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Magnetophoresis of paramagnetic metal ions
in porous media†

Peter Rassolov,ab Jamel Ali, ab Theo Siegrist,ab Munir Humayunbc and
Hadi Mohammadigoushki *ab

We report a numerical investigation of the magnetophoresis of solutions containing paramagnetic metal

ions. Using a simulated magnetic field of a superconducting magnet and the convection-diffusion

model, we study the transport of transition metal salts through a porous medium domain. In particular,

through a detailed comparison of the numerical results of magnetophoretic velocity and ion

concentration profiles with prior published experiments, we validate the model. Subsequent to model

validation, we perform a systematic analysis of the model parameters on the magnetophoresis of metal

ions. Magnetophoresis is quantified with a magnetic Péclet number Pem. Under a non-uniform magnetic

field, Pem initially rises, exhibiting a local maximum, and subsequently declines towards a quasi-steady

value. Our results show that both the initial and maximum Pem values increase with increasing magnetic

susceptibility, initial concentration of metal solutes, and ion cluster size. Conversely, Pem decreases as

the porosity of the medium increases. Finally, the adsorption of metal salts onto the porous media

surface is modeled through a dimensionless Damkohler number Daad. Our results suggest that the

adsorption significantly slows the magnetophoresis and self-diffusion of the paramagnetic metal salts,

with a net magnetophoresis velocity dependent on the kinetics and equilibrium adsorption properties of

the metal salts. The latter result underscores the crucial role of adsorption in future magnetophoresis

research.

I. Introduction

Magnetically assisted separation provides an environmentally
benign and cost-effective strategy for a broad range of applica-
tions including transport and separation of nanoparticles for
drug delivery,1,2 in chemical kinetics,3 as magnetic contrast
agents in magnetic resonance imaging,4 for microfluidic
applications,5 and for water purification.6–9 In particular, this
method is superior to chemical and size-based separation
methods in cases where the solutes to be separated are chemi-
cally and physically similar but differ in magnetic properties.
When subjected to a nonuniform external magnetic field, a
magnetic material dissolved in a solution experiences a net
magnetic force expressed as follows:10–12

Fm ¼
4p
3

Dwm
m0

Rc
3cðB � rÞB; (1)

where Dwm, m0, Rc, c, and B are the difference between the molar
magnetic susceptibility of a metal solute and the surrounding
medium, the permeability of the vacuum, the effective radius
of the magnetic material, the concentration of solute in the
fluid, and the magnetic flux density, respectively. The motion of
solutes through a solution due to this force is known as
magnetophoresis. In addition to the influence of the magnetic
force, magnetic particles suspended in a fluidic environment
can experience random molecular diffusion caused by thermal
motions.13 The presence of thermal motions acting on a
particle in the solvent counteracts the formation of concen-
tration gradients by nonuniform magnetic fields. Conse-
quently, for a net magnetophoresis motion to occur, the
magnetic force must surpass the random thermal diffusion,
gravitational, and inertial forces acting on the particle. For a
magnetic particle and in the absence of inertial and gravita-
tional forces, the magnetophoresis velocity of the particle (vmig)
can be estimated by balancing the magnetic force with the
Stokes’ drag (Fd = 6pZvmigRc) as:

Fm � Fd ¼ 0) vmig ¼
2Dwm
9m0Z

Rc
2cðB � rÞB: (2)

Here, Z is the viscosity of the surrounding medium. Therefore,
the magnetophoresis of particles depends strongly on the
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creation of a large magnetic field gradient, the particle size, and
the difference in magnetic susceptibility between the particle
and the surrounding medium.

Magnetic materials that are not ferromagnetic can be
divided into two general categories, paramagnetic and diamag-
netic. A paramagnetic ion exhibits a positive magnetic suscepti-
bility (wm 4 0) and, under magnetic field gradients, undergoes
a magnetic force towards stronger magnetic fields. Conversely,
a diamagnetic material possesses a negative magnetic suscepti-
bility (wm o 0) and is pushed away from regions of stronger
magnetic fields.14 Previous studies have demonstrated that, in
the absence of inertial and gravitational forces, the magnetic
force can surpass the forces due to thermal motions for super-
paramagnetic nanoparticles composed of iron oxide (with a size
larger than 50 nm) that are subjected to high magnetic field
gradients (4103 T m�1).15,16 Yavuz and co-workers showed that
the superparamagnetic nanoparticles based on iron oxide (with
a size of 20 nm) could be separated from the solution at low
magnetic field gradients of o102 T m�1.7 This initially surpris-
ing outcome was later rationalized by direct observations that
suggest that magnetic nanoparticles do not behave indepen-
dently under the influence of a magnetic field; instead, they
form aggregates that tend to move much faster than individual
units.7,17–20

