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Electrostatic interactions and structural
transformations in viral shells†
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Structural transformations occurring in proteinaceous viral shells (capsids) can be induced by changing

the pH of bathing solution, thus modifying the dissociation equilibrium of ionizable amino acids in

proteins. To analyze the effects of electrostatic interactions on viral capsids, we construct a model of

2D isotropic elastic shells with embedded point charges located in the centers of mass of individual

proteins. We find that modification of the electrostatic interactions between proteins affects not only

the size and shape of capsids, but in addition induces substantial deformations of hexamers in capsid

structures. Using bacteriophage P22 and Nudarelia capensis omega virus (NωV) as examples, we

analyze the capsid faceting and propose an explanation as to why the hexamers in spherical procap-

sid are skewed, while they acquire a regular shape in the faceted state. Also, we examine the electro-

static and elastic effects that can explain different shapes of coronavirus shells decorated with spikes,

which are often localized in compact areas over the shell surface. The proposed mechanism of local

curvature generation is supported by the remarkable correspondence between the shell shape and

the distribution of spikes in model and observed shells.

Introduction

By modifying the charging state of viral proteins, changes in
the pH level of the bathing solution often control processes
occurring during the life cycle of viruses. For example,
Сoronaviruses,1 Alphainfluenzaviruses,2 Vesiculoviruses3 and
some other enveloped viruses require acidic pH in order to
infect the cells. A decrease in pH induces conformational
changes in glycoproteins (spikes), randomly located on the
surface of the polymorphic shells of these viruses, which
causes fusion with the cell membrane at initial stages of
infection.4,5 A similar process also enables the infection with
Alphaviruses and Flaviviruses, where surface glycoproteins

form an additional protein layer, covering the membrane
shell.6 Flaviviruses are structurally similar to Alphaviruses, but
a change in the bathing solution pH induces not only a confor-
mational change in the surface glycoproteins, but also their
repacking,7 occurring during another key stage of the viral life
cycle – its maturation.

Maturation, often induced by the virus migrating through
regions of a cell with different pH levels, is typical of almost all
well-studied animal and bacterial viruses exhibiting icosahe-
dral symmetry,8 resulting in a stable infectious virion.7,8 The
details of these maturation mechanisms differ among virus
families. In the case of bacteriophages, at the initial stages of
maturation, the genome is packaged into a pre-assembled
protein shell (procapsid). During this process, while the imma-
ture spherical procapsid often acquires an icosahedral
faceting,9–11 other structural symmetries are also possible. For
example, mature shells of bacteriophages from the Cystoviridae
family have a dodecahedral faceting, while immature shells
before genome packaging resemble a dodecahedron with
inward buckled faces.12,13 In contrast, pH-related maturation
of tetraviruses, which include Nudaurelia capensis omega virus
(NωV) that infects insects, transforms the spherical procapsid
into a shell with a geometry reminiscent of a rhombic
triacontahedron.14,15 It is interesting to note that even when
morphological changes of the capsid are triggered by the
genome packaging, similar changes can be induced also
in vitro, by modifying the acidity of the environment.8,9 In fact,
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when subjected to the acidic pH conditions, the HK97 procap-
sid increases its volume and degree of faceting, just as it does
in vivo during the genome packaging.9

The first model describing morphological changes associ-
ated with virus maturation16 was based on the theory of thin
elastic shells applied to one of the most common capsid trans-
formations: from a nearly spherical to a faceted icosahedral
shape. The model considered the capsid as a shell with vanish-
ing wall thickness, whose shape is controlled by a single
dimensionless parameter, the Föppl–von Kármán (FvK)
number, inducing icosahedral faceting when it is sufficiently
large. A further generalization of the thin elastic shell model
was based on a consistent inclusion of electrostatic inter-
actions, combining elasticity of thin icosahedral shells with
the pH dependence of capsid charge distribution,17 which was
shown to induce the inflation of the shell as well as changes in
its faceting even at a constant FvK value. The unifying feature
of these various models16–19 is the form of the elastic energy
based on the model of a triangular net of identical springs,
implying the equality of the two 2D Lamé coefficients λ and μ,
that characterize the in-plane elasticity. In what follows, we
propose a non-degenerate electro-elastic shell model, parame-
terized by an effective charge of the shell together with two
independent elastic dimensionless constants, the FvK number
and the Poisson ratio. This generalized thin elastic shell
model is rich enough to fully explain the experimentally
observed distortions of the local protein order during the
maturation of icosahedral viruses.

The outline of the paper is as follows. In the first part of
the paper, we propose the generalized electro-elastic model
and use it to study structural transformations in icosahedral
viral shells consisting of capsomeres. The latter are structural
units, usually possessing 5- or 6-fold symmetry and consisting
of 5 or 6 proteins. However, under some conditions the shell
hexamers can become deformed,10,11,14,20 as is the case when
the immature capsid exhibits a spherical shell composed of
skewed hexamers, while the mature capsid is faceted with
regular hexamers.8 By considering the model shells with low
FvK number and specific well-defined values of the Poisson
ratio, we show that at appropriate environment conditions,
giving rise to sufficiently large charges of the proteins, the hex-
amers become skewed. Elaborating on this observation, we
further refine the model so that it is able to describe this type
of procapsid-to-capsid structural transformation. In the
second part of the paper, we apply the same kind of reasoning
to explain the shape genesis in polymorphic lipid–protein
shells of coronaviruses. As is known, the shapes of these
viruses correlate with the distribution of protein spikes on
their surfaces: regions with higher spike concentration exhibit
a higher Gaussian curvature.21 We examine possible reasons
for the local increase in curvature and make an attempt to
explain this effect by the electrostatic repulsion between the
protruding spikes as well as their binding with the curved
M-proteins immersed in lipid bilayer. Our model allows us to
obtain shells that are indeed remarkably similar in shape with
the polymorphic virus particles of coronaviruses.

