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Problem solving in chemical kinetics poses substantial challenges for university students since it often
involves significant use of mathematics as a tool and language, with challenging translations and
transitions between chemical phenomena and mathematical representations. In this paper, we present
key findings from a study investigating chemistry students solving tasks centred around the steady-state
approximation. Building upon the mathematical modelling cycle (MMC), qualitative analysis of the data
collected using a think-aloud protocol led to the development of the extended MMC. This empirically
derived extended MMC offers a more detailed account of the processes involved in mathematical
modelling of chemical phenomena, highlighting aspects such as the occurrence of deliberation and
evaluation throughout the modelling cycle, as well as the varying characteristics, points of activation and

Received 4th July 2023, roles of extra-mathematical resources during problem solving. We further introduce and use problem-

Accepted 9th October 2023 solving trajectories as a tool for visualising and analysing the complex and diverse approaches used by
students in their attempts at reaching a solution. Overall, the extended MMC provides a finer-grained

model of the cognitive and metacognitive activities that students engage in, offering further insights for
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Introduction

Understanding concepts and solving problems in topics at
the interface of mathematics and other scientific disciplines
is known to pose substantial challenges for students at the
university level. Despite the lament of teachers that students
‘just can’t do maths’, the picture has turned out to be rather
more complex and research shows that there are steps,
other than technical mathematical manipulations, that act
as hurdles along the way (Pietrocola, 2008). Numerous stu-
dies in Physics Education Research (PER) have shown that
the issue is prevalent across different levels of education,
from upper secondary school to advanced university level
studies (Tuminaro and Redish, 2004; Gupta et al, 2007;
Wilcox and Pollock, 2015; Carli et al., 2020; Van den Eynde,
2021). Though much less researched, the same trend can be
found in chemistry education: students across a range of
educational levels struggle to combine their knowledge in
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chemistry with their knowledge in mathematics. Chemical
kinetics and thermodynamics are two areas that have been
identified as fruitful contexts for study (Becker and
Towns, 2012; Bain et al., 2014, 2019; Bain and Towns,
2016). Both areas present considerable difficulties for chem-
istry students at introductory levels and beyond, involving
the significant use of mathematics as a tool and language
for describing complex, interdependent and multivariate
processes, with challenging translations and transi-
tions between physical phenomena and mathematical
representations.

Although an increasing number of studies on university
students’ reasoning at the interface of chemistry and mathe-
matics has been seen in recent years (Towns et al., 2019a), there
is still much to explore, and there is a need for the development
of suitable theoretical frameworks for analysing problem sol-
ving spanning across disciplines. Pursuant to calls for inter-
disciplinary approaches (National Research Council, 2012), we
have carried out such framework development by combining
lenses from chemistry, physics, and mathematics education
research, drawing from two well-established theoretical frame-
works: the mathematical modelling cycle (Borromeo Ferri, 2006;
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Blum and Leiss, 2007) and the resources framework (Hammer
et al., 2005).

In this study, we take a closer look at the problem-solving
strategies employed by second-year chemistry students at a
Swedish university as they engage in a set of problems in
chemical kinetics. The data collected forms the empirical basis
for the development of a framework that allows us to delve
deeper into the problem-solving process and reveal just how
many more steps and challenges there are than ‘just maths’ as
students attempt to integrate their chemical and mathematical
knowledge.

Review of related literature

Earlier work on the role of mathematics in scientific disci-
plines. Over the past two decades, there has been a remarkable
growth in the body of literature exploring the role of mathe-
matics in scientific disciplines. Much of this work has focused
on its role in physics education (Pospiech et al., 2019; Palmgren
and Rasa, 2022). While traditionally, mathematics has been
regarded primarily as a tool in physics, its role has lately been
recognised to extend beyond these conventional notions, sug-
gesting a twofold nature (Uhden et al., 2012).

Building upon the ideas of Redish (2006), that using mathe-
matics in physics differs from simply doing mathematics, and a
distinction introduced by Pietrocola (2008), Uhden et al. (2012)
proposed that mathematics has two distinct roles in physics: a
technical role and a structural role. The technical role of
mathematics becomes apparent in activities such as manipula-
tion of variables and rote calculations, thus reflecting an
algorithmic use of mathematical principles where the mathe-
matics exists independently of any specific physical content. In
contrast, structural mathematics actively shape the underlying
form of physical concepts, making it inseparable from its
associated physical content (Uhden et al., 2012).

The introduction of this twofold perspective has had sig-
nificant implications for the discussion on how students’
mathematical skills relate to their performance in physics
classes. While shortcomings in technical skills in mathematics
would undoubtedly contribute to students’ difficulties in phy-
sics courses, this view alone does not provide a complete
picture. Proficiency in technical mathematics does not guarantee
success in physics, as highlighted by Hudson and MclIntire (1977);
proficiency in understanding structural mathematics, as inte-
grated in the discipline, is also necessary (Uhden et al., 2012).

Intrigued by the discrepancy found between students’
mathematical proficiency and their ability to effectively apply
that knowledge when confronted with physics problems,
Tuminaro and Redish (2007) conducted a study to investigate
how context affects physics students problem-solving strategies.
To this end, they adopted the resources framework thus considering
knowledge as constructed of small cognitive units (resources) that
can be activated and connected in different, dynamic, networks
depending on the context. Their study showed that students rely
on ‘limited sets of locally coherent resources’, referred to as
epistemic games, that influence what knowledge and skills that
are leveraged in a given problem-solving situation. They identified
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six distinct epistemic games, aiming to describe how students
engage with mathematics when solving physics problems. The
impact of students’ epistemological resources on their problem-
solving approaches was further explored by Bing and Redish
(2009) who proposed a way to capture students’ epistemological
framing by tracing their arguments for doing something in a
certain way. The resources framework is part of the theoretical
underpinnings of this work and will be described in more detail
in the next section.

Fauconnier and Turner (1998) introduced the concept of
blending to explain human information integration. Its appli-
cation within PER was pioneered by Bing and Redish (2007)
who used blending diagrams to visualise students’ reasoning.
These diagrams illustrate which elements that are blended
during a sensemaking or problem-solving activity, along with
their corresponding input spaces, thus providing insight into
how learners connect and combine ideas from different dis-
ciplines. Recently, Van den Eynde (2021) presented dynamic
blending diagrams (DBDs) as a way to incorporate a chronolo-
gical dimension to the blending process. Unlike traditional
blending diagrams, which typically focus on the outcome of the
meaning-making process, DBDs place greater emphasis on the
meaning-making process itself.

The interplay between physics and mathematics has also
been a focal point of research on undergraduate mathematics
education (RUME). Within this field, the mathematical model-
ling cycle has gained traction as a promising framework
for analysing problem-solving activities that require students
to integrate mathematical knowledge with knowledge from
other scientific disciplines (Borromeo Ferri, 2006). For example,
Jensen et al (2017) showed that ‘unformalised physics
problems’ presented students with opportunities to engage in
mathematisation, which is a modelling step that has been
identified as particularly challenging to students. In our study,
we draw inspiration from the extensive body of literature on the
teaching and learning of mathematical modelling (Niss and
Blum, 2020). The mathematical modelling cycle is employed as
the other framework for this study and will be described in
more detail in the next section.

The role of mathematics in chemistry has received more
attention in recent years. Similar to the discussion within PER,
there is an agreement within CER that using mathematics
in chemistry is different from doing pure mathematics
(Phelps, 2019; Rodriguez et al., 2019a). Much research in this
area focuses on students’ problem-solving strategies in topics
that lie at the interface of chemistry and mathematics, such as
thermodynamics (reviewed in Bain et al., 2014) and chemical
kinetics (reviewed in Bain and Towns, 2016). The relationship
between chemistry and mathematics has also been discussed
more recently in Towns et al. (2019b).

Regarding studies concerning chemical kinetics, Rodriguez
et al. (2019b) investigated how students analysed an unfamiliar
concentration and time graph for a chemical reaction, investi-
gating their covariational reasoning using a combination of the
resources framework and graphical forms in their analyses. The
study categorised the variety of productive, unproductive, static
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and dynamic reasoning that students demonstrated when
solving such a task. An open-ended part of the task with
no single, definitive answer generated particularly interesting
strategies, with some students succeeding in giving a full
mathematical narrative for the reaction, showing a high level
of integration of chemistry and mathematics.

In a book chapter, Bain et al. (2019) summarised a series of
studies exploring university students’ understanding and use of
mathematics in the context of chemical kinetics through multi-
ple perspectives, including the resources framework, symbolic
forms, graphical forms, and blended processing. The ability to
blend knowledge from different domains was found to be
important in order to succeed with problem solving in chemical
kinetics. The findings also indicated that students tend to rely
on algorithmic problem-solving strategies, with mathematical
reasoning taking precedence over conceptual reasoning even in
the presence of blending.

Building on the results from the above-mentioned studies
Rodriguez et al. (2020) explored the influence of students’
epistemological resources on their problem-solving approaches.
To this end, they drew on the work by Tuminaro and Redish
(2007), and investigated how students transitioned between
different epistemic games during a problem-solving activity.
Their findings indicated that transitions normally did not occur
spontaneously, but rather required prompting.

Students’ understanding of concepts and representations in
enzyme kinetics has also been an area of focus (summarised in
Rodriguez and Towns, 2020). Again, using theoretical frame-
works such as the resources framework, blended processing,
symbolic forms and graphical forms, these studies revealed
that although students were able to correctly link different
kinds of enzyme inhibition with specific changes in the math-
ematical representations, they often struggled to explain the
underlying molecular events driving these changes.

Taken together, these studies on problem solving in
chemical kinetics indicate that even when students demon-
strate proficiency in mathematics, the connection between
their mathematical and chemical resources may remain super-
ficial. Thus, students require additional support in creating
meaningful connections between their understanding of con-
cepts in chemical kinetics and the mathematical representa-
tions used to model those concepts.

Theoretical underpinnings

In this section, we provide detailed descriptions of the two
frameworks that make up the theoretical underpinnings of
this study.

The mathematical modelling cycle. The mathematical mod-
elling cycle (MMC), introduced by Borromeo Ferri (2006), aims
to elucidate the fundamental steps involved in mathematical
modelling of real-world situations. This framework has been
used in a number of studies investigating German high school
(Schmidt and Di Fuccia, 2014; Goldhausen and Di Fuccia, 2021)
and university students’ (Komor et al, 2023) engagement in
mathematical modelling in chemistry. Ho et al. (2019) have also
discussed and proposed the potential of this framework for
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Fig. 1 The mathematical modelling cycle, redrawn from Borromeo Ferri
(2006); EMK = extra-mathematical knowledge.

analysing the processes at play when students engage in
problem-solving activities in chemical kinetics.

Various versions of the MMC have been proposed
(Uhden et al., 2012; Doerr et al., 2017; Niss and Blum, 2020).
A frequently cited version is the one by Borromeo Ferri (2006)
as shown in Fig. 1. Given the aim of investigating how chemical
and mathematical knowledge can be integrated during problem
solving, highlighting the contribution of extra-mathematical
knowledge (EMK) is particularly important.

After understanding the real situation, the modeller con-
structs a mental model, simplifies the mental model into a real
model by determining which parameters that are relevant for
the context of the problem, and carries out mathematisation of
the real model into a mathematical model by translating the
chosen parameters into mathematical relationships. Once a
mathematical model has been established, the modeller can
perform mathematical work (i.e. calculations and mathematical
manipulations) to obtain a mathematical result. To close the
cycle, the mathematical result has to be interpreted into a real
result, which in turn can be validated against the real model.