In the case of transition metal ions from compounds like
copper(II) chloride or manganese(II) chloride, which possess
a hydration radius of approximately 10�10 m21 and significantly
lower magnetic susceptibilities than the superparamagnetic
iron oxide (by several orders of magnitude), it is logical to
anticipate that the magnetic force would be considerably
weaker than the thermal diffusion under conditions of low to
medium magnetic field gradients. Quite surprisingly, Fujiwara
and co-workers demonstrated successful magnetophoresis for a
range of weakly magnetic transition metal ions (e.g., Cr3+, Mn2+,
Ni2+, and Cu2+) within a porous silica gel medium under a
magnetic field gradient of (B�r)B|max E 400 T2 m�1.22–24

A force balance on these single metal ions predicts no detect-
able magnetophoresis for the experimental conditions reported
by Fujiwara and co-workers. Nonetheless, these authors mea-
sured a magnetophoresis velocity much faster (by five orders of
magnitude) than the calculated velocities based on a force
balance on individual metal ions. Fujiwara and co-workers
invoked a similar hypothesis to those suggested by Yavuz and
co-workers,7 wherein under a non-uniform magnetic field,
the metal ions form clusters with an effective size that is much
larger than individual ions.22–24 According to Fujiwara and
co-workers, transition metal ions may form clusters with an
approximate size in the range of micrometers under such
external magnetic fields.23 The cluster of transition metal ions
is expected to move much faster in a magnetic field compared
to a single ion. In addition, these researchers showed that the
magnetophoresis velocity is faster for greater magnetic suscep-
tibility and for greater initial concentration of the metal solute.23

While Fujiwara et al. have provided some experimental data on
the magnetophoresis of weakly magnetic salts, a comprehensive
theoretical framework that captures the magnetophoresis of

transition metal ions under non-uniform magnetic fields is still
lacking. A comprehensive magnetophoresis model necessitates
the coupling of the complete set of magnetic field equations
with the equations of motion and the transport of magnetic
species in a fluidic environment. The resulting multi-physics
model not only allows for the prediction and elucidation of
magnetophoresis behavior of magnetic metal ions under non-
uniform magnetic fields, but also may inform and expedite the
development of practical laboratory, pilot, and industrial-scale
processes for the transport of magnetic materials using high
gradient magnetic fields. In this paper, we aim to construct a
model for the transport of weakly magnetic species (or solutes)
in a fluidic environment. The inherent non-linearity of the
static magnetic field and the coupled momentum and mass
differential equations necessitates their numerical solution,
which will be achieved through the utilization of the finite
element method using COMSOL Multiphysics software.

This paper is organized as follows: first, the simulations of
the transport of weakly magnetic solutes in a porous medium
will be compared and validated with those reported in experi-
ments by Fujiwara et al.24,25 Next, an exploration of the impact
of varying pertinent physical parameters on magnetophoresis
will be undertaken. This investigation will include parameters
such as ion concentration, magnetic susceptibility, effective
cluster radius, and porous medium properties. Finally, we will
consider the impact of ion adsorption to the porous medium
on the magnetophoresis of magnetic ions.

II. Problem formulation and
governing equations

The problem that we consider in this study involves a closed
two-dimensional simulation domain that is placed inside a
superconducting magnet. We present one case of a three-
dimensional simulation and show the findings are similar to
those produced by 2D simulations (details are given in the
ESI†). However, the high computational cost of the 3D simula-
tion prevents a full systematic study in a realistic time, and
therefore, we mainly use a 2D domain for simulating the
magnetophoresis. The dimensions and the location of the
simulation domain and magnet match those reported in
experiments of Fujiwara and co-workers.22–24 Fig. 1 shows the
dimensions and arrangement of the simulation channel and
the magnet coil cross-section. The width of the simulated flow
channel matches that reported in experiments at 40 mm, while
the length of the computational domain ranges from 20 mm
beyond the initial spot location to 20 mm past the center of the
field in the direction of migration. The simulation channel
contains a porous medium with a porosity that matches those
reported by Fujiwara and co-workers. We will come back to this
point in a later section. The magnet coil is a hollow cylinder
with the cylinder axis oriented along the simulation channel; in
the cross-section, it is simulated as two rectangular regions
with equal and opposite currents normal to the simulation
plane. The dimensions of the magnet are chosen to produce
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a magnetic field best matching that reported in prior
experiments.22

To study the magnetophoresis of magnetic metal ions in
a fluidic environment, simultaneous solutions for the static
magnetic field, convective-diffusion, and momentum equations
are necessary. In the following, we discuss these equations in
detail.

A. Static magnetic field

Prior to modeling the transport of ions, the details of the
magnetic field surrounding the magnetophoresis cell must be
known. In the static magnetic field, the total magnetization is
given by Maxwell-Ampere’s law as:

r � H = A, (3)

where H and A are the strength of the magnetic field and the
current density. Another important equation is Gauss’s law that
is expressed as follows:

r�B = 0, B = m0mrH. (4)

Here, mr is the relative permeability. The magnetic field is
simulated inside a circular region of radius Rf = 5 m to
approximate an infinite domain for the magnetic field. The
condition at the field boundary is zero magnetic flux through
the boundary (i.e., n�B = 0). For the materials studied by
Fujiwara et al., mr E 1, Br = 0, and the moving solutes are
assumed to have negligible effect on mr and therefore on the
magnetic field. The steady-state magnetic field in the coil is
simulated by solving eqn (3) and (4) at the start of each
simulation.