Electro-elastic model of icosahedral viral shell

In the continuum approximation, the elastic energy Eel of a
strained thin shell with zero spontaneous curvature can be
written as:

Eel ¼ 1
2

ð
λðεiiÞ2 þ 2με2ij þ κH2

� �
dS; ð1Þ

where εij is a 2D tensor describing in-plain strain, H = 1/R1 + 1/
R2 is the mean curvature of the shell, with R1 and R2 being the
principal radii of curvature, λ and μ are 2D Lamé coefficients,
and κ is bending rigidity. Positive definiteness of eqn (1) with
respect to the components of the strain tensor leads to the fol-
lowing stability conditions: μ > 0 and λ + μ > 0. Unlike in the
case of three dimensions, the 2D Poisson coefficient is
expressed as p = λ/(λ + 2μ) and its value is limited to the inter-
val −1 ≤ p ≤ 1 with the left boundary corresponding to auxe-
tics with vanishing 2D Young modulus (Y = 4μ(μ + λ)/(2μ + λ)),
and the right one corresponding to liquid shells with μ = 0.

About 20 years ago, Nelson et al.16 studied virus capsid
faceting in the framework of the energy eqn (1). They con-
sidered capsids as discrete shells with spherical topology con-
sisting of identical finite elements with a shape of a regular tri-
angle. To model the shells, they used an icosahedron net cut
from a plane trigonal lattice so that all 12 vertices of the icosa-
hedron coincided with lattice vertices. The shell shape was
then shown to be fully characterized by a single dimensionless
parameter, the FvK number γ = YR2/κ, where R is the average
shell radius. The degree of shell faceting was characterized by
asphericity, defined as As = 〈ΔR2〉/R2, where the averaging
takes place over all the triangulation nodes and ΔR is the
difference between the value of R and the shell radius directed
to the node. For small FvK numbers, γ ≲ 102, shells with more
than 180 triangles were found to exhibit essentially a spherical
shape, whereas for large FvK numbers, γ ≳ 103, they became
icosahedrally faceted. Within this model,16 the asphericity
does not depend on Poisson ratio and the limit with λ = μ (p =
1/3) was often used to reproduce shapes of icosahedral viral
capsids.13,17,19

Here, we consider a more general elastic model corres-
ponding to λ ≠ μ, that consistently includes the contribution
of electrostatic interaction between capsid proteins, modelled
as point charges in the total energy of the shell. Within the lin-
earized Debye–Huckel screened electrostatics (see Methods),
the electrostatic interaction energy between identical point
charges is approximated as:

Eq ¼ 1
4πεε0

X
a>b

q2e�
rab
ld

rab
; ð2Þ

where q is the effective electrostatic charge, rab is a distance
between point charges with indices a and b, ld is the effective
screening length, and εε0 is the effective dielectric constant.
We note that eqn (2) can also embody the mechanisms and
interactions that are not considered explicitly: short range
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repulsion, charge regulation effects, dielectric constant vari-
ation, etc.

We assume that the coordinates of the charges coincide
with the nodes of the shell triangulation or are uniquely
expressed through them. The equilibrium shape of the shell
can then be deduced by minimizing its total (free) energy Eel +
Eq with respect to coordinates of the triangulation nodes. In
order to make the expression for the electro-elastic energy
scale invariant, we normalize it by the value of bending rigidity
κ and express all lengths in units of the average shell radius R
of uncharged shell. For the uncharged shell the value of R
does not change during the shell faceting.16 Thus, in our
model, there are three independent dimensionless parameters:
FvK number γ, Poisson ratio p and effective electrostatic coup-
ling strength ζ = q2/(4πεε0κR) (for more details see Methods).

Before considering the structural features of real capsids,
we analyze the model behavior in the simplest case of a homo-
geneously charged shell: each node of the triangulation is
occupied by a point charge. To further simplify the analysis,
we ignore the screening (ld ≫ R), which obviously increases
effect of electrostatic interactions on the shell shape.

Fig. 1 is obtained for the shell (18,0), which has 3242 vertices;
see notation of triangulation indices (h,k) in ref. 22 and 23.
According to ref. 16 and 19 and our own results, shells of this
and larger sizes reach the continuum limit. Fig. 1 shows how
shell asphericity As depends on the control parameters of the
model. Ranges for γ and ζ are chosen so that the resulting shell
asphericity values are of the same order as the ones observed in
real capsids16,19 and the radius variation agrees with the relative
change in their size during maturation.9,10,12,14 When Poisson
ratio is fixed, asphericity increases with γ and decreases with ζ,
i.e. the larger the total charge of the shell, the closer its shape is
to a sphere (see Fig. 1a for the case of p = 1/3). Fig. 1b shows that
the shape of a charged shell depends on the Poisson ratio: with
an increase of p, both equilibrium radius and asphericity of the
shell decrease. When p → 1 shear modulus of the shell μ tends to
zero, and small μ values provide a more homogeneous charge dis-
tribution making the shell more spherical and slightly decreasing
its radius.

Finally, Fig. 1c demonstrates that the increase of the
electrostatic interaction energy predictably leads to the expan-
sion of the shell and simultaneous decrease of its asphericity.

Note that the standard approach16 is based on the fact that
the 2D Young modulus of the membrane is proportional to its
thickness Y ∝ h, while the membrane bending rigidity κ ∝ h3.24

Since the total volume of the proteins comprising the shell
wall is approximately proportional to hR2, FvK depends on the
capsid wall thickness as γ ∝ h−3. Thus, the inflation of the
shell due to protein rearrangement should simultaneously
decrease its wall thickness and increase its faceting, an argu-
ment usually invoked in the context of capsid maturation.8

However, according to our results, if the shell is inflated by the
electrostatic repulsion between its proteins, the degree of the
capsid faceting should actually decrease. Such a decrease of
faceting with a simultaneous increase of the shell volume is
observed, for example, during the transitions between the EI-II

and EI-IV states of the bacteriophage HK97 capsid8,9 or during
the maturation of NωV,14 which we discuss in more detail
later. Importantly, morphological changes in the capsid are
often more complex and not limited to the changes in the
degree of faceting and the average shell radius. Actually, in
some viruses, during the transformation from the procapsid to
the capsid state, the initially deformed hexamers become
much more regular. In the following section, we develop our
model further to rationalize such transformations by assigning
a point charge to each protein in the viral shell and placing
the charges only in those triangulation vertices that corres-
pond to positions of the protein centers of mass.