While mathematical modelling is generally difficult for
students, some steps stand out as particularly challenging:
pre-mathematisation (which includes understanding and
simplifying) and mathematisation (Jankvist and Niss, 2020).
Borromeo Ferri (2006) has proposed the steps simplifying/
structuring and mathematising to require input from EMK.

Since EMK is defined as knowledge other than mathema-
tical such, these steps are particularly interesting focal points
for the investigation of how students’ knowledge in different
disciplines interact during problem solving. Note that Ho et al.
(2019) has in addition pointed out that input from EMK is
necessary even in the interpretation and validation phases,
especially where mathematical results consist of symbolic
and/or complex mathematical expressions.

The MMC is particularly relevant to our work in two ways.
Firstly, it offers a description of the processes involved in
mathematical modelling of real-world situations, including a
structure for how these processes are interrelated. As we are
interested in studying how students approach chemistry pro-
blems that require some degree of mathematical modelling, the
MMC’s processes and structure serves as helpful starting points
for analysing and organising our research data. Secondly, the
MMC explicitly recognises the importance of EMK for certain
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processes. Given that knowledge in chemistry falls within the
realm of EMK, we believe that focusing our analysis on pro-
cesses that require EMK will provide valuable insights into how
chemical and mathematical knowledge interact during model-
ling activities.

It is important to recognise that the MMC as illustrated in
Fig. 1 is an idealised model, a point that has been emphasised
in the relevant mathematics education research literature
(e.g. Blum and Borromeo Ferri, 2009; Prediger, 2009; Doerr
et al., 2017). While it is a useful representation of the funda-
mental steps involved in mathematical modelling of real-world
problems, it does not take into account the individual differ-
ences of students engaging in said activity. Instead, people tend
to ‘bounce around’ (Doerr et al., 2017) different parts of the
cycle in a non-linear manner. Furthermore, while EMK has
been differentiated from mathematical knowledge, its features
have received limited attention, leaving the extra-mathematical
realm largely unexplored. Thus, by delving into the details of
the extra-mathematical realm, our research has the potential to
make significant contributions not only to CER but to the
broader field of mathematical modelling as well.

The resources framework. The resources framework, devel-
oped by Hammer et al. (2005), is an analytical framework that
draws from cognitive theory, constructivist ideas, neuroscience
and information processing theory. It proposes that knowledge
is constructed from fine-grained cognitive units known as
resources, which are connected to each other in dynamic net-
works (Hammer and Elby, 2002, 2003). There are three main
types of resources: conceptual, procedural, and epistemo-
logical. It is important to understand that these resources are
smaller in size than concepts or abilities as experienced by
learners (Hammer et al., 2005).

Viewing knowledge as made up by dynamic networks of
resources has interesting implications for the concept of trans-
fer. Instead of treating learned concepts and abilities as fixed
entities that are either transferred or not, researchers within
the resources tradition consider learners to possess various
resources that can be activated and employed differently
depending on the context. This perspective enables us to under-
stand how the same student may exhibit different, at times
contradictory, reasoning and problem-solving approaches in
response to certain settings. As such, the resources framework
attempts to account for more momentary activation of different
cognitive structures in different contexts, rather than consider-
ing robust and more fixed conceptions. The effect of different
contexts is seen to play a crucial role, through framing the
problem-solving activities. This influences how learners
respond to questions like ‘What is going on here?’ and ‘What
is this about?’, which in turn affects what network of resources
are activated in a given situation. According to the resources
framework, a resource could be activated in a productive or
unproductive way in a given context, rather than being inher-
ently right or wrong (Hammer e¢ al., 2005).

We believe that adopting a resources perspective on knowl-
edge into the theoretical underpinnings of our research project,
will facilitate the characterisation of EMK. By considering
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knowledge in terms of smaller building blocks, we may delve
deeper into the nuances of the extra-mathematical realm.
Moreover, it will enable us to examine our research partici-
pants’ problem-solving approaches in terms of framing and
resource activation. Such analysis could potentially be helpful
in uncovering what factors that contribute to productive or
unproductive activation of resources, shedding light on the
conditions for successful problem-solving at the interface of
chemistry and mathematics.

Research questions

Given the current state of research, much remains to be
investigated about how students integrate their knowledge
and conceptual understanding of chemistry and mathematics
when solving problems. This includes issues such as what
processes students engage in during such problem-solving
activities, the characteristics of those processes, and how
students overcome roadblocks that they encounter.

With university students tackling a set of tasks in chemical
kinetics as our research context in this study, our guiding
research questions are:

1. How can the MMC be refined to provide a framework that
allows us to capture and analyse, at a higher level of resolution, the
specific processes that students engage in while solving a problem
in chemical kinetics?

2. When and how do students use extra-mathematical input
during the problem-solving process and what roles do such input

play?

Methods

Research setting and participants

In this study, we observed students as they attempted to solve a
set of tasks in chemical kinetics. The participants in this study
were second-year chemistry and chemical engineering students
taking chemical kinetics as part of an introductory course in
physical chemistry at a research-intensive Swedish university.
Prior to this course, students had completed a mix of intro-
ductory courses in chemistry (general, organic and inorganic
chemistry) and mathematics (linear algebra and geometry and
single variable calculus).

Recruitment was carried out by the first author (S. Y.), who
visited lectures to inform about the study. Interested students
then received formal invitation letters, which provided them
with a detailed overview of the research objectives and outlined
the procedures for confidential and ethical data management.
As the intention was to observe students working in pairs
(see below), students were encouraged to sign up together with
a classmate. Out of the 14 interested students, 12 opted to
participate as pairs. The remaining two signed up individually
and were paired up later by S. Y.

At the beginning of each problem-solving session, the stu-
dents were given the opportunity to reconsider their participa-
tion before deciding whether or not to give written consent.
All 14 students consented to participate in the study and each

Chem. Educ. Res. Pract., 2024, 25, 242-265 | 245
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The following mechanism has been proposed for the
decomposition of perbenzoic acid (CgH;CO3H) in water:

k
CsHsCOzH k:l CeHsCO3 + H*
-1

k.
CeHsCO3H + CgHsCO03 —> C4HsCO,H + CgH5COZ + O,

k3
CsHsCOE +H* — C6H5C02H

4[CeHsCO3]

Task 1:  To assume that ~ 0 is a way of applying the

steady-state approximation. Explain what that means.

Task 2: Identify the intermediates of the reaction.

Task 3: Is it possible to apply the steady-state approximation

under the following conditions to analyse the rate of
formation of O,?

i ko Kk o i Ky ko >k

iii. ky » k3 iv. ky=k,

Task 4: Derive an expression for the rate of formation of O,.

Assume that the steady-state approximation is
applicable. Explain your thinking out loud.

Task 5: At which reaction conditions will the rate of formation

of oxygen be of the...

i. ..first order with respect to C¢H;CO3H?

ii. ...second order with respect to C¢H;CO3H?
Discuss how the resulting rate laws may be interpreted
physically.

Fig. 2 The reaction mechanism and set of tasks given to the students
during the problem-solving sessions. Note that the tasks were revealed to
the students one at a time.

of them were compensated with a movie voucher for their
participation.

Data collection

We developed a set of tasks, resembling typical exercises in the
students’ introductory physical chemistry course (Fig. 2). The
tasks were centred around the steady-state approximation (SSA)
and designed to require varying degrees of integration of
chemistry and mathematics. Task 1 and Task 2 served as
warm-up questions intended to remind students of the SSA
and direct their attention to the chemical information provided
by the reaction mechanism (molecular species and reaction
types). Task 3 was expected to elicit conceptual discussions
regarding the relative sizes of rate constants and how that may
affect the outcome of a reaction. None of these tasks (1-3) were
expected to require much integration of chemistry and mathe-
matics. In contrast, for Tasks 4 and 5, the students would have
to carry out numerous translations between the chemical and
mathematical domains.

The data collection began about a week after the students
had completed the lecture series on chemical kinetics in their
physical chemistry course. All pairs took part in problem-
solving sessions with around 45 minutes to solve the tasks
without any guidance from the researcher followed by 30 minutes
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Fig. 3 Frame from a video recording of one of the problem-solving
sessions (left), and notes from a student pair as recorded by the smart
pen (right).

long conversations with the researcher. The tasks were printed out
on separate sheets of paper and presented one at a time. The
reaction mechanism was available to the students throughout the
session. The students worked consecutively with the tasks.
They were free to choose themselves when they were satisfied
with their work on a task and could then reveal and work on the
subsequent task.

A think-aloud protocol was used to capture the students’
reasoning, where they were asked to verbalise whatever crossed
their minds during the problem-solving session (Cowan, 2019).
The choice to observe students working in pairs was aimed at
providing a more natural setting for students to speak and
think aloud as they discussed with each other, compared to
thinking aloud individually. Also, by giving the opportunity for
students to discuss and test different ideas and problem-
solving strategies with each other, we expected to obtain a
broader range of, and richer, data to inform the framework
development. Furthermore, we also expected that working in
pairs would provide a more relaxed environment compared to
potentially feeling watched sitting alone with the researcher.

The problem solving was video-recorded, with the camera
focused on the students’ writing and hand movements, avoid-
ing recording of facial or other personal features (Fig. 3, left).
In addition, a Livescribe™ smart pen was employed to docu-
ment the students’ note-taking (Fig. 3, right) with simultaneous
audio recording of their dialogues (Linenberger and Bretz, 2012).

Data analysis

The students’ utterances from the video data of the problem-
solving sessions were transcribed verbatim by S. Y. As the
interaction between chemistry and mathematics manifested
itself in the students’ discussions while working with Tasks 4
and 5, transcripts from these tasks were thematically analysed
using NVivo® (NVivo Qualitative Data Analysis Software) as
described below.

An initial attempt at establishing a coding scheme was
conducted by S. Y. through deductive analysis, using the
relevant processes of the MMC (see Fig. 4 and accompanying
text). This revealed the need for additional sub-codes in order
to capture the nuances of what the students were doing while
solving the tasks. These additional sub-codes were generated
through emergent themes from inductive analysis of the data
that was performed by S. Y. and F. M. H., who worked in
tandem using a constant comparison method to analyse a
subset of the transcripts (Corbin and Strauss, 1990). To develop

This journal is © The Royal Society of Chemistry 2024
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A i
CeHsCOsH 2 CHCO3 +H* i d[0,]
: i dt

d[CeHs5C03]
de

= ky[CoH5COH][CoH5CO3]

! A i
| CeHsCO3H + CH5CO3 = CqH5CO,H + C4HsCOZ + 0, |
sttt oc Rttt et A = ka[CoHsCOsH]

ks
CeH5CO3 + H* 5 CHsCOH A [CoHsCO3 1]
= k-1[C4HsCO3

real mathematical ~ kalCeHsCOSHI[CH;CO3)

model model =0

mathematical ~_i

d[0,] keykey [CH5COZH]?
result =

dt  k;[H*] + k[CoHsCO3H]

Fig. 4 Mapping the problem-solving route for Task 4 onto the classical
MMC. M: mathematisation; MW: mathematical work; I: interpretation; V:
validation.

the final coding scheme, several iterations of inductive and
deductive coding was performed until no more additional sub-
codes emerged, at which point thematic saturation was regarded
to have been achieved (Saunders et al., 2018). The other members
of the research team (M. E. and M. J.) were involved in discussing
and reviewing the analysis during weekly meetings, contributing
to the trustworthiness. The resulting coding scheme was used for
the full data analysis, during which S. Y. and F. M. H. re-coded all
seven video transcripts, separately and jointly, until arriving at
consensus for each code assignment.