B. Mass and momentum transport

In principle, there are two basic possible physical models for
the transport of species in solutions: (a) the system is consid-
ered as two phases (the particles being the solid phase) dis-
persed throughout another phase (the fluid medium), or (b) it
can be considered as a single phase containing two or more
components. The latter is applicable to systems where the

length scales that are measured or modeled are all much larger
than the length scales of the units that undergo magnetophor-
esis (i.e., the continuum approach). For our study, the smallest
length scale resolved in our model is the initial size of the ion-
rich liquid drop (about 4 mm), while the ion clusters are
smaller by three orders of magnitude. Therefore, we consider
the domain as effectively a single phase containing the metal
ions (associated with clusters), the surrounding water, and the
porous medium. In order to analyze the transport of a single
phase solution of metal ions under a non-uniform magnetic
field, we must solve the convective-diffusion equation as
presented below:

@ci
@t
¼ r �Ni; (5)

where ci and Ni are the concentration, and the total molar flux
of species i in the solution, respectively. The total molar flux is
given by the following expression:

Ni = Ji + civi (6)

Here Ji denotes the diffusion flux and vi is the velocity of the
solute due to body forces. For dilute solutions such as those
studied in this paper, the diffusion flux is given by Fick’s law as:
Ji = �Dirci, where Di is the self-diffusion coefficient of species i
in the solution. For paramagnetic metal salts, body forces can
arise through any of three phenomena: buoyancy due to gravity,
electrophoresis due to an electric field, and magnetophoresis
due to a magnetic field. Net gravitational forces are negligible
in the porous medium domain and zero in the direction of
magnetophoresis; therefore, buoyancy can be omitted from the
model. Although net movement of the metal ions in response to
an electric field is possible, all resolved length scales are much
longer than the Debye length (0.12–16 nm) and there are no
reactions or boundary fluxes (see ESI† for more information).
Therefore, the metal salt can be modeled as a single, electro-
neutral species. This leaves magnetophoresis, with a velocity
characterized by eqn (2). By incorporating eqn (2) into eqn (6),
we can arrive at the total molar flux for a non-reacting solute in

Fig. 1 Domains used for simulations showing dimensions of the coil and the computational domain that contains the porous medium. The dimensions
of the magnet are as follows: inner radius of the magnet coil 35 mm, outer radius 65 mm, length 160 mm, number of turns � current 1.6 MA.
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a non-uniform magnetic field:

Ni ¼ �Dirci þ
2wm;i
9m0Z

Rc
2ci

2ðB � rÞB (7)

Once the details of the magnetic field are known from simula-
tions of the static magnetic field, eqn (5) and (7) are solved
numerically to obtain the evolution of the solute concentration
throughout the channel domain over time. For the boundary
conditions, we use zero flux through the channel boundaries
(ends and edges): n�Ji = 0. The initial solute concentration
throughout the domain is a radially symmetric Gaussian dis-
tribution centered on (x0, 0) and with standard deviation r0. It is
given by the expression: ci|t=0 = c0 exp[�(x � x0)2/r0

2 � y2/r0
2].

C. Porous medium modeling

Fujiwara and co-workers used a silica gel that consisted of
particles of size 0.075–0.15 mm and saturated with de-ionized
water. The pores in the silica gel particles and the voids
between them were much smaller than the channel dimensions
and the initial size of the ion spot. Therefore, the porous
medium in this study is simulated as a homogeneous domain
with one phase representing an aqueous solution in a porous
solid with an effective porosity e. The effective diffusivity is
calculated based on Millington and Quirk model e4/3 = D/D0,26

where D and D0 denote the diffusion coefficients of the ion in
the porous and free medium, respectively. Using the experi-
mental parameters used by Fujiwara and co-workers, we calcu-
late a porosity of e E 0.61, which will be used in simulations
that are compared with experimental data.

D. Dimensionless numbers

In principle, several forces could affect the magnetophoresis of
metal ions in a porous medium: inertia, diffusion, buoyancy
due to gravity, and magnetic force. To assess the importance of
these forces, we use a range of dimensionless numbers.