Structural transformations associated with faceting and
electrostatic mechanism of hexamer deformation

In this Section we consider shells that are described by the
Caspar and Klug (CK) model25 and based on icosahedral tri-

Fig. 1 Behavior of the model. (a) Shell asphericity As as a function of
FvK number γ for shells with 2D Poisson ratio p = 1/3. Red line corres-
ponds to the uncharged shell. Left and right insets show shells with As =
8 × 10−4 and As = 16 × 10−4, respectively. (b) Shell asphericity and the
average shell radius (see the inset) for a charged shell as a function of
the 2D Poisson ratio. (c) Shell asphericity and the shell radius (see the
inset) as a function of the effective electrostatic coupling strength ζ.
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angulations of a sphere, or spherical lattices (SLs).22 Each SL is
described by a pair of integers (h,k) which correspond to a
translation of the trigonal lattice, that is an edge of the spheri-
cal icosahedron. The number of nodes in SL equals 10T + 2
where T = h2 + k2 + hk is the triangulation factor. In the CK
model nodes of the SL are decorated with capsomeres: 12 ver-
tices of the spherical icosahedron are occupied by pentamers,
the rest of the nodes of the triangulation are occupied by hex-
amers. Thus, capsids satisfying the CK model consist of 60T
proteins.

In order to construct model shells, reflecting protein order
in real capsids, it is reasonable to use triangulations that are
commensurate with capsomer organization in the CK model.
Only in this case proteins, and their associated electrostatic
charges, occupy equivalent positions relative to the triangu-
lation nodes. Both the CK geometrical model and the icosahe-
dral triangulation of a sphere are based on unwrapping icosa-
hedron surface into a net of 20 identical equilateral triangles
and superimposing it onto the corresponding plane trigonal
lattice. Thus, for CK and spherical triangulations to be com-
mensurate, elementary triangle (see Fig. 2a) of the plane
lattice underlying the CK structure should be Q times larger
than that of the triangulation of the model shell, where Q is an
integer. To maintain hexagonal symmetry characteristic of
both structures, the value of Q should satisfy the condition Q =
l2 + m2 + lm, where l,m are also integers, i.e. Q = 3, 4, 7, 9, 13…
If Q ≥ 7, the multiplied trigonal lattice of the model shell can
be decorated with non-overlapping regular hexagons (repre-
senting hexamers) with their vertices coinciding with some of
the vertices of the shell triangulation. These coinciding ver-
tices correspond to positions of proteins. For Q = 7 and Q = 9,
such decorated triangulations match trihexagonal and honey-
comb lattices, respectively, excluding the nodes in the centers
of the hexagons (see Fig. 2b and c). Let us note that in many
capsids, positions of centers of mass (CMs) of proteins are
close to the centers of the trihexagonal or honeycomb spheri-
cal lattices,23 which is also the case for other proteinaceous
shells considered further in this section.

Electro-elastic model of P22 capsid maturation

The procapsid of bacteriophage P22 consists of an outer
protein shell formed by 420 proteins (T = 7) that are organized
in honeycomb order23 and an inner core formed by so-called
scaffold proteins, which serves as a substrate for the outer
shell. The procapsid has almost perfectly spherical shape but
its hexamers are highly deformed (Fig. 3a). At the DNA packa-
ging stage, scaffold proteins are eliminated from the shell and
its average radius increases. In addition, the resulting capsid
adopts a faceted shape and hexamers become more symmetri-
cal (see Fig. 3a and b).

Previously,23 we analyzed the shear strain field corres-
ponding to the observed hexamer transformation. Our
approach was based on symmetry analysis of the irreducible
modes possible in the isotropic spherical shell and we associ-
ated changes in the shape of hexamers with the irreducible
shear mode with wave number l = 6. Only for specific values of

l (including l = 6), does the shear strain preserve the icosahe-
dral symmetry and is fully defined by a single parameter, its
amplitude. By applying the irreducible spherical shear field
with l = 6 to the honeycomb lattice, we demonstrated that the
resulting displacements of its nodes are strikingly similar to
the displacements of proteins observed in the P22 capsid
during maturation. Nonetheless, the phenomenological
theory23 leaves the following important questions unanswered.
Why does this particular strain emerge in the shell? Why is the
honeycomb lattice deformed in the procapsid and undeformed
in the mature capsid and not vice versa? And finally, how does
this process relate to the faceting of the capsid observed
during maturation? As we show in what follows, the answers to
these questions can be obtained with a relatively simple dis-
crete microscopic model derived within the theoretical frame-
work discussed in the previous section.

Fig. 2 Geometrical models of the simplest (T = 4) viral shells that are
based on trihexagonal and honeycomb lattices. (a) Fragment of the
capsid net, which satisfies the CK model. Each vertex corresponds to the
center of a capsomer. Elementary triangles (each of which contains
three proteins in CK model) are outlined with thin gray lines. Edges of
the icosahedron are shown in black. (b and c) Fragments of the capsid
net in which trihexagonal and honeycomb lattices (thin black lines) are
superimposed onto a trigonal one (thin black and gray lines). (d and e)
Unwrapped protein shells of Sindbis virus (3J0F) and Hepatitis B virus
(6VZP) that correspond to the cases shown in panels (b) and (c). Proteins
forming hexamers are shown in the same colours.

Nanoscale Paper

This journal is © The Royal Society of Chemistry 2024 Nanoscale, 2024, 16, 20182–20193 | 20185

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 0

1 
O

ct
ob

er
 2

02
4.