Mapping problem-solving routes onto the classical MMC. To
aid understanding of the presentation of our findings, Fig. 4
provides an overview of the problem-solving route for Task 4,
including how it maps onto the classical MMC. A more detailed
description can be found in the Appendix. In Task 4, students
begin with the reaction mechanism given in the task (the real
model of the reaction) and are expected to construct, through
mathematisation, the relevant mathematical model, i.e. a system
of differential equations consisting of the rate laws of relevant
species for the analysis. Application of the steady-state approxi-
mation to the rate law of the relevant intermediate (here,
Ce¢H5CO;7) then allows for mathematical work in the form of
algebraic manipulations that ultimately lead to the desired
mathematical result, namely the rate law for oxygen production
without any concentration terms involving intermediates.

In this task, therefore, students are required to engage in the
processes of mathematisation and mathematical work to arrive at
the desired answer, but are not explicitly prompted to interpret
or validate this mathematical result.

Furthermore, since a ready-made real model (the reaction
mechanism) is already presented to the students, they do not
need to engage in the processes involving either the real
situation or mental model as described in the MMC by Borro-
meo Ferri (2006). These features are reflected in Fig. 4.

In Task 5, it is instead the rate law of oxygen production
(i.e. the mathematical result of Task 4) that is considered as the
real model to which the students can apply mathematical work
in order to derive expressions corresponding to first- or second-
order kinetics.

Ethical considerations

As described above, written informed consent was sought from
the participants of the study, with the participants having been

This journal is © The Royal Society of Chemistry 2024
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Table 1 Pseudonyms used for each student pair

Alice and Andrea

Jacob and Jonathan

David and Diana (signed up individually)
Robin and Rebecca

Nelly and Noah

Lily and Laura

Emily and Elliot

informed on aspects including the protection of their identi-
ties, the purpose of, processing and storage of the data col-
lected and their right to at any time withdraw their consent and
discontinue with their participation. Swedish universities do
not have formal requirements on ethical approval for research
projects that do not involve the collection and processing of
sensitive personal data (as classified by the General Data
Protection Regulation of the European Union). To protect our
participants’ identities, their names have been replaced with
pseudonyms (Table 1) throughout the presentation of our data
analysis. At the time of the study, the researcher who carried
out the recruitment and the data collection (S. Y.) did not have
a teacher-student relationship with the research participants,
but she had been the teacher for eight of them in an earlier
course.

Findings
Development and characterisation of the extended MMC

Already during the early stages of deductive data analysis using
the processes of the classical MMC, we realised that there were
many more fine-grained processes included in the phases of
problem solving. Therefore, we supplemented the deductive
analysis with inductive analysis to capture these subprocesses
in our coding, resulting in an extended MMC (Fig. 5). The
extended MMC builds upon the structure of the classical
MMC (Fig. 1) by refining the processes mathematisation
and mathematical work through the addition of underlying
subprocesses. Each italicised label in Fig. 5 corresponds to a
subprocess and also served as a code within the coding scheme
used for our data analysis.

Our extended framework facilitates elucidation and discus-
sion of the various steps that students undertake to solve a
problem in chemical kinetics. For instance, actions such as
constructing a mathematical model and working mathemati-
cally with the mathematical model are often preceded by a
deliberation phase. Additionally, different kinds of evaluative
actions take place at several instances of the problem-solving
procedure, not only once a result has been obtained. Further-
more, students draw from resources other than mathematical
to guide and inform their deliberations and evaluations. While
not every single subprocess was observed in each and every
student pair, all the subprocesses were informed by empirical
observation of such behaviour in the data gathered. The
extended MMC represents a synthesis and integration of the
empirical data into an analytical framework.
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Fig. 5 The extended MMC captures the processes observed during our data analysis. Each italicised label corresponds to a code and each capital label
corresponds to a theme. Codes that belong to the theme mathematisation are illustrated in red and purple, codes that belong to the theme mathematical
work are presented in blue tones and codes belonging to the theme evaluation are shown in green. The stars correspond to extra-mathematical
resources, with the filled star representing chemical resources and the unfilled star representing other resources. A star superimposed on an arrow
indicates that the activation of EMRs is inherent to the (sub)process. A star placed next to an arrow indicates that EMRs can be activated as part of that
(sub)process. The dichotomy between the real-world and mathematical domains has been replaced with a gradient between a chemical and a
mathematical domain, to illustrate the continuous nature of the shift between the two domains observed in our data.

In contrast to classical MMCs, where EMK is conceived as
being involved only during processes preceding the mathema-
tical model (Borromeo Ferri, 2006), our work shows that such
extra-mathematical input plays a significant role also in guid-
ing the mathematical work. In addition, our data suggest
that extra-mathematical input is not restricted to what would
typically be regarded as disciplinary knowledge. Adopting
the resources framework enables us to discuss input from the
extra-mathematical domain in terms of various chemical and
other resources that can be activated in different contexts.
This permits a more dynamic view of the range of extra-
mathematical contributions, including conceptual, epistemo-
logical, and procedural resources, that influence students’
problem-solving approaches. We have accordingly chosen to
use the term extra-mathematical resources (EMRs).

In the following sections, we provide detailed descriptions
and exemplification of our coding scheme (the extended MMC),
grouped according to the higher-level processes of mathemati-
sation, mathematical work and evaluation of mathematical
result.

Mathematisation. Mathematisation is the process during
which the problem solver translates the real model into a

248 | Chem. Educ. Res. Pract., 2024, 25, 242-265

mathematical one. Deductive analysis was applied to identify
instances of mathematisation during the students’ problem-
solving activities. Inductive analysis then allowed us to deci-
pher different subprocesses underlying the mathematisation
step: deliberation, construction, procedural checks, interpreta-
tion, and validation.

Subprocess - deliberation. Prior to the construction, we noticed
that the students would deliberate on how to construct the
mathematical model. Since they had encountered similar tasks
in their physical chemistry course, the deliberation often involved
students attempting to recall how to solve this type of tasks,
incorporating chemical resources to varying degrees. This is
illustrated by the following two quotes (asterisks indicate
instances where students physically pointed at different parts
and steps of the reaction mechanism).

First, Andrea and Alice ponder on how to carry out the
construction of the mathematical model with no particular
influence from either mathematical or chemical resources.
Rather, they are trying to recall how it should be done based
on what they remember from class (deliberation of how to
construct the mathematical model):

This journal is © The Royal Society of Chemistry 2024
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Andrea: ‘But how should we. . . Should we first set up something
[a rate expression] for k,? That it forms O, and then. .. Ah, like you
said ... what’s it called . .. steady-state. .. Now I've forgotten what
it’s called. .. You set up a function, equation, for the *CcHsCO3 ™,
step 2* and then we can substitute that into ... this *O,*, or?’

Alice: ‘I guess so, except... Wait, you start with this *reactant,
step 1* and say that. . . or nah, wait. You write the expression as. ..’

Then, Alice asks a question which steers them into a
chemically richer reasoning process where different elements
of the reaction mechanism (reactants, products, rate constants,
etc.), i.e. chemical resources, are used to inform the modelling
procedure (chemically richer deliberation of how to construct
the model):

Alice: ‘But do we take all the steps [of the reaction] into account
then? I'm thinking if... Because if we’re interested in ... how
oxygen is produced. .. Are we supposed to see this *O,* as like . ..
the final product?’

Andrea: ‘Yeah, but I think we should take all of them [the
reaction steps] into account since the first two [reaction steps] has
to do with how this *CsHsCO3, step 1* is produced as well, which
affects how fast this is *step 2*.’

Subprocess — constructing the mathematical model. When the
students were satisfied with their discussions on how to carry
out the mathematisation (or simply gave up), they would move
on to construct the mathematical model. That is, translating
the chemical phenomenon described by the reaction
mechanism into mathematical formalism. Often, this was
done without any verbalisation and the majority of the
student pairs were able to construct the system of differential
equations based on the reaction mechanism without
significant problems. The way in which the construction was
carried out varied between student pairs. In some cases, the
students directly translated the chemical information provided
by the reaction mechanism into mathematical relationships:

Jacob: ‘And this [the formation of O,] depends on these
*reactants, step 2*. .. How do you say this. . .? Right, this [O,] isn’t
consumed, but formed. Therefore, this term should have a positive
sign.’

Jonathan: ‘Mm... This [the formation of O,] is positively
dependent on these *reactants, step 2%, so when the concentrations
of those are high it is ... produced. So, it should be positive. ..’

In other cases, the students relied on the outcome of a
previously carried out mathematisation to inform further
model construction:

Diana: ‘And then we have this thing [the next expression to
derive] and it should be very similar to this [an expression obtained
in a previously carried out mathematisation].’

David: ‘Yes, but you should change the minus and plus signs, it
should be like minus k.;.’

In contrast to the classical MMC, where interpretation and
validation are presented as means to evaluate the mathematical
result, we found these processes to occur already in conjunc-
tion with the mathematisation, ie. to evaluate the mathema-
tical model. In fact, we identified three types of subprocesses
employed by our students to evaluate the mathematisation

This journal is © The Royal Society of Chemistry 2024
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process: procedural checks of the model construction, inter-
pretation of the mathematical model and validation of the
mathematical model.

Subprocess — procedural checks. Instances where students
stopped to ensure that they were performing the steps of the
model construction correctly were described as procedural
checks of the model construction. In cases where they agreed,
the exchange was quick and did not cause any further dispute.
In cases where they did not agree, the procedural check could
lead to revision of the mathematical model:

Jonathan: ‘Would you agree with this?’

Jacob: ‘No.’

Jonathan: ‘No...?’

Jacob: ‘It should be k, ... but we have to remove one of the k.
It’s k, and then the concentration of this *CsH;CO3H, step 2* and
the concentration of that *CsHsCO3 ™, step 2*.

Jonathan: ‘Ah, that’s right!’

Most often, procedural checks occurred as exchanges
between students (as between Jacob and Jonathan above) but
they could also manifest more like ‘self-checks’:

Robin: ‘Let’s see. .. Did we get everything right? I'm just gonna
check that it. . . Yes, so far everything looks good [compares reaction
mechanism to current mathematical expression].’

Subprocesses - interpretation and validation. While proce-
dural checks were employed by the students to evaluate the
construction phase of the mathematisation (part of the process
of mathematising), interpretation and validation were used to
evaluate the mathematical model obtained (the resuit of the
mathematisation). We differentiate between interpretation
and validation by the presence of an element of verification
in the latter. Interpretation of the mathematical model refers to
situations where students articulated the physical meaning
of their mathematical model, with or without considering
whether the explanation made sense. Validation of the
mathematical model, on the other hand, refers to situations
where students compared their mathematical model and some
extra-mathematical standard with each other to determine
whether or not it was reasonable and/or correct. We noted
that interpretation and validation could occur either in tandem
or decoupled from each other. The following quote, is an
example of when validation occurred without being preceded
by interpretation:

Andrea: ‘Should we ... put this *3, Fig. 6* into the rate law
[1, Fig. 6] right away?’