The role of inertia can be evaluated through the Reynolds

number, which can be expressed as: Re ¼
rjvjjRc

Z
. For the

simulations presented in this paper, Re { 1, therefore, the
effect of inertia is negligible. In addition, net gravitational
forces are negligible in the domain and zero in the direction
of magnetophoresis. This leaves us with the two remaining
forces: the magnetic force and the forces associated with
thermal motions. As noted before, if the magnetic force exceeds
the forces due to thermal motions, the metal ions (solutes) can
successfully undergo net magnetophoresis. To probe the relative
importance of these two forces, a dimensionless magnetic Péclet
number can be formulated. The Péclet number for mass transport
conventionally compares convection with diffusion using a char-
acteristic length scale. This definition can be adapted to compare
magnetic force induced motion with diffusion as:

Pem ¼
vmigr1=2

D
¼ 2wm

9m0ZD
Rc

2r1=2cðB � rÞB; (8)

where r1/2 is the radius of the spot of solute (half-width at half-
maximum concentration). In eqn (8), Pem depends on r1/2, c, and

(B�r)B, which can vary with space and/or time. Therefore, the
Péclet number will vary in a spatio-temporal manner Pem = f (x, y,
t). To simplify our analysis, we opt to assess the temporal evolution
of the Péclet number for cmax|y=0 and a magnetic field gradient
oriented along the x-axis. Here cmax refers to the maximum local
concentration of the solute within the whole domain and y = 0
denotes the center-line of the porous medium domain. Therefore,
the time dependent magnetic Péclet number is defined as:

Pemjmax¼
vmaxr1=2

D
¼ 2wm

9m0ZD
Rc

2r1=2cmax Bx
@Bx

@x

� �
: (9)

Note that with no magnetic field, diffusion of the spot of ions acts
in a radially symmetric manner, and an analytical solution
is possible.24 The time evolution of r1/2 is related to cmax by the
expression:

cmax

c0
¼ ln 2

r0

r1=2

� �2

(10)

However, applying the magnetic field breaks this radial symmetry,
and r1/2 no longer has a well-defined, spatially-independent
value. Nonetheless, mass is conserved, and a characteristic r1/2 for
an asymmetric peak can be defined by considering a symmetric
peak with the same overall amount of solute and cmax as the
asymmetric peak. For such a peak, r1/2 can be obtained using
eqn (10). Therefore, for the remainder of this analysis, eqn (10) is
used to estimate r1/2 for use in eqn (9) to obtain the value for
Pem|max.

III. Numerical details

Finite-element numerical simulations were performed using
COMSOL Multiphysics 6.1. The computational porous medium
domain was modeled as a 40 mm � 140 mm domain filled with
124 620 triangular mesh elements, each 0.33 mm in size.
Simulation results do not noticeably change when a finer mesh
is used, which shows that these results closely approximate an
exact solution to the governing equations. Outside the magne-
tophoresis channel, the mesh elements gradually increased in
size with distance from the channel boundaries, up to a
maximum size of 6 mm in and around the magnet coils. The
overall magnetic field domain was a circle of radius 5 m filled
with 142 210 triangular mesh elements.

The solution procedure consists of two steps. First, at the
start of each simulation, the magnetic field is solved in the
steady state by applying eqn (3) and (4) throughout the full
domain. Then, the solved magnetic field is applied to eqn (5)–(7)
in the time-dependent solver simulating only the channel. The
solver used adaptive time stepping with the maximum time step
no longer than 0.05 h; the end time in all simulations is 14 h.
With these parameters, a minimum of 280 independent inter-
mediate time solutions are obtained.
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IV. Results and discussion
A. Diffusion in the absence of a magnetic field

We begin our discussion by validating the model discussed
above. The first step in the validation process is to model the
broadening of the spot due to diffusion reported in experi-
ments inside the porous medium in the absence of a magnetic
field. Therefore, we initially validate the outcomes of our
simulations under the condition of zero magnetic field.
Fig. 2(a)–(c) depicts a time sequence of snapshots obtained
from simulations, illustrating the diffusion behavior of a
copper(II) chloride solution spot in the absence of an applied
external magnetic field. The initial spot is modeled with the
maximum concentration 1 M and a radius of 4.5 mm in order

to be consistent with the diffusion experiments reported by
Fujiwara et al.24

In Fig. 2(d), the normalized solute concentration along the
central axis of the droplet is presented. Evidently, as the
diffusion proceeds, the intensity of normalized solute disper-
sion progressively increases towards a more uniform concen-
tration profile. In Fig. 2(e), the evolution of the maximum
concentration of ions (cmax; left axis) and spot radius (r1/2; right
axis) are displayed, encompassing both simulation results and
the data reported by Fujiwara et al. for copper(II) chloride
solution. Overall, there exists a good agreement between the
simulation results and the experimental data, further corrobor-
ating the validity of our model.

Fig. 2 Simulated copper(II) chloride spot (a) initially applied, (b) after 4 h and (c) 14 h of diffusion with no magnetic field. Contour lines are shown to
emphasize the temporal evolution of the spot shape. (d) Normalized center-line concentration profiles at these times. (e) Evolution of the maximum spot
concentration and spot radius at half-maximum over time. Circular markers show the times plotted in subfigures (a)–(c), and diamond-shaped markers
are experimental results reported in ref. 24. Reprinted (adapted) with permission from Fujiwara et al.24 Copyright 2001 American Chemical Society.
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B. Details of the magnetic field

