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Lock-key microfluidics: simulating nematic colloid
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Liquid crystalline media mediate interactions between suspended particles and confining geometries,
which not only has potential to guide patterning and bottom-up colloidal assembly, but can also control
colloidal migration in microfluidic devices. However, simulating such dynamics is challenging because
nemato-elasticity, diffusivity and hydrodynamic interactions must all be accounted for within complex
boundaries. We model the advection of colloids dispersed in flowing and fluctuating nematic fluids
confined within 2D wavy channels. A lock-key mechanism between homeotropic colloids and troughs is
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found to be stronger for planar anchoring on the wavy walls compared to homeotropic anchoring on
the wavy walls due to the relative location of the colloid-associated defects. Sufficiently large amplitudes
DOI: 10.1039/d3sm01536j result in stick—slip trajectories and even permanent locking of colloids in place. These results demon-

strate that wavy walls not only have potential to direct colloids to specific docking sites but also to
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1 Introduction

Manipulating particle trajectories is an important feature of
many microfluidic applications, including drug delivery,' cell
sorting® and medical diagnoses.> Accordingly, a variety of
approaches have been developed to control the trajectories of
microparticles.*”” One means of sculpting particle trajectories is
by suspending them in complex carrier fluids, as in topological
microfluidics,® in which particles are guided by liquid crystalline
carrier fluids.’ Liquid crystalline materials are alluring for micro-
fluidic transport because they are highly responsive to flows,'*™*>
suspended inclusions™'* and confining surfaces.”>” When
colloidal particles are dispersed in liquid crystalline fluids, the
anisotropic nature of liquid crystals gives rise to emergent
properties’®?' and imposed anchoring at colloidal surfaces
results in topological defects in the vicinity of the colloids
to ensure topological charge neutrality. Strong homeotropic or
planar anchoring endows the surface with a topological charge of
+1 and necessitates the existence of an accompanying —1 charge
in the bulk fluid, either as two —1/2 point defects in 2D, or in 3D
as defect loops (Saturn rings), —1 point defect (hyperbolic hedge-
hog), or surface defects (boojum defects).

Such defects mediate particle—particle and particle-wall
interactions.”>*® Particle-wall elastic interactions allow micro-
patterned structures on walls to have significant, long-ranged
effects on colloids.?”*® For example, indentations in walls can
govern colloid position: when the width of an indentation is
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control site-specific resting duration and intermittent elution.

comparable to colloid size there can be a strong attraction,”®
whereas this attraction is weak when the width is much greater
or smaller than the diameter of the colloid.?”***" These ideas
were advanced by investigating periodic wavy boundaries, in
which periodic nematic deformations near the wavy walls
causes colloids with Saturn ring defects to be attracted to the
troughs, and dock via a ‘lock-and-key’ mechanism, while dock-
ing location depends on the orientation of the defect for
colloids with hedgehog defects.*” Variations of this setup have
included imposed twist,*® saw-tooth or crenellated substrates,**
and ellipsoidal®® or four-armed colloids.*® In addition to setting
stable docking sites, structured boundaries can control
dynamic trajectories. Trajectories can arise due to diffusion
or external fields,>” with docking or continued motion con-
trolled by a balance between nemato-elasticity and driving
force. Periodic structures, in particular, allow precise control
of colloidal transport.*® In these cases, nematic colloids must
respond to both elastic deformations through free energy
minimization and advection through drag.

In this manuscript, we model discoidal colloids advecting in
fluctuating 2D nematics flowing through microfluidic wavy
channels (Fig. 1) and vary the amplitude of the undulations.
We investigate this using a multi-particle collision dynamics
(MPCD) algorithm to simulate thermalized nematodynamics
and the inclusion of colloidal particles, and we provide a
method for implementing wavy boundaries. This approach
includes colloidal diffusion, nemato-elasticity and hydrody-
namics within complex boundaries. Inspired by experimental
studies in which docking sites are of comparable size to
colloids,*****> we focus on the effect of the amplitude of the

This journal is © The Royal Society of Chemistry 2024
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Fig. 1 Simulation snapshot, with planar anchoring on the wavy channel walls, and homeotropic anchoring on the mobile colloid. In this study, all colloids
have homeotropic anchoring but the anchoring on the channel walls varies. The color shows local scalar order parameter field S and white dashes show
the director field. Colloid radius R = 5a; wall amplitude By = 2.5a; wall wavelength 1 = 20a; average channel height (h), = 20a; and pressure gradient

VP =0.02ma'~?t2%. Snapshot from t = 207, early in the simulation.

wavy boundaries on the colloidal trajectories and velocities, for
different anchoring conditions, and demonstrate that these
systems have the potential to trap colloids at given points or
allow colloidal conveyance. For intermediate amplitudes, elution
follows stick-slip dynamics, with the “sticking” duration
increasing with amplitude until the colloid locks in place. The
amplitude at which the transition from stick-slip to locking
occurs decreases with nematic elasticity for a given pressure
gradient. We consider colloids with strong homeotropic anchor-
ing but allow the anchoring on the channel walls to vary. Our
results show simple microfluidic systems can temporarily lock
particles in place by combining surface structure and advective
flow, allowing precise control over elution dynamics and the
ability to lock colloids in place for specific times.

2 Methods

To simulate colloids in a flowing and thermally fluctuating
nematic liquid crystal confined within a complex channel,
a multi-particle collision dynamics (MPCD) algorithm is
used.’**> MPCD has been employed to simulate reaction-
diffusion dynamics,*>** electrophoresis,*>*® thermophoresis,*”
swimmers,**>° polymers,”>* colloidal suspensions,>*”® binary
mixtures,”” viscoelastic fluids,*® ferrofluids,”**° and dense stellar
systems.®' " Most relevantly, MPCD has been used to simulate
nematic liquid crystals.** In this context, MPCD has simulated
nematohydrodynamics,®> suspended colloids,®*®” magnetic
colloids,*®* living liquid crystals,” and active nematics.”*”* For
the present study, MPCD is chosen because it is ideal for moderate
Péclet numbers, mobile solutes and complex boundaries.

The nematic MPCD (N-MPCD) algorithm discretizes the
continuous fluid into N point particles. Each such point parti-
cle i is given a set mass m; = m V i, possesses an instantaneous
velocity v{f) and unit-length orientation u,(¢f) to model the
direction of the nematogens at each instant ¢. The MPCD

This journal is © The Royal Society of Chemistry 2024

algorithm consists of two steps:’*’® (i) streaming and (ii)
collision. The streaming step (see Appendix A) updates each
particle position r; assuming ballistic motion over a time step
8t. The collision step (see Appendix A) simulates the interac-
tions between fluid particles via a coarse-grained collision
operator. The collision operator stochastically updates the
particles’ velocities and orientations, while constrained to
respect conservation laws. To do this, the simulation domain
is split into cubic cells of size a and index c containing N(¢)
particles at any instant ¢. A random grid shift ensures Galilean
invariance.”® Only particles in the same cell interact and the
interactions involve all particles in the same cell. The average
number of particles per cell sets the fluid density p = m(N.)/a%,
where (-) is the average over all cells and d = 2 for a two-
dimensional fluid. The collision event can itself be broken into
three stages (see Appendix A):

1. Stochastic momentum exchange: particle velocities are
updated by a collision operator =Z; .(¢) for particle i in cell ¢ at
time t. An Andersen-thermostatted collision operator randomly
generates velocities from a Boltzmann distribution with energy
ksT.”””® This operator conserves momentum and thermostats
the energy.

2. External forces: a pressure gradient is applied as VP = pg,
where the effective external acceleration g is included in the

collision operator.