T ksl 505 ] : s
SO I (s QOsH I~ At 0TI T - Kol s COMICACE S 20 2

[...]
[ | [ AL L . [ 3
(G tls D37 1= | T + koS COP] || Keq L 2 [ 1]

Fig. 6 Mathematical expressions derived by Andrea and Alice. Eqn (1) and
(2) constitute their mathematical model. Eqn (3) is part of their mathema-
tical work.
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Alice: ‘I guess. ..? (...) 'm wondering if we could have somehow
included this step *step 1* in the rate expression of oxygen
[1, Fig. 6] but ... it’s not how you do it I've just realised. .. This
should be right.’

Here, the students have arrived at the mathematical expres-
sions shown in Fig. 6, and while Andrea is already thinking
about how to move forward with the mathematical work, Alice
is still in the process of validating their mathematical model.
From an MMC perspective, Alice initially situated her reasoning
within the chemical domain by considering the first step of the
reaction mechanism. However, she ultimately did not make any
interpretation of the physical meaning and simply accepted the
earlier result based on an intuitive feeling of ‘how you do it’.
This example highlights that validation of a mathematical
model can take place without any prior interpretation of its
physical significance and that, although validation has to be
carried out in comparison to some extra-mathematical stan-
dard, this standard is not necessarily based on conceptual
chemical resources. In this paper, we refer to such non-
chemical extra-mathematical resources as other resources.

Sometimes interpretation and validation occurred in
tandem:

Nelly: {Working with 5, Fig. 7] It could also be that we, from the
beginning, chose ... too many intermediates [looks to the reaction
mechanism] I mean we don’t know where it could... Do you get
what I mean?’

Noah: {(...) Well actually, if we're only looking at [the for-
mation of] O, then we only have... We don’t even need this
intermediate *CcHsCO, ", step 2*. Because the rate law of oxygen
is... I mean then we only have two intermediates!’

Nelly: ‘Yes, that’s it!’

Noah: ‘So, we have C;HsCO;~ and H' [as intermediates] . ..’

Nelly: ‘Yeah, but [the rate law of] H' [formation] will contain
[the concentration of] CsHsCO,™ ...

Noah: ‘That’s true. ..’

Nelly: ‘So, I'm starting to wonder if we should’ve had only these
*CeHsCO3 ™, step 1 and step 2*...
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Mathematical work carried out by Nelly and Noah.
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Noah: ‘... as intermediates.’

Nelly and Noah have been stuck in a loop of substituting one
mathematical expression for another and are in the process of
figuring out that perbenzoate (C¢H5CO; ™) is the only relevant
intermediate for the formation of oxygen (Fig. 7).

To arrive at this conclusion, Nelly and Noah have to ascribe
physical meaning to the mathematical expression they are
currently evaluating (5, Fig. 7) and compare it to the chemical
information of the reaction mechanism. In this example,
interpretation and validation are interwoven and occur simulta-
neously; there are no distinct parts of the quote where the
students are only interpreting or only validating. Nelly and
Noah identify certain molecular species in their mathematical
expressions as intermediates (interpretation) at the same time
as they are trying to justify the presence of these intermediates
in the mathematical expression with respect to the information
provided by the reaction mechanism (validation).

In summary, our analysis revealed that the mathematisation
process consists of two subprocesses moving the problem
solver towards the mathematical model (deliberation and con-
struction), and three subprocesses serving to evaluate the
mathematisation (procedural checks, interpretation and valida-
tion). While procedural checks were employed to assess the
construction of the mathematical model, interpretation and
validation were used to evaluate the resulting mathematical
model. These subprocesses provide a finer-grained understand-
ing of mathematisation than the classical MMC. Interestingly,
we discovered that validation could occur independently of
interpretation and that in such cases, the model was validated
with respect to EMRs other than conceptual chemical ones, e.g.
recognition of a model’s (surface) resemblance to examples
seen in class.

Mathematical work. Once a mathematical model has been
established, it can be subjected to mathematical work to
generate a mathematical result. In line with the literature, we
used this process to describe instances where students carried
out calculations and solved equations (Blum and Borromeo
Ferri, 2009). The inductive analysis revealed a number of
subprocesses underlying the mathematical work: deliberation
of how to perform the mathematical work, performing the
mathematical work and evaluating the mathematical work with
procedural checks.

Subprocess — deliberation. As was the case with the mathe-
matisation step, we discovered that students would often
deliberate on how to perform the mathematical work prior to
actually doing it. This deliberation could be guided by
mathematical, chemical and/or other resources.

Some students relied solely on their
resources, as when Diana proposes various ways to mathe-
matically manipulate the equation that describes the hydrogen
concentration (Fig. 8). The way she talks about the hydrogen
concentration, and which mathematical moves that are avail-
able, suggests that she thinks of it as an arbitrary variable
rather than a chemical entity. Her reasoning is purely
mathematical:

mathematical

This journal is © The Royal Society of Chemistry 2024
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Fig. 8 Mathematical work by David and Diana.

Diana: ‘Yeah, or maybe we want to . .. move it [concentration of
H'] up to the other side through multiplication? But then we will
get like a quadratic equation with the concentration of hydrogen
squared which won’t be fun. .. (...) Because if we instead divide by
[the concentration of] hydrogen here, then we will have a ratio that
is equal to zero and then it will be difficult to move things around.
(-..) Since it’s a ratio we will have to use multiplication to move it
[concentration of H'] to the other side [of the equation] and if we
multiply with zero then it will just disappear. ..’

In contrast, other students relied on their chemical
resources when deliberating on how to perform the mathema-
tical work, as when Lily recognises that the ratio between the
rate constants k; and k_, is in fact equivalent to the equilibrium
constant, K.

Lily: ‘Yes, exactly, so we can write this as K. .. Because k; over
k_; is uppercase K.’

Laura: ‘Yes, or we can define it as we want to.’

Lily: ‘Yes, or it [K] is the equilibrium constant of the reaction.’

The examples above show that Diana relied primarily on her
mathematical resources to guide the mathematical work,
whereas Lily relied more on her chemical resources. In the
examples below, Robin demonstrated the ability to switch
between utilising mathematical and chemical resources to
guide his mathematical work:

Robin: ‘Since we have a zero here *equation, Fig. 9% ... We can
Just set it up like... Let’s see now... This here *concentration of
CsHsCO3H* is in both [terms A and C, Fig. 9] ... This here
*concentration of CsH;CO3™ * is in two [terms B and C, Fig. 9]’

Here, Robin contemplates the ways in which he could
mathematically rearrange the equation in Fig. 9 to move for-
ward with the mathematical work. Just as Diana did, Robin

=]
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talks about terms that include chemical compounds but does
so in a way that reveals that these terms do not, at this instance,
bear any chemical meaning.

Later, however, Robin’s reasoning is governed by chemical
resources with a clear intention of getting to a mathematical
expression that does not include any intermediate concentrations:

Robin: ‘Okay, so the final goal is like... We want to write this
*concentration of CsHsCO3 * in a different way so that it’s only . ..
expressed in terms of this *concentration of CsHs;CO3;H* and that
*concentration of H'*. No, this *concentration of H'* we don’t
want either because it’s also an intermediate. . . So just in terms of
this *concentration of CcHsCO3H*, right?’

Additionally, there were instances where the deliberation of
how to perform the mathematical work was guided by other
resources. One example of this is when Robin is trying to
remember a heuristic introduced by the teacher during class.
Since this heuristic (symmetry can make calculations easier)
pertains to kinetic studies of chain reactions, it was not very
helpful for solving the task at hand. While his knowledge of
this heuristic is indeed extra-mathematical, it does not quite
qualify as a chemical resource and we therefore classify this as
an example of Robin relying on his other resources:

Robin:’ (...) then we had something about that f**king sym-
metry that he [the teacher] talked about so that you can just like
add them together or something if you feel like it and everything is
much easier.’

Another example of deliberation guided by other resources
is when Nelly argues that the denominator of the final expres-
sion (2, Fig. 10) should be a sum of two terms. Although she is
talking in mathematical terms, the idea itself does not stem
from mathematics. Rather, it stems from recognition of a type
of answer that the students have encountered many times in
class (in fact, thereby pre-empting Task 5):

Nelly: ‘Yes, but isn’t it from this [denominator of 2, Fig. 10] we
can like. .. Because then we’ll at least get a ... sum in ... in the
denominator.’

Noah: ‘Yes, exactly.’

Nelly: ‘Isn’t it then we can say like: “Ah, for which conditions is
it [the reaction] of first order blablabla...” [referring to a fre-
quently asked follow-up question]’

Noah: ‘Mm, absolutely let’s. .. Let’s go with that!’

These two examples highlight that there are various factors
beyond chemical and mathematical resources that take part in
shaping students’ problem-solving strategies.

Subprocess — performing mathematical work. Deliberations of
how to perform the mathematical work were interwoven with
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Fig. 9 Robin’s mathematical expression for the rate of change of
CgHsCO3™.
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the students performing mathematical work, i.e. carrying out
mathematical operations. In our data, these exchanges often
involved simply verbalising calculations:

Alice: ‘Okay, and then we should isolate this [the concentration
of CeH5CO5™ |’

Andrea: ‘Yes, exactly.’

Alice: ‘And then it’s first [the concentration of CcHsCO3™ | times
k_; and then ... plus k.’

Andrea: ‘Yes...’

Alice: ‘That’s right and then a parenthesis there. Mm. .. and
then it’s division.’

Subprocess — procedural check. Similar to what was observed
for the mathematisation step, we noted that students evaluated
their progress using procedural checks of the mathematical
work and that they relied on mathematical, chemical and/or
other resources to inform these checks. When a procedural
check simply involves reviewing a calculation, we refer to it as a
being informed by mathematical resources. Such a procedural
check is carried out by Diana in the following quote:

Diana: ‘So, do you think this [mathematical expression] looks
reasonable?’

David: ‘Mm. ..’

Diana: ‘Since I just moved these two [terms of the expression]
over [to the other side] because we said it [the rate law] was zero.’

There were also instances where procedural checks were
informed by chemical resources:

Diana: ‘Uhm, so then we have (.. .) this *k;[CcH5CO3H]* is fine,
this is an intermediate *[CcH;CO5™ [* and this is an intermediate
*[CsHsCO,™J*. .. Right?’

David: ‘Yes (...) that’s right.’

Here, Diana identifies the molecular species included in the
mathematical expression and, based on this information,
checks whether the mathematical terms are appropriately dis-
tributed across the equation (e.g. that all intermediates are on
one side of the equation, whereas the reactants are on the
other side).

Finally, we observed procedural checks that were informed
by other resources. For example, some students questioned
their mathematical work after realising that the expression
obtained was going to be much longer than what they were
used to:

Alice: ‘But it feels like it [the mathematical expression] is gonna
be so very long...?”’

Andrea: ‘Yeah... I was thinking about that as well.’

Such procedural checks are not based on assessments of the
correctness of the mathematical procedure itself. Rather, the
unfamiliar form of the result signalled the need to further
check the mathematical work.