With simulations of diffusion under no field validated, we now
begin our discussion on magnetophoresis by simulating the
domain under a magnetic field that was matched to experi-
ments. The most relevant experiments reported by Fujiwara
and co-workers on the magnetophoresis of transition metal
ions were performed in a superconducting magnet that pro-
duced a uniform magnetic field of 8 T in the middle of the
magnet bore. Fig. 3(a) shows the map of the magnetic flux
density (B) for a simulated electromagnet producing a match-
ing field. Additionally, Fig. 3(b) shows the calculated (B�r)B
inside the computational domain, where transition metal ions
undergo transport. Fujiwara and co-workers did not provide a
full 2D map of the magnetic field produced by their super-
conducting magnet, however, they reported the magnetic field
and the (B�r)B along the center line (y = 0) as a function of axis
location (x). Fig. 3(c) compares the measured magnetic field
reported by Fujiwara and co-workers with those simulated
in this paper. The simulated magnetic field exhibits a good

agreement with the magnetic field data reported by Fujiwara
and colleagues. This alignment serves as a validation of the
static magnetic field simulations to be used for investigating
the magnetophoresis of the transition metal ions.

C. Magnetophoresis under a non-uniform magnetic field

Fujiwara and co-workers reported magnetophoresis of a range
of transition metal ions. In particular, the 2006 report on
copper(II) chloride features studies of magnetomigration and
diffusion over time with sufficient reported data for a thorough
validation of the computational model presented here. There-
fore, below we provide a detailed comparison between our
simulations and the results of Fujiwara and co-workers on this
metal ion. Fig. 4 shows the simulated magnetophoresis of a
spot of copper(II) chloride solution under the magnetic field
reported in Fig. 3. The magnetic susceptibility of the copper(II)
ion used in the simulation is 1.89 � 10�8 m3 mol�1, consistent
with what Fujiwara et al. reported for copper(II) chloride. Note
Fujiwara et al. report magnetic susceptibility in cgs units.
To convert to ESI,† it is necessary to multiply by a factor of
4p. In addition, the cluster size Rc is 2.3 mm to be consistent
with what Fujiwara et al. report in their study.24 To compare the
experiments of Fujiwara et al.24 and simulations, we first
start by comparing the 2D map of ion concentration profiles.
Fujiwara et al.24 only reported the 2D image of concentration
profiles after 4 hours. At first sight it seems that the tail of ion
concentration profile of simulations is a bit more dispersed in
the y-direction compared to experimental images reported by
Fujiwara et al.23 Note that Fujiwara et al. do not report any
calibration of the imaging procedure in their study using
known solute concentrations, and there is no guarantee of
any particular quantitative relation of the plotted image inten-
sity to the solute concentration. Therefore, a quantitative
comparison of the reported image intensity from experiments
of Fujiwara et al. with the predicted solute concentration maps
from simulations is not feasible.

A more meaningful quantitative comparison between the
simulations and experiments involves comparing the axial
location (xmax) of the point of maximum metal ion concen-
tration (cmax). In Fig. 4(d), the time-dependent variation of
normalized solute concentration along the axial direction is
presented. Consistent with reported experiments, the spot
moves approximately 40 mm towards the field center under
4 h of field exposure, and the concentration profile at the center
line is skewed in the direction of movement. Fig. 4(e) shows
that the temporal evolution of the maximum concentration of
solute cmax and the displacement of the point of maximum
concentration from the initial location (i.e., xmax � x0) through-
out the duration of exposure to the external magnetic field.
Included in this figure are also the data reported by Fujiwara
and co-workers that show excellent agreement with the results
of our simulations. To further assess the validity of 2D simula-
tions, we performed a 3D simulation that replicates the data of
Fig. 4. As shown in the ESI† (Fig. S1 and S2), the 3D simulation
results are similar to 2D results and not much difference
is observed. However, the computational cost of the 3D

Fig. 3 Simulated magnetic field used for magnetomigration studies.
(a) 2D map of the magnetic flux density throughout the domain. (b) 2D
map of the magnetic field gradients ((B�r)B) in the porous medium
domain. (c) Magnetic flux density and the gradients along the magnet
center line are shown for both experiments and simulations. Reprinted
(adapted) with permission from Fujiwara et al.22 Copyright 2001 American
Chemical Society.
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simulation is significantly greater, and this would limit the
number of simulations that can be feasibly conducted in a
study. Therefore, for the rest of the manuscript, we report the
results of 2D simulations.

Subsequent to a detailed and successful comparison with
the available experimental data, we perform a detailed analysis
of the important parameters (e.g., magnetic field strength,
magnetic susceptibility, cluster size, initial ion concentration
and porosity of the medium) that may affect the magnetophor-
esis. Fig. 5(a) shows the spatio-temporal evolution of copper(II)
chloride ions at different magnetic field and gradient strengths.
For a field strength of 0.8 T, the thermal diffusion is dominant
and the magnetophoresis is negligible. As the field gradient

increases towards 4 T, the magnetophoresis is strengthened.
However, the total travel distance is much smaller than when
the magnetic field strength is increased to 140% of the mag-
netic gradients shown in Fig. 3.