3. Orientation exchange: in N-MPCD, each particle’s orienta-
tion u; is stochastically drawn from the Maier-Saupe distribu-
tion about each cell’s director n. as p(u;) oc exp(US¢(n.-u)*/ksT),
where S, is the scalar order parameter of cell ¢ and U is the
mean field potential, which controls how strongly the orienta-
tions align. Additionally, MPCD particle orientation responds
to velocity gradients through Jeffery’s equation, which is para-
meterized by a bare tumbling parameter ¢ and heuristic shear
coupling coefficient y. The y parameter acts as a relaxation
parameter, effectively allowing Jeffrey’s equation to be averaged
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over a small number of time steps of the fluctuating hydro-
dynamic field. Finally, director dynamics are coupled back to
the velocity field through local torques parameterized by a
rotational mobility coefficient y; (see Appendix A for
details).®"*® A small value is chosen to keep backflow effects
to a minimum. Numerical analysis has shown that N-MPCD
describes a linearized nematohydrodynamic model in which
viscosity and elastic effects are isotropic.”®

The wavy 2D channel is modeled with plane-wavy solid
boundaries (see Appendix B). Each surface (both bounding
walls and colloidal) is labelled by index b and represented
as a surface on which %, (r) = 0. A baseline surface is defined
for planes and, to account for wavy boundaries, a second term
is included, which allows waves with amplitude B, and
frequency By ;. In this study, we focus on 2D; however, this
framework allows simulations of egg-carton and corrugated
walls (Appendix B). Both the top and bottom wavy walls of
the channel have the same amplitude By, o = B, and wavelength
A given by B, = B) = 2n.#// for all wall boundaries, where %
is the system size in that direction. The boundaries defining the
discoidal colloids are smooth and so Bpo = Bp; = 0 for all
colloids, though wavy colloids and cylinders are possible in our
framework (Appendix C). Bounce-back boundary conditions
with phantom particles ensure no-slip.®*** Periodic boundary
conditions are plane surfaces at the channel extremities.

2.1 Simulation parameters

The simulation units are particle mass m, thermal energy kgT

and cell size a. From these, the time unit is t = a\/m/kpT.
Additional derived units include dynamic viscosity uo = kgTt/
a?)’® stress kyTa ? and Frank elasticity kzTa®> “. In these two
dimensional (d = 2) simulations, the time step is set to &t = 0.1t
and density is set to p = 20m/a’. The mean field potential is U =
10kgT (unless otherwise stated), placing the fluid deep in the
nematic phase.®* A mean field potential of U = 5k3T is relatively
close to the nematic-isotropic transition point, with a system-
wide (averaged over all cells c) scalar parameter S ~ 0.5, while
U = 10kgT and 20kgT have scalar parameters much closer to
S ~ 1.°" These large values are an idealization that ensures the
system is deep in the nematic phase and that elastic constants
are large enough to ensure small Ericksen numbers (Appendix
D). The Frank elastic constants were previously found to obey a
one constant approximation and be linear with the mean field
potential as K = (113 + 6)U for p = 20m/a*>.** The nematic is
in the flow aligning regime with & = 2, shear susceptibility y =
0.5 and rotational friction yg = 0.01tkgT. The choice of small
rotational friction minimizes the amount of backflow and
limits any backflow-related effects in this study. The gravita-
tional acceleration is set to g = 0.001a/t%% to generate a pressure

gradient VP = 0.02kgT/a'*?%. Ten repeats (n = 10) of each
configuration are run for 1.5 x 10%r.

The channel is modeled with plane-wavy solid boundaries
along x. Both walls have the same amplitude B, and frequency
B,. Planes set 60a apart define the channel walls with average

normal +j. The domain size is 60a x (20a + 2B,) and the
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frequency of the wavy walls, By, is set to m, so that 3 full periods
fit within the length of the channel, which gives a wavelength
A = 20a. Positions of x = //4 and x = 34/4 correspond to the
center of the trough and crest, respectively. The amplitude of
the waves B, is varied between 0 and 4.5a.

The colloid is simulated as a moving circular boundary with
a radius R = 5a and mass pnr®. The presence of the —1/2
companion defect pair (Fig. 1) indicates that the anchoring is
strong (Appendix B) and that the characteristic anchoring
length is small compared to the colloid size.** Colloids are
initialized with their center at r. = (x, y) = (254, 10a + B,), which
is between the wavy walls and offset to the left between a crest
and a trough on the walls (Fig. 1), unless otherwise stated.
Immediately after initialization, colloids are free to move in
response to nematic and hydrodynamic forces. The colloid
position r. is a continuous variable that is not constrained to
the MPCD collision lattice. These choices define a character-
istic length scale L for the geometry of our system. Here, L = 10a
coincides with the diameter of the colloid 2R, the average
distance from the centerline to the wall (4)/2, and the distance
from trough to crest 4/2. This length scale results in character-
istic velocities. The velocity scale of the nematoelastic response
is V = K/uL*"* for viscosity u and the scale due to pressure
gradients is V = L?pg,/u. For the parameters used here, the
nematoelastic speed V ~ 12a/t is much larger than the advec-
tive speed V & 0.2a/t (Appendix D), which we identify to be the
characteristic speed of interest in our lock-key dynamics. In this
study, all colloids have homeotropic anchoring but the anchor-
ing on the channel walls varies.

3 Results

Lock-key microfluidics result from two competing processes:
nematoelastic relaxation pushes the colloids to locations that
minimize the distortion free energy, while the minimum dis-
sipation theorem leads colloids to advect with a velocity that
matches the fluid flow. For this reason, we begin by simulating
homeotropic colloid kinetics in the absence of externally driven
flows (Section 3.1), then proceed to consider nematohydrody-
namic flows in wavy channels in the absence of the colloid
(Section 3.2) before putting the two aspects together to study
lock-key microfluidics (Section 3.3). In all cases, each colloid
has a topological charge of +1 and so necessitates the existence
of companion defects in the vicinity of the colloid. In 3D, both
Saturn rings and hedgehog defects are possible®® with rings
more likely in simulations.®>*® In 2D only the quadrapolar state
is expected to be stable®”’®® and the results reported here are
consistent with this since they exhibit a pair of —1/2 companion
defects.

3.1 Colloid trajectories with no pressure gradient

We place colloids into channels with one plane boundary wall
and one wavy wall, with an amplitude of B, = 2.5a. The nematic
anchoring on the colloid is always homeotropic but both planar
and homeotropic anchoring on the channel walls is considered.

This journal is © The Royal Society of Chemistry 2024
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No pressure gradient is applied. The colloid is initially posi-
tioned either directly above a crest or trough (Fig. 2; top row) for
homeotropic anchoring on the boundary walls. The observed
numerical trajectories are consistent with Luo et al®” For
homeotropic anchoring on the boundary walls, the colloid is
attracted to the trough, traversing away from the crest where it
settles (Fig. 2a). The principle motion is in the % direction with
primarily stochastic motion in the y direction. Although the
colloid does not move substantially in the j direction, careful
inspection shows that it does drift upward since the repulsive
forces from the different walls are not expected to balance at
the same height for each x-position. When the colloid is
initiated above the trough (x = 1/4), it still diffuses, but remains
within the trough in the vicinity of the free energy minimum,
exhibiting no deterministic forcing away from this point
(Fig. 2b).

Homeotropic anchoring on the colloid and planar anchor-
ing on the walls was not investigated by Luo et al.,” but shows

N

(a) Homeotropic anchoring - crest. (b) Homeotropic anchoring - trough.

/\'\/

(c) Planar anchoring - crest. (d) Planar anchoring - trough.