In summary, we discovered that students engage in sub-
processes to deliberate and procedurally check their mathe-
matical work. While the classical MMC acknowledges the
importance of extra-mathematical input during pre-mathe-
matisation and mathematisation, our findings suggest that
such inputs play a crucial role also during certain phases of
the mathematical work.
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Evaluation of the mathematical result. Throughout the
mathematical work phase, students generated several interim
results before arriving at a version they regarded as the final
mathematical result. This decision was often implicitly con-
veyed through the students’ actions of subjecting the final
result to interpretation and validation. Once again, we found
that interpretation (i.e. articulating the physical meaning of the
mathematical result) and validation (i.e. considering whether
the mathematical result is reasonable) could occur either as
isolated steps, or as a single step with both processes occurring
in tandem.

In the example below, interpretation is decoupled from
validation:

Jacob: {Having arrived at 2, Fig. 11] Mm. .. And then we say
that (...) all of this [2, Fig. 11] has a k, but it depends on. .. Let’s
see. .. It depends on two different things. On the concentration of
H" and on the concentration of that one *CoH;CO3sH* that I'm too
tired to say [out loud].’

Jonathan: ‘Perbenzoic acid.’

Jacob: ‘Yes. .. squared.’

Jonathan: ‘Okay, are we happy with this?’

Jacob: ‘Unm... Mm...’

Jonathan: ‘We could probably write a rate law for... I don’t
know. .. Because this *concentration of H'* is an intermediate.
Should we try to do steady-state for this *concentration of H' * as
well?’

Jacob and Jonathan verbalise the physical interpretation of
expression 2 (Fig. 11). Note that while Jonathan poses the
question: ‘Okay, are we happy with this?’, they did not proceed
to examine the correctness of the obtained result. Instead, they
left the expression as it was and shifted their focus back to
deliberating on the mathematical model.

There were also instances where the validation was
decoupled from interpretation:

Andrea: ‘Ok, uhm. .. Or are we supposed to have such a long
expression (Fig. 12)?’

Alice: ‘I don’t know... It felt like we were supposed to get
something much. .. But then again, haven’t we gotten kind of long
expressions in like ... the tutorials?’

Andrea: ‘Yeah, maybe we have? Sometimes you’ve been able to
simplify them heaps. .. But I. .. But I don’t know, I can’t see at all
how you could do that [reduce the expression] here. ..’
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Fig. 11 Mathematical expressions discussed by Jacob and Jonathan.
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Fig. 12 Mathematical result as derived by Alice and Andrea.

In this case, Alice and Andrea evaluate their mathematical
result (Fig. 12) without first bringing it into a chemical context.
Consequently, their discussion becomes centred around the
appearance of the equation, rather than its physical meaning
and they validate it with respect to some other resource: in this
case, previous experience of having seen similarly long expres-
sions in class.

When interpretation and validation were coupled, students
utilised their chemical resources as well. This is seen in the
following discussion between Alice and Andrea, where they
compare the terms of their obtained rate law (Fig. 12) to
different steps of the reaction mechanism. In doing so, they
incorporate interpretation of the physical meaning of their
mathematical result into the validation process:

Alice: No, but I mean maybe it’s . .. kind of reasonable because

. it [the formation of oxygen] depends on ... this *CcHs;CO3H,
step 2*. It *CsH5sCOzH, step 1* is the starting material for both the
intermediate and then (...) it’s part of the last step to form oxygen
*step 2*. But I don’t know (...) Why would it depend so much on . ..
the concentration of this *CsH;CO3H*?

Andrea: ‘But isn’t that because this *CcH;COzH*. .. I mean this
sort of decides how much [of the intermediate] that goes to the
backwards-reaction [of the equilibrium step]?’

Alice: ‘Yes, that’s right. . . That’s true. Well, in that case it seems
kind of reasonable, right?’

Andrea: ‘Yeah, maybe it is...

Alice: ‘And then we have all the rate constants as well. .. Maybe
this is it?’

Andrea: ‘Yeah. ..

Alice: ‘It’s just ... long! [both students laugh]

Even if Alice is still somewhat bothered by the appearance of
the mathematical result at the end of their discussion, she
seems to accept it as they have now established that its physical
meaning agrees with the information provided by the reaction
mechanism.

While analysing our data, we occasionally found it difficult
to distinguish the mathematical result from other mathemati-
cal expressions (referred to as interim results) generated by the
students during their mathematical work. Although not entirely
unexpected, given that both the interim and final results were
symbolic rather than numerical, it still poses a challenge for the
analysis. It is therefore important to consider the surrounding
context, including students’ behaviour, when determining
whether students should be regarded to have reached a math-
ematical result according to the extended MMC. For example,
acts of interpretation and/or validation of mathematical expres-
sion indirectly conveys that the students are satisfied with
their mathematical work and ready to proceed to the next stage
of the cycle.

This journal is © The Royal Society of Chemistry 2024
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A similar challenge arose during the analysis of students
that frequently jumped across different stages of the MMC.
Here, we discovered that the distinction between deliberation
about model construction or mathematical work, and the
actual model construction or performing calculations could
become blurry, especially when students expressed their calcu-
lations verbally rather than in written form. Again, this high-
lights the importance of carefully considering such acts within
their specific context.

To recapitulate: the extended MMC broadens the scope of
the classical MMC by capturing the various subprocesses that
students engage in while working on tasks at the interface of
chemistry and mathematics, and by highlighting which of
these processes require input from EMRs. Our analysis shows
that phases of deliberation are included during both mathe-
matisation and mathematical work, and that students evaluate
their modelling activities throughout all stages of the cycle.
We noted that procedural checks were employed to evaluate
model construction and mathematical work, while different
combinations of interpretation and validation were used to
assess the mathematical models and results obtained. We also
found that interpretation can be considered as a move from the
mathematical to the chemical domain, and is necessary for
validation of an object (model or result) to be carried out with
respect to a standard within the chemical domain. It is worth
noting that validation can still be achieved without interpreta-
tion, although the standard will then be based on other criteria.
Interestingly, we observed that students made use of their
EMRs not only during the domain-bridging processes of math-
ematisation and interpretation, but also during mathematical
work. Finally, by introducing the term extra-mathematical
resources, which includes both chemical and other resources,
our work contributes with a more fine-grained characterisation
of the extra-mathematical input utilised during certain steps of
the MMC.

Having described the development and characteristics of
our extended MMC, we now shift our focus to the roles of
EMRs in mathematical modelling of chemical phenomena that
emerged from using the extended MMC as our analytical
framework.

The bigger picture - application of the extended MMC leading
to insights into the roles of EMRs in mathematical modelling of
chemical phenomena

Aside from providing a more detailed model for individual
processes that students engage in while working on problems
involving both chemistry and mathematics, the data coded
using the extended MMC allows for examination of the overall
trajectories of students’ problem-solving attempts, including
their transitions between different processes and reliance
on EMRs.

The trajectories were created from the coding stripes (gen-
erated by the NVivo™ software) of our coded transcripts. Read
from left to right, one can follow the students’ problem-solving
trajectories, with the codes assigned to the transcript shown as
coloured stripes. Since the codes are grouped according to
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themes (mathematisation, mathematical work, and evaluation)
and placed at fixed positions along the y-axis, it is possible
to obtain an overview that demonstrates the order in which
the subprocesses occurred, and the relative lengths of the
transcript segments for each code at different stages of the
problem-solving process. Additionally, the trajectories enable
the close examination of specific transitions between different
subprocesses as the problem solving unfolds.

Below, we present five cases to illustrate how trajectory
analyses led to further insights into the role of EMRs.

Case 1: technical competence in mathematical manipula-
tions does not suffice. From Fig. 13, it can be seen that David
and Diana followed a fairly linear progression through the
extended MMC. They began by constructing a mathematical
model through mathematisation, with some iterations of delib-
eration, model construction and evaluative actions being evi-
dent. They then proceeded to perform mathematical work.
Upon examination of the video recording and student artefacts,
it became apparent that although David and Diana appeared
comfortable with mathematical manipulations, they were
unable to achieve the desired mathematical result. What is
particularly striking about this trajectory is that the students
spent almost all their problem-solving time within the mathe-
matical domain, with almost no activation of their chemical
resources. This was despite their noticing that they were in a
recursive loop of substituting one mathematical expression
into another. The core issue laid, in fact, in their having initially
considered too many molecular species as relevant intermedi-
ates and trying to apply the steady-state approximation to them
all. This led them into an endless loop of substituting non-
independent mathematical expressions, which ultimately
resulted in them demonstrating that the concentration of the
perbenzoate species was equal to itself (Fig. 14).

The visualisation of David and Diana’s problem-solving
trajectory illustrates very well how, after some early use of
chemical resources, their modelling attempt became almost
entirely guided by mathematical reasoning. We argue that their
limited use of chemical resources prevented them from detect-
ing their initial error. In fact, closer examination of specific
excerpts from their mathematical work, revealed how the

*This is an intermediate and this is a reactant’

o F2b - procedural check informed by other resources
-

» F1 - procedural check informed by math. resources
= = m i

o £ performing math. work
Mw i mmme == = 18 @

25 - deliberation guided by chem. resources
'

o D1 - deliberation guided by math. resources
= 1t rEs -

« C3-validation of the math. mod.

N

o C2 - interpretation of the math. mod.
= "

starts calling chemical entities

» C1 - procedural check of the mathematisation s call n
‘this thing” and ‘that thing’.

M » B - construction of the math. mod.
= === =
o A2 - chemically richer deliberation
-

o A1 - deliberation of how to construct the math. mod.
= = == -

PROBLEM-SOLVING PROGRESS —

Fig. 13 Problem-solving trajectory of David and Diana’s modelling
attempt. The yellow shadings highlight that they spent a significant amount
of their problem-solving time performing mathematical work (E), guided
mainly by mathematical resources (D1). The quotes show how the stu-
dents talked during their work and the yellow arrow indicates a point at
which their deliberations really started to lack connection to the chemical
domain. M: mathematisation; MW: mathematical work.
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Fig. 14 Excerpt from David and Diana’'s mathematical work showing that
they did not make any mathematical mistakes as shown by the final result
marked in yellow.

chemical nature of their reasoning gradually faded into the
background, to the point where the connection with the
chemical domain was lost altogether. This disconnection was
evident from the way the students talked: the chemical species
represented in their mathematical expressions were not even
addressed as such. Instead, different chemical species were
referred to as ‘this thing’ and ‘that thing’ (Fig. 13). This case
demonstrates clearly how: (1) proficiency in technical mathe-
matics alone does not guarantee success in solving such
problems; and (2) chemical resources can be crucial in guiding
the mathematical work towards a successful solution, includ-
ing error detection and troubleshooting when necessary.

Case 2: EMRs can help students stay on track. Visualisation
of the problem-solving trajectory of Alice and Andrea is shown
in Fig. 15. A number of observations can be made. Firstly, this
pair of students transitioned less often between the subpro-
cesses of the extended MMC as compared to David and Diana.
This can be seen in the fewer and more contiguous transcript
segments for each code. Secondly, Alice and Andrea made use
of their chemical resources to a greater extent: while deliberat-
ing on how to carry out the mathematisation and the mathe-
matical work, as well as during the interpretation and
validation of their mathematical result. Thirdly, the trajectory
deviates from the idealised order of the classical MMC with
mathematisation being followed by mathematical work then
evaluation of the mathematical result. Instead, having per-
formed mathematical work and reached an initial result, Alice
and Andrea went back to validate the mathematical model on
which the mathematical work was based, before deciding to
accept the mathematical expression obtained as their final
result. Finally, they also went on to evaluate their mathematical
result. They initiated this process by attempting to validate only
with respect to their other resources (stating that the expression
would be too long), but eventually incorporated chemical
resources as well, thus linking their validation with interpreta-
tion. In the end, although Alice and Andrea made an error in a
mathematical manipulation that prevented them from obtain-
ing the correct result, they came much closer to the correct
answer than David and Diana.