Fig. 5(b) shows the variation of the Pem|max as a function of
time for those conditions noted in Fig. 5(a). At a low magnetic
gradient strength of 0.8 T, Pem|max is always below unity high-
lighting the dominant role of thermal diffusion. As magnetic
field strength increases, Pem|max increases beyond unity.
At some point, Pem|max exhibits a local maximum before it
decays toward a steady limit at longer times. This initial rise in
Pem|max is due to the movement of the spot towards higher
(B�r)B. It is most prominent at the strongest field strength,

Fig. 4 Simulated copper(II) chloride spot (a) initially applied, (b) after 4 h and (c) 14 h of the magnetic field exposure. Contour lines are shown to
emphasize the temporal evolution of the shape of the spot. (d) Normalized center line concentration profiles at those times shown in part (a)–(c).
(e) Temporal evolution of the spot location and maximum spot concentration over time. Circular markers show the times plotted in subfigures (a)–(c),
and diamond-shaped markers are experimental results reported in Fujiwara et al.24 Reprinted (adapted) with permission from Fujiwara et al.24 Copyright
2006 American Chemical Society.
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where increasing (B�r)B with movement acts faster than
decreasing cmax with time. As time progresses, the Pem|max

decreases indicating the importance of thermal diffusion at
longer times. Furthermore, as the field strength increases, the
local maximum in Pem|max increases and occurs at shorter time
scales.

Next we report a systematic analysis of the impact of other
important parameters on magnetophoresis of metal ions.
As shown in Fig. 5(b), Pem|max varies both in space and time.
Therefore, for the sake of clarity, we assess the impact of each
of those aforementioned parameters through a characteristic
Pem|max at time t = 0 and at the time when a local maximum (if
any) is observed for the magnetic Péclet number. From now
onward, we will denote these Péclet numbers as Pe�m.

Fig. (6) illustrates the impact of magnetic susceptibility, ion
cluster size, initial concentration and the porous medium
characteristics on the magnetophoresis of ions under a mag-
netic field of 8 T. In these graphs, filled symbols correspond to
the maximum local Péclet number and hollow symbols are the
initial Péclet number. In particular, Fig. 6(a) shows the varia-
tion of Pe�m as a function of magnetic susceptibility for a range
of metal solutes. For those metal ions that produce Pe�m o 1,
thermal diffusion is the dominant force, and the magnetic field
is too weak to cause any magnetophoresis. As the magnetic
susceptibility increases, Pe�m increases linearly and goes beyond
unity. At much higher magnetic susceptibilities, the local
maximum in Pe�m appears (filled data) and deviates from the

initial Pe�m as metal ion becomes strongly paramagnetic.
Fig. 6(b) shows Pe�m as a function of ion cluster size for copper(II)
chloride (wm = 1.88 � 10�8 m3 mol�1) and manganese(II) chloride
(wm = 1.78 � 10�7 m3 mol�1). As expected, Pe�m increases mono-
tonically with the cluster size. Interestingly, there is a critical cluster
size below which magnetophoreis does not occur Pe�m o 1

� �
. This

critical cluster size decreases as the magnetic susceptibility of the
metal ion increases. The initial concentration of the ion has a
similar effect to those of the magnetic susceptibility and the cluster
size. Finally, the effect of porosity of the porous medium on Pe�m is
reported in Fig. 6(d). Generally, as the medium becomes sparsely
porous, the magnetophoresis is weakening. This is mainly because
the thermal diffusion in a fluidic environment is much faster than
that in a porous medium. In a porous medium, the diffusion of
ions is restricted, and therefore, magnetophoresis proceeds with a
larger Pe�m.

It should be noted that in these simulations, the cluster size
is assumed to remain independent of both the initial concen-
tration, the magnetic susceptibility of the ion, the time, and the
location. In principle, the formation of magnetic clusters in a
uniform magnetic field can be attributed to a balance between
dipole–dipole interactions, electrostatic repulsion, and van der
Waals forces.27–30 In the presence of a non-uniform magnetic
field, the magnetophoresis force introduces an additional driv-
ing mechanism, potentially accelerating the process of cluster
formation.29 As a result, in a non-uniform magnetic field the
ion cluster size should be Rc B f (c, w, t, x, y). While existing

Fig. 5 Effects of varied magnetic field strength on transport of metal ions. (a) Simulated copper(II) chloride spot when initially applied, after 4 h, and after
14 h for magnetic field strengths of 0.1, 0.5, and 1.4 times that used in Fig. 3. (b) Evolution of the magnetic Pem|max number over time for different field
strengths.
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research has predominantly investigated the formation of clusters
for super paramagnetic nanoparticles in both uniform27,28,30,31

and non-uniform magnetic fields,6,29 there appears to be a
notable gap in the literature regarding studies on the formation
of clusters of metal ions in non-uniform magnetic fields.
Fujiwara and colleagues inferred the formation of clusters of
transition metal ions through magnetomigration experiments.23

To the best of our knowledge, there is a lack of direct (experi-
mental) evidence supporting the formation of metal ion clusters.
Consequently, the relationship between ion cluster size and
factors such as time, space, initial concentration, and magnetic
susceptibility remains unknown. In this study, we have assumed
that cluster size is independent of these variables as an initial
approximation. However, to offer a more precise assessment of
cluster size and to elucidate the influence of ion concentration,
magnetic susceptibility, time, and space on magnetic metal
ion cluster formation in a non-uniform magnetic field, a more
systematic series of experiments and/or atomistic simulations are
needed.