Fig. 2 Typical trajectories for a colloid with homeotropic anchoring con-
fined between a plane wall above and wavy wall below. The start and end
points are shown by magenta and cyan dots respectively. (top row) Walls
have strong homeotropic anchoring. The colloid is either initiated above a
crest (a) or above a trough (b). (bottom row) Walls have strong planar
anchoring, while the anchoring on the colloid surface is still strong home-
otropic. Colloid radius R = 5a; wall amplitude By = 2.5a; wall wavelength 4 =
20a; and average channel height (h), = 20a.
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interesting features (Fig. 2; bottom row). In the case of planar
anchoring on the walls, the colloid is stable above the crest
(Fig. 2c), rather than the trough. This is consistent with
experimental images of the analogous case of a planar colloid
being attracted to the crests of a homeotropic wall*” and with
the trapping of colloidal particles at the tips of sharp protru-
sions whenever the colloid and surface have opposing anchor-
ing conditions.®® In this case, the colloid simply diffuses as
though it is in a well within the free energy landscape. Likewise,
a colloid initiated above the trough does not move left or right;
but rather, moves directly away from the wavy wall towards the
upper plane wall (Fig. 2d). While the wall above the colloid is
also repulsive, the repulsion is smaller than from the wavy wall.
Thus, the homeotropic colloid’s equilibrium position is closer
to the plane wall than the wavy wall.

Having considered the dynamics of a colloid confined by
one wavy wall, we further consider how homeotropic colloids
move in response to wavy boundaries on both the lower and
upper wall. The colloid is initialized in the center of the
channel, and at the inflection point halfway between a trough
and a crest. For both homeotropic and planar anchoring on
the walls, colloids are observed to move towards the troughs
(Fig. 3) and generally remains centered in the trough for all
amplitudes.

While the colloid’s equilibrium position is centered on the
troughs in all cases, the locations of the colloid-associated
defects differ (Fig. 4). When the colloid is confined between
two wavy walls with strong homeotropic anchoring, the two
accompanying —1/2 defects are found immediately to the left
and right of the colloid along the centerline (Fig. 4a). However,
for the same colloid initialized in the trough of a wavy channel
with planar anchoring, the defects take a diagonal configu-
ration (Fig. 4b), rotating off the centerline to the points where
the walls are closest to the colloid. By residing in the smallest
space between the planar walls and the homeotropic-anchored
colloid, the defect pair can reduce the nematoelastic free
energy. Since there are four equal points for which the distance

—— homeotropic

—
)

—— planar

—

=)

Mean position, /L
2 &

o

0o 05 1 15 2 25 3 35 |45
Amplitude, By/L

Fig. 3 Mean x-position of the colloid with homeotropic anchoring in
relation to the trough for planar and homeotropic anchoring on wavy
boundaries. The equilibrium position is above the troughs (x = 1/4) for all
anchoring conditions an non-zero amplitudes By. Center of the trough
shown as the black line and errorbars correspond to the standard deviation
of the position. Colloid radius R = 5a; wall amplitude By = 2.5a; wall
wavelength 1 = 20a; and average channel height (h), = 20a.
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(b) Planar anchoring - centered.

(c) Planar anchoring - offset.

(d) Planar anchoring - crest.

Fig. 4 Colloid with homeotropic anchoring between two wavy walls with
various anchoring conditions. (a)—(c) The defect positions (green dots) for
homeotropic and planar anchoring on the wavy walls. The green dots
show the defect positions. (a) Homeotropic anchoring. (b) Planar anchor-
ing with the colloid is centered within the trough. (c) Planar anchoring with
the colloid offset to the right. (d) Trajectory of a colloid initiated above a
crest. The magenta and cyan dots show the start and end positions
respectively. Colloid radius R = 5a; wall amplitude By = 2.5a; wall wave-
length 4 = 20a; and average channel height (h), = 20a.

between surfaces are minimal, the orientation of the diagonal
configuration is spontaneous. When the colloid is initialized
off center from at the crest between planar-anchored walls
(Fig. 4c), the diagonal pairing of defects is no longer the
preferred configuration. Instead the system prefers to have
the two defects shifted towards the closest boundary. This
configuration lowers the instantaneous deformation free
energy by placing the pair of defects at the two minimal
separation points between surfaces but the state is not stable.
In this state, the colloid moves away from the crests towards the
center of the trough. In this non-diagonal configuration, the
defect separation is not as large as when they are found at polar
opposite locations. Once the colloid approaches the center of
the troughs one of the defects is able to escape the deformation
barrier cost of crossing to the opposite side. Unlike the case of
one wavy and one plane wall (Fig. 2), the crest is not a stable
point (Fig. 4d).

3.2 Flowing nematodynamics

The previous section investigated the diffusive dynamics of
colloids through the distortion free energy landscape of the

3958 | Soft Matter, 2024, 20, 3954-3970
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nematic in the absence of externally driven flows (Section 3.1).
We now consider pressure-driven flow of a nematic liquid
crystal through a wavy microfluidic channel without colloids.

Wavy channel walls complicate the hydrodynamics com-
pared to plane walls (Appendix D), since the flow field v¢ has
both x- and y-components due to the changing channel height
h(x) (Fig. 5a). Increasing the amplitude increases the surface
area of the no-slip walls, which in turn increases hydrodynamic
resistance. For this reason, the elution of fluid is expected to
decrease compared to plane channels for constant pressure
gradient. To quantify this, we compared the average, maximum
and minimum velocities along the centerline of wavy channels
for different amplitudes B,. Consistent with Appendix D, there
is nearly no difference between the flow velocities of isotropic
or nematic fluids through the channels (Fig. 5b). The average
flow through a channel decreases monotonically with increas-
ing amplitude for both nematic and isotropic fluids (Fig. 5b),
suggesting that the hydrodynamic resistance increases propor-
tionally in a manner that is not strongly dependent on nema-
ticity. This is analogous to rough walls in plane channels, for
which the flow through channels has been found to decrease
non-linearly.

The difference between the maximum and minimum flow
rates generally increases with the amplitude (Fig. 5b). Because

0.10

(a) Flow field.

—— Max

—— Min

—— Average

Speed, vy /V

=
o

0.2

0.0 0.1 0.2 03 0.4
Amplitude, By/L

(b) Characteristic velocities.

Fig. 5 Fluid velocity v(r) field for a channel with wavy walls. (a) Time-
averaged velocity field. Color maps the %-component of the velocity in
units a/t, and the arrows represent the velocity vectors. Wall amplitude
Bo = 2.5a; wall wavelength . = 20a; average channel height (h), = 20a;
and pressure gradient VP = 0.02ma'~?t=2%; U = 10kgT: strong planar
anchoring. (b) The average, maximum and minimum of the velocity for
flow through wavy channels of different amplitudes. Solid lines for nematic
phase with U = 10kgT and dashed lines for isotropic phase flow.

This journal is © The Royal Society of Chemistry 2024
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N-MPCD is a coarse-grained algorithm for fluctuating hydro-
dynamics, a difference exists even for B, = 0. The maximum
velocity occurs between the crests where the channel is nar-
rowest and the minimum between troughs (Fig. 5a). This is
consistent with previous theoretical and numerical work on
flow of isotropic fluids through wavy channels.”’ Since the
maximum velocity occurs between the crests and the minimum
between troughs (Fig. 5a), an advected colloid will speed up and
slow down with the fluid at these points, in the absence of
nematoelastic forces, Since the nematic forces also tend to
drive the colloid towards the center of the troughs, these
dynamics can be expected to be further emphasized.

3.3 Lock-key microfluidics

Having explored diffusive lock-key dynamics in wavy channels
in the absence of advection (Section 3.1) and flows through
wavy channels without colloids (Section 3.2), we now turn our
attention to lock-key microfluidics by studying the advective
dynamics of nematic colloids with homeotropic anchoring
confined within wavy channels with planar anchoring. To
investigate the colloidal transport rate through the channel,
we track the position of a colloid through the channel (Fig. 6).

We begin by considering individual trajectories of colloids.
Three example trajectories are shown in Fig. 6 for small (B, =
1.5; left), intermediate (B, = 2.5; center) and large (B, = 4; right)
amplitudes. In the small amplitude case (Fig. 6; left), the stick
slip dynamics are apparent in the X-component of the trajec-
tories (Fig. 7a). Individual trajectories are seen to have periods
within a trough (sticking events) punctuated by abrupt hops
over the crest (slipping events). As the amplitude is increased
(Fig. 6; center), the sticking duration increases substantially
and slipping events become less frequent (Fig. 7a). Indeed by
large amplitudes (Fig. 6; right), the colloids lock into their
initial trough and are never observed to slip forward over the
crest into the next trough (Fig. 7a).