 D
ow

nl
oa

de
d 

on
 7

/2
4/

20
25

 2
:2

9:
22

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d4nr02612h


The negatively charged coat-binding domains of scaffold
proteins are electrostatically attracted to the positively charged
domains of the capsid proteins.26–28 Therefore, it seems
reasonable to assume that the imbalance of electrostatic
forces, occurring after the detachment of the scaffold proteins,
is the main driving force for morphological changes in the
shell during maturation of the bacteriophage. For the sake of
simplicity, we consider a model shell, in which electro-elastic
parameters remain unchanged and the only role of the
scaffold proteins is to serve as a substrate that enforces the
shell to be in the procapsid state. In addition, we position 420
point charges, corresponding to individual proteins of the
outer shell, in the nodes of the model shell that corresponds
to SL (3,6); see Fig. 3d. Some nodes are thus not occupied by
charges and correspond to the capsomere centers, forming SL
(4,1), whereas the occupied nodes form a spherical honeycomb
lattice. In the procapsid state, the radial displacements of the
shell vertices are prohibited due to the presence of the sub-
strate, so all of them are confined to the spherical surface with
radius being equal to the average radius of the uncharged
shell.

Since the displacements of the protein mass centers in the
procapsid are described by a shear strain,23 it is reasonable to
assume that in the considered case the shear modulus is small

and the value of μ is substantially smaller than that of λ. In
this case, the shear strain can then arise due to electrostatic
repulsion between charged proteins. Spherical trigonal lattice
with electrostatic charges occupying vertices of approximately
equilateral triangles has the lowest electrostatic energy and the
tendency of point charges to equalize distances to their
nearest neighbors can destabilize the honeycomb SL at a
sufficiently large value of ζ. This scenario is reminiscent of the
classic Euler instability occurring in plates and rods under
mechanical load. While in the considered case, the emerging
deformation increases the distances between neighboring
charges, the bending of the rod compensates the positive
strain generated by the load.

Shells with deformed hexamers occupy a large region of the
parameter space. However, if we follow our assumption that
electro-elastic parameters remain unchanged in both imma-
ture and mature states, the observed morphologies are repro-
duced only in a much smaller region. Fig. 3 shows constrained
(panel (c)) and unconstrained (panel (d)) states of the same
charged shell with parameters: γ = 421, ζ = 5, p = 0.75 (λR2/κ =
729, μR2/κ = 120). One can see that upon the transformation
from the procapsid (Fig. 3a and c) to the capsid (Fig. 3b and
d), distortion of hexamers disappears. The model also repro-
duces the experimentally observed increase by 11% of the shell
average radius.

Electrostatic deformation of hexamers in the encapsulin
compartment

Another example of a shell with honeycomb protein order and
deformed hexamers is the encapsulin compartment (6NJ8). This
icosahedral capsid-like organelle (see Fig. 4a) consists of 240
proteins and is used by bacterium Quasibacilllus thermotolerans
to store iron.20 The organelle assembles directly in the solution
in its final conformation and thus, unlike the P22 capsid, does
not undergo any maturation.20 Nonetheless, its proteins
undoubtedly interact with each other electrostatically. We esti-
mate (see Methods) that the proteins have a negative charge of
the order of ∼−15e0 at neutral pH, which agrees with the fact
that iron ions stored in the organelle are positively charged.

As in the case of P22, we construct the model shell using
the honeycomb lattice (Fig. 4b) and this simple example helps
us to analyze in more detail the effect of electrostatic inter-
actions on the asphericity as well as hexamer deformation. We
consider a shell with parameters γ = 70, p = 2/3, ld = 0.13R
(≈25 Å), and ζ = 2.22 since this choice provides the best corre-
spondence between experimental and model structures.
Calculating the geometric parameters of the real structure
using protein CMs (shown by black dots in Fig. 4a) gives: As ≈
1.4 × 10−4, Ah ≈ 1.1 × 10−2, ϕ = 9.4°, which is in excellent agree-
ment with parameters of the model shell shown in Fig. 4c: As
≈ 1.6 × 10−4, Ah ≈ 1.0 × 10−2, ϕ = 9.6°. Here Ah describes the
degree of deformation of the hexamers, which is defined as Ah
= (〈ΔRh2〉)/(Rh2), where Rh is the average hexamer radius and
ΔRh is the deviation of the radius in each vertex from the
average; ϕ is the rotation angle of the pentamers.

Fig. 3 Changes in the morphology of the bacteriophage P22 protein
shell upon maturation. (a) Procapsid (2XYY) with average radius 596 Å.
(b) Capsid (2XYZ) with average radius 664 Å. Black dots in panels (a) and
(b) show protein centers of mass. (c and d) Model shells corresponding
to the procapsid and to the mature capsid. Green dots occupying nodes
of the spherical honeycomb lattice (4,1), highlighted in black, show posi-
tions of point electrostatic charges. Spherical trigonal lattice (3,6) is
shown with grey and black lines. Deformed and undeformed honey-
comb lattices (panels (c) and (d)) are also superimposed onto protein
shells (panels (a) and (b)), respectively.
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In order to examine the model behavior in more detail, we
start by varying the value of electrostatic coupling strength ζ.
In Fig. 4d we show how a gradual increase in the charge of the
shell, quantified by ζ, eventually leads to a spontaneous loss of
stability of the spherical honeycomb lattice, accompanied by a
jump in ϕ and Ah. As the symmetry of the shell decreases Ih →
I, two enantiomorphic structures with opposite capsomer
twists can appear (the one corresponding to the real structure
is shown in Fig. 4). During the reverse transformation (shown
by the grey dotted line), both Ah and ϕ values demonstrate a
pronounced hysteresis, which is also noticeable for As.
Interestingly, similar first-order phase transition can be
observed in the shell by a gradual increase of the Poisson ratio
p at constant charge ζ = 2.22. Also, if the model shell is based

on a chiral lattice (as in the case of P22), then the state with
deformed hexamers can be achieved without undergoing the
first-order phase transition.