D. Adsorption of metal ions onto a substrate

The silica gel porous medium used by Fujiwara and co-workers
presents an active solid substrate with a large surface area
(450 m2 g�1) where the metal ions can be adsorbed.32,33 The
adsorption of metal ions to the surface of the silica beads
provides a new mechanism that may compete against the
magnetophoresis of metal ions under an external magnetic
field. Therefore, to provide a more realistic description of
magnetophoresis of metal ions in porous media, the conti-
nuum model should consider the effect of adsorption on the

transport of species. Indeed, Chie et al.25 reported cases where
the magnetomigration distances of some metal ions on silica
gel do not consistently correlate with their magnetic suscepti-
bility, likely due to the adsorption of metal ions to the silica gel.
In particular, they showed that despite having a smaller mag-
netic susceptibility, cobalt(II) ions travel a longer distance than
iron(II) ions under otherwise identical ion concentration and
magnetic field gradients. Note that the molar magnetic
susceptibility of iron(II) solutes is 54% greater molar magnetic
susceptibility of cobalt(II) ions. Although Chie et al.25 linked the
discrepancy to different adsorption activities onto silica gel, the
effect of adsorption on magnetophoresis was not quantified or
discussed in detail. Therefore, we added the adsorption physics
to our continuum model and assessed how adsorption affects
magnetomigration using the cobalt/iron case reported by
Chie et al.25

Adsorption is incorporated into the mass transport equa-
tions as a reversible reaction that is expressed as: ci "

ci,ad. Here ci is the concentration of free solute in the porous
medium and ci,ad is the concentration of adsorbed solute. The
reaction rate is added to the right-hand side of eqn (5), and a
new species mass transfer equation for ci,ad is added to obtain:

@ci
@t
¼ r �Ni � Ri (11a)

Ri ¼
@ci;ad
@t

(11b)

There is no flux term in eqn (11b) because the solute is
assumed to be effectively immobile in its adsorbed state. For

Fig. 6 Effects of simulation parameters on the initial (large empty symbol) and maximum (small filled symbol) Pe�m numbers: (a) molar magnetic
susceptibility of solute; (b) effective ion cluster radius for wm = 1.88 � 10�8 m3 mol�1 (blue circles) and wm = 1.78 � 10�7 m3 mol�1 (orange squares); (c)
initial maximum concentration of the spot; (d) medium porosity for c0 = 1 M (blue circles) and 100 mM (orange squares). Except otherwise specified,
parameters are as shown in Fig. 4. Lines are a visual aid only.
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the initial condition, ci,ad = 0, indicating that all ions are
initially free in solution. Although the experimental data on
adsorption of transition metal ions on silica gel surface are
scarce, the limited experiments suggest that equilibrium
adsorption of cobalt(II) and iron(II) salts on silica gel is best
described by a Langmuir isotherm and that adsorption and
desorption kinetics are on the order of hours.34–36 The available
Langmuir isotherm parameters and rate constants are given in
Table 1.

The reaction term Ri for a Langmuir isotherm can be
expressed as:

Ri ¼ kad ci CL � cadð Þ � ci;ad

KL

� �
(12)

Here, kad, CL, and KL are the adsorption rate constant,
maximum possible concentration of adsorbed species, and

equilibrium constant, respectively. The introduction of the
reaction term associated with adsorption to eqn (11) gives rise
to a new relevant time scale (adsorption time), and its magni-
tude relative to diffusion and/or magnetomigration may affect
the magnetophoresis behavior of the metal ions. The relative
importance of adsorption compared to diffusion is quantified
by the adsorption Damkohler number, which is defined as:

Daad ¼
kadCLr1=2

2

D
(13)

Fig. 7(a) and (b) show the temporal evolution of dimension-
less Pem|max and Damkohler numbers as a function of time
for cobalt ions at different relative equilibrium constants
K�L ¼ KL=4:24� 103 M�1 (the denominator is the value for KL

obtained from the literature as presented in Table 1). At early
stages of magnetophoresis (t o 0.5 h), the Pem|max and Dam-
kohler numbers are insensitive to variations in the adsorption
equilibrium constant. However, over time, the Pem|max

decreases to lower values for lower values of K�L. Conversely,
the Damkohler number (Daad) increases with time, with the
resulting number rising at a faster rate for lower values of K�L.
The corresponding time-resolved 2D concentration plots for
two values of K�L are illustrated in Fig. 7(c). Interestingly, as K�L

Table 1 Adsorption coefficients and rate constant obtained from available
literature data

Metal ion KL [M�1] CL [M] kad [h�1 M�1]