To better quantify the elution rate, we next consider the
ensemble average x-position of the colloid over time changes with
the amplitude B, (Fig. 7b). For B, = 0, the transport occurs at a
constant rate of advection. As B, increases, the average rate
decreases. By Bj = 2.9a, the colloids are no longer advected
through the channel. By averaging over many simulation runs,
the elution appears to be rather smooth for all B,. However, we
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Fig. 7 Colloid trajectories for different wall amplitudes By with home-
otropic anchoring on the colloid and planar anchoring on the walls. Colors
specify the amplitude Bg. Black sinusoids on the right and left present
undulations of the wavy walls. (a) Ten (n = 10) individual trajectories for
each By (thin lines), along with cumulative probability density function t(x)
(egn (1); Fig. 7c). (b) Ensemble averaged x-positions of colloids as a
function of time. (c) Ensemble averaged cumulative probability density
function of position scaled by time (eqn (1)).

recognize that the average does not fully capture the dynamics seen

in the individual runs, which exhibit clear a stick-slip dynamics.
To better measure the stick-slip dynamics of the colloids, we

consider the probability density function (PDF) p(x) of finding a

B()=4

4 6 8 0 2 4 6 8

Position, «/L

Fig. 6 Example trajectories for small (Bg = 1.5; left), intermediate (Bg = 2.5; center) and large amplitudes (Bo = 4; right). Trajectories are colored by

simulation time (short times in green and long in blue).
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colloid at a given position x. The PDF can be integrated to give a
cumulative probability, which gives the average time taken to
arrive at a point

X

t(x) = aJ p(x)dx/, (1)
0
where o = 6t/n is a scaling parameter converting the cumulative
probability to a time for n numerical realizations and time step ¢.
The time #(x) better represents the stick-slip dynamics of each
colloid (Fig. 7a). For an amplitude of B, = 0, the motion is
completely linear and the colloids simply advect with resistance
independent of x-position, as expected. For amplitudes B, smaller
than Bj = 2.9a, the colloid moves along the channel in a stick-slip
manner (Fig. 7c). Stick-slip dynamics are only observed in nematic
fluids and not in flowing isotropic fluids (see Appendix E). We can
see that the time the colloid spends “sticking” to the docking site
of the trough center increases with amplitude, until the repulsive
forces from the crests become large enough to fully stop the colloid
from advancing. In the case of B, = 2.8a, the colloid often locks in
place for the entire simulation and other times hops one or two
troughs over the course of the entire simulation (Fig. 7a). The
colloid permanently sticks at an amplitude of Bj = 2.9a and the
colloids are never observed to advance (Fig. 7c).

We have discussed colloids moving through wavy channels
with planar anchoring, but colloids eluting through channels
with homeotropic walls exhibit comparable stick-slip dynamics
(data not shown). The homeotropic cases do not show qualita-
tive differences from Fig. 7. Indeed, permanent locking occurs
at B§ = 3.0a—only slightly above B§ = 2.9a, the point where it
occurred for planar anchoring. Later, we will explicitly compare
measures of colloid velocity for planar and homeotropic wavy
walls and see that they are qualitatively similar.

The probability density function of finding a colloid at a
given position x along the channel explains the trajectories
observed for planar anchored wavy walls. The PDFs for three
different amplitudes in planar anchored channels demonstrates
the three different behaviours (Fig. 8). Fig. 8a shows the typical
shape for the low amplitudes, where the peak is slightly offset
from the center of the trough at x = //4. The PDF is highly biased
and skewed downstream of the trough center. In this case, the
colloid continuously advects through the channel. This changes
as the amplitude increases. At intermediate amplitudes, the
probability densities look close to the point where colloids
mostly stop moving (stick) but still can hop over crests from
time to time (slip) (Fig. 8b). Both the height and location of the
peak changes with the amplitude. The distribution becomes bi-
modal, with both PDF peaks offset from the trough’s center. At
the largest amplitudes (Fig. 8c), the probability density is a single
peak, demonstrating that the colloid has completely “locked”
into the deep free energy minimum at the trough location of x =
A/4. In this case, the probability densities are single peaks, with
narrow variance but with a mean position that is slightly offset
downstream of x = 1/4, due to the pressure gradient acting on the
locked colloids. The biggest difference from smaller amplitude
systems is that the probability density is zero everywhere away
from the peak.
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Fig. 8 The probability density function (PDF) of finding the homeotropic
colloid at a given position x for three different amplitudes Bg = {1.5, 2.5, 4}
with planar anchoring on the wavy walls. Magenta line shows a fit of three
superimposed Gaussians. The black curve illustrates undulations of the
wavy walls. (a) B = 1.5. (b) Bg = 2.5. (c) Bg = 4.

The cumulative probabilities can be used to measure the
average axial velocities of colloids v.(x) at each position x. The
cumulative probability gives the time as a function of position,
and so the velocity along x is found by

() = (49)7, @)

where #(x) is given by the cumulative distribution function
(Fig. 7b). Since the cumulative probability density can be
calculated from the probability densities p(x), the velocities
are found to be

ve(x) = [ap(x)] ", ®)

where o accounts for the normalization of p(x). The colloidal
velocity data is stochastic, due to thermal diffusion.

The stick-slip dynamics exhibit three different scenarios
(Fig. 9). Either the colloid advects smoothly with the flow

This journal is © The Royal Society of Chemistry 2024
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(Fig. 9a) or the dynamics are stick-slip (Fig. 9b) or the colloids
locks into a trough (Fig. 9¢). For the continuous advection case
(Fig. 9a), the maximum velocity occurs as the channel widens.
This coincides with the region where the nematoelastic forces
act in the same direction as the flow. The minimum occurs
slightly offset from the bottom of the trough (Fig. 8). For the
locked scenario (Fig. 9c), the colloid stays in the trough and the
velocity is essentially zero. In the locked case, the measured
probability p(x) is zero away from the trough, with the sticking
time appearing to have diverged; however, longer simulations
may eventually find rare crossing events. Any such rare crossing
events would necessarily be accompanied by an unlikely ther-
mal fluctuation in colloid speed to overcome the crest (eqn (3)).

The speed profiles lead to interesting average colloid
dynamics, which demonstrate that homeotropic or planar wall
anchoring only change quantitative details and not the quali-
tative behaviour. To quantify the stick-slip translation of the
colloid, we track the average speed of the colloid (v.(x)), the
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Fig. 9 Homeotropic colloid velocities at different positions x for two
different amplitudes Bg with planar anchoring on the wavy walls. Magenta
line shows the estimated speed from the probability density. (a) Bg = 1.5.
(b) Bo = 2.5. (c) By = 4.
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maximum max[v.(x)] and the minimum min[v.(x)] (Fig. 10).
Colloids in channels with homeotropic anchoring elute more
quickly than colloids in channels with planar walls (Fig. 10a).
The average speed (v.(x)) of both decreases as amplitude
increases until hitting zero at Bj =2.9a4. In general, the
average speed of the colloid decreases with an increasing
amplitude until it reaches zero (Fig. 10a). This occurs for two
reasons. Firstly, as the amplitude increases the flow through
the channel decreases even in the absence of the colloid
(Fig. 5b). Secondly, the strength of the elastic forces increases
with amplitude and so the time spent crossing the free energy
barrier increases.

The average elution rate is different for planar and home-
otropic anchoring on the walls. While the general shapes are the
same, suggesting similar behaviours, the elastic forces from the
wavy boundaries appear to be weaker for homeotropic anchoring
than for planar. This is likely due to the different positioning of
the defects. In the planar case, when the colloid is situated
directly above the troughs, there is more space for the defects,
compared to when it is situated above the crest where they are
shifted closer to the colloid. However, for the homeotropic case,
the position of the colloid has no effect on the defect posi-
tions—they always reside directly up- and downstream (Fig. 4a).
The shape of the colloid matches much better with the walls
when situated above the trough, meaning it is a more stable
point. Thus, the mechanisms responsible for the motions of the
colloid are different in the different anchoring cases.

