing friction coefficient? How are the
connectivity of the particles and valence number affected more
specifically in the case of thin hexapods?

Fig. 17(a) shows the packing fraction F as a function of Z for
all simulated values of m. For all values of Z, F is lower for
m = 0.2 and m = 0.4, and it keeps the same value as for m = 0.4
for higher values of m (0.6 and 0.8). The general dependence on
Z is the same as in case of RCP packings with a slight increase
with Z in the range of thick hexapods and a fast decrease in the
range of thin hexapods. However, the unmonotonic aspect
(initial increase and peak value) is reduced by friction. Since
this attenuation concerns thick hexapods with the physical
signification of Z as a roughness parameter, it can be described
as a lower effect of roughness in the presence of friction. Hence,

for m r 0.4, the packing fraction is nearly independent of
aspect ratio (F C 0.57) up to Z = 0.4.

The interlocking parameter l is shown in Fig. 17(b) as a
function of Z. Amazingly, besides a small increase at high
values of m, the latter has almost no effect on the level of
interlocking. This means that the amount of interlocking is
basically controlled by particle shape. It can therefore be
inferred that the lower packing fraction of frictional particle
packings is not a consequence of larger distance between the
centers of hexapods (as a possible local effect) but is a nonlocal
effect involving the sparser arrangements of particles at larger
scale. In this respect, the mechanism of the reduction of
packing fraction is similar to that of sphere packings in which
the average distance between particles remains equal to the
average sum of their radii but the porosity increases with
increasing friction coefficient due to larger pores of loop
structures.

Such an increase in local porosity implies lower coordina-
tion numbers. This is indeed what we observe in Fig. 18 which
shows Zc and Z as a function of Z for different values of m. As
expected, the values of Zc are considerably lower than in RCP
frictionless packings for all values of a. They decrease with
increasing friction coefficient all the more that aspect ratio is
higher. Interestingly, for all values of m, Zc increases with Z up
to a = 3 and then slightly declines. As in the case of valence
number in Fig. 13, the decrease of Zc beyond a = 3 is partially
due to the increase of the number of contact neighbors (bonds)
as a result of contacts with second neighbors, as observed in
Fig. 18(b).

The dependence of Z on Z is, however, more complex than
in the frictionless case. For m = 0.2, Z is independent of Z up to

Fig. 17 Packing fraction F (a) and interlocking l (b) as a function of shape
parameter Z for different values of friction coefficient m.

Fig. 18 Contact coordination number Zc (a) and coordination number Z
(b) as a function of parameter Z for different values of friction coefficient m.
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a = 3, increases to a slightly higher value for larger values of a,
and declines again for a ¼ 9. A similar behavior is observed for
m = 0.4. For higher values of m, Z declines with increasing Z up to
a = 3 (Z = 0.67), increases at a = 5, and then decreases for a = 7
and a = 9. These variations are small as compared to the general
level of Z, which is more strongly dependent on friction
coefficient rather than aspect ratio.

Fig. 19 shows the valence number W as a function of Z for all
values of m. In contrast to the frictionless case, where W keeps a
high level in the case of thick hexapods, in frictional aggregates
W increases from 1 up to a peak value, which is lower at higher
values of m, and then declines as in frictionless aggregates due
to contacts with second neighbors. Hence, in frictional aggre-
gates of hexapods the valence number is an echo of interlock-
ing. The lower valence number at higher friction coefficient
indicates that force balance is partially achieved by higher
friction mobilization and a lower number of contacts and
high-valence bonds. These trends indicate that metric quanti-
ties (based on distance) such as the interlocking parameter l
and radial distribution function are less sensitive to the value of
the friction coefficient than topological parameters such as the
coordination numbers and valence number. This reflects the
fact that contacts are volatile and the contact network can easily
change due to small changes of the microstructure. In contrast,
metric quantities are more robust with respect to the varia-
tions of the friction coefficient but they strongly depend on
particle shape.