Co2+ 4.24 � 103 34 9.81 � 10�2 34 3.4234

Fe2+ 30.635 8.05 � 10�2 35 0.29936

Fig. 7 Effect of the non-dimensional Langmuir adsorption coefficient K�L on magnetophoresis behavior of cobalt(II) ions. Temporal evolution of the
magnetic Péclet (a) and the adsorption Damkohler (b) numbers. (c) Concentration distribution at selected times for K�L ¼ 1 (base case) and 2.5 � 10�3

(matched case).
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increases, the impact of thermal diffusion decreases and the
metal ions are less likely to disperse in the y direction and that
gives rise to the increase in Pem|max and the decline in Daad

numbers. A similar trend can be observed for iron(III) chloride
(see Fig. S1 in the ESI†). Varying C�L C�L ¼ CL=9:81� 10�2 M

� �
has a similar effect to the K�L and sample plots are shown in
Fig. S2 and S3 of the ESI,† for cobalt(II) chloride and iron(III)
chloride.

In Fig. 8(a), the temporal evolution of the cobalt(II) ion
movement is shown for various K�L values. Initially, the ions
move rapidly and as time goes by, the magnetophoresis slows
down until it levels off at longer times. As K�L increases, the
overall distance by which ions travel decreases, with the differ-
ence being most significant at longer times. This is consistent
with the evolution of Daad as seen in Fig. 7, where greater values
of Daad indicate a stronger effect of adsorption compared to
diffusion and magnetomigration. The simulation prediction for
K�L ¼ 2:5� 10�3 shows the same movement after 4 hours as
reported in experiments of Chie et al.25 Additionally, Fig. 8(b)
shows the effects of C�L on the predicted movement of the
concentration maximum over time while K�L is held fixed. As C�L
increases, the movement distance decreases, and for C�L � 3;

nearly all movement of the concentration maximum is within
the first few minutes. A similar trend is reported for iron(III)
chloride (see Fig. S4 in the ESI†).

Clearly, the experimental K�L and C�L values reported in
Table 1 do not yield a similar magnetophoresis behavior to
those reported by Chie et al.25 Using values reported in Table 1,
the simulations underpredict the total ion movement reported
by Chie et al. (see black dots in Fig. 8(a) and (b)). This
discrepancy could be due to several factors, which include the
following: first, there may be other sets of parameter values
yielding the same predictions for magnetophoresis in the
presence of adsorption. For example, Fig. 8(c) compares the
movement over time of the cobalt(II) ion, where both para-
meters (K�L and C�L) are varied such that [xmax � x0]t=4h is
consistent with the results reported in ref. 25. As K�L decreases,
the value of C�L producing the experimental match increases,
and the movement of the spot changes from a fast initial
movement that slows significantly over time to an initially
slower but more steady movement. Secondly, there are several
varieties of silica gel with different adsorption activities for the
transition metal ions. The values given in Table 1 were obtained
from the available literature and likely differ from those that
would best represent the silica gel used in experiments of
Chie et al.25 For example, Chie et al. reported a stronger
adsorption for iron(II) than cobalt(II) ions, whereas the existing
data reported in Table 1 suggest that cobalt(II) ions are more
prone to adsorption than iron(II) ions. Third, the adsorption of
ions onto the substrate may separate the metal ions from the

Fig. 8 Predicted movement of the spot of cobalt(II) chloride for varied adsorption parameters. Effect of the Langmuir adsorption coefficient K�L (a) and
C�L (b) on the temporal movement of the concentration maximum. For this study, the product kadCL was held fixed. (c) Movement of the point of

maximum concentration for various K�L; C
�
L

� �
pairs resulting in movement after 4 h matched to the results of Chie et al.25 shown as a black dot.
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chloride counter-ions, and electric field effects may need to be
included. Consequently, to perform a more comprehensive and
quantitative comparison with experiments on the magneto-
migration of ions in the presence of adsorption, it is imperative
to conduct a systematic study of the adsorption kinetics and
isotherm of the metal ions for the same types of silica gel
utilized in either the previously reported experiments or new
studies of magnetophoresis.

V. Conclusions

In summary, a numerical model for diffusion and magnetomi-
gration of paramagnetic metal solutes in porous media has
been developed. By employing the hypothesis of cluster for-
mation under non-uniform magnetic fields as documented by
Fujiwara et al.,24 our simulation results closely correspond to
the experimental findings as reported. Moreover, we demon-
strated that magnetophoresis can be characterized by the
magnetic Péclet number, which exhibits a transition from a
monotonic decrease for weak magnetophoresis to an initial
increase leading to a local maximum, followed by a subsequent
decline as magnetophoresis becomes more pronounced. The
magnetic Péclet number demonstrates a consistent increase
with changes in magnetic susceptibility, initial ion concen-
tration, and ion cluster size. Conversely, the magnetophoresis,
represented by the magnetic Péclet number, diminishes as
the medium shifts into a sparsely porous state. Finally, our
findings indicate that the adsorption of ions onto the surfaces
of the porous media impedes both the magnetophoresis and
self-diffusion of ions, with its effects being most pronounced
over longer time scales.
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