Case 3: EMRs can help students get out of a loop. The
trajectory of Nelly and Noah (Fig. 16) shows that they employed

This journal is © The Royal Society of Chemistry 2024
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Alice: "I don’t know...
Andrea: "Maybe we have? But sometimes you can like ...

Andrea: "OK, uhm... Or are we supposed to have such a long expression?’
It feels like one would get a much... Although haven’t we gotten expressions this long at the lessons?’
reduce a lot. I just don’t see how we can do anything more with this.”
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Fig. 15 Problem-solving trajectory of Alice and Andrea’s modelling attempt. The yellow shadings highlight all instances where they applied EMRs.
Quotes have been added to offer a more detailed picture of how they employed their different EMRs. M: mathematisation; MW: mathematical work;

E: evaluation of mathematical result.

a rich diversity of strategies during their problem-solving
attempt. In contrast to the previous two cases, which exhibited
either a low or high degree of interaction between extra-
mathematical and mathematical resources, Nelly and Noah
shifted between these two degrees of interaction. The trajectory
visualisation proved particularly useful in identifying and high-
lighting such shifts, offering a higher-level overview of the
modelling attempt as well as opportunities to delve deeper into
specific subprocesses, and transitions between subprocesses.
Although these students arrived at the correct mathematical
result early on (indicated by the yellow arrow in Fig. 16), they
struggled to validate their answer and therefore continued
working mathematically for a considerable amount of time.
Similar to Case 1 (David and Diana), Nelly and Noah made a
mistake regarding the selection of species to subject to the

steady-state approximation, leading them into a loop of sub-
stituting one mathematical expression for another (yellow
shading, Fig. 16). What sets this example apart from David
and Diana is that Nelly and Noah managed here to break out of
this loop by drawing on their EMRs. Nelly made a comment
about the rate law seeming too complicated. Although this did
not stem from conceptual understanding of either chemistry or
mathematics, but rather a focus on surface features of the
expression, it signalled to the students that something was
wrong, thus prompting activation of their chemical resources
and revision of their current mathematical model (orange box,
Fig. 16). After adjusting their mathematical model, Nelly and
Noah were able to solve the task. They soon noticed that their
obtained mathematical result had a structure that resembled
the results of previously encountered tasks, and thus seemed to

Nelly: "This was a very complicated rate law...(...) Or maybe we are making it too
complicated? (..
Noah: ’Arghhh! Did we over complicate things somewhere?”

.) I mean it’s just really... We’re just adding new intermediates!”

Nelly: "This is nice. The concentrations have one rate constant each.’
Noah: 'But H*... we also have H*, which is an intermediate.”

E
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correct mathematical result
hand...

Noah: "Nah, but I think it seems reasonable that we look at...
If we're only looking at the formation of oxygen then..."

Although on the other
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Fig. 16 Problem-solving trajectory of Nelly and Noah's modelling attempt. The yellow arrow indicates when they arrived at the correct mathematical
result. The yellow shading shows that they got stuck in the mathematical domain for a period of time. M: mathematisation; MW: mathematical work;

E: evaluation of mathematical result.
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Fig. 17 Problem-solving trajectory of Jacob and Jonathan’s modelling attempt. EC: equilibrium constant; M: mathematisation; MW: mathematical work;

E: evaluation of mathematical result.

be compatible with familiar follow-up questions (here they
pre-empted Task 5, see above). This discovery provided them
with reassurance regarding their new direction (purple box,
Fig. 16).

Case 4: EMRs can lead students astray. With this example,
we demonstrate how visualising a modelling attempt as a
trajectory can provide insights into the influence of specific
resources on students’ problem-solving approaches. Jacob and
Jonathan were initially unsure of how to solve the task, and
transcript analysis revealed that they adopted a less algorithmic
approach to constructing the mathematical model compared
to the other student pairs. At one point, Jacob noticed that
the first step of the reaction mechanism was an equilibrium
reaction. This realisation triggered an intense focus on deriving
a rate law containing the equilibrium constant, which ulti-
mately led the duo astray. They became fixated on this one
piece of EMR to the extent that they ignored other important
aspects of solving the problem, such as considering all the
reaction steps involved in the oxygen formation.

By coding all instances where the equilibrium constant was
mentioned, and making them visible in the students’ problem-
solving trajectory (yellow coding stripes, Fig. 17), we gained an
overview of how often, and when, those instances occurred.
This allowed us to identify, and analyse in more detail, certain
segments of the transcript. For instance, we observed that Jacob
and Jonathan were driven by an objective of ‘deriving a rate law
including the equilibrium constant’ throughout all three
main phases of the MMC. We also noted that Jonathan, at
one point, questioned their approach and suggested consider-
ing the species involved in the second step of the reaction
as well (purple box, Fig. 17). This led to a temporary shift
in their attention, prompting them to reconsider the model
construction. However, their original objective prevailed, and

256 | Chem. Educ. Res. Pract., 2024, 25, 242-265

once Jacob found a way to obtain the equilibrium constant
(orange box, Fig. 17), they reverted to their initial problem-
solving route.

Case 5: problem-solving trajectories can visualise the struc-
ture of implemented anticipation. Fig. 18 visualises the
problem-solving trajectory of Emily and Elliot who moved,
not only between subprocesses within a certain stage of the
MMC, but also across different stages. For example, they
frequently transitioned back and forth between deliberating
on how to construct the mathematical model (grey text) and
performing mathematical work (black text), as shown in Boxes
1 and 2. One aspect that distinguishes this student pair from
the other groups, was that Emily and Elliot here seemed to
perform many of the calculations in their heads. We conclude
this because, in order for them to see that a certain term ‘won’t
disappear from the mathematical expression’ (Box 1, Fig. 18) or
that they ‘are gonna get an expression with H'. . .’ (Box 2, Fig. 18),
they would first have to manipulate the mathematical expres-
sion. However, no mathematical work in written or verbal form
was observed while analysing the corresponding transcript
segments.

Closer examination of the quotes in Boxes 1 and 2 suggests
that Emily and Elliot essentially carried out mental mathema-
tical work to get an idea of where they were heading with their
current approach, as part of their deliberation on how to
construct the mathematical model. This behaviour appears to
be an example of implemented anticipation, a concept intro-
duced by Niss (2010) which involves the act of ‘anticipating
forthcoming moves in the modelling process and implement this
anticipation in terms of decisions and actions that frame the next
step to be made’. Throughout their modelling attempt, this pair
made several attempts at anticipating future outcomes. Some-
times, they relied solely on hope, without referencing any actual

This journal is © The Royal Society of Chemistry 2024
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Emily: "Yeah, 'cause now we have even more intermediates [in the expression], right?”
Elliot: "Yes, because this [expression for the concentration of one intermediate] also (...

Emily: *Ah, so we’re gonna get an endless loop here.’
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And it won’t disappear [from the mathematical expression].

2

Elliot: ‘Because... We're gonna get an expression with H* like you

Elliot: 'Because then ...
substitute this expression...
expression for that too...

at least there won’t be a sum in the denominator. We had a sum, plus k,, that was causing trouble before’ Emily: *Yeah, and then we should
But then we’ll get another intermediate [they see C4HsCO,™ as an intermediate] in the expression and we will have to write an

Fig. 18 Problem-solving trajectory of Emily and Elliot who showcased several instances of implemented anticipation. The yellow shadings indicate the
underlying subprocesses of all instances of implemented anticipation recorded for this student pair. The black parts of the quotes were coded as

mathematical work. M: mathematisation; MW: mathematical work.

calculations in their reasoning (Box 3). On other occasions, they
used anticipation as a means to justify procedural checks
(Box 4). We propose that problem-solving trajectories can serve
as a useful tool to visualise, identify, and characterise the
underlying structure of such implemented anticipation.

As illustrated by the cases above, the extended MMC allows
for a more nuanced analysis of what processes and subpro-
cesses students engage in during problem solving in chemical
kinetics. In addition, visualising the transcripts coded with
these subprocesses as problem-solving trajectories offer insights
at an overview-level and facilitate deeper analysis. Together, these
two aspects of the extended MMC contribute to a more coherent
understanding of students’ reasoning and problem-solving stra-
tegies. The problem-solving trajectories recorded in this study
demonstrate the diverse ways in which EMRs were used by our
students, illustrating that EMRs can assist students in navigating
the interface of chemistry and mathematics, but also lead them
astray.

Discussion
Enhancing the analytical power of the MMC

The classical MMC outlines the fundamental steps involved in
mathematical modelling. Although it clearly conveys what is
meant by mathematical modelling of real-world situations, its
analytical power as a research tool could be improved by adding
details to better reflect the processes undertaken by modellers.
This motivated us to develop the extended MMC. Our study
contributes to an enhanced resolution of the MMC in two ways:
through the identification of subprocesses, and through
the visualisation of those subprocesses as problem-solving
trajectories.

This journal is © The Royal Society of Chemistry 2024

The identification of subprocesses in the MMC. Our
findings suggest that mathematical modelling of chemical
phenomena involves various processes beyond those tradition-
ally included in the MMC.

One such subprocess is deliberation, which students engaged
in during both mathematisation and mathematical work.

During mathematisation, students deliberated on how to
construct their mathematical models. This involved consider-
ing which molecular species to include in the rate law being
sought, and how to apply the steady-state approximation in a
proper manner (i.e. on which molecular species). For some
pairs, the deliberation was predominantly influenced by recall
as they tried to remember how similar tasks had been solved in
class. Student pairs who were unable to recall and execute such
algorithmic approaches, instead relied on their chemical
resources, typically spending more time discussing which
molecular species that would affect the formation of oxygen.
Since deliberation often occurred as an initial step, after which
the students would alternate between deliberating and con-
structing the mathematical model, we define deliberation
as an integral part of mathematisation. This differs from the
concept of pre-mathematisation, as introduced by Niss (2010),
which serves instead as a distinct step taking place prior to
mathematisation.

During mathematical work, students engaged in deliberation
to determine how to perform their mathematical calculations.
Here, deliberations mostly revolved around how to manipulate
the mathematical expressions that made up the mathematical
model, ie. which terms to isolate and which terms to substitute
for others. Students often initiated the mathematical work phase
with some deliberation and then alternated between deliberating
and calculating. Thus, just as observed for mathematisation,
deliberation seems to be an integral part of mathematical work.
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By incorporating deliberation into the MMC, we recognise
that mathematisation goes beyond the mere construction of
mathematical formalisms and that mathematical work entails
more than technical mathematical manipulations. More speci-
fically, we wished to particularly highlight the role of reflection
and planning in both of these processes. While the presence of
deliberation during mathematical modelling is not surprising,
making it explicit in the extended MMC holds significant
implications for research and practice. Such refinements
enable researchers to delve more deeply into the details by
capturing interactions specific to each subprocess.