Deformation of the trihexagonal protein lattice during the
NωV maturation

We now turn our attention to NωV of the Teteravirus family,
which, unlike two previous assemblies, has trihexagonal
protein arrangement. Maturation of this virus relies on the
changes of pH in the bathing environment29 and is
accompanied by substantial morphological changes in the
capsid (compare Fig. 5a and b). Expression of a single capsid
protein of NωV is sufficient for self-assembly of virus-like par-

Fig. 4 Structures of encapsulin iron storage compartment of
Quasibacilllus thermotolerans and deformed honeycomb spherical
lattice. (a) Protein shell 6NJ8. Black dots show positions of protein
centers of mass. (b and c) Uncharged and charged model shells based
on trigonal spherical lattice (6,0) (grey and black lines). Green dots show
positions of point electrostatic charges. The honeycomb lattice (3,3) is
outlined with black lines. Honeycomb lattices in panels (a) and (c) are
identical. (d) Geometric features of the model shell vs. effective electro-
static coupling strength ζ. The dependence of asphericity As, degree of
hexamer deformation Ah, and pentamer rotation angle ϕ on the electro-
static coupling parameter ζ are shown. Solid/dotted lines correspond to
increase/decrease of ζ. Blue lines outline a region with hysteresis. Red
line corresponds to the state shown in panel (c). See Movie 1† visualizing
transformation from (b) to (c).

Fig. 5 Structures changes in the morphology of the Nudarelia capensis
omega virus (NωV) upon maturation. (a) Procapsid 8A41 with deformed
hexamers. (b) Capsid 8AAY with regular hexamers. Black dots in panels
(a), (b) show protein centers of mass. (c and d) Model shells corres-
ponding to the procapsid and mature capsid based on trigonal spherical
lattice (4,2) (outlined with grey and black lines). Green dots on the nodes
of the trihexagonal lattice (outlined with black lines) show positions of
point electrostatic charges. Deformed and undeformed hexagonal lat-
tices are superimposed onto protein shells in panels (a), (b). (e and f)
Geometric features of the model shell vs. screening length ld. As is
asphericity, while Ah is degree of hexamer deformation. Blue line corres-
ponds to panel (c); red line corresponds to panel (d). See Movie 2† for
the visualization of transformation from (c) to (d).
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ticles with structures identical to the authentic virions.30

Similar to virions, particles assembled at pH = 7.6 (see Fig. 5a)
undergo fast (less than 100 ms) structural transition when
exposed to acidic pH ≈ 5.0.14,31 Importantly, provided that the
exposure to acidic pH was short-termed,14,31 this transition is
reversible in both the mutant virus-like particles as well as the
wild-type capsids. During this reversible step the average
radius of the shell decreases by 16% (from 196 Å to 169 Å), the
shell in addition becomes more faceted (As increases from 4.6
× 10−5 to 1.7 × 10−3, see Fig. 5a and b correspondingly), while
its hexamers become more symmetric (Ah changes from 2.9 ×
10−3 to 1.1 × 10−3). Note that just as before, the geometrical
features of the shell are calculated using the coordinates of
protein CMs.

To construct a model shell, we superimpose the trihexago-
nal lattice, formed by protein CMs, onto the trigonal SL (4,2).
In this way the positions at 2-fold and 5-fold symmetry axes
correspond to the centers of capsomers and remain devoid of
charges (see Fig. 5c). Since the maturation transition is acti-
vated by the pH variation, it is reasonable to assume that the
change in electrostatic interactions between proteins plays a
key role in the process. Our estimates show that the decrease
in pH from 7.6 to 5.0 (discussed in ref. 14 and 31) leads to an
approximately two-fold decrease in protein net charge, from
∼11e0 to ∼5e0 (see Methods). In view of this, we tried to find a
set of mechanical parameters that would allow us to reproduce
the morphological changes of the capsid by varying the
effective electrostatic interaction strength, but it became clear
that in such a model the observed shape transition cannot be
achieved solely by changing ζ. However, when in addition to
decreasing electrostatic interaction strength we allow for vari-
ation of elastic properties of the shell, both morphologies can
be reproduced in a sufficiently wide parameter range. For
example, the procapsid shape can be reproduced at ζ = 12, γ =
1600, p = 5/6, and ld = 0.23R. Then, in order to transform it
into the shape corresponding to the mature capsid a lower
electrostatic interaction strength, one can use the following
model parameters: γ = 150, p = 5/6, ζ = 3, and ld = 0.11R.

Surprisingly, it nevertheless turned out that both states can
be accurately reproduced in the model shell, with elastic para-
meters γ = 200, p = 5/6 and constant electrostatic coupling
strength ζ = 3.65, on varying the screening length ld only, as
shown in Fig. 5. Panels (c) and (d) show two model states with ld
= 0.23R (≈38.9 Å) and ld = 0.13R (≈21.3 Å), corresponding to
immature and mature capsids, respectively. Note that on the
figure scale, these model shells are practically indistinguishable
from the ones discussed in the previous paragraph. Upon tran-
sition from (c) to (d), the average radius of the model shell
decreases by 14% and both the initial and final shapes coincide
almost perfectly with real structures (see Fig. 5a and b). Hexamers
also follow the experimentally observed trend and symmetrize
from Ah = 2.6 × 10−3 to 4 × 10−4 (see Fig. 5e and f). Also note that
unlike in the shell shown in Fig. 4, no hysteresis is observed,
since mirror symmetry is absent from the start (see Fig. 5e and f).