The maximum speed of the colloids behaves qualitatively
differently from the average. It suddenly decreases to max[v.(x)] = 0
(Fig. 10b). This sudden drop occurs at the same Bj; as the average
going to zero and signals the transition to a locked state that no
longer moves along the channel. This once again illustrates the
two distinct states of stick-slip and locked, with a discontinuous
transition between them at B;j. Prior to the sudden stop, max{v(x)]
increases with the amplitude, which is a consequence of Bernoulli’s
principle. The situation is nearly identical for homeotropic and
planar anchoring (Fig. 10b). Similarly, we can consider the mini-
mum colloidal speed (Fig. 10c), which likewise shows similar
behaviour for homeotropic and planar anchoring on the wall.
These results indicate that homeotropic and planar anchoring
result in very similar average elution rates and as well as similar
maximum and minimum colloid velocities.

However, the minimum speed decreases with the amplitude.
The minimum speed occurs at different points along the
channel for different anchoring conditions. For homeotropic
anchoring, the colloid has its minimum-velocity position much
higher up on the side of the trough compared to the planar
anchoring. Thus, it is nematic interactions with the wavy wall
that set the position of the minimum-speed. Through no-slip
boundary conditions, the colloid also impacts the average
speed of the fluid. As the nemoelastic forces push the colloid
towards a free energy minimum, the colloid applies a drag force
to the fluid. When the colloid sticks or slows between the
trough and the crest, the nematic interactions work against
the pressure gradient and the fluid slows (Appendix F). On the
other hand, the colloid speeds up once it crosses the barrier
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Fig. 10 Homeotropic colloid velocity measures with varying amplitude Bg of the wavy boundaries with planar and homeotropic anchoring. (a) Average
colloidal velocity (v¢(x))/V. (b) Maximum colloid speed max[vc(x)I/V. (c) Minimum colloid speed min[v¢(x)1/V.

due to the nematic force pushing it towards the next free energy
minimum. During this slip phase of motion, the colloid drags
the fluid forward and increases the fluid flow (Appendix F).

In addition to comparing planar and homeotropic anchoring
on the walls, we also compared different mean field potentials U
for planar anchoring on the walls. The maximum colloid speed
has the same general shape as we previously found (Fig. 11). As
the flow through the channel is independent of the mean field
potential, this is expected. However, stronger mean field poten-
tials increase the nematoelastic interactions and so the velocities
must be scaled by U, which does not collapse the curves for small
amplitudes because the fluid flow is independent of U. Most
clearly, the transition amplitude B; from stick-slip to locked
moves to smaller values as the mean field potential U increases
(Fig. 11). This suggests a mechanism by which fine control of the
stick-slip transition to locking can be controlled.

4 Conclusion

In this work, we have considered a simple lock-key microfluidic
system. We chose a colloid size commensurate with the walls’
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Fig. 11 Maximum homeotropic colloid speed max[vc(x)l/V in wavy channels
with planar anchoring. Sudden transition from stick—slip dynamics to locking.
Same as Fig. 10b but for various mean field potentials U. The velocity has been
multiplied by the mean field potential, U, to collapse the curves.
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wavelength, creating periodically repeating barriers and dock-
ing sites, which exhibit interesting dynamics arising from the
competition between nematoelastic free energy minimization
and nematohydrodynamic advection. To tackle these complex
dynamics, we first neglected flow (Section 3.1). In wavy chan-
nels, colloids with homeotropic anchoring migrate to the
widest point in the channel (the troughs), regardless of whether
the anchoring conditions on the wall are homeotropic or planar
(Fig. 3). However, the pair of defects associated with the
colloids take a different configurations for the different anchor-
ing (Fig. 4). Our results are not comprehensive and indicate
that future work is required to fully understand how wall
structure and defect configuration lead to equilibrium colloid
positions. We then considered flows of nematics within wavy
channels in the absence of the colloids (Section 3.2). Since the
transport coefficient is constant, the flow rate through the
channel is observed to decrease as the the surface area of the
boundary surface increased with increasing amplitude of
the wavy channel (Fig. 5).

Both these results suggest the qualitative dynamics of
colloid transport slows as the amplitude to the wavy walls
increases, which is indeed demonstrated in simulations
(Fig. 7). We find the elution slows because of stick-slip
dynamics, with colloids ‘sticking” to the docking sites for
longer durations as a function of boundary amplitude (Fig. 7
and 8). Despite this net decrease in the transport rate, the
maximum velocity, of when the colloid hops over the crests
from docking site to docking site, increases with amplitude
until the colloid suddenly locks into the troughs and no longer
moves (Fig. 9). Modifying the material parameters of the
nematic fluid can shift this lock transition point (Fig. 11), with
nematoelastic forces increasing with the mean field potential to
nonlinearly shift the locking transition to smaller amplitudes.
The transition between locking and slipping is essentially a
type of elastic ‘snap-through’ event,”>°® which would suggest a
critical slowing and may allow simple-but-accurate models of
the stick-slip dynamics. Such considerations might lead to the
development of quantitative methods to classify different tra-
jectories, as well as techniques to accurately measure the
fraction of time a colloid spends sticking or slipping. We hope
these results will motivate analytical work on the nematic

This journal is © The Royal Society of Chemistry 2024
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interactions between mobile colloids and complex confining
walls that go beyond interactions between colloids and
plane walls.”

This study has considered the effect of wavy wall amplitude
on the stick-slip dynamics of eluting colloids in 2D. In addition
to amplitude there are many more parameters that are expected
to impact elution rate. The colloid size, channel height and wall
wavelength are all length scales whose combinations will
modify elution rate. The geometry could be further complicated
by allowing the phase of the top and bottom wall to differ.
Additionally, the strength of the wall/colloid interactions could
also be tuned by modifying the Frank elastic constant of the
nematic or the anchoring strength on the walls or colloids, just
as the driving force could be changed by varying the pressure
gradient. State diagrams for stick-slip or locking behaviors
could be constructed for each pairing of such parameters.
Future studies can exploit Appendix B to simulate three dimen-
sional systems confined by wavy walls or study the role of
colloid surface structure (Appendix C).

Our results show that wavy walls not only have potential to
direct colloids to specific docking sites but also to control site-
specific resting duration and intermittent elution, allowing
autonomic temporal control. They suggest how experimental
systems can be engineered to hold particles in place for a given
time by combining surface structure and advective flow. By
coupling site-specific resting duration with position-dependent
pressure gradients, future studies could explore feedback loops
to reinforce or diminish stick-and-slip motion. More complex
surface structures could be designed such that particles stick
for longer or shorter periods at different docking sites. Such
site-specific resting times could be used to illuminate or
irradiate particles for a given time without switching the light
source. By combining these lock-key microfluidics with differ-
ent microreactors at each docking site, efficient series chemical
reactions could be designed to occur for autonomous-but-
responsive durations.
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Appendix
A Numerical methods

This study utilizes a nematic multi-particle collision dynamics
approach, which is chosen for its ability to simulate moderate
Péclet numbers, mobile colloids, complex boundaries and
fluctuating nematohydrodynamics.

A.1  Multi-particle collision dynamics algorithm. The MPCD
algorithm essentially consists of two steps:”*”” (i) streaming and
(ii) collision.

A.1.1 Streaming step. The streaming step updates each par-
ticle position assuming ballistic motion

£t + 6) = £i6) + v, (4)

This journal is © The Royal Society of Chemistry 2024

View Article Online

Soft Matter

where r; is the particle position, ¢ is the current time and ¢ is
the time step.