Another subprocess that our students engaged in during
both mathematisation and mathematical work was procedural
checks. We define procedural checks as instances where
problem-solvers pause to reflect on the accuracy of their work.
That is, unlike deliberations that involve the consideration of
what actions to undertake, procedural checks focus on the
evaluation of actions already taken. An interesting feature of
procedural checks is that they may prompt other evaluative
processes such as interpretation and validation, and/or lead to
further deliberation (e.g. see Cases 2-4 above). Since they
function as triggers for problem-solvers to evaluate their work
and consider alternative approaches, we propose that proce-
dural checks may serve as windows into students’ metacogni-
tive acts. Although the observation that students might monitor
their own progress is not new in itself, we believe that its
explicit inclusion in the extended MMC facilitates capturing
instances of metacognitive activity that may otherwise be
overlooked.

The observation of students carrying out procedural checks
during both mathematisation and mathematical work reiter-
ates the idea that these processes encompass more than mere
construction or calculation. Considering what to do and reflect-
ing on what has already been done are important aspects of the
processes as well. Not surprisingly, we found that deliberation
and procedural checks occurred to a higher extent when
students arrived at points in their modelling attempts where
they were unsure of how to proceed and had to make decisions.
Tracking deliberations and procedural checks could therefore
be a tool to identify instances where students face obstacles,
allowing us to examine such instances more closely. Knowing
when and where to focus our attention makes it possible to
observe how students respond during these critical points of
their modelling attempts, thus providing valuable insights into
their problem-solving strategies. This could be a way to gain
deeper insights into the nature of these obstacles and get a
better understanding of which parts of the problem-solving
process are more or less challenging to students.

Contrary to what is conveyed by the classical MMC, where
interpretation and validation take place only after receiving a
mathematical result, we found that our students also engaged
in interpretation and validation of the mathematical model,
and thus extended our MMC with the subprocesses interpreta-
tion and validation of the mathematical model. This finding
aligns with the work of Czocher (2018), who also emphasised
that ‘validating is integral to the ongoing modelling process’ and
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not just an activity performed at the end. The incorporation of
interpretation and validation into the mathematisation step
holds significant implications for research and practice.
For instance, we would argue that the act of evaluating the
mathematical model through interpretation and validation is
an indication of being somewhat satisfied with a mathematical
model. Being able to identify these moments (or their absence)
offers an opportunity to further investigate how students arrive
at such decisions, contributing to a deeper understanding of
their perceptions regarding what constitutes a complete math-
ematical model and the various factors that influence these
perceptions.

The visualisation of subprocesses as problem-solving trajec-
tories. By visualising the subprocesses as problem-solving
trajectories, we were able to access a deeper level of analysis
and gain insights beyond those offered by the extended MMC.
Trajectory analysis allowed us to trace the students’ reasoning
as they moved between subprocesses, revealing a diversity of
problem-solving approaches. While some students relied
almost exclusively on their mathematical resources, others
consistently drew on their EMRs to navigate their decision-
making as they moved through the different stages of the MMC.
We noted here that students who maintained a connection to
the chemical domain were more likely to succeed with the task.
This notion was further supported by a specific case where the
students spent a significant amount of time immersed in the
mathematical domain, unable to solve the task, until their
other resources prompted them to incorporate their chemical
resources, which ultimately led them to task success. However,
not all students had similar experiences and we also encoun-
tered a pair of students who were led astray by an EMR. In this
case, an EMR initially considered as part of the students’
chemical resources, anchoring their reasoning to the chemical
domain, gradually transformed into an other (i.e. non-
chemical) resource without the students making any changes
in how they employed it. As a result, they relied on intuitive
validation standards rather than chemical ones.

Hence, simply observing a high frequency of extra-
mathematical input in a problem-solving trajectory should
not be considered a guarantee of task success. For these inputs
to be helpful, it is important that they are appropriately
distributed across the trajectory.

Another contribution of problem-solving trajectories lies in
their ability to facilitate the analysis of how a modelling
attempt unfolds. Case 5 (Fig. 18) provides a compelling exam-
ple as these students frequently moved between subprocesses
across different stages of the MMC. Analysing their modelling
attempt solely based on the (sub)processes and the structure of
the MMC (classical or extended), and without the trajectory,
would certainly provide insights into which (sub)processes
the students engaged in. However, tracking their movement
through the different stages of the MMC over time would be
challenging. Visualising subprocesses as trajectories is benefi-
cial in this regard, providing an overview of their actions by
showing how the numerous steps of the problem-solving
attempt unfold chronologically. It is widely accepted that
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modellers tend to ‘bounce around’ in the modelling cycle
(Doerr et al., 2017; Ho et al., 2019), and our trajectories provide
a convenient way to visualise this bouncing around as
sequences of events, showing the range and diversity of possi-
ble problem-solving routes.

In addition, our data suggest that problem-solving trajec-
tories may be used to visualise, and describe, the underlying
structure of implemented anticipation (Niss, 2010) in terms of
the subprocesses of the extended MMC. This can be of sig-
nificant analytical value for both researchers and practitioners.
Finally, trajectory analysis revealed a wide range of modelling
approaches, and we see indications that students who manage
to connect, or reconnect, their reasoning to the chemical
domain have better chances at succeeding with the type of task
investigated in this study.

Exploring EMRs and their roles in mathematical modelling

While the classical MMC ascribes an important role to EMK
during the mathematical modelling process (Borromeo Ferri,
2006; Doerr et al., 2017), as mentioned above, the nature of
EMRs has remained largely unexplored. Our data suggests that
students frequently employed problem-solving strategies influ-
enced by factors that did not fit neatly with solely conceptual
knowledge in either chemistry or mathematics. As such, we
have instead chosen to rely on a resources framework view to
take into account a wider range of extra-mathematical input.
We have termed these as extra-mathematical resources (EMRs)
and divided them into chemical resources and other resources
in our analysis of when and how students employ them during
different stages of problem solving.

Based on our findings, we propose that the roles of EMRs
within the MMC can be classified into three main categories:
(1) serving as essential input for translating between the
chemical and mathematical domains; (2) defining objectives
to work towards during mathematisation and mathematical
work; and (3) providing standards against which evaluation can
be performed.

In order to translate chemical phenomena into mathema-
tical representations (and vice versa), input from EMRs, espe-
cially chemical resources, is essential (Borromeo Ferri, 2006;
Ho et al., 2019). These extra-mathematical insights are required
to determine how chemical phenomena should be described
mathematically. This includes assigning physical meaning to
mathematical formalisms and understanding them from a
chemical point of view. As such, this role of EMRs becomes
particularly evident during the mathematisation of real models
into mathematical models, as well as during the interpretation
of mathematical models and mathematical results. In all these
cases, there is a need to transition between the chemical and
mathematical domains.

The second category pertains to our observation that stu-
dents utilise extra-mathematical input to formulate objectives
that guide their deliberations and inform their procedural
checks, essentially helping them address the question ‘Where
are we going?’ and providing them with a sense of direction.
Examples from our data include: aiming to isolate the
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concentration term of an intermediate (e.g. Case 2) and striving
to obtain a mathematical result containing the equilibrium
constant (e.g. Case 4). This role of EMRs can arise during both
deliberation and procedural checks, and during both mathe-
matisation and mathematical work. As demonstrated by
the cases above, EMRs employed in this manner can help
students stay on track, but also lead them astray. Thus, the
mere presence of extra-mathematical input during a problem-
solving attempt is not necessarily predictive of problem-solving
success or otherwise. However, we have also seen that a
complete lack of judicious use of EMRs, even during mathe-
matical work, can lead to unsuccessful attempts (e.g. Case 1).

Closely related to the role of EMRs in setting objectives, is
the use of EMRs to formulate standards that can be employed
to evaluate whether a model/result is reasonable or correct.
Clearly, the same EMR can serve both roles: a mathematical
result achieved after working towards the objective of ‘isolating
the concentration term of an intermediate’ may very well be
evaluated in relation to the objective itself, meaning that the
standard and the objective are the same. This is, however, not
always the case. We also observed instances where students,
having already achieved their initial objective, proceeded with
the evaluation process and validated their obtained model/
result with respect to some other standard as well. In Cases 2
and 3 for example, the students, at several points, evaluated
their work against a standard telling them that ‘the expression
should not be too long’ (or complicated). Our analysis suggests
that this standard was based on their prior experience of what a
reasonable expression should look like - a ‘gut feeling’ rather
than an objective that they had been explicitly working towards.

Our study suggests that extra-mathematical input can be
beneficial in all stages of the MMC, even during mathematical
work, thus challenging the conventional notion of this phase as
purely mathematical (Niss and Blum, 2020). Interestingly, when
validation was coupled with interpretation, students were able
to validate their mathematical model/result by comparing them
to extra-mathematical standards based on their chemical
resources (e.g. information given in the reaction mechanism).
On the other hand, when validation was decoupled from
interpretation, students validated their mathematical model/
result with respect to extra-mathematical standards based on
their other resources (e.g. a gut feeling). This is reminiscent of a
distinction suggested by Borromeo Ferri (2006), between
knowledge-based validation, which occurs when students justify
their results by comparison to their conceptual EMK, and
intuitive validation, which is when students rely on their intui-
tion to determine whether the result feels correct (Czocher,
2018). In our work, we have found empirical evidence in line
with such categorisation. It should be noted, however, that
these categories are likely not to be mutually exclusive in reality.
During our data analysis, we encountered situations where it
was not immediately clear if a student’s validation attempt was
grounded in application of specific knowledge, or if an intuitive
heuristic that had already evolved was being relied on, or
perhaps there were contributions of both. This is an area that
can be explored further in future research studies.
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Through our refinement of EMRs into chemical and other
resources, we discovered that chemical resources generally
allowed for more explicit reasoning. Rather than speaking in
terms of something feeling right or wrong in a more intuitive
approach, students working towards an objective or validating
against a standard based on chemical resources, often justified
their work by referencing to explicit chemical information
provided by the reaction mechanism. On this note, both our
work and that by Borromeo Ferri (2006) suggest that validation
with respect to chemical resources (or EMK in Borromeo Ferri’s
case), provides a more explicit form of validation than valida-
tion with respect to other resources such as intuition.

Regarding the more intuitive nature and use of what we have
termed other resources, we emphasise that they are far from
frivolous and should not be dismissed. Capturing such
instances of students’ rudimentary intuition, even if flawed,
can provide important insights into the intricacies and nuances
of disciplinary intuition and its development. Experts also use
their intuition to make sense of novel observations or tackle
new problems, the difference being that experts’ intuition is
based on a much larger base of previous knowledge and
experience. As such, they are also much more likely to apply
their intuition productively as compared to a novice. We believe
that explicitly incorporating both chemical and other resources
in the extended MMC is an important recognition of their
distinctive natures as well as their value in problem solving.

Exploring the metacognitive dimensions of the MMC: a future
direction

As pointed out by Brady et al. (2022), most of the existing
literature on mathematical modelling has explored the intra-
personal and cognitive aspects. Consequently, the field has
predominantly focused on the explicit and rational aspects of
mathematical modelling, and ‘delving into tacit modelling pro-
cesses (e.g. to capture pre-conscious dynamics, implicit models, or
intuitive resources that influence modelling), has proved challen-
ging for researchers’ (Brady et al. 2022; see also Borromeo and
Lesh, 2013).