This unusual transformation mechanism can be explained
by the fact that the above-mentioned decrease in pH level not

only reduces the net charges of the proteins but also affects
their distribution, which in our simplified model, can be
described as an effective reduction in the effective screening
length. In this context, we note that in the mature state the
screening length ld appears to be about half of the triangulation
edge, meaning that only the nearest proteins interact with each
other. Such an interaction could be associated not only with elec-
trostatics but possibly also with short-range steric repulsion. To
clarify this point, let us note that the morphology of the mature
capsid can be reproduced for an uncharged shell, in which the
equilibrium lengths (see eqn (M2)) of the edges belonging to the
trihexagonal lattice (i.e. edges connecting the centers of nearest
proteins) are reduced. Another possible explanation could be
related to the details of the protein charge dissociation that can
in some cases lead to effective attraction or at least diminished
repulsion between identical proteins. In fact, under certain solu-
tion conditions32–34 competition between amino acid dissociation
and electrostatic interaction can cause spontaneous symmetry
breaking, resulting in electrostatically generated attraction and
thus fundamentally modifying the energetics of the capsid shell.

Shape genesis of coronavirus shells

Coronaviruses, unlike most other viruses, possess a poly-
morphic shell which can be spherical, ellipsoidal, cylindrical,
and even conical.21 The shell consists of a lipid membrane
with a large number of embedded structural proteins, M pro-
teins being the most abundant.21,35,36 It protects a helical
nucleocapsid formed by genomic RNA complexed with nucleo-
proteins. To infect cells, the virus uses protruding elongated
spikes, which are formed by three S-proteins and embedded
into its lipid membrane.37 The spike distribution in the coro-
navirus shell correlates broadly with its shape.21 In spherical
shells, the spikes are uniformly distributed; in conical and
tubular ones, they are grouped at one and two ends of the
shell, accordingly. Thus, spikes are located at those regions of
the coronavirus surface where its Gaussian curvature is
maximal. In this section, we utilize the developed electro-
elastic model to explain the observed relationship between
localization of the spikes and the shape of coronavirus shells.

In the environment of the endoplasmic reticulum–Golgi
intermediate compartment (pH ≈ 7.0), where assembly of the
virions takes place,38,39 S-proteins constituting coronavirus
spikes are charged.37,40,41 For example, according to our esti-
mates, the net charge of the SARS-CoV-2 spike should be
around ∼−14.5e0, consistent with ref. 42. In coronaviruses, the
spike density can be relatively high: a shell can have up to 100
spikes.21 Thus, sufficient repulsive electrostatic forces between
similarly charged spike heads might locally bend the shell.
Below we first examine the effect of electrostatic spike repul-
sion on the membrane shape and then analyze another poss-
ible mechanism of the membrane bending that is associated
with the curvature generation by M proteins that readily bind
to the spikes.

Taking into account the morphology of virus particles,42 we
model spikes as point charges located at normals to the
centers of the faces of the shell triangulation at a uniform
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height h = 0.3R and limit the minimal distance between spike
attachment sites to h.

Since a lipid membrane provides a structural basis for the
shells of coronaviruses, their elastic properties therefore differ
essentially from those of icosahedral protein capsids analyzed
in the previous sections. Recall that lipid membranes are often
considered as incompressible 2D liquids with zero shear rigid-
ity μ = 0 and nonzero bending rigidity.43,44 Nevertheless, high
concentration of M proteins, interacting with one another,21

reinforces coronavirus shell and can make it much more rigid
than the ordinary pure lipid vesicles. It thus seems reasonable
to model the lipid–protein coronavirus membrane as a shell
with nonzero shear rigidity and describe it by the same set of
elastic parameters as the previously considered protein shells.
Taking into account the ability of M proteins to form locally
organized clusters and bind to S-proteins, we assume that
membrane regions with high concentration of spikes have a
higher in-plane rigidity.

In the proposed curvature-inducing electrostatic mecha-
nism, an initially spherical membrane is deformed by inter-
action between charged spikes. We use the model shells based
on the achiral SL (8,0) with ζ = 5 and “base” elastic parameters
γ ≈ 10 and p = 11/12 to properly encode its quasi-lipid nature.
In more rigid region, for each triangular finite element with a
charge corresponding to a spike and twelve of its nearest
neighbors, we set the elastic parameters to γr ≈ 100 and p = 2/
3. This increases both λ and μ coefficients since bending rigid-
ity associated with all shell edges is assumed to be constant.
Let us note that for the considered shells with inhomogeneous
elastic properties, at ζ = 0 the ground state remains to be a
sphere for any distribution of regions with higher rigidity (see
more detail in Methods). Fig. 6a explains the electrostatic
mechanism and demonstrates how localization of the spikes
at the opposite poles of the spherical membrane elongates it.
Importantly, by varying spike distribution one can also obtain
other characteristic shapes of coronavirus shells, which are
shown in insert of Fig. 7.

Let us examine this electrostatic curvature generating
mechanism in more detail. Fig. 6a shows that in order to
elongate the spherical shell by 17% (at the considered value of
ζ and elastic parameters), the screening length should be of
the order of 0.1R. A more elongated morphologies, which are
typical of coronaviruses, can be obtained by decreasing γr.
However, naturally, at lower values of γr, repulsion between
neighboring spikes stretches regions of their localization more
and overall increases the size of the shell (see Fig. 6b). In con-
trast, however, according to ref. 21, virus particles with higher
density of spikes have on average lower radii.

Also, we note that since the average radius of coronavirus
shell is around 50 nm (see insert of Fig. 7), the value ld ≈ 0.1R
corresponds to the screening length of 5 nm, which is 5 times
higher than physiological value λ0; see Methods. If we consider
finite size of the coronavirus spike heads, we can estimate an
average distance between surfaces of the neighboring spikes as
4–6 nm, which is also substantially larger than λ0. Thus, the
influence of electrostatic repulsion between the spikes most
likely cannot be the key factor determining the shapes of the
polymorphic envelopes of coronaviruses: in fact, the observed
shapes of the shells can be reproduced only by assuming an
anomalously small value of electrostatic screening.