A.1.2 Collision step
A.1.2.1 Momentum exchange. The particle velocities are
updated by the collision operator =; .(¢) for particle 7 in cell c
at time ¢, which is used to update the velocities

vi(t+081) = ve(1) + Zj (1), (5)

where v, = (;). is the center of mass velocity of the cell and (-).
is the average within cell c. A modified Andersen-thermostatted
collision operator’””® is employed

Se=¢-(5) H(LCLAZ)) xr, (@

where each ¢, is a randomly generated velocity with magnitude
drawn from a Boltzmann distribution with energy kg7. To
conserve momentum and keep the average velocity of the cell

constant, the average of the random velocities <g*/.> is sub-
7 /lc

tracted. The last term ensures that angular momentum is
conserved by removing any spurious angular velocity generated
by the collision operation. The moment of inertia of the cell is

I ()= <([j 'lj)i —-® 1j>CNC, where 1 is the identity matrix,

=C

r. = (Ij)c is the center of mass position and 5;‘, =r, — .. The
spurious angular momentum can arise from the randomly
generated  velocities 8L, (1) = <m [gj X <gj - g})] >CNc or

changes in orientation 8.% (), which will be discussed below.

A.1.2.2 Acceleration. Pressure gradients can be written as
an effective external acceleration VP = pg and the external
acceleration g can be included in the collision operator®® as
an impulse y;(¢ + 8t) = v.(t) + E;.(¢) + gd¢. This approach has
been employed to simulate flows around obstacles,?*°° colloid/
polymer transport,”®”°® and rheotaxis of microswimmers.®’

A.1.2.3 Orientation exchange. Particle orientations are
updated according to a nematic collision operator ¥;.(t) for

particle i in cell c.** After the collision, the updated orientation is
u(t + 6t) = ¥, cuft). (7)

The collision operator is a rotation operator causes the orienta-
tion of each N-MPCD particle to change as u; over the time step
dt. The collision operator and resulting re-rotation can be
decomposed into two contributions i; = 8uMS /8¢ + 8u! /5t from
the thermostat (3u)"5/5¢) and from the flows (85u/5¢).

1. A local thermostat: the local thermostat draws random
orientations from the Maier-Saupe distribution centered about n,

Pc(EMs) oC eXP(USc(’lc'MMs)Z/kBTL (8)

where U is the mean field potential, which determines how
strongly the orientations align. This operation updates all
particles orientations without changing the overall cell director.
To determine each cell’s director ., the tensor

0 =(dyou-1) [([d-1) 9)
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is calculated. The largest eigenvalue of Q is the scalar order
parameter S. and the corresponding ei_gcenvector is parallel
to the local director n. for the cell. The change in orientation
is 8ui™® = uft) — w"™s.

2. Rotations due to flows: the nematodynamic response
models the nematogens’ response to velocity gradients through
Jeffery’s equation

6%]‘ = oty [Ei QC + é(ﬂi E - Ei%‘ﬂﬁéc)] ) (10)

for a bare tumbling parameter ¢ and heuristic shear coupling

coefficient y in a flow with shear rate tensor 2E (1) = Vv, +
(V)" and vorticity tensor 20 () =Vv.—(V v.)". The direc-
tor dynamics are coupled back to the velocity field through the

N
change in angular momentum J8% () = —yr >, u;(t) X u;,

where 7y is a rotational friction coefficient.®¢”%° By choosing
a sufficiently small value of yz backflow effects can be kept
small, even in the limit of small Ericksen numbers.

B Boundary conditions

The main text considers simulations performed in 2D. In this
section, we present the boundary conditions generalized to 3D
and state the simplifying condition for the 2D surfaces used in
the simulation results. To create the wavy channel, particles are
subjected to boundary conditions, each of which is composed
of two parts: the boundary surface and boundary rules.

B.1 Boundary surfaces. Each boundary surface labelled by
index b is represented as a mathematical surface where
p(r) = 0. The baseline form employed for.¥;(r) can represent
planes, ellipsoids and squircles

d
Spo(r) = [Apj(r; = qvy)) ] — R, (11)
=0

J

where r = (x, y, z) is the position on the surface, g5 = (g5x, G,y
g»,.) defines the position of the bth boundary, and 4, = (4,
Apyy Abz), Pb = (Db,x» Pbys Pb,2 Pog) and R, define the shape.

In this study, the surface has been extended to allow for
wavy boundaries by adding a second term, which allows for
waves along two perpendicular directions with amplitude B o
and frequencies B, ; and B, ,. We represent these surfaces as

Sy =SLbo+ Bro COS(B;,J(V[,J) cos (Bb.2<q);,12), (12)
where % o(r) defines the basic surface given by eqn (11), while
Sp1(r) and F5(r) define the orientations of the waves, and
thus depend on .#(r). For 2D simulations, B, = 0.

B.1.1 Wavy planes. For planes, p, = 1, 4, is the normal vector
and R, = 0. For wavy planes, the ﬁm?tions Fpi(r) and Sy (r) can
define (i) an egg carton surface (Fig. 12a) or (ii) a corrugation (Fig. 12b).
To get the egg carton-like surface, & 1(r), S »1(r) and S (r) must
be mutually perpendicular. A decision has to be made to make ;1 (r)
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(a) (b)

Fig. 12 The types of wavy plane walls that can be implemented. (a) Egg
carton plane wall. (b) Corrugated plane wall.

independent of z and take the form

~ Apyx — Apyy

<¢b,1 (Z) - \/m

The plane is normalized to standardize the value of the frequency By, ;.
This choice then fixes 5 (r) to be

(13)

_ Ab,xA:x + AhAyAzy - (Ah,xz + Ab,yz)z
\/Ab,x4 + Ab,y4 + AI7,x2A:2 + Ab,yzAz2 + 2/4}7,.‘(2’4}74:2
(14)

Lpa(r)

As previously stated, By, ; and By, specify the frequency of the waves. If
they are equal, the pattern in Fig. 12a emerges with even waves in both
directions. However, if they are not equal, oblong ‘bumps’ appear. The
corrugated plane emerges if By, » = 0 for waves in the other direction. In
those cases, the other By; then defines the frequency of the waves.

Although this study will focus on wavy planar walls, wavy colloids and
cylinders are also possible, as detailed in Appendix C.

While the wavy surfaces are generalized to work in 3D, they
work without modification in 2D. For simplicity, it is assumed
that 2D simulations occur in the xy-plane, such that 4; , = 0 for
all boundaries b. Additionally, only one cosine wave is needed
and so we set B, , = 0 for all cases. Thus, B; , = 0 is not discussed
in the main text.

B.2 Boundary rules. The bth surface boundary exists at
I»(r) =0, thus a particle is defined as being within the
simulation domain if % (r;) > 0 for particle position r;. If a
particle is found to be outside the boundary, a set of boundary
rules define how the generalized coordinates (position ry),
orientation u(t) and velocity v,(¢)) are transformed. The bound-
ary rules are applied to the components normal v, and
perpendicular ¢, to the boundary (Appendix C.3).

Periodic boundary conditions can be achieved by shifting
the position r,(t) in the normal direction by Z,, and/or in the
tangential direction by Z,,. After crossing the surface b,
particle i’s position is transformed as r; — r; + Zp vy, + Dp it
Likewise, the particle’s velocity may be transformed. The velo-
city is altered by multiplicative parameters .#;, and .4, such

that upon colliding with the surface the velocity becomes v, —
%btugb -V + /%h,ng -v;, where Qb =y, ®v, and Lb = L - gb
are the normal and tangent projection operators. Lastly, the
orientation is also multiplicatively transformed w; — p, ,II, -

u; + pp T, - u;, which is then rescaled back to a unit vector.

=bh
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The simplest boundaries employed in this study are periodic
boundary conditions. Particles that cross a periodic boundary
are simply shifted by the length of the simulation domain in
the direction normal to the boundary, without change to their
velocity or orientation. So .4, = My, = W, =, = 1, while
Zp; =0 and %, = L;, where L; is the system size in the
direction j.