5. Bulk modulus

The mechanical behavior of aggregates composed of hexapods
can be studied by subjecting them to external loading. The
effect of particle shape on the mechanical response is generally
mediated by the microstructure. We consider in this section the
bulk elastic modulus K of the aggregates, which can be
obtained by simply applying a compressive volume change DV
and measuring the pressure change Dp.49 The bulk modulus is
given by

K ¼ �V Dp
DV

: (14)

The response is purely elastic if the volumetric strain DV/V is
sufficiently small to avoid frictional slip and particle rearrange-
ments inside the aggregate. In the case of frictionless RCP
aggregates, even very small strains lead to rearrangements and
the result is uncertain. We focussed therefore on frictional
aggregates with m = 0.1, in which particle mobility is strongly
reduced by friction. We applied small strain isotropic strain
probes below DV/V = 10�11 for which the response is linear and
thus K is well defined.

Fig. 20 displays K as a function of Z as measured from
simulations and as predicted by the Effective Medium Theory
(EMT); see below. We see that K increases slowly with Z in the
case of thick hexapods (Zo 0.5) and then increases much faster
so that K is almost doubled between Z = 0.5 and Z = 0.9. It is
noteworthy that this comparison between the elastic moduli of
the hexapods is possible because of their common reference
length L. This is not the case of the spheres, which for a fixed
value of L requires a value of h tending to infinity. For this
reason, we did not include the bulk modulus of spheres in
Fig. 20.

To understand the dependence of K on a, let us consider the
Effective Medium Theory (EMT), which yields an upper bound
of the elastic moduli with a correct estimate of the bulk
modulus.18,50–54 EMT is based on the affine assumption: uni-
form strain field with relative displacements between particles
given by the strain tensor. It can be shown that the theoretical
bulk modulus Kt is given by

Kt ¼
ncknh‘2i

9
; (15)

where nc is the number density of contacts. The theoretical bulk
modulus Kt is plotted in Fig. 20 by using the values of nc and
hc2i from the numerical simulations. We see that this plot is
systematically above but close to the values of K directly
measured from numerical simulations.

The dependence of Kt on particle shape parameter Z is
mediated by two descriptors of the microstructure: (1) number
density of contacts nc, which is related to both F and contact
coordination number Zc, and (2) mean square length hc2i

Fig. 19 Valence number as a function of shape parameter Z for different
values of friction coefficient m.

Fig. 20 Bulk modulus K as a function of shape parameter Z as measured
from simulations (red line) for m = 0.1 and as predicted by the Effective
Medium Theory (black line).
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between particle centers. The number density of contacts is a
rapidly increasing function of Z while the mean square distance
between particles declines. Hence, the increase of K with Z
reflects the faster rate of increase of nc as compared to the rate
of decrease of hc2i. The theoretical expression (15) can also be
approximated as

Kt ’
Zc

9

kn

h‘i; (16)

where we have set hc2ihci C hc3i and Zc = 2nchc3i. The volume
hc3i is the approximate average volume occupied by a hexapod.
The prefactor Zc/9 is of the order of 1 and does not vary much
with Z according to Fig. 18. Hence, eqn (16) suggests that the
increase of K by a factor slightly above 2 for Z varying from
0.2 to 0.9 reflects the decrease of hci by the same factor. This is
consistent with the increase of interlocking l from 0 to 0.5 as
observed in Fig. 5. It is noteworthy that the variation of K with
Z is also influenced by the larger value of Zc in the case of a = 3.
However, this influence is small as compared with that of the
variation of hci. For example, the variation DK of the bulk
modulus from a = 2.5 to a = 3 is 27% due to the variation of
the interparticle distance alone while it is only 8% due to the
variation of the contact coordination number.

Finally, since interlocking is nearly independent of friction
coefficient, eqn (15) predicts that because of the decrease of Zc

with increasing m, K declines for all values of a as the friction
coefficient is increased. This is also consistent with our mea-
surements of bulk modulus shown in Fig. 21 for a = 3.

6. Conclusion

We analyzed in this paper major microstructural features of
jammed configurations of hexapods obtained by particle
dynamics simulations of radial compaction. We focussed on
the effects of aspect ratio, defined from the length-to-diameter
ratio of hexapod arms, and friction coefficient between hexa-
pods. We also introduced a shape parameter Z depending on
the aspect ratio of the hexapods and characterizing more
adequately the deviation of particle shape from spherical

shape. The hexapod arms being rounded-cap cylinders, the
hexapod shape below aspect ratio 2 is similar to an overlapped
aggregate of six spheres whereas for larger aspect ratios the
three cylindrical arms are evident.