The second well-known mechanism we consider here is
associated with presumed ability of M proteins to locally
increase spontaneous curvature of the lipid membrane.21,54,55

Fig. 6 Deformation of the initially spherical shell by electrostatic inter-
action between spikes (their charged heads are shown in magenta). (a)
Spikes are located at the opposite sides of the shell. (b) Spikes are
equally distributed. Ratio between the diameters of elongated shell (a)
and relative variation of the radius of the spherical shell (b) are given as a
functions of the screening length ld. The regions (shown in black) con-
taining the spikes are more rigid.

Fig. 7 Relation between spike distribution and shape of SARS-CoV par-
ticles. (a–d and f) Model shells with different numbers and distributions
of spikes located in more rigid lipid–protein regions with positive spon-
taneous curvature (the corresponding edges are shown in black). The
shells contain 80, 40, 20, 42, and 25 spikes, respectively. (e) The same
shell as in panel (d) turned by 90° around the vertical axis. Insert in the
center contains microscopic images adopted from ref. 21 and shows
typically observed morphologies of virus particles. Spikes are highlighted
in magenta.
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Following ref. 21, more recent papers54,55 assume that by
binding with the spikes, M proteins change their conformation
and become able to increase spontaneous curvature of the
membrane, which consequently decreases the average radius
of the virus particle. This effect can be reproduced also in the
framework of our model by introducing a nonzero spon-
taneous curvature to the system energy. In the continuum
approximation described by eqn (1), this can be achieved by
substituting H with H-2/R0, where R0 is a radius of spon-
taneous curvature arising due to M-proteins co-localization
with protein spikes. Modification of the discrete model is
described in Methods.

Fig. 7 shows that all the characteristic morphologies can be
reproduced by simply placing the spikes on the surface of the
spherical shell, with their distribution roughly matching the
experimentally observed one, and minimizing the free energy
of the system. We follow our assumption that the regions con-
taining the spikes are more rigid; therefore, we use the same
material constants as in the previously considered mechanism.
Additionally, we introduce the positive spontaneous curvature
(α0 = 0.3) associated with the edges located in more rigid
regions; see more details in Methods. Since, as we have pre-
viously discussed, electrostatic repulsion between spikes
should be relatively weak, we neglect it in further simulations
(ζ = 0).

As expected, homogeneous spike distribution preserves the
initial spherical shape of the shell (panel (a)) making it
smaller. Placing groups of 20 spikes surrounded by regions
with positive spontaneous curvature at two opposite ends of
the shell, induces an axisymmetric cylindrical shape (panel
(b)), while placing spikes exclusively (panel (c)) or mostly
(panel (f )) at one end induces a conical shape. Finally, panels
(d) and (e) show the same shell, which depending on the
orientation, is similar in shape either to the third or the fourth
coronavirus particle in the insert.

Let us note that in this purely mechanical limit, Poisson
ratio has negligible effect on the resulting shapes. Moreover,
the variety of coronavirus shapes can be obtained without
increasing rigidity of the regions of the spike localization.
Nonetheless, we kept the rigidity inhomogeneous to stay con-
sistent with our initial assumption based on experimental
facts.

Conclusion

We analyzed changes in the local structure and overall shape
of proteinaceous shells, occurring as a consequence of electro-
static interactions between the shell proteins. These morpho-
logical changes are typical of many capsids since maturing
viruses usually migrate through various cell regions with
different pH levels, in the process modifying partial charges
of ionizable amino acids in proteins and thus changing the
electrostatic interactions between them.45 Moreover, multiple
experimental studies show that the same modifications of
capsids, analogous to those observed in vivo, can be repro-

duced also in vitro by modifying pH or salinity of the buffer
solution. Note that during the virus maturation other
mechanisms, not necessarily related to electrostatics, are
also possible and have indeed been proposed,13,23,46,47 the
most notable is the capsid faceting due to the thinning of
the shell walls.16

To study structural transformations in icosahedral protein
shells, we first constructed their symmetrized models. Being
based on the icosahedral spherical lattices, these model shells
consist of identical triangular finite elements, characterized by
two independent 2D Lamé coefficients, in distinction from the
previous approaches13,16,17,19 based upon their equality. The
third material characteristic of the model is the bending rigid-
ity, which controls the resistance of the shell assembly to the
variation of angles between neighboring finite elements. The
electrostatic interactions are modeled in the standard Debye–
Huckel limit as screened Coulomb interactions between point
charges, characterized by effective electrostatic coupling
strength parameter. We assume that these model charges
correspond to total protein charges, located at the centers of
mass of individual proteins. In the shells considered, these
centers of mass then form an approximately honeycomb or tri-
hexagonal spherical lattice, commensurate with the triangular
spherical lattice used to accommodate the triangular finite
elements. Our approach thus combines the quasi-continuum
description of elastic properties with the discrete charge distri-
bution, reflecting the structure of real protein shells.
Importantly, the use of triangulations with a relatively low
number of vertices not only reduces the computational
resources required for energy minimization, but also avoids
any possible problems associated with the application of point
forces and moments to an elastic shell considered as a
continuum.16

Despite its relative simplicity, the proposed approach
allowed us to reproduce structural features of the virus shells
that are impossible to model using homogeneous charge dis-
tribution. One of such features is the hexamer deformation
that occurs due to the repulsion between protein charges. This
effect is observed, for example, in the spherical procapsid of
the P22 bacteriophage and disappears in a larger mature
faceted capsid, with centers of protein charges being located
further away from each other. We were also able to describe a
similar transition in the shell of Nudarelia capensis omega
virus (NωV), which in its mature form contains more regular
hexamers and has a smaller radius than the immature state.
We reproduced the maturation transformation of this shell by
fitting the parameters of the electrostatic interactions in our
model.

The approach that we developed also allowed us to extend
the analysis of shape generation and obtain model shells that
exhibit morphologies remarkably similar to polymorphic
lipid–protein shells of coronaviruses. First, for that purpose,
we have modeled the elongated protein spikes, covering coro-
navirus particles, as point charges residing on the local
surface normals at a finite distance away from the membrane
surface. We demonstrated that weakly-screened repulsion
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between protruding spikes curves the shell, and in principle
could explain the experimentally observed correlation between
spike distribution and shapes of coronavirus particles, but is
most likely not a key factor determining shell morphology. The
second investigated mechanism of the shell shaping is more
probable and relies on the ability of M-proteins, residing in
specific conformation, to generate spontaneous curvature in
lipid–protein membranes of coronaviruses.