Solid walls are boundaries that do not apply a shift
(Zbs = Zs,, = 0) but do transform the direction of the velocity.
For perfect-slip boundaries, the particles are reflected and
My, =—1 and .#p,=1; whereas, for no-slip conditions
bounce-back rules are applied with .#;, = .#),, = —1. In order
for the particle to not violate the boundary, the particle is rewound
to the location where it crossed the boundary, and from there it
streams for the rest of the time step using its new velocity.

Controlling the orientation when a particle crosses a bound-
ary allows for different nematic anchoring conditions for solid
boundaries. If both p;, and p,, are set to 1 the particle’s
orientation does not change and no anchoring conditions are
enforced. However, by setting the tangential component
to up; = 0 homeotropic anchoring is achieved. Similarly, if
Up,, = 0 planar anchoring is enforced on the boundary.

B.3 Strong anchoring. For solid boundaries, the above
boundary rules do not fully enforce perfect no-slip.®* This is
because when the boundaries intersect cells, they have a lower
than average density since part of the cell is excluded, which
lowers the viscosity of the cell. To combat this, ‘phantom’
particles are added to make up the correct density. These
particles are only used when generating the new velocities
during the collision stage.

In a similar fashion, the boundary rules for anchoring gen-
erate weak anchoring because only particles that have crossed
the boundary have the anchoring condition applied, and are
then mixed with particles that have not.** In order to generate
strong anchoring conditions, all the particles in cells that inter-
sect %, are subjected to the boundary rules described in Section
6.2. Because the entire cell now essentially has the anchoring
condition applied, this generates stronger anchoring.

B.4 Colloids as moving boundaries. Hard colloids can be
simulated as spherical (or discoidal in 2D) boundaries. However,
the boundaries must be able to move as a response to the
surrounding fluid, & (r) — Lpo(r, ). Firstly, when a particle
collides with the boundary, the impulse of the collision must be
applied to the moving boundary to conserve both linear and
angular momentum.* Additionally, when anchoring is used, the
change in particle orientation applies a torque on the colloid. In
this study, the anchoring condition on the colloids are always
strong homeotropic anchoring. Moving boundaries also needs to
be able to collide with other boundaries, both moving and fixed.
For spherical or discoidal colloids of radius Ry, the algorithm
checks if it has collided with another solid boundary and applies
the same rules as when colliding with an MPCD particle.

C Wavy spheres, ellipsoids and cylinders

In addition to corrugated and egg-shell structured planar walls,
wavy spheres, ellipsoids and cylinders are possible via eqn (11)-(14).

This journal is © The Royal Society of Chemistry 2024
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C.1 Spheres and ellipsoids. For spheres, p; = 2, 4, = 1 and
Ry is the radius of the bth sphere. For ellipsoids, 4, is the
inverse of the bth ellipsoid’s focii. There are two different
directions in which a sphere can be wavy: longitudinal and
latitudinal (Fig. 13a and b). These can also be combined to
create a sphere with egg carton waves on it (Fig. 13c). The
longitudinal and the latitudinal waves correspond to & (r)
and ,(r) respectively, which take the forms

Ab,v (y - qb,y)
tan %, =—F< 15
anS 1 (r) A (x — 6]};,“-) (15)
\/Ab x2 (-x - qux)z“'Ab{Vz ()/ —4b }')2
tan &, (r) = ’ - . (16)

Ab,z (Z - qb,z)

To create longitudinal waves on a sphere B,, = 0, and con-
versely B, ; = 0 for latitudinal waves. Neither is 0 for the egg
carton shapes on the sphere. The B, ; correspond to the number
of waves around the sphere. Thus, due to the closed surface
nature of spheres, all B,; must be even numbers in order to
have complete waves. The surface will still be closed for non-
integer and odd B, ; but they will result in sharp points. These
equations work for ellipsoids as well, however the waves are not
perfectly even.

C.2 Cylinders. Cylinders are a straightforward extension to
spheres, where the surface is independent of one of the direc-
tions. Thus, either 4, ., A, or 4, . is 0 but otherwise follows the
same form as spheres and ellipsoids. There are three types of
wavy cylinders: waves around the cylinder, waves along the
cylinder, and an egg carton pattern on the cylinder which
combines both (Fig. 14). The two functions %} ,(r) and
b2 (r) for cylinders have a cyclic property so if 4, , = 0, then
(4,7, ) = (x, 9, 2), if Ay, = 0: (1, ], k) = (, 2, x); and if 4, , = 0 then
(4,7, k) = (z, x, y). So then for any choice A, ; = 0 the wavy surfaces
are given by

Ak (rk — qo)

tan &p (1) = Apj(r; = aby)

17)

) = \/Ab-f2 (r — ‘Iblf)erAkz (e — Qb‘k)z

tan % » ([
; I

(18)

Here, &)1 (r) defines the waves around the cylinder (Fig. 14b)
and %p,(r) defines waves along the direction of the cylinder
(Fig. 14c). By setting the opposite B,; to 0, these can be

(a) (b)
Fig. 13 Three types of wavy spheres. (a) Longitudinal. (b) Latitudinal. (c)
Egg Carton.
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(2) (b) (c)
Fig. 14 The three types of wavy cylinders. (a) Egg carton. (b) Polar
undulations. (c) Axial undulations.

achieved. If both B;; # 0, the egg carton pattern emerges on
the cylinder (Fig. 14a).

C.3 Calculating the normal of the boundary. For some of
the boundary rules, the normal and tangential directions of
boundary b are needed. As the component of a vector tangential
to the surface %(r) is just the vector minus the normal
component, only the normal direction v,(r) needs to be
calculated as

= V%
NS

(19)

Taking the derivative of eqn (12) gives

68—5:1’ = a‘ai;’;’o — 4, B,,,la‘;;’;’l sin(By1S5,1) cos(By2 )
+Bb,2a§t’2 cos(By,1Sp1) sin(Bp2S52) |
(20)
For all surfaces, the derivative of % (r) is given by
6;’;’0 = ppidpi[Api(xi — Qb,i)]ph’i_l- (21)

However, the derivatives of % (r) and %;,(r) vary depending
on the surface type.

C.4 Planes. The normals for wavy planes can be found with
the derivatives of %

0L b1 _ Apy
ox o/
0L b1 Apx
= 22
dy R4 (22)
63’1,,1 _
0z 0
and the derivatives of %,
0L by ApxAp.:
ox = R
891,,2 . Ab,yAb,z
o - @ (23)
0S by f
oz R’
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where we conveniently define

of = \/Abyxz -+ Abyyz

B= Ay 3+ Ay o+ Ay 2AL 2+ Ay P A2+ 24y 24y 2.
(24b)

(24a)

C.5 Spheres and ellipsoids. The surface functions for
spheres and ellipsoids include arctan functions, which make
the derivatives of

8yb71 .
0z 0
0F w1 ApxApy,
ox R (y %’) (25)
0L b1 ApxApy
TR B
and the derivatives of .,
0Sp2 VB
9z 43
a<¢b72 _ A[sz (X - qb,x) (Z - q[Lz) (26)
Ox GV B
0S 2 _ Apy? (v = avy) (2 — ap)
dy CB ’
where we define
B = [Ap (¥ = 45.) ] +[ Ay (v = )] (272)
b,r
@ = M (27b)
Abi,z

C.6 Cylinders. Cylinders are the most complicated bound-
ary considered here due to the possibility of several orienta-
tions. The derivatives have a cyclic property so if 4, = 0, then
(U kD) =(x,9,2),ifApy = 0: (j, k, 1) = (y, 2, x); and if A, , = 0 then
(j, k, I) = (z, x, y). Letting ¢ = %A}, the derivatives are

0 forri =,
S Ap A
aa;jl = % x § —(ri—qps) forri=rg (28)
Tk — qbk forr, =r
v forr, =r;
0Fpy _ 1 (29)
or; € +r? Xj_0%bo for r; = ry or r;.
2/E O