We showed that the packing fraction is an unmonotonic
function of aspect ratio, increasing with Z beyond that of
monodisperse random close packing of spheres and then
decreasing to very low values for thin hexapods due to the
decrease of particle volume and steric exclusions. The contact
coordination number declines considerably as friction coeffi-
cient is increased. This reveals the strong effect of friction on
the stability of hexapod packings as compared to sphere pack-
ings. Another observed feature is that local ordering induced by
steric exclusions disappears for aspect ratios larger than 3.
Hexapods of large aspect ratios have also the possibility to
touch their second neighbors.

We found that hexapods of aspect ratio 3 have the singular
property of tending to align with their neighbors and form
locally ordered parallel structures. This spontaneous ordering
leads to clustering and high coordination number. We also
analyzed the probability density functions of normal forces,
which are well fit to a simple model and undergo broadening
with increasing aspect ratio. Furthermore, we measured the
bulk modulus of the agglomerates by applying a tiny radial
compression to the samples. It was found that the bulk modulus
grows rapidly with aspect ratio in the case of thin hexapods due to
rapid increase of contact density and the number of contacts with
second neighbors, which are expected to reinforce the hindering
effect of interlocking on relative particle rotations and lead to
partial rigidification of the microstructure.

It will be highly interesting to investigate the consequences
of the microstructural features analyzed in this work for the
mechanical strength of agglomerates. In particular, by adding
adhesion force at the contact points between hexapods, we
obtain cohesive agglomerates whose tensile strength under
diametral compression, for instance, depends on adhesion
force, aspect ratio of the hexapods, and friction coefficient.
The dynamic fracture of such agglomerates can also be studied
by means of impact tests. Our simulations indicate that, sue
to interlocking, the aspect ratio and friction coefficient have a
strong amplifying effect on the tensile strength of cohesive
aggregates of hexapods. These results will be published
in a forth-coming paper focussed on the mechanical strength
of agglomerates in connection with their microstructure
described in this paper.
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Fig. 21 Bulk modulus K as a function of friction coefficient m as measured
from simulations (red line) for a = 3 and as predicted by the Effective
Medium Theory (black line).
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35 E. Azéma and F. Radja, Phys. Rev. E: Stat., Nonlinear, Soft

Matter Phys., 2010, 81, 051304.
36 B. Saint-Cyr, J.-Y. Delenne, C. Voivret, F. Radjai and P.

Sornay, Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys.,
2011, 84, 041302.
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39 E. Azéma, F. Radjai, B. Saint-Cyr, J.-Y. Delenne and

P. Sornay, Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys.,
2013, 87, 052205.

40 T. Ishihara, S. Ishikawa, M. Ando, H. Nishiguchi and
Y. Takita, Solid State Ionics, 2004, 173, 9–15.

41 F. Radjai, C. R. Phys., 2015, 16, 3–9.
42 K. M. Salerno, D. S. Bolintineanu, G. S. Grest, J. B. Lechman,

S. J. Plimpton, I. Srivastava and L. E. Silbert, Phys. Rev. E,
2018, 98, 050901.

43 S. G. Bardenhagen, J. U. Brackbill and D. Sulsky, Phys. Rev.
E: Stat., Nonlinear, Soft Matter Phys., 2000, 62, 3882–3890.

44 B. B. Dai, J. Yang and C. Y. Zhou, Int. J. Geomech., 2016,
16, 04015011.

45 Z. Zhang, L. Liu, Y. Yuan and A. Yu, Powder Technol., 2001,
116, 23–32.

46 L. E. Silbert, D. Ertas-, G. S. Grest, T. C. Halsey and D. Levine,
Phys. Rev. E: Stat., Nonlinear, Soft Matter Phys., 2002, 65,
031304.

47 L. E. Silbert, Soft Matter, 2010, 6, 2918–2924.
48 H. P. Zhang and H. A. Makse, Phys. Rev. E: Stat., Nonlinear,

Soft Matter Phys., 2005, 72, 011301.
49 D. Cantor, M. Cárdenas-Barrantes, I. Preechawuttipong,
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