To assess the possible applications of our findings, let us
stress that both, the integration of spikes into the shells of cor-
onaviruses, as well as the maturation of the virus capsids, are
pivotal for the formation of infection capable virions. The
electro-elastic model that we proposed adds some rationalizing
principles underlying these processes and should be useful in
searching for new antiviral strategies targeted at their disrup-
tion. Another promising area of application and development
of this model could be in the context of bioinspired protein
nanocontainers for targeted delivery and sustained drug
release, since nanocontainers are often designed to operate
based on the same principles as pH induced maturation of
viral capsids.

Methods
Calculating net charges of proteins

Following our previous works,48–50 in order to estimate the net
charges of proteins at different pH levels, we first calculated
charges of their ionizable amino acid residues, using the
Henderson–Hasselbalch equation:

qi ¼ +1
1þ exp + pH� pKαið Þ lnð10Þð Þ ðM1Þ

where the dissociation constant pKα
i and signs are defined by

the type of amino acid.51 The total net charge of the protein is
then calculated as a sum of the charges of its residues.

Screening length and Debye–Huckel approximation

To estimate screening length λ0, the following equation48–50 is
used:

λ0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
εε0kBT=2e02c0;

p
ðM2Þ

where kB, ε0 and e0 are the Boltzmann constant, dielectric con-
stant and electron charge, respectively. We use parameters
corresponding to physiological conditions: T = 300 K, dielec-
tric constant of water ε = 80 and monovalent salt concentration
c0 = 100 mM, which gives λ0 ≈ 9.74 Å.

We based our approach on an approximate theory of
electrostatic interactions, disregarding the many possibly
important mechanisms modifying its nature and spatial
dependence. Its parameters should therefore be understood as
effective ones, being dependent on the details of all the
mechanisms that are not included explicitly in the interaction:
short range repulsion, charge regulation effects, dielectric con-
stant variation etc.52

Electro-elastic energy of the discrete shell

Elastic energy of the shell considered in continuum approxi-
mation (1) for the discretized shell reads:

Eel ¼
Xn
i¼1

κ̃αi2

2
þ ks li � l0ð Þ2

2
þ
Xm
j¼1

χ Sj � S0
� �2

2
ðM3Þ

where the first sum runs over all n edges of the triangulation, κ̃
is the microscopic bending rigidity and αi is the angle between
normal vectors of two triangles (triangular finite elements)
sharing i-th edge, ks is the stretching rigidity of the edges/
bonds, li is i-th edge length and l0 its equilibrium value. The
second sum in eqn (M3) runs over all m triangles of the shell,
χ is the second material coefficient characterizing in plane
rigidity of the shell, Sj is j-th triangle area and S0 ¼

ffiffiffi
3

p
l20=4 is

its equilibrium value. If m → ∞, one can establish the relation-
ship between the parameters in the discrete and continuous
models by comparing expressions for the energy area density.
Namely, two-dimensional Lamé parameters and bending rigid-
ity can be expressed in terms of microscopic parameters χ, ks, κ
as: μ ¼ ffiffiffi

3
p

KS=4, λ ¼
ffiffiffi
3

p
KS=4þ χS0, κ ¼ κ̃

ffiffiffi
3

p
=2 . For the spheri-

cal shell the total area of the triangulation mS0 is approxi-
mately equal to 4πR2 and thus m = 16πR2/l02.

Dimensionless electro-elastic coupling energy (see eqn (1)
and (2)) of the discrete shell takes the following form:

Eel þ Eq
κ

¼
Xn
i¼1

2ffiffiffi
3

p αi2

2
þ 2γ

ffiffiffi
3

p

3 pþ 1ð Þ
l′i � l′0ð Þ2

2

� �

þ
Xm
j¼1

m
8π

γð1� 3pÞ
ðp2 � 1Þ

S′j �
ffiffiffi
3

p

4
l′20

	 
2

2
þ ζ

X
a>b

e�
r′ab
l′d

r′ab

ðM4Þ

where all lengths with a prime are dimensionless and expressed
as fractions of the average radius R of uncharged shell; areas of
the deformed triangles S′j are also expressed through their dimen-
sionless edge lengths. This scaling-invariant energy depends on
three macroscopic dimensionless parameters: FvK number γ,
2-dimensional Poisson ratio p = λ/(λ + 2μ) and effective electro-
static coupling strength ζ = q2/(4πεε0κR).

When calculating shapes of coronavirus shells, the equili-
brium sizes of triangular finite elements were assumed to
coincide with their sizes in a spherical shell of a unit radius.
Such a redefinition of the equilibrium lengths and areas of
finite elements allows us to exclude the effect of shell faceting.
However, we note that for small values of γ and γr, that were
used for shell modelling, this redefinition of the equilibrium
values has only minor influence on the resulting shapes.

In the approach assuming that regions of spike localization
have nonzero spontaneous curvature, we substitute αi

2 in eqn
(M4) with (αi − αi

0), where αi
0 equals zero for all the edges

except for the ones residing in the more rigid regions, where it
equals α0. Following the work55 we approximated (αi − αi

0)2 as
−2cos(αi − αi

0) + 2. Further, considering that 2cos(αi − αi
0) =

cos(αi)cos(αi
0) + sin(αi)sin(αi

0), we calculated cos(αi) as dot
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product of normal vectors corresponding to two nearest tri-
angles. We recommend to calculate the value of sin(αi) as the
mixed product of the same two normal vectors with a unit
vector that is parallel to the common edge of these triangles.
The proper sign of sin(αi) is ensured by the correct choice of
the unit vector director. This method of calculation allows for
faster minimization process since it does not require taking
root of values that are close to zero.
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