D Flow through plane channels

Flowing isotropic fluids at low Reynolds number obey plane
Poiseuille flow with parabolic flow profiles,'®® which is a direct
consequence of the the no-slip condition at the walls of the
channel. Though the coupling between flow profile, local

This journal is © The Royal Society of Chemistry 2024
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director —and  anisotropic  dissipation can  induce
complications,'” N-MPCD simulates linearized fluctuating

nematodynamics with isotropic viscous dissipation.”®

The director can discontinuously transition from a homo-
genous alignment to deformed states.'®® For strong homeotro-
pic anchoring and sufficiently small pressure gradients, the
director remains uniformly homeotropic across the channel;
however, for sufficient flow the director field bows into the
Bowser state,'®” in which the field curves slightly in the direc-
tion of the flow (Fig. 15a). The Bowser state transitions
(Fig. 15b) to the the Dowser state (Fig. 15¢) at sufficiently strong
flows, for which the director fully aligns with the flow at the
center (Fig. 15d). The Bowser and Dowser states arise from the
competition between nematoelastic free energy and flow
strength.' For the pressure gradient and channel height used
in this study, the director is found to be in the bowed Bowser
state. The planar anchoring case is not as interesting since the

(a) Bowser.
PRI LY t i 1
3 3 SN S S SN S8 b 3
b > 1 3 SN S S S S 8N )
3 5 3 NN NSS S SsSN b
RN I3y
$EE 18 52
e e - -
2954554535523 2%4% 2%
i s 4 7 22 ¢ 72 2 4 ¢ V4 4
LA N O A A A O A £ 1144 il 0
(b) Transition.
AS SASISIEAENEY>SADNSNYCNAYA NSNS NLNDNYS 1
Py IIIIILIIII IS LYY I I QY I I YMLY
SITITIIISITIIILIINIIIIIYIINISIIYIYIYSRSYITS
TITYIIIITIIIILIITITYIITIIYIIYIYIYIYIYIYTLIY
NS NS S NS SSSSSSSSSSASSSNSSSSSSSSSS
NI T3 I3IIIITIIIYI=e
Seae==== ==== - e e E s s meems=>== O’_)
s2227° =Z2z222222:2s22:z22:2:2:3 zZ2z2¢
227222 zz7 AT
r222:2 zz:¢ 22222222z
22227 z22: 2222%222%¢2
t222¢ 222 222222222
2227 7%7% 27222%2222¢2
f1771 i 11 TTTTiT1174 0
(c) Dowser.
E
o 0.6
o=
<
=
204
=
@) — ¢, =0.02

0.2 — 0.002

— 0.0002 |\
0.0
1.0 —0.5 0.0 0.5 1.0

Position, y/L

(d) Director profile.

Fig. 15 Nematic director profiles for different flows in a plane channel of
height h = 30a (characteristic length L = h/2). (a) Bowser state for weak
flow (gx = 0.0002a/7?). (b) Transition state (g, = 0.002a/7?). (c) Dowser
state for strong flows (g, = 0.02a/7%). (d) Director profile n, = -n across the
channel for the Bowser, transition and Dowser states.
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boundary conditions and strain rate coalign, though at suffi-
ciently stronger flow the near-wall director may tilt inward as
expected.'**

Since the flow profiles remain parabolic (Fig. 16a), the
viscosity can be calculated directly from the average velocity
of the nematic fluid (v¢) and the plane Hagen-Poiseuille
equation to be

thg - X

To measure the viscosity, the pressure gradient is kept suffi-
ciently low to be in the Bowser state and viscosity is found to be
independent of the values of mean field potential (for U=1{5, 10,
20}kpT) and anchoring conditions (Fig. 16b), as expected since
the nematogens are modeled as point-particles with a direction,
rather than actual rod-like particles. An isotropic viscosity of u =
[9.6 £ 0.4]y, is found. This measurement gives the character-
istic velocities due to nematicity and pressure to be V = K/uL =
[11.8 + 0.8]a/r and V = L*pg,/u = [0.208 = 0.009]a/z, respectively.
This establishes the dimensionless Ericksen number for this

1.50

-4 ¢, =0.02

0.25 -4~ 0.002
-4-- 0.0002
0.00
—1.0 —0.5 0.0 0.5 1.0
Position, y/L
(a) Flow profiles.
homeotropic
10.5 — planar
__,?10.0
n
z
= 9.5
9.0
5.0 7.5 10.0 12.5 15.0 17.5 20.0

mean field potential

(b) Viscosity from parabolic Poiseuille fit.

Fig. 16 Flow profiles in planar channels. (a) The flow profiles for different
pressure gradients pg,, where g, is the component of the external accel-
eration in the X direction. The flow obeys parabolic Poiseuille flow for all
pressure gradients considered here in a plane channel of height h = 30a
(with L = h/2). (b) The viscosity of the fluid for different mean field
potentials and wall anchoring in a plane channel of height h = 20a.
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study to be

Er—@~3

= x 1073, (31)
which indicates elastic forces dominate viscous forces. Like-
wise, the dimensionless Péclet number is approximately Pe =
(v))L/D ~ 107, which reflects that advection is more significant
than diffusion in plane channels. The small Er/large Pe regime
is where we expect topological microfluidics to be most inter-
esting. In these simulations, elastic forces dominate over both
velocity and diffusion, Er/Pe ~ 3 x 10°. This can be seen
explicitly by comparing trajectories in a nematic solvent, which
are near the middle line, to trajectories in an isotropic solvent,
which can diffuse away from the center (see Appendix E).

E Absence of stick-slip in isotropic fluid flows

Simulations of a colloid in an isotropic fluid advecting through
a wavy channel do not exhibit stick-slip dynamics (Fig. 17).

20

isotropic

nematic

Position, z/L
IS o

ot

0 5000

10000
Time, t/7

(2

15000 20000

[N
[}

Position, y/L

o
wt

10 15 20
Position, /L

(b)

Fig. 17 Example trajectories for a colloid suspended in a nematic com-
pared to in an isotropic fluid. The wall amplitude in both cases is Bo/L = 1.
The nematic case has homeotropic anchoring on the colloid and planar
anchoring on the walls. (a) X-component of the colloid trajectories as a
function of time. (b) Colloid trajectories.
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Fig. 18 Average fluid velocity (vy) as a function of instantaneous colloid
position x for wall amplitudes By = {1.5, 2.5}a.

While the nematic case exhibits clear periods of movement
(slip) and cessation (stick), the isotropic case exhibits a steady
elution rate (Fig. 17a). Furthermore, nematic repulsion between
the colloids and the walls keeps the colloid close to the channel
centerline (Fig. 17b). On the other hand, the colloid in an
isotropic fluid is free to diffuse away from the centerline,
sampling different local velocities and exhibiting greater Taylor
dispersion. In this way, the lock-key dynamics investigated here
differ from the Brownian dynamics of a driven diffusive colloid
moving through a periodic landscape.

F Impact of colloid dynamics on fluid flow

The colloid elutes due to the drag force that the fluid exerts on it,
but it also moves in response to the nematoelastic forces.
Therefore, at any instance the colloid may resist or assist the
fluid flow. The spatially averaged flow of the fluid is not constant
with time during the stick-slip motion. When the colloid sticks,
the combination of colloid drag and nematoelastic forces slow the
fluid. When the colloid slips, the nematoelastic forces drive fluid
flow. We measure the total average fluid velocity (v¢) as a function
of the colloid position (Fig. 18). A minimum average fluid velocity
occurs just past the trough, where defects oppose elution. Here,
nematic interactions work against the pressure gradient and the
fluid slows. During the slip phase, the colloid speeds up due
to nematic forcing and the fluid flow reaches a maximum as
the colloid is forced over the crest by elastic interactions with the
walls. As the wall amplitude is increased, crossing events become
rarer and faster, causing the statistics to worsen for x/L > 1.
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