A future direction for investigating such tacit processes is
our observation that procedural checks often served as triggers
for other subprocesses. This finding resonates well with the
concept of metacognitive ‘red flags’ introduced by Goos (1998),
which are triggers that signal the need for students to pause
and reflect on their work. According to Goos (1998), metacog-
nitive red flags can arise when students detect errors in their
work or realise that they are no longer making any progress.
We saw a concrete example of this in Case 3, where the
combination of being ‘stuck in a loop’ and seeing the mathe-
matical expression grow more and more complex, raised a red
flag that prompted the students to revise their model through
further validation and deliberation. From the perspective of our
extended MMC, this red flag manifested as a procedural check
informed by the students’ other resources (e.g. ‘this is a very
complicated rate law’) that triggered validation and deliberation
guided by chemical resources (e.g. ‘if we’re only looking at the
formation of oxygen’). As this ultimately led to the students
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succeeding with solving the task, it can be seen as an example
of metacognitive success. However, Goos (1998) emphasises that
not all metacognitive acts are productive; metacognitive failure
can occur as well. Case 4, where the students formulated an
objective that led them astray, illustrates a specific kind of
metacognitive failure that Goos (1998) refers to as metacognitive
blindness. In this case, the students became so fixated on the
objective that that they disregarded, or became blind to, other
important information conveyed by the task at hand.

Additionally, using the finer-grained framework as our cod-
ing scheme and visualising the coding as problem-solving
trajectories allows us to home in on transitions between
different subprocesses, which could reveal patterns indicating
other metacognitive processes that may be at work. This, in
turn, enables us to investigate more closely when, how and why
students make use (or otherwise) of chemical, mathematical
and other resources at their disposal. Exploring the occurrences
and structure of implemented anticipation represents one such
avenue for future exploration. Although these aspects have
been outside the scope of the current study, follow-up studies
have begun to examine them in greater detail. Overall, we
believe that the extended MMC can offer entry points to the
metacognitive dimension and has the potential to address such
gaps in earlier research.

Implications for teaching

Firstly, our findings provide a stronger foundation for the
development of targeted instruction. They highlight the impor-
tance of teaching mathematics, not only through context-free
mathematical drills but also through problem-solving activities
that require a rich use of EMRs. Such an approach will provide
students with opportunities to practice how to use their EMRs
in productive ways.

We further recommend practitioners to engage their stu-
dents in discussions about the significance of deliberation and
procedural checks in problem solving, potentially with explicit
reference to the extended MMC. This would contribute to
students’ understanding of the problem-solving process and
their development of such metacognitive skills.

Similarly, it is important to help students understand the
benefits of evaluating their work continuously, including how
different types of evaluative acts as highlighted in the extended
MMC contribute to task success. In addition, discussions with
students about different bases for evaluation (e.g. explicit use of
chemical resources, more implicit reliance on intuitive feelings
and heuristics) and how to choose appropriately between them
can help their development of such metacognitive awareness
and ultimately foster disciplinary expertise, including expert
intuition (Lim, 2015).

In light of our finding that many students lack the habit of
engaging in interpretation and evaluation of their mathemati-
cal result, it is advisable that teachers include explicit prompts
concerning these steps when designing both learning and
assessment tasks. These prompts can be faded as students
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progress in their learning. This kind of approach should help
students become more reflexive in engaging with such steps,
improving their metacognitive competence.

Finally, we acknowledge that the prevalence of explicit
deliberation and procedural checks in our data was likely
influenced by our use of student pairs in a think-aloud proto-
col. As these steps are valuable in various phases of problem
solving, and have shown to promote reflective behaviour, we
suggest that instructors create and leverage collaborative learn-
ing situations to provide students with opportunities to practice
their metacognitive skills.

Limitations

There are some limitations that can be pointed out regarding
this study. It is worth noting that since we directly provided
students with a real model (the reaction mechanism) rather
than real data or experimental observations, this task did not
require the students to engage in all stages of the MMC. We
therefore do not claim that students here engaged in what Niss
and Blum (2020) refer to as full-fledged mathematical model-
ling, but rather a truncated form starting with a given real
model. Nevertheless, we found the MMC to be a fruitful
and productive starting point for investigating the students’
problem-solving attempts, aiding the development of our
extended MMC.

The derivation of rate laws from a given reaction mechanism
was a topic specifically covered in the physical chemistry
courses from with the participants of the study were drawn.
As such, this gave us a better opportunity to gather data and
investigate the entire problem-solving process; the task was
reasonably familiar to the students, and within the range of
their knowledge and capabilities. However, this familiarity
might have also led to a greater reliance on memorised proce-
dures, thus limiting the capture of instances where students
deal with unfamiliar challenges. In an ongoing follow-up study,
we address both of these issues by using tasks that are less
familiar to the students and require them to develop, more
independently, a real model from experimental data, without
having seen similar examples beforehand.

Another aspect to note is that one of the researchers (F. M. H.)
was the teacher who taught the chemical kinetics content in the
courses from which we recruited our participants. This could
have potentially influenced both how the students responded
to the tasks and how F. M. H. interpreted their responses
during the data analysis. To mitigate these potential influences,
we implemented the following measures: (1) S. Y. was solely
responsible for the data collection; F. M. H. was neither
physically present nor otherwise involved in data collection;
(2) the initial coding and analysis were independently carried
out by S. Y. before further rounds of coding and code develop-
ment involving both S. Y. and F. M. H.; (3) the other two
researchers (M. E. & M. ]J.) were neither involved in the course
nor in data collections, but were instead actively involved in
reviewing and discussing the coding and code development
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during the data analysis process, as another layer of indepen-
dent review.

Conclusions

In this study, we investigated university students as they
worked on tasks in chemical kinetics that required mathema-
tical modelling. The resulting extended MMC incorporates
further subprocesses as well as entry points for extra-
mathematical input that together offer a more realistic account
of the actions that students undertake during mathematical
modelling of chemical phenomena. The finer-grained insights
gained about both mathematisation and mathematical work
demonstrate how much more there is than ‘just maths’, with
many more processes involved in addition to technical model
construction and mathematical manipulations.

Furthermore, we refined EMRs into chemical resources and
other resources, with the latter encompassing less well-defined
pieces of knowledge such as recognition and recall. The man-
ifestation of input from other resources resembled what is
commonly referred to as intuition or ‘gut feeling’, and students
relied on EMRs through all stages of problem solving for
different purposes. Importantly, while reliance on other
resources may, at first glance, seem less sophisticated and
rigorous than reliance on chemical resources, such instances
should not be dismissed out of hand, as they could offer
insights into the development of disciplinary intuition.

In conclusion, the increased resolution provided by the
subprocesses, and our introduction of problem-solving trajec-
tories as a means to visualise transcript coding, greatly
enhances the analytical power of the MMC. We are now better
equipped to pinpoint where in the problem-solving process that
students encounter challenges, and examine what factors that
come into play as they attempt to resolve those challenges. All
in all, we believe that our empirically derived extended MMC
better captures the cognitive and metacognitive activities that
students engage in during mathematical modelling of chemical
phenomena, providing us with further insights for research
and practice.
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Appendix

To aid understanding of the presentation of our findings, we
present a brief guide on how to solve Task 4 and Task 5, and
how the different parts of these problem-solving routes map
onto the classical MMC (Fig. 19).

In Task 4, the students are asked to derive the rate law for
the formation of oxygen assuming the steady-state approxi-
mation to be applicable. A rate law describes how the rate of
a chemical reaction is affected by the concentrations of the
substances participating in the reaction. Ideally, a rate law
should not contain any terms involving any intermediate con-
centrations as these can be difficult to measure experimentally.
The SSA assumes that the concentrations of intermediates
remain almost constant during the reaction, allowing the net
rate for intermediates to be set to zero. This allows the equation
to be solved algebraically for the intermediate concentration.

To find the rate law, the students are first expected to
identify the concentrations and rate constants on which the
formation of oxygen depends, and express the dependence in
mathematical form. In the language of the original MMC, the
students are expected to extract relevant chemical information
from a real model (here, the reaction mechanism), and via
mathematisation turn it into a mathematical model. The math-
ematisation requires EMK of how chemical concepts such as
product formation and reactant consumption are translated
into mathematical expressions. According to the reaction
mechanism in (main text, Fig. 2), the formation of oxygen
depends on the following rate constant and concentrations

(eqn (A1)).

d[0;]
dt

= kQ[C6H5CO3H] [C6H5CO37] (Al)

Since perbenzoate (C¢HsCO; ) is an intermediate in the for-
mation of oxygen, its concentration should be substituted by
reactant and/or product concentrations. This can be achieved
by applying the SSA to the perbenzoate concentration,

k
CeHsCO3H k:’ CeHsCO3 + H*
-1
k.
CeHsCO3H + CgHCO3 S CgH5CO,H + CgHsCO; + 0,

k:
CeH5COZ + H* 5 CgHsCO,H

real
model
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i.e. setting its derivative to zero (eqn (A2)).

d[C6H5C03_]

de = k1[CeHsCO3H] — k_[CeHsCO5™|[H]

— kQ[C6H5CO3H] [C6H5CO37] ~0
(A2)

Again, some chemical information from the real model (that
the perbenzoate is an intermediate) is mathematised. The
differential equations eqn (A1) and (A2) make up the mathe-
matical model. Note that with respect to oxygen production,
H' is not a reactive intermediate, but rather a product in the net
reaction.

Applying mathematical work to the mathematical model by
isolating the perbenzoate concentration from eqn (A2) gener-
ates the mathematical expression below,

k| [CsHsCO3H]
k_q [H+] + ko [C6H5CO3H]

[CeHsCOs7] = (A3)
which can be substituted into eqn (A1) to yield the mathema-
tical result - the rate law for oxygen formation (eqn (A4)). This
mathematical result may be interpreted into a real result articu-
lating its physical significance. Finally, the students can ask
themselves whether or not their interpretation makes any sense
in relation to the reaction mechanism. That is, they can validate
the real result with respect to the real model.

d[0]  kiko[CsHsCOsH] (a)

dr k_y [H+] + kQ[C6H5CO3H]

In Task 5, the students are asked to find out under which
reaction conditions the rate of formation of oxygen will be first
or second order with respect to perbenzoic acid (C¢HsCOzH).
Here, the students are expected to consider the relative magni-
tudes of the terms in the denominator of eqn (A4). There are
two alternatives. Depending on which denominator is negligi-
ble, the reaction order will be of either first or second
order with respect to the concentration of perbenzoic acid, as
shown in eqn (A5) and (A6), respectively. In eqn (A6), K is the

d[0,] _
—dtz = k,[CsH5CO3H][CcH5CO3]
d[C¢H5CO3
—Lﬁ%i=hmmwm

— k_1[CcHsCO3][HY]
mathematical — k2[CeHsCO3H][CeH5CO3]

model ~0

mathemlancal ~ d[0,]  kyky[CeH5COzH]?
result dt  k_y[H*] + k,[CcHsCO3H]

Fig. 19 Mapping the problem-solving route for Task 4 onto the classical MMC. M: mathematisation; MW: mathematical work; |: interpretation; V:

validation.
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equilibrium constant.

d[02] _ kiks[CsH5CO;H?
dr ky [C6H5CO3H]

= kl[C6H5CO3H] (AS)

d[0s]  kika[CeHsCOsH] Kk [CoHsCOsH]?
dr k_i[H*] - [H+]

(46)

Note that in the analysis of Task 5, eqn (A4) is now considered
to be the mathematical model (rather than the mathematical
result as in the analysis of Task 4) that the students work with
in order to get to the mathematical results (eqn (A5) and (A6)).
To further explore the students’ ability to interpret and validate
their mathematical results, Task 5 explicitly asks the students
to discuss how the resulting rate laws may be interpreted
physically.
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